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STRONG UNIQUENESS OF A CLASS OF BEST SIMULTANEOUS
APPROXIMATION FROM RS-SETS IN NORMED SPACES

Xian-Fa Luo

Abstract. This paper is concerned with the problem of best simultaneous approxi-
mations from R.S-sets in Banach spaces X. It is shown that the best simultaneous
approximations from an RS-set is strongly unique in the case when X is a real
Banach space, and strongly unique of order o« > 2 in the case when X is a
complex Banach space.

1. INTRODUCTION

Let X be a real or complex normed linear space with norm || - || and let B be
a normed linear space consisting of some real sequences with norm || - ||5. Let
G be a nonempty subset of X and let Z = (z;) be a sequence of X satisfying
SUPacy | oieq @iwil] < +oo, where and in the sequel a = (a;) and U stands for
the closed unit ball of B. Then the problem considered here is of finding gy € G such
that

Z ai(z; — g)

=1

Z ai(ﬂfz‘ - 90)

=1

(1.1) sup
acU

< sup
acU

for each g € G.

Such an element gq is called a best simultancous approximation to & from . The set
of all best simultaneous approximation to & from G is denoted by Pg(Z), that is

P () ={go : go satisfies (1.1)}.

The study of the best simultaneous approximation problem has a long history and
continues generating much interest. For example, in the case when B is a space con-
sisting of all n-dimensional vectors and G is a subspace of X, the problem was studied
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by Watson in [17] and characterization results of the best simultaneous approximation
were established. In the case when G is nonlinear sets, the characterization results were
obtained by Li and Watson in paper [9], where some uniqueness and strong uniqueness
results for the best simultaneous approximation from so-called interpolating subspaces
and/or from convex sets were also provided. These results were then extended in [11] to
the case when B is a (infinite-dimensional) normed linear space consisting of some real
sequences with norm || - || g satisfying (2.5) below; while for the special case when X is
the continuous function space endowed with the uniform norm, the alternative charac-
terization results was considered in [10]. Moreover, best simultaneous approximation
problems in the other sense can be founded in [12, 13, 14, 15].

The family of RS-sets in normed linear spaces, which was introduced in [2] for
the real case and in [7] for the complex case, plays a key role in characterizing the
uniqueness of the best approximation and/or the Chebyshev centers; see for example
[7, 8,12, 13]. In [8], Li established the strong and/or the generalized strong uniqueness
of the Chebyshev center relative to RS-sets. This idea was used in [13] to the study of
the best simultaneous approximation problem in the other sense. In the present paper,
we further utilize this interesting idea to investigate the uniqueness and the (generalized)
strong uniqueness of the best simultaneous approximation to countable many elements.
Our main theorems are presented in sections 3 and 4, where the strong uniqueness result
and the generalized strong uniqueness results for RS-sets/strict RS-sets are respectively
established in real and complex normed linear spaces. It should be noted that results
obtained in the present paper are new even for the special case of best simultaneous
approximations to finite many elements.

2. PRELIMINARIES AND AUXILIARY RESULTS

Let X be a normed space (with the norm || - ||) over the field F, where F = R
or C. Through the whole paper, we always assume that yi, 4o, ..., y, are n linearly
independent elements in X and let G denote the convex set defined by

(2.1) G = {g:Zciyi: CiGJi},

i=1
where each J; is a subset of the field F of one of the following types:

(I) the whole of F,

(I) a nontrivial proper closed convex (bounded or unbounded) subset with nonempty
interior in F,

(IIT) a singleton of F.

Let Y,, denote the n-dimensional subspace of X spanned by yi,...,y, and set
I:={1,2,...,n}. Weuse I and I; to denote the index sets of all i such that J; is of
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the type (III) and the type (II), respectively. For each ¢ € I, define the linear functional
¢; on'Y, by

n
¢i(y) :=¢; foreach y = Zciyi cy,.
i=1
Given gg € G, set
I(gg) = {Z el 5i(go> € dei},
where and in the sequel, bdJ and int.J stand for the boundary and interior of a subset
J of F, respectively.

To prepare the auxiliary results that are used in the next sections, we first give two
lemmas, which were actually proved in [8, Theorem 2.1] and [8, Theorem 3.1] (cf. the
proofs given there), respectively. Let 2 be a compact Hausdorff space and let C(Q2)
be the space of all real or complex-valued continuous functions on {2 with the uniform
norm. Given a nonempty closed convex subset J of F and a point 2y € F, the normal
cone of J at zj is denoted by N ;(zy) and defined by

Nj(z9) :={ueF: Re(z — 29)u < 0 for each z € J}.

Lemma 2.1. Let ¢1,. .., @, be n linearly independent elements in C () and let

(2,2) é = {Zci(pi 1C € Jz} s
=1

where each J; is of types (1), (I1) or (I11). Let ¢g € G and ® be a upper semicontin-
uous real function on Q). Then the following statements are equivalent.
(1) The following inequalities hold:

(23)  max[®(t) — Rego(t)] < max[®(t) ~ Reg(t)] for each ¢ € G.

(ii) There exist {t;}5_ C Qa-go, {i5}j=1 S I(0). 7, € =Ny, (¢1,(0)) \ {0}
foreach j =1,2,...lwithl+1<k+1<2n+1ifF=Cand 1+ <k+1<n+1
ifF =R, {\}F, C(0,+00) such that

l

k
(2.4) D oNo(t) + > e, ()7, =0 for each ¢ € Yy,
j=1

j=1
where

Qo_g, = {t €Q: O(t) — Rego(t) = r?eaé([i)(t) — Reqﬁg(t)]}
and

n
}7” = {Zcicpi 2 ¢; =0 for each i € IO}.
i=1
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Lemma 2.2. Let G be as in Lemma 2.1 and ¢ € G. Let 0 CQ bea nonempty
closed subset and suppose that

max Re (¢g — ¢)(t) >0 for each ¢ € G\ {do}.

teQo

Then we have that

Re (¢o — ¢)(t)

inf max —————= > 0.
$e@\{go} 1€ |0 — 9|
Let B be a space consisting of some sequences in R with the norm || - ||z and U
be its closed unit ball. Following [11], we assume throughout this paper that

[0.9]

(2.5) sup {Z la;| : a=(a;) € U} < +00.
i=1

Then U is a bounded subset of /; and the weak*™ closure of U in [; is denoted by

U (noting that I, is the dual of ¢, the space of all real infinite convergent sequences

with the sup-norm). Without loss of generality, we may assume that e” € B for each

n € N, where the nth coordinate of €™ is 1 while the other coordinates are 0.

Let

< —4oo with each z; € X ;.
acU

(2.6) F = {ﬁ: = (x;) : sup

e
E QAT
i=1

We endow F with the norm defined by

|Z|| 7 := sup
acU

o
Zaixi | for each z € F.
i=1

Then (F, ||- ||#) is a normed space. Let Fy denote the subspace of F consisting of all
convergent sequences, that is

Fo = {ﬁ: =(z;) € F: lim z; exists}.
n—oo

Then X C Fy C F, where we adopt the convention that x = (z, z,...) € Fy for each
x € X. Clearly, we have that g9 € Pg(Z) for & € F if and only if
|2 = goll7 < |2 — gll7 for each g € G.

Let W be the ilosed unit ball of X™, the dual space of X, with _the restricted weak™
topology, and let U x W be endowed the product topology. Then U x W is a compact
Hausdorff space. Let & = (x;) € F and let ¢; be the function defined by

¢z(a,w) ;= Zaiw(a:i) for each (a,w) € U x W,
i=1
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which plays important roles in this paper. Clearly,

(2.7) Regs(a,w) < |¢z(a,w)| < ||&]|# for each (a,w) € U x W
and
8) sup Ry (a,w) = [

(a,w)eUxXW

Moreover, in the case when & € Fy, ¢; is continuous thanks to [11, Lemma 1] (it was
stated for a real normed space but the proof works for the complex case). Now, let qﬁ;f
be the upper envelop of Re¢;, that is

(2.9) o (a,w) = inf sup Regz(a’,w'),
(8,w) O€N(a,w) (a’,uw')€0

where N, ) denotes the set of all open neighborhoods of (a,w) in U x W. Then qﬁ;f
is upper semicontinuous on U x W and

(2.10) max  of(a,w)= sup  Regs(a,w) =[],
(a,w)eUxW (a,w)eUxW

where the first equality holds by [5, Remark 4] and the last one by (2.8). Furthermore,

(2.11) qﬁ;f_l, = qﬁ;f — Re¢, for each z € X.

For the main theorem of this section, we set Wy := extW and let W, denote the
weak™® closure of Wy in X™*, where and in the sequel, ext A stands for the set of all
extreme points of the set A. For £ € F and g € G, write

ME = {(a,w) €U xWy: (6] — Regy)(a,w) = ||z — g #}.

r—g

+ . J—
Then Mi,_g is a nonempty compact subset of U x W. In fact, by (2.10) and (2.11),
one has that

(2.12) 2 —gllr>  max (47 —Redy)(a, w).
(a,w)EUXWo

On the other hand, by (2.11) and the definition of || — g|| 7, we obtain that

[ —glls = sup  Redsy(a w)
(a,w)eUXW

= sup Re¢pz_4(a,w)
(a,w)EUXWO

< max_ ¢ (a,w).
(aw)eUxWy 9
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This together with (2.12) implies that

(2.13) |Z —gllr= max__(¢; —Regy)(a w).
(a,w)EUX Wo
Hence, M ;_ g is a nonempty compact subset of U x W because qﬁ;f — Regy is upper

semicontinuous on U x W.
Let

(2.14) Q:=UxW, and G = {Zci%i: ciEJZ}.
i=1

Then ¢} is upper semicontinuous on Q and ¢, € C(Q) for each z € X. Moreover,
by (2.13) we have the following equivalence:

(2.15) g0 € Po(#) <= [(2.3) holds with ® := ¢ and ¢ := ¢y ).

In the rest of the present paper, without loss of generality, we always assume that
Iy = (. Indeed, otherwise, G can be expressed as G = G + g, where Gy is such
that the corresponding Iy = () and g is a fixed element, and approximating % from G
is equivalent to approximating # — g from Gy. Under the assumption that Iy = ), we
have that Y, = Y,,. Now we are ready to give the main result of this section.

Theorem 2.1. Let G be defined by (2.1) and go € G. Let & € F. Then gy € Pg(2)
if and only if there exist {(a],w])}?:1 - Mi—f—go with k > 1, {ij}ézl C I(g0),
{7, }9:1 with each 7i; € =N, (¢,(90)) \ {0} and {\;}F_; C (0, +00) such that

k l
(2.16) Zx\jqﬁg(aj, w’) + Zéi].(g)ﬂj =0 foreach geY,.
j=1 j=1

Moreover, if € Fy, then M ;_ g0 can be replaced by E;_g, , which is defined by
E; g :={(a,w) € extU x extW : (¢z — ¢g,)(a,w) = ||& — gol|| 7}

Proof.  Consider the sets 2 and G defined by (2.14). Let & := qﬁ;f and ¢g 1= ¢g,.
Then it is routine to check that M;_ o = Q¢_¢,. Thus the first conclusion of this
theorem follows directly from (2.15) and Lemma 2.1.

Now we assume that £ € Fy3. We below prove that M;_ g Can be replaced by
E;_4,. To do this, suppose that & € Fy and go € Pg(Z). Then (2.16) holds with
appropriate {(a’, wj)}?:1 C M;_go, {ij}ézl, {7, 9:1, {/\i}f:1 as stated in Theorem
2.1. Hence

k l
(2.17) > AjRegy(al,w?) + > Reéi, (g)Ti, =0 for each g € V.
j=1 j=1
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Set
P = {p(a,w): (a,w) € M;_go} and P :={p(a,w): (a,w) € E;_4},
where
p(a, w) := (Regy, (a,w),...,Repy,, (a,w)) for each (a,w) € U x W.

Then P is a nonempty compact subset of R" because M ;_go is nonempty compact.
Furthermore, let \ := Z?Zl Aj and let

l
1 . _ - _
(218) q:= _X Z(Reci]’ (y1>7_i]'7 ) Reci]' (yn>7_z]>
j=1

It then follows from (2.17) that q € coP™, where and in the sequel, coA stands
for the convex hull of the set A. Below we prove that PT C coP. Granting this,
we have that q € coP. Note by (2.18) that g € coP if and only if there exist
{(a/,w)}¥_| C E; g, together with {i;}\_,, {m;}\_), {Ai}l_,, such that (2.17)
holds, which is clearly equivalent to that (2.16) holds. Therefore, the conclusion
follows.

To show that Pt C coP, let p(ag, wg) € P for some fixed (ag, wp) € M;_go.
Define

M;_g,(a0) == {w € W : (Re¢s — Reyg, ) (a0, w) = || — gol|}

T—4g0

and
Pt (ag) := {p(ag,w) : w € M%_go(ag)}.
Then M %_ go(ag) C W is nonempty compact convex subset as ¢; is continuous and,

so is P (ag) C R". Moreover, wg € M%_go(ag). This means that
(2.19) P(a, wo) € P (ag) = co (ext(P"(ay)))
where the equality holds by the Carathéodory theorem (cf. [3, p. 22]). Since

ext(PT(ag)) C {p(ag,w) : w € extM;_, (ao)}

T—4g0

(the proof of which is straightforward) and since extM; , (a) = M} (a) NextW
by [6, Lemma (d), p. 32] (as M} (@) is an extremal subset of W), it follows from
(2.19) that

p(ag, wo) € co {p(ag,w): we Mj_, (a) NextW}.

T—4g0

Therefore, without loss of generality, we may assume that wg € extW. Write

M3y (wo) := {a € U: (Regs — Regy,)(a, wo) = ||& — gol|} -
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Then, with the similar argument, one can check that

p(ag, wp) € {p a, wp) : aeMﬁt go( )}

= co{p(a,wp) : a € MZ_, (wp) NextU}

&—go
C coP.
This shows that P C coP and completes the proof. ]

Given a nonempty subset Z of X, we write
dz(Z) := inf ||z — .
£(@) = inf [1& — gl

Then the following lemma is useful in the next sections.

Lemma 2.3. Let Z C X and & € F be such that dz () > dx(z). If go € Pz(Z),
then the following assertion holds:

o
Zai > 0.

=1

(2.20) inf

(a,w)eM; %

Proof.  Suppose on the contrary that there exists {(a/,w/)}32, € M7 such

that > >°, al — 0 as j — oco. Then by the assumption and (2.11), one has that
qﬁ;f_go(aj w?) = ||Z — gol|# = da(#). Thus, for each z € X, we obtain from (2.10)
and (2.11) that

18— zllz > 63, (&, w)) = 67, (&, w) + Reggy o/, w)

=dg(z) + <Za>Rew] (9o — ).

Letting j — oo gives that |2 —z||z > dg(&) for each 2 € X. Hence, dx (&) > dg(z),
which contradicts that d(Z) > dx (Z) and the proof is complete. |
The following definition is taken from [1].

Definition 2.1. An n-dimensional subspace Y,, of a normed space X is called an
interpolating subspace (resp. a strictly interpolating subspace) if, for any f1,---, f, €
Wy (resp. W), any n numbers cq, - - - , ¢, in [F, there exists a unique y € Y}, such
that f;(y) =c¢;, i=1,--,n.

The notion of an R.S-set in the following definition was introduced by Amir in [2]
for the case when F = R and by Li in [7, 8] for the case when F = C.
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Definition 2.2. Let X be a normed linear space on the field F and let y1, 2, . . ., Yn
be a n linear independent elements of X. The set G defined by (2.1) is called an RS-
set (resp. a strict RS-set) if every subset of {y1,¥a,...,y,} consisting of all y; with
J; of type (I) and some y; with J; of type (II) spans an interpolating subspace (resp. a
strictly interpolating subspace).

We end this section with the following useful lemma.

Lemma 2.4. Let G be a strict RS-set (resp. an RS-set) in X over the field F.
Let & € F (resp. T € Fo) and go € Pg(Z). Suppose that {(a],w])}?:1 - Mi—f—go

(resp. {(aj,wj)}?:1 C Ei_g,) with k > 1, {i; 9:1 C I(go), {Ti].}ézl with each
Ti; € =Ny, (¢,(g0)) and {N\}F_; C (0,+00) satisfy (2.16). Then {wj}é?:1 contains

at least n — 1 linear independent elements provided that dg(Z) < dx(Z).

Proof.  We only prove this lemma for the case when G is a strict RS-set and
F = C as it is similar for other cases. Suppose that the stated condition is satisfied
and let

(2.21) Q:={g9eVy: &, (9)=0,j=1,2,...,1}.

Then it follows from the assumption made on G that () is a strict interpolating subspace
of dimension n — . Without loss of generality, we assume that {w? }§:1 is linearly
independent, and suppose on the contrary that & < n —1[. Then there exists g € () such
that wi(g) = B;, where 8; := \; 3.2, al for each j = 1,2,..., k. It follows from
(2.17) and (2.21) that

k k
> AjRedg(al,w) =Y (3P =0 foreach 1< j <k
j=1 J=1

hence 1 = - - - = B = 0. Consequently,
Zx\j%(a], w’) = Z/ij](fE) =0 foreachz € X.
Jj=1 j=1

Thus by Theorem 2.1, g9 € Px (%) and so dx (&) = dg(&). This contradicts that
da(#) > dx(z) and the proof is complete. |

3. STRONG UNIQUENESS FROM REAL RS-SETS

We assume for the whole section that X is a real normed space. Then the main
result of this section is as follows.
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Theorem 3.1. Let G be a strict RS-set (resp. an RS-set) on R, & € F (resp. Fy)
and gy € Pg(2). If dg(&) > dx(&), then go is strongly unique, that is, there exists
r > 0 such that

12 = gll7 = 12 = goll 7 +7llg = goll - for each g € G.

Proof.  As before, we only prove the theorem for the case when & € F and G is
a strict RS-set. To do this, we will prove that

3.1 r:= inf max w > 0.

9€G\{go} (a,w)EM;'_gO llgo — gl

Granting this, for any g € G \ {go}, we take (a, w®) € M. such that

&—go
(3.2) ¢go—g(aov w0> = max  dg,—g(a,w) > r|go — gl|
(a,w)EM;'_gO

and then, we conclude that
12— gllr > ¢f_,(@% w°) = ¢f_, (@% w°) +dg,—g(a” w°) > [|&—goll 7+ 7] g0—gl,

which completes the proof. N
To show (3.1), we consider, as in the proof of Theorem 2.1, the set {2 and G defined
by (2.14). We assert that

(3.3) max{(qﬁgo —¢y)(a,w): (a,w) € M;_go} >0 for each ¢, € G \ {oy, }.

In fact, otherwise, we can choose g1 € G \ {go} such that

(3.4 max{(qﬁgo —¢g)(a,w) : (a,w) € Mi—f—go} <0.
Since gy € Pg(4), it follows from Theorem 2.1 that there exist { (a’, w’ )}é?:1 cM ;——90
with k > 1, {i;}j_; C I(g0), {7, }j=1 with each 7;; € —Ny, (¢;;(90)) \ {0} and
{\i}E_, C (0, +00) such that
k o !
(3.5 Z AjPg1—go (al,w’) + Z 615 (91 — gO)Ti]’ =0.
j=1 j=1

Noting that ¢y, 4, = ¢, — ¢g, and that ;. (g1 — go)7i; > 0 for each j =1,2,...,1,
we have by (3.4) and (3.5) that

k z
0> Njdgyg (@, w?) =D& (g1 — go)7i; > 0.
= =1
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Consequently,

(3.6) bgo—gi (@7, W) =0 foreach j =1,2,...,k
and

(3.7) ¢i;,(9o—91) =0 foreach j=1,2,...,1.

Then one has that
(3.8) w?(go — g1) =0 for each j with 1 < j <k

because (Z 1 Z) w/(go — g1) = 0 by (3.6) and (Z - Z) # 0 by Lemma 2.3.
On the other hand, one sees that go — g1 € Q by (3.7), where @ is defined by (2.21).
Since @ is a strict interpolating subspace of dimension n — [ by assumption and since
{w? }§:1 contains at least n — ! linear independent elements by Lemma 2.4, it follows
that go — g1 = 0. This is a contradiction and so assertion (3.3) is verified.

Now we apply Lemma 2.2 (to ¢4, and M ;_go in place of gg and €2p) to conclude
that

(3.9) inf max (990 = ¢)(a, w) > 0.
69€C\ (090} (aw)eM  [|Pg0 — &gl
Note that
[0.9]
1690 = dgll = sup | >~ as| sup |w(go—g)| = lnf Zaz 190 = gl-
acU |;=1 weWy x g0 |i=1

This together with (3.9) implies that (3.1) holds and then the proof is complete. ]

4. STRONG UNIQUENESS FROM COMPLEX RS-SETS

We assume for the whole section that X is a complex normed linear space. This
section is devoted to the study of the uniqueness and strong uniqueness of best simul-
taneous approximation from an R.S-set in the complex space X. We begin with the
following lemma.

Lemma 4.1. Let & € F, gy € Pg(&) and (a,w) € Mi—f—go' Then, for any g € G,
we have the following inequality:

(4.1) 2 = gl > da(2)* + |dgo—g(a, w)[* + 2dc(2)Redg, g (a, w).
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Proof. By the choice of gg and (a, w), we obtain that
(4.2) Bi_go(@w) = |2 — goll 7 = da(2).

Fix k= 1,2,.... In view of (2.9) and the continuity of the function ¢4,_4, we can
choose Oy € N(, ) such that

1
(4.3) ¢5_g(@aw) < sup  Regigo(a',w') < @7 (a,w)+
90 (a’,w")€0 0 k
and
1
4.4) |pgo—g(@", W) — gy—g(a,w)| < i for each (a’, w’) € O.

It follows from (4.2) and (4.3) that

1
da(z) < sup  Redz_g,(a, ') < da(@)+ —.
(a’,w) €0y k

Take a sequence {(a*, w"*)} with each (a¥, w"*) € Oy such that

1 1
dg(2) — - < Regs_g (a", w) < da(2) + -

By (2.7), we get that
|63-g0 (2", )| < (|2 — goll 7 = da(2).
It follows that
(da(®) = §)* < [Regig,(a", w®)[* + [Imes g, (a*, w")|?
= [ps-go (2", w")|? < de(2)%.

Passing to the limits, one has that limy_, Imqﬁi_go(ak, w”) = 0; hence

(4.5) lim ¢s_g, (a¥, wh) = dg ().
k—o0

Moreover, by (4.4), we conclude that

(4.6) Jim g, (2", w") = dgy—g(a, w).

Note that

12— gllF > [65-g(a", w")|?

k k k k
- Wi—go(a , W >+¢go—g(a y W )‘2
- Wi—go (akv wk>‘2 + Wgo—g(akv wk>‘2

+2Re [¢5f—90 (akv wk>¢go—g(ak7 wk> :



Strong Uniqueness of a Class of Best Simultaneous Approximation from RS-sets in Normed Spaces 327

Thus, taking the limits and making use of (4.6) and (4.5), one checks (4.1) and com-
pletes the proof. ]

Recall that a convex subset J of C is called strictly convex if, for any two distinct
points z1, 29 € J, %(zl + z9) € intJ.

Theorem 4.1. Let G be a strict RS-set (resp. an RS-set) and let & € F (resp.
& € Fo) with dg(z) > dx(Z). If each J; (i € 1) is strictly convex, then the best
simultaneous approximation to & from G is unique.

Proof.  We only prove the conclusion for the case when G is a strict RS-set.
Suppose on the contrary that Pg(Z) contains two distinct points g1 and go. Then
9o = 3(g1+ g2) € Pa(2). Let (a,w) € M;_go and fix i = 1,2. Then, we apply
Lemma 4.1 (applied to g; in place of g) to conclude that

1 .
Z‘¢gz—g1 (a, w)‘Z + dG(x>Re¢gz—g1 (a,w) <0

and .
Z‘¢g1—gz(aa w)‘Z + dG(i>Re¢g1—gz(aa w) <0

(noting that ||Z — ¢1]|7 = ||Z — g2||# = dg(Z)). Summing the above two inequalities
implies that ¢, _4,(a, w) = 0, that is (37, a;)w(g1 — g2) = 0. Since Y 2 a; # 0
Lemma 2.3, it follows that w(g; — g2) = 0. Thus, we complete the proof of the
following assertion:

4.7) w(g1 —g2) =0 for each w € A,

where
A::{wEWO:(a,w)err forsomeaeﬁ}.

T—go

Below we prove that g; = go, which is a contradiction and then completes the proof.
To do this, we first note that 1(gg) C I(g1) N I(g2) and that each J; (i € Iy) is strict
convex. Then one has that ¢;(g1) = ¢;(g2) for each i € I(go), thatis g1 — g2 € Q,
where

Q:={9€Y,: c(g)=0,Viel(g)}

Since @ is a strictly interpolating subspace of dimension n — card(gg) by assumption
(as G is a strict RS-set) and since A contains at least n—card(go) linearly independent
elements by Lemma 2.4, it follows from (4.7) that g; = g2, which completes the
proof. ]

In the rest of this paper, we will establish the generalized strong uniqueness results
for the best simultaneous approximation from an RS-sets. Let a > 0. Recall that



328 Xian-Fa Luo

go € Pg(%) is a strongly unique best simultaneous approximation of order « if there
exists a constant number A, > 0 such that

12 = gll% = 12 — gollF + Aallg — gol|*  for each g € G.

(cf. [16, 18]).
Our first theorem on the generalized strong uniqueness is as follows.

Theorem 4.2. Let G be a strict RS-set (resp. an RS-set) and let & € F (resp.
& € Fo) with dg(z) > dx(&). Suppose that, for each i € I and each z € bdJ;, bdJ;
has a positive curvature at z. Then the best simultaneous approximation to & from G
is strongly unique of order 2.

The proofs for Theorem 4.2 and Theorem 4.3 below are standard; see for example
[8, Theorems 4.2 and 4.3]. Here we will keep the proof for Theorem 4.3 while the one
for Theorem 4.2 is omitted.

For Theorem 4.3 below, we recall from [19] the notion of the uniform convexity
and a relative fact.

Definition 4.1. Let f : C — R be a function. Let 2y € C and p > 0. The function
f 1s said to be

(a) uniformly convex at 2 if there exists § : Ry — R, with §(¢) > 0 forall ¢ > 0
such that, for each z € C and each A € (0, 1),

(4.8) FOzo+ (1= X2)z2) <Af(20) + (1 = ) f(2) = AL = A)é(|z0 — ).

(b) p-uniformly convex at zq if there is p, > 0 such that for each ¢ > 0, z € C
with |z — z| =t and each X € (0, 1), the following inequality holds:

wo) A + (LN )= fOn+ (Lo 0)

> ppth.

As usual, we let 9f(zy) denote the subdifferential of f at zy defined by
0f(z0) :={1 € C: Re(z — 20)7 < f(2) — f(20), Vz € C}.
Then we have the following characterization for the p-uniform convexity:

Proposition 4.1. Let zy € C. The function f : C — R is p-uniformly convex at
2o if and only if there exists i, > 0 such that
(4.10)

f(2) > f(20) + Re(z — 20)T + pplz — 20" for each z € C and each T € 0f(2p).
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Note that, if each J; has nonempty interior in C, then there exists a convex function
fi on C such that

(4.11) intJ; ={2z€C: fi(z) <0} and bdJ;={z€C: fi(z) =0}.

Consequently, for each i, one has by [4, Corollary 1, p.56] that
(4.12) Ny, (z0) = cone dfi(zp) for each zy € bdJ;.

Theorem 4.3. Let p > 0, let G be a strict RS-set (resp. an RS-set) and let
T € F (resp. & € Fo) with dg(z) > dx(&). Suppose that, for each i € I, there
exists a convex function f; satisfying (4.11) such that f; is p-uniformly convex at each
zo € bdJ;. Then the best simultaneous approximation to T from G is strongly unique
of order a = max{p, 2}.

Proof. Let gg € Pg(z). Then, by Theorem 4.1, go is the unique best simultaneous
approximation to & from G as each J; (i € Iy) is strictly convex by assumption. From
Theorem 2.1, there exist {(al,w/)}F_; C M}~ with k > 1, {i;}}_; € I(g0),
{Ti].}é:l with each ;; € =Ny, (¢i,(90)) \ {0} and {\;}¥_; C (0,+00) such that
(2.16) holds. Hence, (2.17) holds. Without loss of generality, we may assume that
Z;?:l Aj = dg(Z). Then from Lemma 4.1, one has that

k
. . 1 S
HIIZ o QH%: 2 dG((IZ>2 + dG(i) Z Aj‘¢90—g(a]7 w]>‘2

(4.13) . =

+2 Z AjRegy,—g(al,w?) for each g € G.

j=1

Let

o ol — de(2)0
(4.14) Yalg) = 12 = 915 = da(2) for each g € G'\ {go}.

lg — goll*
Below we will verify infyee o1 7a(g) > 0. Otherwise, there exists a sequence
{gn} € G\ {go} such that lim, o 7o (gn) = 0. This with (4.14) implies that {g,}
is bounded; hence lim,, . ||Z — gn||# = dc(Z). Noting that Pg(z) = {go}, we may
assume that lim,,_.., g, = go by the compactness. By (4.12), for each j = 1,2,...,1,

there exist a;; € 9f;;(¢i;(go)) and d;; > 0 such that 7;, = —d;;a;. It follows from
(2.17) that
k o !
(4.15) Z AjRegg,—g, (@7, w?) + Zdi].Reéi]. (9n — go)a;; =0 for each n € N.
j=1 j=1

Noting that ¢;;(go) € bdJ;; and ¢&;;(g,) € J;; for each j = 1,...,1, we obtain from
(4.10) that there exists y, > 0 such that

ReC;; (gn —90) @, +11p|€i;(go—gn)[P < 0 for each j with 1 < j <land eachn € N.
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This together with (4.13) and (4.15) implies that

k k
) ) 1 o o
12 = gallF = da(@)® + === >~ Njldgo—g, (a7, w?)[ + 23 \jRedy,—g, (a7, w’)
da(2) =

j=1
l

l
+2 Z di;Re¢;, (gn — go)ai; + 241y Z di;|¢i; (g0 — gn) [P
= =1
Lk s !
= dG(aA})2 + dG(i) Aj‘¢90—gn(aja w]>‘2 + QMP Z dl]‘él] (gO - gn)‘p
j=1 j=1

Define

[e3

k l
lglle := | > Ajleg(al, wh)|* + " dy |, (g)]° for each g € Y.
=1 i=1

Then || - ||, is a norm equivalent to the original norm so that there is v > 0 such that
llglla > 7llg|| for each g € Y,,. Thus, for sufficiently large n € N, we have that

k l
. . 1 P _
& = gall > do(@)? + == D Ml (& w))|* + 201, Y dy [, (90— g)|°
j=1 j=1

> d(#)? + mi 2 = 9olla
> do(a)? + min { 2 o — sl

1
>d §:2—|—min{—A,2 } @ — .
> dg(%) do@) ey lgn — g0l

It therefore follows from the Cauchy mean-valued theorem that,

12 = gnllF — da(2)* = %dc(fﬁ)‘)‘_Q(Hﬁ? — gl = da(2)?)
> Sdote)* 2 min{ o 2y b2l — ol
This implies that
o oD . 1
0n) = oty min { S 20 b
which contradicts that lim,, . 7(g,) = 0. The proof is complete. [ ]
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