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POINTWISE MULTIPLIERS ON INHOMOGENEOUS BESOV AND
TRIEBEL-LIZORKIN SPACES IN THE SETTING OF SPACES OF
HOMOGENEOUS TYPE

Yanchang Han

Abstract. Using the discrete Calderon reproducing formula in [9] and the
Plancherel-Polya characterization of the inhomogeneous Besov and Triebel-Lizorkin
spaces developed in [5], we prove pointwise multipliers on inhomogeneous Besov
and Triebel-Lizorkin spaces in the setting of spaces of homogeneous type.

1. INTRODUCTION

The multiplier theory of function spaces has been studied for a long time and a lot of
results have been obtained. We know that the multiplier theory is one of the important
parts in the studies of the Gleason problem, function space properties and general
operator theory. The pointwise multipliers on R? are studied as a part of the researches
of function spaces in several monographs, cf. [8, 12, 14-20]. Pointwise multipliers
have been found many important applications in partial differential equations.

However, it was not clear how to generalize the pointwise multipliers R? to spaces
of homogeneous type introduced by Coifman and Weiss because the Fourier transform
is no longer available. The main purpose of this paper is to establish pointwise multi-
pliers on inhomogeneous Besov and Triebel-Lizorkin spaces in the setting of spaces of
homogeneous type. We first recall some necessary definitions. A quasi-metric p on a
set X is a function p : X x X — [0, c0) satisfying:

(i) p(z,y) =0 if and only if z = y;

(ii) p(z,y) = p(y,x) for all z,y € X;

(iii) There exists a constant A € [1, co) such that for all z,y, z € X,

p(z,y) < Alp(z, 2) + p(2, ).
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Any quasi-metric defines a topology, for which the balls B(x,r) = {y € X : p(y,z) <
r} for all z € X and all » > 0 form a basis.

The following spaces of homogeneous type are variants of those introduced by Coif-
man and Weiss in [2].

Definition 1.1. ([4, 10]). Let d > 0 and 0 < 8 < 1. A space of homogeneous type
(X, p, 1t)d,e is a set X together with a quasi-metric p and a nonnegative Borel measure
w1 on X with supp # = X, and there exists a constant 0 < C' < oo such that for all
0<r<diam X and all z,2',y € X,

(1.1) w(B(w, 1)) ~ 1,

(1.2) lp(2,y) = p(a, y)| < Cpla, ")’ [p(x, y) + p(z', y)] .

Mac’as and Segovia in [13] have proved that spaces (X, p, 1t)q,6 for d =1 are just
spaces of homogeneous type in the sense of Coifman and Weiss, whose definition only
requires that p is a quasi-metric without property (1.2) and u satisfies the doubling
condition which is weaker than (1.1).

In what follows, we assume the following conventions. We denote by f < g and
f 2 g todenote f < Cg and f > Cg, respectively. If f < g < f, we then write
f ~g. Forany a,b € R, set a A b = min{a, b},aV b = max{a, b}. Throughout, we
also denote by C' a positive constant independent of main parameters involved, which
may vary at different occurrences. Constants with subscripts do not change through
the whole paper. For any ¢ € [1, o0], we denote by ¢ its conjugate index, that is,
1y % = 1. Let B be a set and we will denote by x5 the characteristic function of B
and Z, = NU{0}.

To state the definition of the inhomogeneous Besov and Triebel-Lizorkin spaces, we
need the following definitions.

Definition 1.2. ([4, 10]). A sequence {Si}rez, of operators is said to be an ap-
proximation to the identity if Sy (z,y), the kernel of Sk, is a function from X x X into
C such that for all k € Z, and all x,2’,y and ¢ in X, and some 0 < e < 6,

2—ke
B+ ol )

(1.3) 1Sk(z,y)| S

2—ke
27k + p(x, y))dte

/ p(x, 2 ‘
(1.4) |Sk(z,y) — Sk(@', y)| < < )) (

27k + p(z,y

for p(z,2) < 57(27% + p(x,)):

p(y,v)  \° 2 ke
)) (

(15)  [Sk(z,y) = Sk(z,¢)| S <2—k +o(wy)) F+ pla, y)) e
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for p(y,y’) < LA(?_k + p(z,9));

Y) = Sk(w V)l = [Sk(a',y) = Sk(a', y)]]

(S
<2 ’“rp (2,9) ) <2"“p%pgéaz y))e (27F +2p(: y))tte
24 (

for p(x,z') < 27% + p(z,y)) and p(y,y’) < 2,4(2 P p(z,y));

(1.6) / Sk(, y)dp(x) =

for all k € Z;

(1.7) /Sk(az y)du(y) =

forall k € Z,.

The existence of such an approximation to the identity is due to Coifman, See [3]
for more details. The following space of test functions plays a key role in this paper;
see [5, 9, 11].

Definition 1.3. Fix two exponents 0 < § < 6§ and v > 0. A function f defined on
X is said to be a test function of type (3,y) centered at o € X with width » > 0 if
f satisfies the following conditions:

Y
(r + p(@, x9)) 7"

(1.8) @) <C

Y

z, 7 B
(1.9) (@) - fhl < ( f(p@:, l@) (r+ pla,20) ™5

If f is a test function of type ((,) centered at x¢ with width » > 0, we write
f e M(xg,r,3,7), and the norm of f in M(zo,r, 3,~) is defined by

for pla, 2') < g (r + pla, 20)).

1F | Maor.y) = INE{C > 0': (1.8) and (1.9) hold}.

We denote by M(3,~) the class of all f € M(xo,1,3,7). It is easy to see that
M(xq,r,3,7) = M(B,v) with the equivalent norms for all z; € X and r > 0.
Furthermore, it is also easy to check that M(/3,) is a Banach space with respect to
the norm in M(83, 7).

In what follows, we let M8, 7) be the completion of the space M (0, ) in M(83, )
when 0 < 3,7 < 0. Obviously, M(6,0) = M(6,6). Moreover, f € M(8,~) if and
only if f € M(B,v) when 0 < 3,7 < 6 and there exists a sequence {f, }nen C
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M(0,0) such that ||f — full pms) — 0 as n — oo. If f € M(8,7), we then define
1 £11 ¢ sy = I fllrms,y)- Obviously, M(f3,v) is a Banach space and we also have
HfH/C((/gw) = n11—>1/£10 anHM(,B,v) for the above {fy, }nen.

We denote by (M(/3,v))’ the dual space of M(/3,~) consisting of all linear func-
tionals £ from M ([3,~) to C with the property that there exists a constant C' such that
for all f € M(B,7),

1£(H)] < Ol 15

We denote by < h, f > the natural pairing of elements h € (.Mv (B,7)) and f €

j/\/lv(ﬂ, 7). Since M(z1,r,3,v) = M(f, ) with the equivalent norms for all x; € X

and r > 0, therefore, for all h € (M(8,7))’, < h, f > is well defined for all f €
M(zg,r, 3,7) with g € X and r > 0.
The following constructions, which provide an analogue of the grid of Euclidean

dyadic cubes on spaces of homogeneous type, were given by Christ in [1].

Lemma 1.4. Let X be a space of homogeneous type. Then there exists a collection
{QF ¢ X : k€ Zy,ac I} of open subsets, where I}, is some (possible finite) index
set, and constants 0 € (0,1) and Cy,Cq > 0 such that

(i) w(X\ Us QF) =0 for each fixed k and Q% N Qg =0ifa#p;
(ii) for any «, B, k,l with | > k, either Q/lg c QF or Q/lg Nk =0,
(iii) for each (k,«) and each | < k there is a unique (3 such that QX C Q/l@;
(iv) diam(QF) < C15%;
(v) each QF contains some ball B(z%, Cy6%), where ¥ € X.

In fact, we can think of Q'g as being a dyadic cube with a diameter roughly §* and
centered at z%. In what follows, we always suppose § = 1/2. See [10] for how to
remove this restriction. Also, in the following, for k € Z, 7 € I}, we will denote by

f’”, v=1,--+ N(k,7,M), the set of all cubes Qf?LM C QF, where M is a fixed
large positive integer.

Now, we can introduce the inhomogeneous Besov spaces B, '?(X) and Triebel-
Lizorkin spaces F,"?(X) via the approximation to the identity in Definition 1.2. Note
that the Besov and Triebel-Lizorkin spaces have been already investigated for many
decades in the study of partial differential equations, interpolation theory, approximation
theory.

Definition 1.5. ([11]). Suppose {Si}rez, is an approximation to identity. Set
Dy = Sy, and Dy = S, — Sp—1 for £ € N. Let M be a fixed large positive inte-
ger, Qg’” be as above. The inhomogeneous Besov space Byl (X) for —e < s < ¢,

max(d%e, ﬁ) < p < o0, 0< q< oo is the collection of all f € (]\/lv(ﬂ, 7))’ for
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some [ and ~y satisfying:

d
(110) max(O,s,—s—i—d(m—l))<B<e,m—d<’y<e
such that
N(0,7,M) P
IfllBsexy =4 >, D>, m@Q¥)mgow(|Do(f)DIP
T€ly v=1
1
00 N q)] ¢
+ {Z [2 SHDk(waP(X)} } < o0.
k=1

The inhomogeneous Triebel-Lizorkin space Fjy? (X ) for —e < s <, max(diﬁ, ﬁ)

<p<oo and max(d%e, ﬁ) < q < oo is the collection of f € (]\/lv(ﬂ, v))', for
some (3 and ~y satisfying (1.10) such that

N(0,7,M) %
Iflrpecey =320 Do w@F)mgor(IDo(f)))?
Tely v=1
+ {Z[?kawk(fﬂ}"} <o,
k=1

Lr(X)

where mQQ,u(\DO(f)\) be averages of | Dy(f)| over Q.

The restrictions (1.10) guarantee that the definitions of the inhomogeneous Besov
space By (X) for max(diﬁ, d+f+8> < p < oo, 0< q< oo and the inhomogeneous

d+e’ dtets d+e’ dtets
< q < oo are independent of the choices of (3 and v satisfying these conditions and

By(X) U Fp ' (X) € (M(B,7)), M(B,7) C M(B,7) C By(X) N Fp*(X). See
[Remark 2, 11] for more details.

The classical scale of inhomogeneous Besov spaces and Triebel-Lizorkin spaces
contains many well-known function spaces. For example,

Triebel-Lizorkin space F,? (X)) for max( d d ) < p < ocoand max( d d )

BZ(X) = F™(X) = C(X),a > 0,
where the Holder-Zygmund space C*(X) is defined as the collection of f such that

_ |f(z) = f(y)]
[ flleaxy = I flloo + i < 0.
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If -0 <s<fand1<p<oo,then Hy(X) = F$%(X) are the Bessel-potential
spaces (Lebesgue spaces, Liouville spaces). If m = 0,1,2,... and 1 < p < o0, then
WiH(X) = HN(X) = FZ”’2(X) are the usual Sobolev spaces. If § > s > 0,1 <p <
oo and 1 < ¢ < oo, then Bp?(X) coincides with the classical Besov-Lipschitz spaces
Ap?(X). Furthermore, if d%e < p <1, then Fy?(X) = h?(X) are the inhomogeneous
Hardy spaces, which are closely related to the Hardy spaces HP(X) in [3] (More
prec1se1y The homogeneous spaces F (X ) coincide with the usual Hardy spaces

H,(X)). We shall use here the notation F},’ 2(X) = Hy(X),s € (=0, 0), -4 I <p <
0o. Then these spaces will be denoted as the (inhomogeneous) Hardy-Sobolev spaces,
which include the above Lebesgue-Sobolev spaces for 1 < p < oo.

The inhomogeneous Besov and Triebel-Lizorkin spaces have the following Plancherel-
Polya characterizations in [5], which will be one of the the basic tools to prove the
main results of this paper.

Lemma 1.6. Let s € (—0,0). Let {Dy}rez, be as in Definition 1.5. Then, if
max(i L) <p< oo 0<qg<oo foral f € .//\/lv(ﬂ, ) with 3, satisfying

d+e’ d+e+s
(1.10), we have

S =

N(0,7,M)
1l Bzace) ~ 4D Z [m o ([Do(f)N)]P
Telp wv=1

SIS
Q=

TkM p
A5y S e ( wf Dy >\)

k=1 |rel, v=1 2€Qr"
N(0,7,M) P
~ ST @) mges (1D
’TEIO v=1

N (7,k,M) p
Y[ Y we (2’“ sup \Dk<f><z>\>

k=1 |rel, wv=1 2eQFv

d d d d
If max(m,m> < p < oo and max(d—_FE, m) < q < oo, for all f <

J/\/lv(ﬂ, ) with 3, v satisfying (1.10), we have

3 =

N(0,7,M)

Il Epacx) ~ § D Z Q) [mgow (| Do(F)NIP

’TEIO v=1
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N (7,k,M) q
NSNS [2’“ inf [Dy(f ><z>\xQ¢7u<->]

k= ITEIk v=1 z€ QT
Lr(X)
N(0,7,M) -
~ 300 D0 m@QF)Imger(IDo()])]
T€lp v=1
1
N (7,k,M) q) 7
IS [2’“ sup_ |Du(f ><z>\xQ¢,u<->]
k=17el, v=1 zeQhv
Lr(X)

We now introduce the following Definition of the pointwise multiplier.

Definition 1.7. Suppose that g is a given function on X. Then g is called a pointwise
multiplier for B,Y(X) if f — ¢f admits a bounded linear mapping from By?(X) into
itself. Similarly, g is called a pointwise multiplier for F,’?(X) if f — gf admits a
bounded linear mapping from F,"?(X) into itself.

The main results in this paper are the following theorems.

_d_ d
d+e€’ d+e+s

—d— s), then g € C*(X) with 0 < o < € is a pointwise

Theorem1.8.Let0<e§9,—e<s<e,max< ><p§oo,0<q§oo

d
and o > max <S, min{p1}
multiplier for By?(X). Moreover, there exists a positive constant ¢ such that

(1.11) 9./l Bsacx) < cllgllcax)ll fllBsax)

holds for all g € C*(X) and f € By*(X).

d d

Theorem 1.9. Let 0 < € < 0,—€ < s < ¢ max(m,m

><p<ooand

d _d
d+e’  d+ets

with 0 < « < € is a pointwise multiplier for Fy'(X). Moreover, there exists a positive
constant c such that

max( ><q§ooanda>max(s,m—d—s>, then g € C*(X)

(1.12) l9f | Esax) < ellglicacx)ll fllmgacx)

holds for all g € C*(X) and f € Fy?(X).

We would like to point out that the study of pointwise multipliers is one of important
problems in the theory of function spaces. It has attracted a lot of attentions in the
decades since starting with [18]. Pointwise multipliers in general spaces

ByY(R?Y) and F3(RY), where 0 <p<o00,0<g<o00,s€R
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have been studied in great detail in [Ch.4, 16] and in the more recent paper [17]. As
for our own contributions we refer to [2.8, 19].

Theorems 1.8 and 1.9 were proved in [19] for pointwise multipliers of inhomoge-
neous Besov and Triebel-Lizorkin spaces on R? based on Fourier transform. In the
present setting, however, we do not have the Fourier transform at our disposal. Hence
the idea used in [19] does not work for this more general setting. A new idea to prove
Theorem 1.8 and 1.9 is to use the discrete Calderon reproducing formula, which was
developed in [9]. Therefore this scheme easily extends to geometrical settings where
the Fourier transform does not exist. The Fourier transform is missing but a version of
pointwise multiplier is still present.

We would also like to point out that the above restrictions for « are sharp in the

d d
dte’ m><p300,0<q§ooand

—d— s), then there exists a function g € C%(R?) which is not

following sense. Let s € (—6,0), max(

d
o > max (S,W

a pointwise multiplier for B;¢(R?). The conditions s € (—6, 0), max( -4, —4—) <
p 2 d+e’ dtets

d
d+e’  dtets > min{p,q,1}
imposed to guarantee (1.12). Although the index is not sharp for F,(R?) in the

p<oo,max<d d ><q§ooanda>max(s —d—s),were

above sense (see [14]), but probably max (s —d — s is also natural if

_d
> min{p,q,1}
g <min{p, 1} for spaces of homogeneous type.

A brief description of the contents of this paper is as follows. In Section 2 we prove

Theorem 1.8. The proof of Theorem 1.9 will be given in Section 3.

2. PrROOF OF THEOREM 1.8

In this section, we will prove Theorem 1.8. Since there is no the Fourier transforms
on spaces of homogeneous type, the proof of Theorem 1.8 is quite different from the
proof of Theorem 2.8.2 in [19]. The key new ingredient in the proof of Theorem 1.8 is
to apply the following discrete Calderén reproducing formulae established in [9]. This
formula can be stated as follows.

Lemma 2.1. Suppose that {Si}rez, is an approximation to the identity as in
Definition 1.2. Set Dy = Sy — Sk-1 for k € N and Dy = Sp. Then there exist
functions D T €l and v € {1,...,N(0,7,M)} and {Dy(x,y)}xen such that

for anyfxed yTV € Qﬁ’”, ke Ntel,andv € {1,...,N(k,7, M)} and all
€ (M(B,7)) with 0 < 8,7 < ¢
N(0,7,M)
=y Z (@2 )m o (Do(f)) Do ()
TEI v=1
2.1 ’ N(k,m,M)

+y > Z Q5" Dy, 5 ) Di(f) (45

k‘EN’TEIk v=1
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where diam(Qﬁ’”) ~ 2MM for k € Z,,7 € Iy,v € {1,...,N(k,7,M)} and
a fixed large M € N, the series converges in the norm of f € BpY(X) with

max(di_ke, ﬁ) <p<oo 0<qg<oo,—€<s<e and Fy(X) for f € FyY(X)
d d d d

with max(m, m) < p < oo and max(m, m) < g <oo,—€ < s <eE
and M(ﬁ’,'y’) for f € M(B,'y) with 3 < 3 and ' < v, and (M(B’,’y’))’ for
f € (M(B,7)) withe > 8 > B and e >~ > ~. Moreover, Dy(x,y), k € N, satisfies
Sfor any given € € (0,0), all v,y € X the following conditions:

_ —ke'
2.2 Bu(e )| < O
~ ~ x, 1 ¢ 2~k
23 IPufe9) — Diler,9)| < © <2"fgr p(az, y)) (2% + p(z,y))

for p(z,2') < 55(27% + p(z,y));
| Betanduts) = [ Dute.g)inta) =0,
EQQ,u(az)for Te€lpandv e {l,...,N(0,7, M)} satisfies

| Bepe(w)dutz) = 1.

and
C
(1+ p(z,y))d+e

(2.4) Do ()] <

forall z € X and y € Q%" and

_ ~ T,z 1
(2.5) [Dgow(@) = Dgow(2)] < € (1 i(p(g;,>y)) (1 + p(z, y))d+e

forall z,z € X and y € Q%" satisfying p(x,z) < LA(l + p(z,y)); the constant C' in
(2.2) — (2.5) is independent of M.

To prove Theorem 1.8, we first show the following Lemma.

Lemma 2.2. Forany 0 < € < e € (0,6], let {Si(z,y)}rez, and {Gr(x,y) rez,
be two approximations to the identity as in Lemma 2.1 above and Dy = S —
Sik—1,Er = G, — Gg—1 for k € N and Dy = Sy, By = Go. Then for any given
g €CYUX) with) < a<g
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~ / 1
(2.6) | Bkg Do ()| S glleagx)2 ) i
Qr ) L+ pl, yr"))d+e
» , 9— (kAK€
2.7 EygDy < Nlgllca(xy2 T I(En) : 7
(2.7) |Ekg D (2, 9)| < llglleax) (2-(AR) 4 p(a, ) dte

where D o and Ek/ are given as in Lemma 2.1, and k € Z, and k' € N.

Proof. We first show inequality (2.6) for the case k = 0. In this case, we have

BogDge ()] < lglleecy [ 1ol 2) Do) dil2)

1
< o
S lglle (X) (1+ plz y >>>d+€

To prove the inequality (2.6) when k € N, we write

< /X \Ek@:,z>mg<z>HBqu<z>—BQQ,VW+\g<z>—g<x>ub¢,u<x>udu<z>
< | 1Bu(e.2)l(:)|Dgpe () ~ Dge (a)ldn(2)

+ /X Bk (2, 2)[|9(2) = g(2)|| Do (z)[dp(2)
= B+ D.
By the smoothness of EQO,V(Z> and using the fact g € L>°(X), it is easy to see that

1
0,v ’
(1+ plz,yr")))de

B < llglleacx)2

where k € N.
The estimate for D follows directly from

9 ke 1
D < . “ d
S lglle (X)/X (2_k+p(x’2>>d+ep(2,x) (1 + p(x, y%))d+e wl(z)

Igllca(x)2*

<
(1+ pla, yr)) .
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This gives (2.6).
For (2.7), we only consider the case k¥’ > k > 0 because the proof for the case
k > k' > 0 is similar. We write

\Evg Dy ()
oy /X Ex(z, 2)g(2) Div (2, y) du(2)|
.y /X Bk, 2)9(2) — Ex(z, 9)g(0))Die (2 4)dpu(2)
< /X |Bx(, 2) — Ex(e, )| 9(=) | Dae (2 )l 2)

+/X\Ek(w,ymg(@—g(y>Hl~?k/(zyy>\du(Z>
~ E+F

For FE, similar to the proof of B, we obtain

2—ke/

E < a2~ K =R 7
S llglleacx) (27F + p(x, y)) T+

We then rewrite F' to get

9—ke 2—k/e

a

F 5 laleo [ om0 G gy )

Similar to the proof of D, we get

2—ke
(27F + p(z, y))d+e’

F < Hcha(X)Q_(k/_k)a

where the fact 0 < o < € is used. This finishes the proof of Lemma 2.2. ]

Now we show the following technical version of Theorem 1.8.

Proposition 2.3. Suppose that —e < s < ¢, max(diﬁ, ﬁ) <p<oo 0L
q < oo, > max(s,ﬁ—d—s). Then for any g € CH(X) with 0 < a < ¢, f €

M(B,~) with B8 and v satisfying (1.10),

1f9llBsax) S lglleacoll flBgacx)-
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Proof. For any g € C*(X), f € J/\/lv(ﬂ, ) with § and + satisfying (1.10), we have

N(0,7,M) %
fgllszacy = D D, mQ)mgor(|Eo(fg)))P
’TEIO v=1
- ks q %
+ Z[Q "Ek(f.g)HLP(X)}
k=1
= G+ H.

Using the discrete Calder6on reproducing formula, we obtain

N(0,7,M) B
=Y > wQ)mgpu (Do(1))g(@) Dgpu(x)
T€ly v=1

N(k,7,M)

+3°3 Y wW@E")g(w) Di(w, yEY) Di(£) (5E").

k‘EN’TEIk v=1

Applying Lemma 2.2 implies

1

N(0,7,M) N(0,7",M) Py p
{Z S QY {Z ST Q%) EogD o (5% >||mQ3,uf<Do<f>>|} }

T€ly v=1 T'ely v'=1

N(0,7,M)
; { Sy @)

[ N(k', 7', M)

o3 Y @) EogDi (b2 i )| D () '>|] }

k'=17'€l, v'=1

N(0,7,M) N(0,7",M) HgHCQ(X) Py »
S oo Moo (Do(f))]
YO Y e,

T€ly v=1 T'€ly v'=1 T I’

N@O,7,M) [ oo N(k' 7' M) oK' (d+e' A) i o Py 7
A SIS 5 e R e g )

T€loy v=1 k'=171'€l}/ v'=1 (1 +p(y'r s Ypr

Applying the Holder inequality for p > 1 and

(2.8) (me) <3 Janl?
k

k
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for all a; € C and p < 1, it follows that

G < lgllcax) Z Z Z Z

S

N(0,7,M)  N(0,7,M)

QOI/ Q
v ) ( (d'l'f))(p/\l) [mgo.v (Do)
rely v=1 71/€ly v'=1 (14 ply T, )) 0

N(k' 7', M)

+HgHCa(X) Z Z Z Q—k'(d+s+€'/\"‘)(p/\1)2k'd

N(0,7,M)
x> > m
Telp v=1
< HgHCQ(X)
+lgllcex)
< HgHCQ(X)

k'=1r'el, v'=1

3 =

1

— zkéD , k‘ U p
1+ ( U,y_lk_:,”/ ))(d-‘re')(p/\l)u(Q )| k (f)( )|

T

N(0,7",M) P

DD D |m 0. (Do(f))I?

T'ely v'=1

Q=

N(k}' T’ M)
Z 2—11: (d-‘ré-‘re /\Oc)(p/\l)zk‘ d Z Z k) U |2k; 5Dk;'(f)( k' l/ )lp
k'=1 T'el, v'=1
N(0,7",M) %

Y2 n Im 0. (Do(f))I

T'ely v'=1

oo
+H9HCQ(X) {Z 2—k'(d+e'/\o¢)(p/\1)(%Al)z—k's(p/\l)(%/\l)zk'd(%/\1)

Nk 7' M)

< | X

T/ €Iy

k'=1

q 1
3 q

o @2 D (£ i I

v'=1

S HQHCQ(X)HJCHBZ'Q(X),

where we use the facts that s > —(€/ A a) when p > 1, and

max( d d

dte’ dtets

Treftats <P < 00 when

<p< 1.

Similarly, by Lemma 2.1 and Lemma 2.2, we write

o

Q=

N(0,7',M) q

H< > 2>y M u(Q?i”')ng,w(Do(f))Ekgf?Qg,w(-)HLP(X>

k=1

o

T'ely v'=1

Nk 7 M)

+43 2’%\\22 ST @5V ErgDie (- yl ) D (1) (| o)

k=1

= Hi+ Ho.

k=Wwel, v=1
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For the term H1, by the estimate on Ekgf) (z), when s < € A a, we have,

QO,U
N M) Ig][2 . 2kspa k(e A@)p N
gHCa(x)Q 2
LIRS t/ e (Do(HDI? ()
{ rze;o u’z:l 1+ ,O(x,ygz ))(d+e) (A1)
o0 N(0,7',M) , AN
5 HgHCa(X) Z QkSQQ_k(e Aar)q Z Z M(Q?—;U )[on}M (lDo(f)l)]p
k=1 el vi=1 T

S HgHCQ(X)HfHBf,’q(X)-

To obtain the estimate of Hs, by Lemma 2.2, it follows that

© © ’ ’ ’ ! ! ’ Q/\l
Hy < {Z Z [zk do—k'd(pA1) 9—|K'—k|(€'Aar) (A1) o (k—k')s(pA1) o — (kK )d(l—(p/\l))} P
k=1k'=1

N(k' 7' M) PE)e
alleeco | S0 3 (@) 55 sup 1Du (1))l

k, U'
T'EI;C/ v'=1 ZEQT,Y
S HgHCQ(X)HfHBf,’q(X)a

where we use the facts that s < ¢ A a if p > 1 and m <pifp<1.
This verifies Proposition 2.3. ]

Since for f € BpY(X), in general, f could be a distribution and hence the multi-
plication g f, even for g € C*(X), does not make sense. For this propose, we need the
following lemma. The proof of Theorem 1.8 then follows from Proposition 2.3 and
this lemma.

Lemma 2.4. For any f € By?(X) with max(d%e, ﬁ) <p<oo 0<g<

00, —€ < s < ¢ and g € C*X) with e > a > max(s,ﬁ—d—s). There

exists a sequence {fytnen such that f, € M(e,e), [ fullBsacxy < N fllpgacxy and
lim (g f,, h) converges for any h € .//\/lv(ﬂ, ) with 3 and y satisfying (1.10).

Assuming Lemma 2.4 for the moment, for g € C*(X) and f € By?(X), lim (g9fn, h)
n—oo

exists, where f,, is given by Lemma 2.4. Therefore, for g € C*(X), f € Bp?(X), we
can define

(9f.h) = lim (gfu, )

for h € M(f3,~) with (8, 7) satisfying (1.10). Here f,, is a sequence given by Lemma
2.4 and the limit is independent of the choice of f,.
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Fatou’s lemma and Proposition 2.3 imply
19/ ey < Uminf[|g fullpyacx) S N9llexoollfllsgecx),
which completes the proof of Theorem 1.8.
Therefore, it remains to show lemma 2.4. To this end, we need the following Lemma.

Lemma 2.5. Let {Sy(x,y)}rez, be an approximation to the identity of order € as
in Lemma 2.1 above and Dy = Sy — Sk—1 for k € N and Dy = So. Then for any
g € CYX) with0 < a <€ h e M(B,v) with 8 and ~ satisfying (1.10),

1 .
"1+ o, w0))
T 540

~ 1
2.10 D W < Ngllcacx |l 2~ H(BA) 7
( ) ‘< k(.a y>ga >‘ ~ HgHC (X)H HM(,@,’Y) (1 + p(y’x0>>d+7

(2.9) [(Dgorgs M| S Nglleacx) IRl s

where k € N,y =y A (e — o).
Proof. We first prove inequality (2.9). In fact, we have
[(Dgorg, bl
< lgllescxy [ 121 Do (2ldutz)
1

(14 p(y?", o))+
1

d
/{zmyT Y )< kep(wo )y (14 p(ye”, 2))d+e
+H9HCQ(X)HhHM(,8,7

S Nglleaco P,y

1+ p27 o))+
1

du(2)
/{z:p<y9’“7z)>ﬁpwyﬂ“)} (1+ p(wo, 2)) ™7
1

(1+ p(y2", wo))d+

S Nglleac 1l ags,q)

That is, (2.9) holds.
To prove (2.10), we write

‘<5k(.7 y>97 h>‘
oy /X Di(z, ) g(@)h(x)du(x)

= \/Xf?k(x,y)[g(w)h(w)—g(y>h(y>]du(w>\

< /X\ﬁk(fﬂ,y)\\g(w) g@WIh(@)ldu(z /\Dk 2, y)lg(y)l[h(z) =h(y)[ldu(z)
= I+1I
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For I, we have

F S lolleoo sy [ oy oiseared ) ()
~ 9llce(x) M(B,y) X (Q—k +p(x,y)))d+€p Y, (1 +p($,$0>>d+7 M
< ke 9—k(e—a) 1

~ HgHCa(X)HhHM(,@,’Y)Q /X (Q_k + p([]ﬁ, y>>>d+e—a (1 + p([]ﬁ, x0>>d+7du(a}>

1 k(e—a)
< o x| 9k / me:
Illeecoll s ™ G50z Ve fy, @ ol gy @)
1 1
+lgllea || 9~ ko
Iolleecoltlaue® G )i Jy, T ol

1
—ka
S 2 HgHCa(X)HhHM(,@,’Y) (1+p(y,a}o))d+7”

Py i)

where W1 = {z : p(z,y) < g5(1+p(z0,9))}, Wa = {z : p(2,y) > g5 (1+p(20,9))}
and v/ =y A (e — ).
To obtain the estimate of the I, we have

15 lollescoliln [ s UG
S lallescollblme | G o) G T oy, 20)] 77
1
—k
S HgHCa(X)HhHM(,@,’Y)Q ﬁ(1+p(y’x0>>d+7+/g

1
< . I 2—k,8 .
S llglleacxylhllaeesq (1 + p(y, z0)) 47

Combining the estimate of I and 11, (2.10) holds. This finishes the proof of Lemma
2.5. |

Now we show Lemma 2.4.

Proof of Lemma 2.4. For any f € By?(X), with max(diﬁ, ﬁ) < p < o0,

0<qg<oo, —€<s<e we denote

n N(O,7,M)
Z Z (@Y Ym o (Do(f)) Do ()

+>3 Z p(@5) Di(, y&*) Di(f) (45").

k=17=1 v=1

It is easy to see that f,, € Mv(e, €). Tosee || fullsa(x) < C||f| Bs9(x), by the definition
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of ByY(X), we write

N(0,7,M) %
Il Byece) = D Z Q") mgow (| Eo(fa))]P
Telp v=1
+ {Z [QkSHEk(fnwLP(X)}q}
k=1

=J+ K.
Using the basic estimates of EOEQOM (z) and EgDyy (x,y) in Lemma 2.2 or [9], we
obtain !

1
N(,7,M) [ n N(0,7,M) Py %

iy S X X o Mg (Dol

Tely v=1 T'= v =1 (1+p<y7' 7y7-/ >>d+6

1
O’TM n n Nk‘/’T/M) 2—k‘/(d+6/) p P

4> Z DD o | D (1) ()]

T€lp v=1 kK=lr'=1 v'=1 (1+P<y77 ! ))

Applying the Plancherel-Polya characterization of the inhomogeneous Besov spaces
developed in [4] and the Holder inequality for p > 1 and (2.8) for p < 1, it follows
that

O
q
X
3
S =

N(0,7",M)
1
J S 7 v/ D p

+ {Z 9K (d+) (AL GAD 9 =K' s(PA) (FAD) gk (A1)
k'=1

ST
Q=

n N k‘ ’T M)
X Z Z w(@QE )2 Dy () (/) IP
S HfHBf;’q(X)

where 7 + - <p<oo.
S1m11arly, we write

Q=

o) n N(0,7,M) q

SR DI DURD RECE g (Dol ) ED o Ol o)

k=1 V=1
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o0 n n N k‘ ’T M q E
k‘/7V/ k,/ /
4> 2'“\!22 Z ") ERDy (-, yt ) Do (F) (i )| o
k=1 =k'=1 v'=1
= Kj + K.

For the term K, from the basic estimate Fj, D Q' (z) in Lemma 2.2 or [9], we have

when s < €,

S
Q=

n N O’T M 2k8p2—k‘6/p

K1 % /X [mgo (Do) / du(z)

= V/ 1 - (14p(a, %)) d+e)PAD)

q

1
o K

o0 n N(OvT/vM)
S D2 N (@) mge (|Do(£)DIP
k=1 =1 =1 T

S I llBgacx)

To obtain the estimate of K5, by the basic estimate (2.7) of Lemma 2.2, it follows
that

o n aq
Ky < {Z Z [Qk/dQ—k/d(p/\l)Q—|k/—k|e/(p/\1)2(k—k/)s(p/\1)2—(k/\k/)d(l—(p/\l)) p/

k=1k'=1
1
n N, 7' ,M) P % !
K\ —5+1
XX (M@ s 1Dene)
v'=1 Zer;W/

S Il Bsax)

where s < €, d+6 5 <p <oo. Thatis, |[fullgsex) S |l Byacx) holds.

Next we prove that lim (gf,, h) converges for any h € M (8,~) with 8 and ~
n—oo

satisfying (1.10). We consider the following four cases respectively:

D 1<p<oxand 1< g < o0

) 1<p<oocand0<qg<1;

) 1<p<ooandg=oc or p=o0and 0 < ¢ < o0;

Iv) max(die, d+6+8> <p<l.

Suppose g € C*(X),h € M(B, «v) for 3 and ~ satisfying (1.10), n,m € N, m < n.
We now consider the case (I). By duality and Proposition 2.3, we have

[ = Fons )< M = Pl el 9Pll ot S Mgllee O IPll o oy o = Frnll
P
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Note that ||h|| and || fn — fin| pge tends to zero as n, m tend

B (X) S 17l e,y
to infinity. This implies that |(f, — fim, gh)| — 0 as n,m — oo when s € (—¢,¢€),
1 <p<ooand 1< q < oo and hence the case (I) is concluded.

For case (II), by (2.9) and (2.10), we have

n N(O,7,M)

Yoo D @) < Dgows (gh) > P

T=m++1 v=1

1
< lllleacx 1l /. dn(y)
( ) z>lozg:2m 2i<p(wo,y) < 2l+1 1+p(y’x0>>(d+7)p
< h —[7/ i]
S lgllcecxy Bl as,m
and
sup 27| Di(gh)ll 1 x)
keENm+1<k<n
1
1 P’
< oy || sup 2 Kls+Bnel { / nd }
< Nlglleac) bl a2 ™ B0,
and
n  N(k7,M) P’

sup Yoo > w@E) 12 Digh) (yr)

keN1<k<n \ .S~

1y d
N HQHCQ(X)HhHM(,gm sup o—k[s+BAal,, —[v'+7]
keN,1<k<n
— /+i
N HQHCQ(X)HhHM(gmm [ p].
Applying the Holder inequality for p > 1 and (2.8) for ¢ < 1, and (2.9) and (2.10),

it follows that

[(fr = fm> gh)|

n  N(0,7,M)

<SS w@2)mgor (Do)

T=m++1 v=1

B =

1

n N(O,’T,M p’

Yoo D w@EIDgon(gh)”

T=m++1 v=1
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1
n q] ¢ ks
+ { 2 [QkSHDk(ﬁHLP(x)} } sup_ 2Dk )

keN,m+1<k<n

k=m+1
q
n n N(k"TM p 2
92| 2 X w@REDN )P
k=1 \7=m+1 v=1

% sup Z Z Qku ‘Q_ksD*(gh)( >‘p/

keN,1<k<n T=m+1 v=1

—(4 ! —m a+s
S Nglicecoll flzsacxyllRllms ) {m (5+7) 4 g-m(Bra+t )}.

Using the fact that s + § A a > 0, we see that for s € (—¢,¢), 1 < p < oo and
0<q<1,[{fn—fm,gh) — 0asn,m— .
For case (II), if p = 0o, ¢ = 0o, we obtain

[(fn = fm, gh)|
n N(0,7,M)
< sup |Do(f Z Z u@2")D 0V(9h>
zeX T=m+1 v=1
b supsup DN S [ D)@ te)
keNzeX J—)
n  N(k7,M)
+ sup sup [2%°D(f) Z Yoo > w@)2*Di(gh) (")
keN zeX k=1T1=m+1 v=1
n N(0,7,M)
< HfHBgf"(X) Z Z QOV 0“(9h>

T=m++1 v=1

£ 30 [ Bien @)
k=m+1

ZZ Z (@275 Dy (gh) (y=)

k=1717=m+1 v=1

Applying Proposition 2.3, then gh € B; S’I(X ). Note that the terms in brace are
remainder of (gh), — (gh),, in the norm of B **(X), which go to zero as n, m tend
to infinity. Thus |{f, — fm,gh)| — 0 as n,m — oo when s € (—¢,€), p = oo and
q=00
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The estimate for case co > p > 1,¢ = 00 or p = 00, ¢ # oo is similar to case (III)
above.

For case (IV), applying (2.8) for max(die, d+6+8> < p <1, we have
[(fn = fm, gh)|
n N(O T, M %
<9 D w [mgor (I1Do(f))) sup | Dgor(gh)
T=m+1 v=1 m<p(xo,y;"")<n
n
+ ) 2%[Dk(f)llzeex) sup2 b u(Q)' ¥ Dy (gh) (v)
k=m+1

L~
+ZQ'“HDk Moy sup 277 u(Q5)! "% Di(gh) ().

m<p(zo,y)<n

By (2.10), we have

— nl—1 5% v
sup  27Fu(QFY) TR | Di(gh) (B7)]
m<p(zo,ys”)<j
o—Kls+Ara—n(3-1)] sup klu —
m<p(zor)<j (1+p(yr", 20)) 7

—k[s—i—,@/\a—n(%—l)]m—['y/—l—d] ’

S Nglleac Pl ags,q

S lglleacoy Il ames,2

and

—ks l-1 =« v —kl[s a—n(t-1
sup 278u(QF) TFDj(aM) ()] £ llglleaaey | llaggay2 ML
yr'eX

From (2.9) and (2.10), and the Holder inequality for co > ¢ > 1, it follows that
|<fn - f7nagh>|

1

n N(0,7,M) _
s{ D u(Q?’”)[ngw(IDo(f)I)]p} sup [ Dgor(gh)|

m<p(zo,yP")<n

2=

+{ > [2’“Dk<f>m<x>]"}q{ > [sugf’f[“"d(%‘l”|f>:;<gh><y>|] }
k=m+1 k=m+1 Y€

1
/ o

+{Z[2’“Dk<f>mx>]"}q{2[ sup 2-’f[s-d<%-1>]|f>:;<gh><y>|]}

k=1 k=1 Lm<p(zo,y)<n

S Nolles oo Ihllmm | fllgacxy [m @577 4 27l Dlpmmtens)]
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From (2.9) and (2.10), and (2.8) for 0 < ¢ < 1, we also have
|<fn fmagh’>|

P

wQF")[mgo.r (|D0(f)|)]P} sup | Do (gh)|

n N(OTM)

0, 0, 0,
T= m+1 v= 1 y2 " €{yr" Im<p(zo,y>")<n}
k=m+1 keEN,m<k<nyeX

n

+

+{ S 2D >Lp<x>]q}q sup  sup 275 (QE) ¥ [ Dii(gh) ()|

2% Di(f )LP(X)]q} sup sup 27 (@) | Dii(gh) (v)]

1 keN,1<k<nye{y|m<p(zo,y)<n}

\guca(X)Hhuw D lspa ey [m= @0 4 27l dG 1) ]gmens)|
where we use the arbitrariness of yf’”, and SA«a > % —d—s when p < 1. This proves
[{fn — fm,gh)| — 0 as n,m — oo when s € (—¢,¢), max(die, d+6+8> <p<1land

0 < ¢ < 00, and hence the proof of Lemma 2.4 is concluded. ]

3. PrROOF OF THEOREM 1.9

In this section, we prove Theorem 1.9. Roughly speaking, the idea of the proof is
similar to Theorem 1.8. To be more precise, we first show the following result which
is similar to Proposition 2.3.

Proposition 3.1. Forany g € C*(X), f € M(ﬂ, ) with 3 and ~ satisfying (1.10),
1fallEsaxy S Nglleecoyllfllmpax)s

d d d d
where 0 < e < 0,—€ < s < ¢, max(m, m) < p < oo and max(m, d+e+s>

<q§ooande>a>max<s,m—d—s>.

Proof. Using the Calderén reproducing formula, for any g € C*(X), f € M(3,7),
we write
\\gf\\Fg"J(X)

N(0,7,M) N(0,7', M) Py 7
SID > 1Y > mgee(IBegD o, Dlmgo.s (Do(f))]

7€l v=1 T'€ly v'=1

-

N0, M) [ oo N(k' 7 M) o Yy
+{Z > [ZZ S 2 mgn (| BogDi (- y ”>|>|Dkf<f><y’:~”>|] }

T€ly v=1 k'=17t"e€l,r v'=1
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00 N (0, ', M) ! %
+ } :stq E E |EngQ2},,/(-)lng,lu'(lDO(f)l)
k=1 T'ely v'=1
K Lr(X)

Q=

N(K' 7, M) ?

oo -OO
D02 1S S ST B D ()l D (W)
k=1

k'=171'€l, v'=1

Lr(X)
= L1+ Ly + L3 + Ly.

The estimate of L; is the same as the corresponding part of Besov spaces in Propo-
sition 2.3. We only prove the estimates of Lo, L3 and L4. From [Lemma A.2, 7], the
inequality (2.7), the Holder inequality for ¢ > 1 and (2.8) for ¢ < 1, the Fefferman-
Stein vector-valued maximal function inequality in [6], it follows that

s N (K, 7' M)
Lo 5 llglleac) | So27 st (57 37 2 IDu (£ ) X g

k/=1 Tlelk/ v/=1

s

LP(X)

A

lgllea x)

o0
{ E 2—k’(d+s+s’Aa—%)(qA1)

k'=1
1

N(K' 7/ M) A
im0 3 2D ()W e

T'EIk/ v/=1
LP(X)

A

lgllce oyl f 1 ma x

o d d .
where we have chosen r satisfying max (d—+6, p ) < r < min{l,p,q}.

+€e AN
By the ine {h;gy (2. 6) s1m1Trly, N0, M)

1
7Y ¢
Lo 5 lalencs [ 32 0 S ST Q0>v'<D°(f))] }

T'ely v'=1
LP(X)

N(0,7",M) 1 %
< lgllenc / —————[m o (Do) dpu(x)
Z D S C

< Hgl\ca(ml\fl\pgv‘%xw

where s can be any number in (—e¢, € A ).

To get the estimate of L4, using Lemma A.2 in [7], the equality (2.7), the Holder
inequality if ¢ > 1 and (2.8) if ¢ < 1, the Fefferman-Stein vector-valued maximal
function inequality in [6], we thus have

> ° AYS ’ ! ’ ’ ’ ’ - q 1
Ly 5 HgHC“(X) {Z Z [z(k—k )52—|k —k|(e /\a)z—k dz(k/\k )dz[k —(kAK"))d/r
k=1k'=1




202 Yanchang Han

N(k' 7' M) mE)
kv — k',u'
(S @) DL (D g
7€l v/'=1 T
N Lr(X)
N(k'-r'M) AN
k' u' — k',u' r
S llglleax) Z > 1D ()™ "X et o
k'=1 T'el, v'=1 T
Lr(X)

S glleacollfllmgacx)

where max (d%e, m> < r < min{l, p, ¢}, s can be any number in (—¢, e A ).
This verifies Proposition 3.1. ]

The following result is similar to Lemma 2.4.

Lemma 3.2. For any [ € F;%(X) with max(diﬁ,djﬁ%) < p < oo and

d _d
max(d—l—e’ d+e+s

><q§oo, —€ < s < ¢ and g € CHX) with ¢ > a >
max (s, m —d- s). There exist a constant C and a sequence { fy, }nen such

that || fullpsax)y < Cllfllgpax) and nh_{%o@f"’ h) converges for any h € M(8,7)
with 3 and ~y satisfying (1.10).

d+e’ d+te+s d+e’ d+te+s
d __ _g_

i — d— s, define

fn as in Lemma 2.4. Applying the same proof as in Lemma 2.4 gives || fu||psa(x) <

Cllfllggacxy- We write

Proof. For any f € Fjy?(X) with max<i L) <p< oo andmax<i L)

< q < o0, —e<s<e,andgeCO‘(X)witha>max<s

n  N(0,7,M)

(o= Frg < | S0 S (@) mgon (Do(£) (Do gh)

T=m++1 v=1
n n N(k,7,M)

LN DT @D yEY), gh) Di(f) (yE)

k=m+17=1 v=1

+ Z > Z p(@QEY) (Di(-, 1), gh) Di(f) (yE)

k=1717=m+1 v=1
=R+4+T+Y.

The estimate of R is similar to the corresponding part of Lemma 2.4. We now
consider the estimate of 7. By Holder inequality if p,q¢ > 1, and (2.8) if p,q < 1, it
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follows that

n _ N7
£l s x > [27FDj(gh)|? :p>1,q0>1,
o (X) k=m+1
=m
Ly(X)
n E[(— d(1-1)] =«
llps-eoeyy X sup [2MCFIHGTUIDegn) ()] 2 p < 1,1,
T < P k=m+1zeX
£z || sup 275 Di;(gh)] tp>1,¢< 1,
mtlsksn L, (X)
—k[s+d(1—1)] 74
IFlggy 500 sup 27D @) p< LSt
L x m+1<k<n
1
¢ —ks Ty* ! ‘
£l oo x) {k > ) 12 SDk(ghM"} , :p>1,9>1,
=m+
Lp/(X)
— _e4d(1=L
S 3 Mglleacollf iz Bl a2 TRy <1 >0,
lgllea ) 1 |z 1l a2~ ™R, cp>1,9 <1,
— d(1—1
L lgllcacollf a1l ames.)2 mls =) @B <1 g <1

where ¢ is a positive number with s — ¢ + d(1 — ]—1)) +aA B3>0 whenp <1 and
s+aAp>0if p> 1, and the second inequality can be obtained by using the fact
that

F3i(X) C BgvmaX(pﬂ)(X) C By (X),

when —e < s — ¢, see [11] and [19].

By Proposition 3.1, gh € Fp_/s’q (X) if s € (—¢,€),p,q > 1. Thus by the Calderon
reproducing that the series converges in the norm of Fp_/s’q/ (X) for gh € Fp_/s’q/ (X)
with s € (—€,€),p,¢ > 1 in Lemma 2.1, which proves T — 0 as n,m — o0

d d d d
dte d+6+s> <p <o, max(d—%,m> < q < oo, —e<s<e¢ and

g € C*(X) with @ > max (s, m —d— s).
For Y, applying the Holder inequality for p,q > 1 and (2.8) for p,q < 1 and (2.9)
and (2.10), we also have

when max
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ke ~ ’
1l f{y|m<p<xo,y>sn}{k;\Q_’“sDZ(gh)(y)\q} dp(y) ip>1,>1,

£l ps—<.o0 x Sup sup 27 e O B (gh) ()] ip<1,g>1,
y < P keNye{y|m<p(zo,y)<n}

~ P’ ra
Hf”png(x) {f{y|m<p(x0,y)<n} { sup ‘Q_kSDZ(gh)(y)‘} du(y)} ip>1lg <1,

1<k<n

[Fi [Py sup sup |27 F 0D D (gh) (u)| p<lg<l,
P ye{ylm<p(zg,y)<n} 1<k<n

|~

(44 L A K
lgllea o)l Fll s e 1Bl agsym™ 0 5 {Z |2 k(standa } cp>1,q>1,
=1
1
_ ’ _ _ _1 ’ q’
_ ) lellea ol oo gy m <d+”{§u§2 Hlemetdlt p”W“} p<lg>1,
€
_(~ 4 d _
lgllee o) I1F g0 1bllaagam™ 7 supa=tierars] p>1,q<1,
€
- 4 —k[s+d(1—1
lgllee collf ez aco IRllagamm™ 4" sup2 rdli=y)rand ip<lg<1
€

_ 74 d _ 7
S lgllew ool L5200 Bllatgany [m™ 08 4 m= 4]

where ¢ is a positive number with s — ¢ + d(1 — 1—1)) +a A >0 whenp <1 and

s+aAB>0if p>1, and we also use the fact that F39(X) ¢ By™™ @9 (x) ¢
By ©%°(X), when —e < s —e. This finishes the proof of Y — 0 as n, m — oo, and
hence the proof of Lemma 3.2 is concluded. ]

The above estimate shows lim (g f,, h) exists and the limit is independent of the
n—oo

choice of f,,. Therefore, for g € C*(X), f € F;(X) with max(d%e, ﬁ) <p<
d d

oo and max(m,m d—s),we

d
) <g<oosE (_€’€>’a>max<8,m—

define

(gf.h) = lim (g h)

for any h € M (8,~) with [ and + satisfying (1.10), f,, is fundamental sequence
defined in Lemma 2.4.
We now prove Theorem 1.9.

Proof of Theorem 1.9. By Proposition 3.1 and Lemma 3.2, for any g € C*(X), f €
F;9(X), Fatou’s lemma implies that
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HngFg’q(X)
N(0,7,M) %
<A Y @) mgor(| lim Eo(fag)P
T€ly v=1
1
[0.9] q q
ko 7;
+ {Z (24 tim [Bu(fug)l] }
k=1 Lr(x)
< liminf|lgfullppacx) S Ngllea ol Fllmpecx)-
We complete the proof of Theorem 1.9. ]
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