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ON SHARP INEQUALITIES OF HOMOGENEOUS EXPANSIONS FOR
STARLIKE MAPPINGS OF ORDER « IN SEVERAL COMPLEX VARIABLES

Xiaosong Liu*, Taishun Liu and Qinghua Xu

Abstract. In this paper, we establish sharp inequalities of homogeneous expan-
sions for starlike mappings and starlike mappings of order o defined on the unit
ball of Banach complex spaces. As corollaries, we also obtain the sharp estimates
of the third homogeneous expansions for the above mappings defined on the unit
polydisk in C™ with some restricted conditions.

1. INTRODUCTION

In one complex variable, there are the following well-known and classical theorems.

o
Theorem A. [1]. If f(z) = z+ > an2™ is a univalent function on the unit disk
n=2

U, then

lag — a3 < 1.

o
Theorem B. [6]. If f(z) = z + Y. a,z"™ is a univalent convex function on the
n=2

unit disk U in C, then
1 — |ag|?

lag — a3| < 3

From Theorems B and Alexander’s Theorem, we can easily obtain the following
corollaries.

o0
Corollary A.  If f(z) = 2+ > an2" is a univalent convex function on the unit
n=2

disc U in C, then
|3a3 — 2a3] < 1.
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[e.9]
Corollary B.  If f(2) = z+ ) anz" is a univalent starlike function on the unit
n=2

disc U in C, then

‘20,3 — a%\ < 2.

It is easy to see that we derive the sharp estimates of the third coefficients for
univalent convex functions and univalent starlike functions from the above inequali-
ties of coefficients. Therefore, it is very necessary to investigate these inequalities of
coefficients.

However, there are almost no result concerning the inequalities of homogeneous
expansions for subclasses of biholomorphic mappings in several complex variables up
to now. In 2009, we establish the sharp inequality of homogeneous expansions for
quasi-convex mappings (include quasi-convex mappings of type A and quasi-convex
mappings of type B) on the unit polydisc in C™ in [10]. Moreover, we obtain the
estimate of the third homogeneous expansion for quasi-convex mappings from the
sharp inequality of homogeneous expansions. At present, only a few results about the
estimates of mth homogeneous expansions (m > 3) for subclasses of biholomorphic
mappings are obtained. Especially, it is rare for biholomorphic starlike mappings and
starlike mappings of order a. The relevant references may consult [8, 9, 11, 12, 13, 14]
and [15] . These results seem to be very significant in several complex variables due
to the following conjecture proposed by S. Gong.

Conjecture A. [2]. If f : U™ — C" is a normalized biholomorphic starlike
mapping, where U™ is the open unit polydisc in C", then
m m
D" SO € 1= 2,5,
m)!

In fact, the above conjecture is the Bieberbach conjecture in several complex vari-
ables. Two important reasons are that the Bieberbach conjecture for biholomorphic
mappings in several complex variables does not hold and the properties of biholomor-
phic starlike mappings are the most analogous to biholomorphic mappings among the
subclasses of biholomorphic mappings.

Let X denote a complex Banach space with the norm || . ||, X* be the dual space
of X, B be the open unit ball in X, and U be the Euclidean open unit disc in C. Also,
we denote by U™ the open unit polydisc in C™, and N the set of all positive integers.
Let QU™ denote the boundary of U™, and 0pU"™ mean the distinguished boundary of
U™. Let the symbol ’ stands for the transpose of vectors and matrices. For each
x € X\{0}, we define

T(x) ={Te € X" ¢ |Tull= 1, Tu(2) =l }-

By the Hahn-Banach’s theorem, 7'(z) is nonempty.
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Let H(B) be the set of all holomorphic mappings from B into X. We know that
if f € H(B), then

o0

Flo) =32 D" @) (o)),

n=0

for all y in some neighborhood of = € B, where D™ f(x) is the nth Fréchet derivative
of f at x, and for n > 1,

D" f(x)((y—2)") =D"f(x)(y =z, ,y—=).

~~
n

Furthermore, D™ f(z) is a bounded symmetric n-linear mapping from [];_; X into X.

We say that a holomorphic mapping f : B — X is biholomorphic if the inverse
f~! exists and is holomorphic on the open set f(B). A mapping f € H(B) is said
to be locally biholomorphic if the Fréchet derivative D f(z) has a bounded inverse for
eachx € B. If f : B — X is a holomorphic mapping, then we say that f is normalized
if f(0) =0 and Df(0) = I, where I represents the identity operator from X into X.

We say that a normalized biholomorphic mapping f : B — X is a starlike mapping
if f(B) is a starlike domain with respect to the origin.

Suppose that €2 € C" is a bounded circular domain. The first Fréchet derivative
and the mth Fréchet derivative (m > 2) of a mapping f € H(2) at point z € 2 are
written by Df(z), D™ f(z)(a™!,.) respectively. Their matrix representations are

Df() = (222

Oz, )Kpqun

)

i@t =Y g
1

m—1

llo, e lim—1= 1<p,k<n

where f(z) = (f1(2), f2(2), -, fnu(2))a = (a1,a9, -+ ,a,) € C™

Now we recall some definitions.

Definition 1.1. [S].  Suppose that f : B — X is a normalized locally biholo-
morphic mapping. If o € (0, 1) and
TDS@) @) - 5| <5 #€BA{0)
— x ) - —|<—, =z
|~ 2| 20’ ’
then we say that f is a starlike mapping of order «.

Let S*(B) be the set of all normalized biholomorphic starlike mappings on B, and
S¥(B) be the set of all starlike mappings of order « on B.

In this paper, we will establish the sharp inequalities of homogeneous expansions
for starlike mappings and starlike mappings of order @ defined on the unit ball in
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Banach complex spaces. Moreover, we will also establish the sharp estimates of the
third homogeneous expansions for the above mappings defined on the unit polydisc in
C™ with some restricted conditions from the previous sharp inequalities. Our results
generalize Theorem 1.2 in [13] and our proofs are very concise.

2. Two INEQUALITIES OF HOMOGENEOUS EXPANSIONS FOR STARLIKE MAPPINGS OF
ORDER «v AND STARLIKE MAPPINGS

To prove the desired theorem in this section, we need the following lemmas.
o0

Lemma 2.1. [3]. If f(2) =ao+ Y. anz" € H(U), and f(U) C U, then
n=1

lan| <1 —lagl?,n=1,2,---.

Lemma 2.2. [3]. Let p(z) =1+ ) by2" € H(U), and Rep(z) > 0,z € U.
n=1

Then ) )
by — =b2| <2 — Z|by|?.
b2 — 5b1] < 2 — 5 [bu]
Furthermore,
2.1) |ba — b7] < 2.

Lemma 2.3. Letp(z) =1+ by2" € H(U), and |p(z) — 5| < 32(0 < a <
n=1
1),z € U\ {0}. Then

1-2 2
by — 20 p2| o1 gy — 0
21— «) 2(1 - «)
Furthermore,
(22) by — B3| < 2(1—a).

Proof. Define

2ap(z)—1—(2a—1)

q(z) — { z(lb—(2a—1)(2ap(z)—1))’ zeU \ {0}7
2(1—ia), z=0.

Then q(2) = co + c12 + 222 + -+ + 2™ + -+ € H(U), and |g(2)] < 1. When

z € U\ {0}, we drive

(2.3) 20(p(2) — 1) = 202q(2)(1 = (2a — 1)p(2))
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from the definition of ¢(z). Considering the Taylor series expansions of the two sides
of (2.3), we have

2.4) blz+b222+~~~=Z(00+012+"'><1—(2@—1)(1+b12+b222+~~>>.

Comparing with the coefficients of the two sides of (2.4), we obtain
b1 = co(2 — 2a0) , ba = ¢1(2 — 2c0) + cob1 (1 — 2a) = 1(2 — 2a) +

A simple computation shows that

This yields that
b 1-2a b2
2T o1—a) !

from Lemma 2.1. Obviously, we see that

by — b3 < 2(1 — ).

Lemma 2.4. If f is a normalized locally biholomorphic mapping on B, and
g9(z) = (Df(x))"'f(z) € H(B), then

_DA0)?) _ D*90)?)
2! 2! ’
DO _ Dg0)@) D) (v D2f(0)(x2)> |

—2 3! 3! 2! 2!

Proof. Let g(z) = (Df(x))"'f(x),z € B. Then f(z) = Df(x)g(x). Hence,

£ g DA FO)) + DO + -

3!
= (T + 2D f(O)(w, ) + S DY O, ) ++-)
2 1132 3 1133
Do+ ZIOED | DOE)

Comparing with the homogeneous expansions of two sides of the above equality, we
obtain

Dy(0) = 2, IO _ DHON) | DO,
2.5
SV Dy DO, DO [, D0, D))
3 TR - Rl e —Y =
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We derive
_ D*f(0)(z*) _ D?g(0)(?)
21 - 21 ’

o D)%) _ DPg(0)(=%) , D*f(0) (x D2f(0><x2>)
3! 31 21 2

from (2.5). This completes the proof.
We now establish the sharp inequalities of homogeneous expansions for starlike
mappings of order o and biholomorphic starlike mappings.

Theorem 2.1.  Suppose that o € (0, 1). If f € S} (B), then
o (A0 o, (250, IO

3! 2! 2!

. (Tm <D2f(20!)<w2)))2

The above inequality is sharp.

<2(1 - a)a]|"

Proof. Fix x € B\ {0}, and let 29 = [ Define

T., (9(£x0))
p={ ¢ tEUMOb
17 §:07

where g(x) = (Df(x))~ f(x). We have p € H(U) and

1
2a

1

2a

(2.6) ’p(O

by the hypothesis of Theorem 2.1. Note that

T (D%g(0)(25)) Ty (D™g(0) (z5"))

- gm_1_|_..._

p(§) =1+

We conclude that

T, (M) - (Tm <w))2

by (2.2) and (2.6).
Also, by using Lemma 2.4, we have

D)) __, DO |, <D2f(0> (o D2f(0)(w3>)) |

§_|_..._|_

2.7) <2(1-a)

3! 3! 2! 2!
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This yields that

T, <w) . <Ta: <M))2

o, (DU gy, (DO, DO

_ (TI (sz(20!><$%>))2

from Lemma 2.4. Therefore,

’2Tx (M) — 2T, (DZ“!(O) (:];0, w))

. (Tm <D2f(20!><w3>))2

o, (ZLONEDY o o, (210 (o, LR

<2(1—a).

That is,

3! 2! 2!

. (Tm <D2f(20!)<w2)))2

< 201 o)«

It is not difficult to check that

Tu(x)
(= T(a)70)

fz) =

r,x€B

satisfies the condition of Theorem 2.1. We set x = ru(0 < r < 1). By a direct
computation, we obtain that

o, (2L o o, (24O (o 2L )

3! 2 2!
D2£(0) (22 2
(. (21002
2
= 2(1—a)r?,
where |lu|| = 1. Hence, the inequality of Theorem 2.1 is sharp. This completes the

proof.
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When X = C, B = U, we can easily see that Theorem 2.1 reduces to the following
corollary.

o0
Corollary 2.1.  Suppose that « € (0, 1). If f = z+ > an2™ € SE(U), then
n=2

12a3 — a3 < 2(1 — ).
The above inequality is sharp.
Applying (2.1) and Lemma 2.4, we can readily deduce the following theorem, which

we only state here without the proof.

Theorem 2.2. If f € S*(B), then

’2Tx (W) I <D2§!(0) (x D2f(20!> (:ﬁ))) Izl

. (TI (D%(;)@Z)))Z

< 2|||*.

The above inequality is sharp.
It is not difficult to verify that
T
u(2) 5%, T € B

1) = 07,0

satisfies the condition of Theorem 2.2. With the same argument of Theorem 2.1, we
can show that the inequality of Theorem 2.2 is sharp.
When X = C, B = U, Theorem 2.2 is equivalent to the following corollary.

o0
Corollary 2.2. If f=2z+4 > apz" € S*(U), then
n=2

‘20,3 — a%\ < 2.
The above inequality is sharp.
3. APPLICATIONS OF INEQUALITIES

It is necessary to provide the following lemmas in order to establish the desired
theorems in this section.
We can readily prove the following lemma (The proof is omitted here).

Lemma 3.1. Suppose that [ is a normalized locally biholomorphic mapping on
U™ Then f € SE(U™) if and only if
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giz) 1] _1 n
92 e = e U\ {0
i \ {0},
where g(z) = (g1(2), 92(2), -, gn(2)) = (Df(2))71(f(2)) is a column vector in
C", and j satisfies |z;| = ||z|| = max {lzx|}-

Lemma 3.2. [16]. Suppose that f is a normalized locally biholomorphic mapping
on U™ Then f € S*(U") if and only if

%eMZO,ZeU",

where g(2) = (91(2),92(2), -, gn(2)) = (Df(2))7'(f(2)), and |z] = |z|| =
lrgggn{\%\}

n
Example 3.1. Suppose that o € (0,1). If Y |as| < #g_” then f(z) =
5=2

n
(z14+ > aszg,ZQ, s zp) € SEUM).
s=2

Proof. A straightforward calculation shows that

(Df()""f(2) = <Z1 =) asl 2, zn> :

n
Therefore, by > |as| < 1—|gg—1|’ when |z4| < |z1],s =2, -+, n, we have
5=2
pi(z) 1 1 N
R — — - as_
21 2a 2a 21
5=2
1 n
<|L= g+ D lasl
5=2
1] 1-]2a—1] 1
- =
2a 2a 2a

when there exists j(2 < j < n) satisfying |z;| > |z1], then

pi(z) 1
2j 2a

1

2a’

 2a

1

where p(z) = (p1(2), -+, pa(2))" = (Dg(2)) ' Df(2)z, and j satisfies |z = 2] =

max {lzk|}. According to Lemma 2.3, f € S*(U™). This completes the proof.
X \n

Remark 3.1. With the same argument of the proof in Example 3.1, we have
n n
f(2) = (21 4+ 2 as22, 22, -, 2,) € S*(UM) if 3 as| < 1.
s=2 =2
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Remark 3.2. Example 3.1 and Remark 3.1 show that f(2) = (2191(2), 2292(2),

, Zngn(2)) failsif f(z) € SE(U™)(S*(U™)), where gi(2) : U" — C e H(U"), k =
1,2,---,n.

Now we begin to present the desired Theorems in this section.

Theorem 3.1. If f € Si(U")(0 < a < 1), and

D?f;,(0) <207D2f(0)( )) 2] <D fk(0) (2 )) 122

22—y 21

n n
z 2l
= Z%(Zakm—m(zaml—»
2 Mo 2 i
for z € U™\ {0}, where k = 1,2,--- ., n,zp = L‘,aml = %%g}, and m,l =
1,2,---.n, then

ID2 O ( MQ) o)t < Em2OB 2200 s g,

3! I—a+—=- 2!

where M = lrg]?x {Z |aki|}. The above estimate is sharp.

Proof.  ForVz € U™\ {0}, let z = . Note that T, = (o, 0,z ,o),

) - )
Zj

where j satisfies |z;| = ||2]| = max {lzk|}. According to Theorem 2.1, we have
SRSN

’2D3fj(0><28’> el . D2(0) (2 D2f(0)<23)) [E]

3! Zj 2! 2! Zj
D;(0)(z) ) Il
+< 51 > <2(l—-a).
j
Hence, , )
| D°£(0) (=5)] M

s STty

from the hypothesis of Theorem 3.1, where |z;| = [|2]] = max {\zk\} In view of

1<k<
the maximum modulus theorem of holomorphic functions on the un1t polydisc, Lemma

3.1, Lemmas 2.7 and 2.8 in [13], we obtain

DSfO 23 M?2 (2—2@)(3—2@) n
IEIQEN ¢ (1—a 20 ) ol < B2 =2 e o,

where M = max {Z lax|}-

1\\
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The example which shows that the estimates of Theorem 3.1 are sharp is the same
as the example of Theorem 1.2 in [13]. This completes the proof.

Corollary3.1. Iff € S (U™ (0 < a < 1), and M =zt(> anz), k=

=1
1’2’...’n,whereakl—%%fa(gl),k,lzl,%'“,n,fhen
DSO 3 M?2 2—2 3—2
IPIOEN < (1-a 20) falp < E2208 =23 e,

where M = max {Z |aki|}. The above estimate is sharp.

PN [=1

n
Proof. A straightforward computation shows that M =zt(> agz) (k=
=1

1,2,-- ,n) satisfy the hypothesis of Theorem 3.1, where ay; = %%Z}i?(gz)’ k.l =
1,2,---,n. The desired result follows. This completes the proof.

Remark 3.1. Corollary 3.1 is Theorem 1.2 in [13].

Applying Lemma 3.2, Lemmas 2.7 and 2.8 in [13], we obtain the following theorem
and corollary with the same arguments.

Theorem 3.2. If f € S*(U"), and

2! 2!

2 . Zm
= Qa2 Z )
k=1

for z € U™\ {0}, where k = 1,2,--- ,n,zg = ﬁ Al = 21,%2{::5(2[),711,[ =
1,2,--- . n, then

D3f(0)(2* M?

HJC(?)M < <1+7) HZHS <3H2H3726 Un,

where M = max {Z |aki|}. The above estimate is sharp.

PN =1

n
Corollary 3.2. Corollary 3.2. If f € S*(U"™), and M =zk(> apz), k=
=1

%8 f’“(),k,l—l,Q,"'an; then

2102]

[}
HDSf((D( )H < ) H HS 3H2H372 c Un’

3!

1,2,---,n, where ay =
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n

where M = max {> |ak|}. The above estimate is sharp.
l

Remark 3.2. Corollary 3.2 is Theorem 1.3 in [13].
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