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WILLMORE SURFACES AND F-WILLMORE SURFACES
IN SPACE FORMS

Yu-Chung Chang

Abstract. Let M2 be a compact F -Willmore surface in the n-dimensional space
form Nn(c) of constant curvature c. Denote by φα

ij the trace free part of the
second fundamental form h = (hα

ij), and by H the mean curvature vector of
M2. Let Φ be the square of the length of φα

ij and H = |H|. If F ′(Φ) ≥ 0, then∫
M

{
F ′′(Φ)

[
1
2 |∇Φ|2−∑

α,i,j φα
ijΦjH

α
i

]
+F (Φ)H2+F ′(Φ)(2c−K(n)Φ)Φ

}
dv ≤

0. The constant function K(n) = 1 when n = 3 and K(n) = 3
2 when n ≥ 4.

Similarly,
∫

M

{
F ′′(Φ)

[
1
2
|∇Φ|2 − ∑

α,i,j φα
ijΦjH

α
i

]
+ F (Φ)H2 + F ′(Φ)(2c −

K(n)Φ)Φ
}

dv ≥ 0, if F ′(Φ) ≤ 0. We also prove the following: If M2

is a compact Willmore surface in the n-dimensional space form Nn(c). Then∫
M

Φ(C(n)(c + H2

2
) − Φ) ≤ 0, where C(n) = 2 when n = 3 and C(n) = 4

3

when n ≥ 4. If 0 ≤ Φ ≤ C(n)(c + H2

2
), then either Φ = 0 and M is totally um-

bilical sphere, or Φ = C(n)(c + H2

2 ). In the latter case, either M is the Clifford
torus in S3 of Nn(c), or M is the Veronese surface in S4 of Nn(c).

1. INTRODUCTION

Let Nn(c) be an n-dimensional space form of constant curvature c, namely,

N
n(c) =

⎧⎨
⎩

S
n(c) = {x ∈ R

n+1 : 〈x, x〉 = 1
c}, if c > 0,

Rn, if c = 0,

H
n(c) = {x ∈ R

n+1
1 : 〈x, x〉1 = 1

c , x
n+1 > 0}, if c < 0,

where 〈·, ·〉 is the standard inner product on Rn+1 and

〈x, y〉1 = x1y1 + · · ·+ xnyn − xn+1yn+1
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is the standard Lorentzian inner product on R
n+1
1 . When c = 1, 0,−1, Nn(c) is the

standard unit sphere Sn(1), the Euclidean space R
n and the hyperbolic space Hn(−1),

respectively. Let M2 be a compact surface in the n-dimensional space form Nn(c) and
h be the second fundamental form of M2. If S denotes the square of the length of the
second fundamental form, H denotes the mean curvature vector, and H denotes the
mean curvature of M2, then we have

S = |h|2 =
∑
α,i,j

(hα
ij)

2, H =
∑
α

Hαeα, Hα =
1
2

∑
i

hα
ii, H = |H|,

where eα, 3 ≤ α ≤ n, are orthonormal vector fields of M2 in Nn(c). Denote by φα
ij

the tensor hα
ij − Hαδij of the trace free part of the second fundamental form h and Φ

the square of the length of (φα
ij).

The Willmore functional is defined by

W (x) =
∫

M
Φdv.

This functional is invariant under conformal transformations of N
n(c). The critical

surfaces of W are called Willmore surface. More precisely, M2 is a Willmore surface
if and only if

�⊥Hα +
∑
β,i,j

hα
ijh

β
ijH

β − 2H2Hα = 0, 3 ≤ α ≤ n,

where �⊥ is the Laplacian in the normal bundle NM (see [1, 11, 15] and Theorem
3.5). In other words, M2 is a Willmore surface if and only if

�⊥Hα +
∑
β,i,j

φα
ijφ

β
ijH

β = 0, 3 ≤ α ≤ n.

In the theory of Willmore surfaces in Sn(c), the following integral inequality is
well known.

Theorem 1.1. ([9]). Let M2 be a compact Willmore surface in an n-dimensional
unit sphere Sn(1). Then ∫

M
Φ

(
C(n) − Φ

)
dv ≤ 0,

where C(n) = 2 when n = 3 and C(n) = 4
3 when n ≥ 4. In particular, if

0 ≤ Φ ≤ C(n),

then either Φ = 0 and M is totally umbilical sphere, or Φ = C(n). In the latter case,
either M is the Clifford torus or M is the Veronese surface.
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Chang and Hsu improved the integral inequality and extended the above result, they
proved the following theorem.

Theorem 1.2. ([5]). Let M2 be a compact Willmore surface in an n-dimensional
unit sphere Sn(1). Then

∫
M

Φ
(
C(n)(1 +

H2

2
)− Φ

)
dv ≤ 0,

where C(n) = 2 when n = 3 and C(n) = 4
3 when n ≥ 4. In particular, if

0 ≤ Φ ≤ C(n)(1 +
H2

2
),

then either Φ = 0 and M is totally umbilical sphere, or Φ = C(n)(c + H2

2 ). In the
latter case, either n = 3 and M is the Clifford torus, or n = 4 and M is the Veronese
surface.

The first main result of this paper, we shall extend Chang and Hsu’s result to space
forms and prove the following theorem:

Theorem 1.3. Let M2 be a compact Willmore surface in the n-dimensional space
form Nn(c) of constant curvature c. Then

∫
M

Φ
(
C(n)(c +

H2

2
) − Φ

)
dv ≤ 0,

where C(n) = 2 when n = 3 and C(n) = 4
3 when n ≥ 4. In particular, if

0 ≤ Φ ≤ C(n)(c +
H2

2
),

then either Φ = 0 and M is totally umbilical sphere, or Φ = C(n)(c + H2

2 ). In the
latter case, either M is the Clifford torus in S3(c) of N

n(c), or M is the Veronese
surface in S4(c) of Nn(c).

Recently, many other types of Willmore functional are studied. In [2], Cai studied
the following p-Willmore functional

Wp(x) =
∫

M
Φpdv.

Liu and Jian (see [10]) introduced the F -Willmore functional of submanifold in space
forms, which is defined as

WF (x) =
∫

M
F (Φ)dv,
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where F is a given function satisfying

F ∈ C3, F : [0,∞) → R.

Obviously, the Willmore functional W (x) and p-Willmore functional Wp(x) are two
special cases of F -Willmore functional WF (x).
The critical point of WF (x) is called F -Willmore submanifold. For F -Willmore

submanifold in space forms, Liu and Jian proved the following main result.

Theorem 1.4. ([10]). Let M be an m-dimensional compact F -Willmore subman-
ifold in space form Nn(c). Set

bk = infu∈[0,C]F
(k)(u), k = 1, 2,

where C is the positive constant such that 0 < Φ < C on M . If bk > 0, k = 1, 2, then
∫

M

[
m2H2F (Φ) − 2mΦH2F ′(Φ) + 2mcΦF ′(Φ)− 2(2− 1

n − m
)Φ2F ′(Φ)

]
dv ≤ 0.

Remark. If M is a compact F -Willmore surface in the unit sphere Sn(1) and
F (Φ) = Φ, the integral inequality implies that

∫
M

Φ
(
C(n) − Φ

)
dv ≤ 0,

i.e., Theorem 1.1 is a corollary of Theorem 1.4. But note that Theorem 1.4 can not
imply Theorem 1.2. So the integral inequality of Theorem 1.4 maybe can be improved.
In this paper, we shall consider a compact F -Willmore surface M in the space

form Nn(c) and improve some result of Theorem 1.4. The second main result of this
paper will improve the integral inequality of Theorem 1.4 in the case of F -Willmore
surface and imply the Theorem 1.2 and Theorem 1.3. More precisely, the second main
result is the following theorem.

Theorem 1.5. Let M2 be a compact F -Willmore surface in the n-dimensional
space form Nn(c) of constant curvature c. If F ′(Φ) ≥ 0, then
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 −

∑
α,i,j

φα
ijΦjH

α
i

]
+ F (Φ)H2 + F ′(Φ)(2c− K(n)Φ)Φ

}
dv ≤ 0.

If F ′(Φ) ≤ 0, then
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 −

∑
α,i,j

φα
ijΦjH

α
i

]
+ F (Φ)H2 + F ′(Φ)(2c− K(n)Φ)Φ

}
dv ≥ 0.

The constant function K(n) = 1 when n = 3 and K(n) = 3
2 when n ≥ 4.
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Remark. If Φ �= 0, the equality holds if and only if either M2 is minimal when
n ≥ 4 or φ111 = φ122 = H1

2 and φ222 = φ211 = H2
2 when n = 3.

Corollary 1.6. Let M2 be a compact F -Willmore surface in the n-dimensional
space form Nn(c) of constant curvature c.

(1) Assume that F ′(Φ) ≥ 0.; If F ′′(Φ) = 0 or F ′′(Φ) and 1
2 |∇Φ|2−∑

α,i,j φα
ijΦjH

α
i

have the same sign, then∫
M

{
F (Φ)H2 + F ′(Φ)(2c− K(n)Φ)Φ

}
dv ≤ 0.

(2) Assume that F ′(Φ) ≤ 0. If F ′′(Φ) = 0 or F ′′(Φ) and 1
2 |∇Φ|2−∑

α,i,j φα
ijΦjH

α
i

have different signs, then∫
M

{
F (Φ)H2 + F ′(Φ)(2c− K(n)Φ)Φ

}
dv ≥ 0.

Remark. If M is a compact F -Willmore surface in the space form N
n(c) and

F (Φ) = Φ, the integral inequality can be written by
∫

M

(2c + H2 − K(n)Φ)Φdv ≤ 0.

This implies that ∫
M

Φ
(
C(n)(c +

H2

2
) − Φ

)
dv ≤ 0,

i.e., Theorem 1.3 and Theorem 1.2 hold.

2. NOTATIONS AND AUXILIARY LEMMAS

Throughout this paper, let M2 be a compact surface isometrically immersed in
the n-dimensional complete and simply connected space form N

n(c) with constant
curvature c. We shall use the following ranges of indices

1 ≤ A, B, C, · · · ≤ n, 1 ≤ i, j, k, · · · ≤ 2, 3 ≤ α, β, γ, · · · ≤ n.

Choose a local orthonormal frame field {eA} in Nn(c) such that, restricted to M , {ei}
are tangent to M . Let {ωA} and {ωAB} be the dual frame field and the connection
1−forms of Nn+p(c) respectively. Then the structure equations are given by

dωA =
∑
B

ωAB ∧ ωB , ωAB + ωBA = 0,

dωAB =
∑
C

ωAC ∧ ωCB − 1
2

∑
C,D

R̃ABCDωC ∧ ωD ,
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where R̃ABCD are the components of the Riemannian curvature tensor of Nn(c). We
restrict to a neighborhood of x : M2 ↪→ N

n(c). Let θA, θAB be the restriction of {ωA}
and {ωAB} to M . Then we have θα = 0. Taking its exterior derivative, we get

∑
i

θαi ∧ θi = 0.

By Cartan’s lemma we have

θiα =
∑

j

hα
ijθj , hα

ij = hα
ji,

from which we can defined the second fundamental form h and the mean curvature
vector H of x : M2 ↪→ Nn(c) as following

h =
∑
α,i,j

hα
ijθi ⊗ θj ⊗ eα, H =

1
2

∑
α,i

hα
iieα =

∑
α

Hαeα.

Let Rijkl denote the Riemannian curvature tensor of M , the Gauss equations are

Rijkl = c(δikδjl − δilδjk) +
∑
α

(hα
ikh

α
jl − hα

ilh
α
jk),(2.1)

Rik = cδik + 2
∑
α

Hαhα
ik −

∑
α,j

hα
ijh

α
jk,(2.2)

2K = 2c + 4H2 − S,(2.3)

Rαβkl =
∑

i

(hα
kih

β
il − hα

lih
β
ik),(2.4)

were K is the Gaussian curvature of M2. Since M2 is a two-dimensional surface, we
have

Rijkl = K(δikδjl − δilδjk),(2.5)

Rik = Kδik.(2.6)

The covariant derivative of hα
ij with components hα

ijk is defined by
∑

k

hα
ijkθk = dhα

ij +
∑

k

hα
kjθki +

∑
k

hα
ikθkj +

∑
β

hβ
ijθβα.

The second covariant derivative of hα
ij with components hα

ijkl is defined by
∑

l

hα
ijklθl = dhα

ijk +
∑

l

hα
ljkθli +

∑
l

hα
ilkθlj +

∑
l

hα
ijlθlk +

∑
β

hβ
ijkθβα.
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Then the Codazzi equations and the Ricci identities are given by

hα
ijk − hα

ikj = 0,(2.7)

hα
ijkl − hα

ijlk =
∑
m

hα
mjRmikl +

∑
m

hα
imRmjkl +

∑
β

hβ
ijRβαkl.(2.8)

The Laplacian of hα
ij is defined by �⊥hα

ij =
∑

k hα
ijkk . Using (2.1), (2.7) and

(2.8), we obtain
∑
α,i,j

hα
ij�⊥hα

ij = 2
∑
α,i,j

hα
ijH

α
ij + 2cS − 2cH2 + 2

∑
α,β,i,j,m

Hβhα
ijh

α
imhβ

mj

−
∑

α,β,i,j,k,m

hα
ijh

α
kmhβ

kmhβ
ij +

∑
α,β,i,j,k,m

hα
ijh

α
kmhβ

mjh
β
ik

−
∑

α,β,i,j,k,m

hα
ijh

α
imhβ

mkh
β
kj +

∑
α,β,i,j,k

hα
ijh

β
kiRβαjk.

Let φα
ij denote the tensor hα

ij − Hαδij and Φ =
∑

α,i,j(φ
α
ij)

2 the square of the
length of the trace free tensor φα

ij . It is easy to check that Φ = S − 2H2. The Codazzi
equations and the Ricci identities can be written as

φα
ijk − φα

ikj = Hα
j δik − Hα

k δij,(2.9)

φα
ijkl − φα

ijlk =
∑
m

φα
mjRmikl +

∑
m

φα
imRmjkl +

∑
β

φβ
ijRβαkl.(2.10)

Lemma 2.1. Let M2 be a surface in the n-dimensional space form Nn(c) of
constant curvature c. Then

1
2
�Φ =

∑
α,i,j,k

(φα
ijk)

2 + 2
∑
α,i,j

φα
ijH

α
ij + Φ(2c + 2H2 − Φ) −

∑
α,β

R2
αβ12.

Proof. Using (2.9) and (2.10), we obtain

�⊥φα
ij =

∑
k

φα
ijkk

=
∑

k

φα
kkij + 2Hα

ij −�⊥Hαδij +
∑
k,m

φα
kmRmijk +

∑
k,m

φα
miRmkjk

+
∑
β

HβRβαji +
∑
β,k

φβ
kiRβαjk.
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Since
∑

k φα
kk = 0 and Rijkl = K(δikδjl − δilδjk), we get

�⊥φα
ij = 2Hα

ij −�⊥Hαδij + 2Kφα
ij +

∑
β

HβRβαji +
∑
β,k

φβ
kiRβαjk,

where �⊥ is the Laplacian in the normal bundle NM . Thus

1
2
�Φ =

∑
α,i,j,k

(φα
ijk)

2 +
∑
α,i,j

φα
ij�⊥φα

ij

=
∑

α,i,j,k

(φα
ijk)

2 + 2
∑
α,i,j

φα
ijH

α
ij + 2KΦ +

∑
α,β,i,j

φα
ijH

βRβαji +
∑

α,β,i,j,k

φα
ijφ

β
kiRβαjk.

From (2.3) and Φ = S − 2H2,

1
2
�Φ =

∑
α,i,j,k

(φα
ijk)2 + 2

∑
α,i,j

φα
ijH

α
ij + (2c + 2H2 − Φ)Φ

+
∑
α,β

Hβ(φα
12Rβα21 + φα

21Rβα12) +
∑
α,β,i

(φα
i1φ

β
2i − φα

i2φ
β
1i)Rβα12.

By a direct computation, we have

Rαβkl =
∑

i

(hα
kih

β
il − hα

lih
β
ik) =

∑
i

(φα
kiφ

β
il − φα

liφ
β
ik).

This implies that Rαβ12 =
∑

i(φ
α
1iφ

β
i2 − φα

2iφ
β
i1). Thus

1
2
�Φ =

∑
α,i,j,k

(φα
ijk)2 +2

∑
α,i,j

φα
ijH

α
ij +(2c+2H2−Φ)Φ−

∑
α,β

R2
αβ12.

Lemma 2.2. Let M2 be a surface in the n-dimensional space form Nn(c) of
constant curvature c. Then

∑
α,i,j φα

ijjH
α
i = |∇⊥H|2, where |∇⊥H|2 =

∑
α,i(H

α
i )2.

Proof. It is an immediate consequence of the fact that
∑

j

φα
ijj =

∑
j

φα
jij =

∑
j

(φα
jji + Hα

i δjj − Hα
j δji) = Hα

i .

Lemma 2.3. Let M2 be a surface in the n-dimensional space form Nn(c) of
constant curvature c. Then ∑

α,i,j,k

(φα
ijk)

2 ≥ |∇⊥H|2.

The equality holds if and only if φα
111 = φα

122 = Hα
1
2 and φα

222 = φα
211 = Hα

2
2 .
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Proof. Since 0 =
∑

k φα
kk = φα

11 + φα
22, we therefore have φα

111 = −φα
221 and

φα
112 = −φα

222, which implies
∑

α,i,j,k

(φα
ijk)

2 =
∑
α

[
(φα

111)
2 + (φα

112)
2 + 2(φα

121)
2 + 2(φα

122)
2 + (φα

221)
2 + (φα

222)
2
]

=
∑
α

2
[
(φα

111)
2 + (φα

222)
2 + (φα

211)
2 + (φα

122)
2
]

≥
∑
α

[
(φα

111 + φα
122)

2 + (φα
222 + φα

211)
2
]

=
∑
α

[
(Hα

1 )2 + (Hα
2 )2

]
= |∇⊥H|2

The equality holds if and only if φα
111 = φα

122 = Hα
1
2 and φα

222 = φα
211 = Hα

2
2 .

Lemma 2.4. Let M2 be a surface in the n-dimensional space form N
n(c) of

constant curvature c.

(1) If n = 3 then
∑
α,β

R2
αβ12 = 0.

(2) If n ≥ 4 then
∑
α,β

R2
αβ12 ≤

Φ2

2
. Equality holds if and only if

∑
α

φα
11φ

α
12 = 0

and
∑
α

(φα
11)

2 =
∑
α

(φα
12)

2.

Proof. In the case of n = 3, sinceRαβ12 = R3312 = 0, we have
∑

α,β R2
αβ12 = 0.

For n ≥ 4,

∑
α,β

R2
αβ12 =

∑
α,β

[∑
i

(hα
1ih

β
i2 − hα

2ih
β
i1)

]2
=

∑
α,β

[∑
i

(φα
1iφ

β
i2 − φα

2iφ
β
i1)

]2

= 4
∑
α,β

(φα
11φ

β
12 − φβ

11φ
α
12)

2

= 4
∑
α,β

[
(φα

11)
2(φβ

12)
2 + (φβ

11)
2(φα

12)
2 − 2φα

11φ
β
11φ

α
12φ

β
12

]

= 8
∑
α

(φα
11)

2
∑
α

(φα
12)

2 − 8
( ∑

α

φα
11φ

α
12

)2
.

Since 0 =
∑

i φα
ii = φα

11 + φα
22, and

Φ =
∑
α

(φα
11)

2 + 2
∑
α

(φα
12)

2 +
∑
α

(φα
22)

2 = 2
[∑

α

(φα
11)

2 +
∑
α

(φα
12)

2
]
,
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we obtain
∑
α,β

R2
αβ12 = 8

[∑
α

(φα
11)

2
∑
α

(φα
12)

2 −
( ∑

α

φα
11φ

α
12

)2]

≤ 8
∑
α

(φα
11)

2
∑
α

(φα
12)

2

≤ 2
[∑

α

(φα
11)

2 +
∑
α

(φα
12)

2
]2

=
Φ2

2
.

Equality holds if and only if the inequalities become equalities. i.e.,
∑

α φα
11φ

α
12 = 0

and
∑

α(φα
11)

2 =
∑

α(φα
12)

2.

Lemma 2.5. Let M2 be a surface in the n-dimensional space form Nn(c) of
constant curvature c. For n = 3,

Φ
∑
i,j,k

φ2
ijk =

|∇Φ|2
2

+ 2Φ|∇H |2 − 2
∑
i,j

φijHiΦj.

Proof. Since 0 = φ11 +φ22, we therefore have φ111 = −φ221 and φ112 = −φ222.
By using

φijj = φjij = φjji + Hiδjj − Hjδji,

we have
∑
i,j,k

φ2
ijk = 4φ2

111 + 4φ2
222 − 4φ111H1 − 4φ222H2 + 2|∇H |2,

|∇Φ|2
2

= 4Φφ2
111 + 4Φφ2

222 − 16φ2
12φ111H1 − 16φ2

12φ222H2

+16φ12(φ11φ111H2 + φ22φ222H1) + 8φ2
12|∇H |2,∑

i,j

φijHiΦj = −4φ2
12φ111H1 − 4φ2

12φ222H2 + 4φ2
11φ111H1 + 4φ2

22φ222H2

+8φ12(φ11φ111H2 + φ22φ222H1) + 4φ2
12|∇H |2.

By a direct computation, the proof is then straightforward.

Lemma 2.6. ([7]). Let M2 be a compact minimal surface in the n-dimensional
unit sphere Sn. If 0 ≤ S ≤ 4

3 then either S = 0 andM2 is totally geodesic, or S = 4
3 ,

n = 4 and M2 is the Veronese surface.
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3. THE FIRST VARIATION OF THE WILLMORE FUNCTIONAL

Let x : M2 → N
n(c) be an isometric immersion, and let

X : M2 × (−ε, ε) → N
n(c)

be a variation of x such that X(·, t) = xt and x0 = x. Along X : M2 × (−ε, ε) →
N

n(c), we choose a local orthonormal basis {eA} for TN
n(c) with dual basis {ωA},

such that {ei(·, t)} forms a local orthonormal basis for xt : M2 ×{t} → N
n(c). Since

T ∗(M2 × (−ε, ε)) = T ∗M2 ⊕ T ∗(−ε, ε), the pullback of {ωA} and {ωAB} on Nn(c)
through X : M2 × (−ε, ε) → N

n(c) have the following decomposition

X∗ωi = θi + Vidt, X∗ωα = θα + Vαdt = Vαdt,

X∗ωij = θij + Lijdt, X∗ωiα = θiα + Liαdt,

X∗ωαβ = θαβ + Lαβdt,

where {Vi, Vα, Lij, Liα, Lαβ} are local functions on M2× (−ε, ε) with Lij +Lji = 0,
Lαβ + Lβα = 0 and

V =
d

dt

∣∣∣
t=0

xt =
∑

i

Vidx0(ei) +
∑
α

Vαeα,

is the variation vector field of xt : M2 × {t} → N
n(c). The differential operator d

on T ∗(M2 × (−ε, ε)) can be written by d = dM + dt ∂
∂t , where dM is the differential

operator on T ∗M2.

Lemma 3.1. ([11]). Under the above notations, we have

(1)
∂θi

∂t
=

∑
j

(Vi,j + Lij −
∑
α

hα
ijVα)θj ,

(2) Liα = Vα,i +
∑

j

hα
ijVj,

(3)
∂θiα

∂t
=

∑
j

(Liα,j + Likhα
jk −

∑
β

Lβαhβ
ij + cδij)θj,

(4)
∂hα

ij

∂t
= Vα,ij +

∑
k

(Likh
α
kj + Ljkh

α
ki + hα

ijkVk) +
∑
β

Lαβh
β
ij

+
∑
β,k

hα
ikh

β
kjVβ + cδijVα.
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where hβ
ij and the covariant derivatives Vi,j, Vα,i and Liα,j are defined on M2 × {t}

by

θiα =
∑

j

hα
ijθj ,

∑
j

Vi,jθj = dMVi +
∑

j

Vjθji,

∑
i

Vα,iθi = dMVα +
∑
β

Vβθβα,

∑
j

Liα,jθj = dMLiα +
∑

j

Ljαθji +
∑
β

Ljβθβα.

Lemma 3.2. ([11]). With the same notations as above, we have∑
α,β,i,j

Lαβhα
ijh

β
ij = 0,

∑
α,i,j,k

Lijh
α
ikhα

kj = 0,

∑
i,j

Lijh
α
ij = 0,

∑
α,β

LαβHαHβ = 0.

Lemma 3.3. Let M2 be a surface in the n-dimensional space form Nn(c). Under
the above notations, we have

(1)
∂Hα

∂t
=

1
2
�⊥Vα +

∑
k

Hα
k Vk +

∑
β

LαβHβ +
1
2

∑
β,i,k

hα
ikhβ

kiVβ + cVα

(2)
∂S

∂t
= 2

∑
α,i,j

hα
ijVα,ij + 2

∑
α,i,j,k

hα
ijh

α
ijkVk + 2

∑
α,β,i,j,k

hα
ijh

α
ikhβ

kjVβ + 4c
∑
α

HαVα.

Proof. Set i = j in Lemma 3.1, since
∑

i,j Lijh
α
ij = 0, we get

∂Hα

∂t
=

1
2

∂

∂t

∑
i

hα
ii

=
1
2
�⊥Vα +

∑
k

Hα
k Vk +

∑
β

LαβHβ +
1
2

∑
β,i,k

hα
ikhβ

kiVβ + cVα.

By using Lemma 3.1 and Lemma 3.2,

∂S

∂t
=

∂

∂t

∑
α,i,j

(hα
ij)

2 = 2
∑
α,i,j

hα
ij

∂hα
ij

∂t

= 2
∑
α,i,j

hα
ijVα,ij + 2

∑
α,i,j,k

hα
ijh

α
ijkVk + 2

∑
α,β,i,j,k

hα
ijh

α
ikh

β
kjVβ + 4c

∑
α

HαVα.
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Lemma 3.4. Let M2 be a surface in the n-dimensional space form Nn(c). Under
the above notations, we have

(1)
∂

∂t
(θ1 ∧ θ2) =

(∑
i

Vi,i − 2
∑
α

HαVα

)
θ1 ∧ θ2

(2)
∂Φ
∂t

= 2
∑
α,i,j

hα
ijVα,ij − 2

∑
α

Hα�⊥Vα +
∑

k

ΦkVk + 2
∑

α,β,i,j,k

hα
ijh

α
ikhβ

kjVβ

−2
∑

α,β,i,k

hα
ikhβ

kiH
αVβ.

Proof. From Lemma 3.1 and L11 = L22 = 0, we have

∂

∂t
(θ1 ∧ θ2) =

∂θ1

∂t
∧ θ2 + θ1 ∧ ∂θ2

∂t

= (V1,1 + L11 −
∑
α

hα
11Vα)θ1 ∧ θ2 + (V2,2 + L22 −

∑
α

hα
22Vα)θ1 ∧ θ2

=
( ∑

i

Vi,i − 2
∑
α

HαVα

)
θ1 ∧ θ2.

By using Lemma 3.2 and Lemma 3.3, we have

∑
α

Hα∂Hα

∂t
=

1
2

∑
α

Hα�⊥Vα+
∑
α,k

HαHα
k Vk+

1
2

∑
α,β,i,k

hα
ikh

β
kiH

αVβ+c
∑
α

HαVα.

Since
∂Φ
∂t

=
∂

∂t
(S − 2H2) =

∂S

∂t
− 2

∂H2

∂t
=

∂S

∂t
− 4

∑
α

Hα∂Hα

∂t
,

by Lemma 3.3, we get

∂Φ
∂t

= 2
∑
α,i,j

hα
ijVα,ij − 2

∑
α

Hα�⊥Vα +
∑

k

(S − 2H2)kVk

+2
∑

α,β,i,j,k

hα
ijh

α
ikh

β
kjVβ − 2

∑
α,β,i,k

hα
ikhβ

kiH
αVβ

= 2
∑
α,i,j

hα
ijVα,ij − 2

∑
α

Hα�⊥Vα +
∑

k

ΦkVk

+2
∑

α,β,i,j,k

hα
ijh

α
ikh

β
kjVβ − 2

∑
α,β,i,k

hα
ikhβ

kiH
αVβ.

Now, we calculate the first variation of the Willmore functionalW (x0) for a surface
M2 in space form N

n(c).
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Theorem 3.5. Let M2 be a surface in the n-dimensional space form Nn(c). Then
M2 is a Willmore surface if and only if

�⊥Hα +
∑
β,i,j

hα
ijh

β
ijH

β − 2H2Hα = 0, 3 ≤ α ≤ n.

Proof. For xt : Mt = M × {t} → Nn(c), we consider the Willmore functional

W (xt) =
∫

Mt

Φdv =
∫

Mt

Φ θ1 ∧ θ2.

From Lemma 3.4, we have

∂W (xt)
∂t

=
∫

Mt

∂Φ
∂t

θ1 ∧ θ2 +
∫

Mt

Φ
∂

∂t
(θ1 ∧ θ2)

=
∫

Mt

2
[ ∑

α,i,j

hα
ijVα,ij −

∑
α,i

HαVα,ii +
1
2

∑
k

ΦkVk +
∑

α,β,i,j,k

hα
ijh

α
ikh

β
kjVβ

−
∑

α,β,i,k

hα
ikhβ

kiH
αVβ

]
θ1 ∧ θ2 +

∫
Mt

Φ(
∑

i

Vi,i − 2
∑
α

HαVα) θ1 ∧ θ2.

By Stokes’ theorem, we obtain

∂W (xt)
∂t

= 2
∫

Mt

[
−

∑
α,i,j

hα
ijjVα,i +

∑
α,i

Hα
i Vα,i +

∑
α,β,i,j,k

hα
ijh

α
ikhβ

kjVβ

−
∑

α,β,i,k

hα
ikh

β
kiH

αVβ − Φ
∑
α

HαVα

]
θ1 ∧ θ2

= 2
∫

Mt

[
−

∑
α,i

Hα
i Vα,i +

∑
α,β,i,j,k

hβ
ijh

β
ikhα

kjVα −
∑

α,β,i,k

hβ
ikh

α
kiH

βVα

−Φ
∑
α

HαVα

]
θ1 ∧ θ2

= 2
∫

Mt

∑
α

[
�⊥Hα +

∑
β,i,j,k

hβ
ijh

β
ikhα

kj −
∑
β,i,k

hβ
ikh

α
kiH

β − ΦHα
]
Vαθ1 ∧ θ2.

From (2.2), ∑
β,i

hβ
ijh

β
ik = cδjk + 2

∑
β

Hβhβ
jk − Rjk,

we have ∑
β,i,j,k

hβ
ijh

β
ikhα

kj = 2cHα + 2
∑
β,j,k

Hβhβ
jkh

α
kj −

∑
j,k

Rjkh
α
kj .
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Since
Rjk =

R

2
δjk = Kδjk,

by (2.3), we get∑
j,k

Rjkh
α
kj =

∑
j,k

Kδjkhα
kj = 2KHα = (2c + 4H2 − S)Hα = (2c + 2H2 − Φ)Hα.

Thus ∑
β,i,j,k

hβ
ijh

β
ikhα

kj = 2
∑
β,j,k

Hβhβ
jkh

α
kj − 2H2Hα + ΦHα.

This implies that

∂W (xt)
∂t

= 2
∫

Mt

∑
α

[
�⊥Hα +

∑
β,j,k

Hβhβ
jkhα

kj − 2H2Hα
]
Vαθ1 ∧ θ2.

By the definition,M2 is a Willmore surface if and only if ∂W (xt)
∂t = 0. That is,

�⊥Hα +
∑
β,j,k

Hβhβ
jkhα

kj − 2H2Hα = 0, 3 ≤ α ≤ n.

By using φα
ij = hα

ij − Hαδij , we have the following theorem.

Theorem 3.6. Let M2 be a surface in the n-dimensional space form Nn(c). Then
M2 is a Willmore surface if and only if

�⊥Hα +
∑
β,i,j

φα
ijφ

β
ijH

β = 0, 3 ≤ α ≤ n.

Lemma 3.7. Let M2 be a surface in the n-dimensional space form Nn(c). Then∫
M

|∇⊥H|2dv ≤
∫

M

ΦH2dv.

Equality holds if and only if either n = 3 or φα
ij = CijH

α for some functions Cij at
the points where Φ �= 0 and H �= 0 when n ≥ 4.

Proof. By use of Theorem 3.6 and the Cauchy-Schwarz inequality, we have∫
M

|∇⊥H|2dv = −
∫

M

∑
α

Hα�⊥Hαdv =
∫

M

∑
α,β,i,j

φα
ijφ

β
ijH

αHβdv

=
∫

M

∑
i,j

( ∑
α

φα
ijH

α
)2

dv ≤
∫

M

( ∑
α,i,j

(φα
ij)

2
)( ∑

α

(Hα)2
)
dv =

∫
M

ΦH2dv.

Equality holds if and only if either n = 3 or φα
ij = CijH

α for some functions Cij at
the points where Φ �= 0 and H �= 0 when n ≥ 4.
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4. THE PROOF OF THEOREM 1.3

Now, we prove the Theorem 1.3. Integrating both sides of the Lemma 2.1 over
M2, by Stokes’ theorem, we have

0 =
∫

M

1
2
�Φdv

=
∫

M

( ∑
α,i,j,k

(φα
ijk)2 + 2

∑
α,i,j

φα
ijH

α
ij + Φ(2c + 2H2 − Φ) −

∑
α,β

R2
αβ12

)
dv

=
∫

M

( ∑
α,i,j,k

(φα
ijk)2 − 2

∑
α,i,j

φα
ijjH

α
i + Φ(2c + 2H2 − Φ) −

∑
α,β

R2
αβ12

)
dv.

By using Lemma 2.2 and Lemma 2.3,

0 ≥
∫

M

(
|∇⊥H|2 − 2|∇⊥H|2 + Φ(2c + 2H2 − Φ)−

∑
α,β

R2
αβ12

)
dv

=
∫

M

(
− |∇⊥H|2 + Φ(2c + 2H2 − Φ)−

∑
α,β

R2
αβ12

)
dv.

From Lemma 2.4 and Lemma 3.7, if n = 3, we get

0 ≥
∫

M

[
− ΦH2 + Φ(2c + 2H2 − Φ)

]
dv =

∫
M

Φ(2c + H2 − Φ)dv,

if n ≥ 4, we get

0 ≥
∫

M

[
− ΦH2 + Φ(2c + 2H2 − Φ)− Φ2

2

]
dv =

∫
M

Φ(2c + H2 − 3
2
Φ)dv.

Thus ∫
M

Φ
(
C(n)(c +

H2

2
) − Φ

)
dv ≤ 0,

where C(n) = 2 when n = 3 and C(n) = 4
3 when n ≥ 4.

(1)For n = 3, if 0 ≤ Φ ≤ 2c + H2, we have

0 ≥
∫

M

[
Φ(2c + H2 − Φ)

]
dv ≥ 0.

Then either Φ = 0 and M2 is totally umbilical sphere or Φ = 2c + H2. In the latter
case, all the integral inequalities become equalities. If Φ > 0, it follows from Lemma
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2.1 and Lemma 2.5 that
∫

M

(2c + 2H2 − Φ)dv =
∫

M

(
1
2

ΔΦ
Φ

−
∑

i,j,k φ2
ijk

Φ
− 2

∑
i,j φijHij

Φ
)dv

=
∫

M
(
1
2

ΔΦ
Φ

− |∇Φ|2
2Φ2

− 2|∇H |2
Φ

+
2

∑
i,j φijHiΦj

Φ2
− 2

∑
i,j φijHij

Φ
)dv

=
∫

M

(
1
2
Δ lnΦ − 2|∇H |2

Φ
+

2
∑

i,j φijHiΦj

Φ2
− 2

∑
i,j φijHij

Φ
)dv

=
∫

M
(−2|∇H |2

Φ
+

2
∑

i,j φijHiΦj

Φ2
+ 2

∑
i,j

(
φij

Φ
)jHi)dv

=
∫

M
(−2|∇H |2

Φ
+

2
∑

i,j φijHiΦj

Φ2
+ 2

∑
i,j

Φφijj − φijΦj

Φ2
Hi)dv

=
∫

M
(−2|∇H |2

Φ
+

2|∇H |2
Φ

)dv = 0.

By using Φ = 2c + H2, we get

0 =
∫

M
(2c + 2H2 − Φ)dv =

∫
M

H2dv.

Then M2 is a minimal surface in Nn(c). Since Φ = 2c + H2 > 0, we have c > 0.
Thus M2 is a minimal surface in S3(c) with S = Φ = 2c, we can conclude that M2

is the Clifford torus (see [3]).
(2)For n ≥ 4, if 0 ≤ Φ ≤ 4

3c + 2
3H2, we have

0 ≥
∫

M

[
Φ(2c + H2 − 3

2
Φ)

]
dv ≥ 0.

Then either Φ = 0 and M2 is totally umbilical or Φ = 4
3c + 2

3H2. In the latter case,
all the integral inequalities become equalities. If Φ > 0, assume that H(p) �= 0 at
some point p ∈ M2, we shall derive a contradiction. Since by assumption H(p) �= 0,
Φ(p) > 0, Lemma 3.7 gives φα

ij = CijH
α for some functions Cij . Furthermore,

Lemma 2.4 implies C11(p) = C12(p) = 0, and hence C21(p) = C22(p) = 0. This
mean that Φ(p) = 0, a contradiction. This contradiction shows that M2 is a minimal
surface in Nn(c). Since Φ = 4

3c + 2
3H2 > 0, we have c > 0. Thus M2 is a minimal

surface in Sn(c), n ≥ 4 with S = 4
3c, we can conclude that n = 4 and M2 is the

Veronese surface (see [7]).

5. THE F -WILLMORE SURFACES IN SPACE FORMS

In this section, we shall calculate the first variation of F -Willmore functional on
M2 and prove the Theorem 1.5.
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Theorem 5.1. Let M2 be a compact surface in the n-dimensional space form
N

n(c) of constant curvature c. Then M is an F -Willmore surface if and only if
∑
i,j

(F ′(Φ))jiφ
α
ij + 2

∑
i

(F ′(Φ))iH
α
i − F (Φ)Hα

+F ′(Φ)
[
�⊥Hα + HαΦ +

∑
β,i,j

φα
ijφ

β
ijH

β
]

= 0,

for every 3 ≤ α ≤ n.

Proof. For xt : Mt = M2×{t} → N
n(c), we consider the F -Willmore functional

WF (xt) =
∫

Mt

F (Φ)dv =
∫

Mt

F (Φ) θ1 ∧ θ2.

From Lemma 3.4, we have

∂WF (xt)
∂t

=
∫

Mt

F ′(Φ)
∂Φ
∂t

θ1 ∧ θ2 +
∫

Mt

F (Φ)
∂

∂t
(θ1 ∧ θ2)

=
∫

Mt

2F ′(Φ)
[ ∑

α,i,j

hα
ijVα,ij −

∑
α,i

HαVα,ii +
1
2

∑
k

ΦkVk +
∑

α,β,i,j,k

hα
ijh

α
ikhβ

kjVβ

−
∑

α,β,i,k

hα
ikhβ

kiH
αVβ

]
θ1 ∧ θ2 +

∫
Mt

F (Φ)(
∑

i

Vi,i − 2
∑
α

HαVα) θ1 ∧ θ2.

By Stokes’ theorem, we obtain

∂WF (xt)
∂t

= 2
∫

Mt

F ′(Φ)
∑
α

[
�⊥Hα +

∑
β,i,j,k

hβ
ijh

β
ikh

α
kj −

∑
β,i,k

hβ
ikh

α
kiH

β
]
Vαθ1 ∧ θ2

+2
∫

Mt

∑
α

[∑
i,j

(F ′(Φ))jih
α
ij −

∑
i

(F ′(Φ))iiH
α + 2

∑
i

(F ′(Φ))iH
α
i

]
Vαθ1 ∧ θ2

−2
∫

Mt

F (Φ)
∑
α

HαVαθ1 ∧ θ2.

Thus M2 is an F -Willmore surface if and only if
∑
i,j

(F ′(Φ))jih
α
ij −

∑
i

(F ′(Φ))iiH
α + 2

∑
i

(F ′(Φ))iH
α
i

+F ′(Φ)
[
�⊥Hα +

∑
β,i,j,k

hβ
ijh

β
ikhα

kj −
∑
β,i,k

hβ
ikh

α
kiH

β
]
− F (Φ)Hα = 0,



Willmore Surfaces and F-Willmore Surfaces in Space Forms 127

for every 3 ≤ α ≤ n. By using hα
ij = φα

ij + Hαδij and
∑

β,i,j φβ
ijφ

β
jkφ

α
ki = 0, we have

that M2 is an F -Willmore surface if and only if∑
i,j

(F ′(Φ))jiφ
α
ij + 2

∑
i

(F ′(Φ))iH
α
i − F (Φ)Hα

+F ′(Φ)
[
�⊥Hα + HαΦ +

∑
β,i,j

φα
ijφ

β
ijH

β
]

= 0,

for every 3 ≤ α ≤ n.

Theorem 5.2. Let M2 be a compact F -Willmore surface in the n-dimensional
space form Nn(c). Then∫

M

{
F ′(Φ)

[
ΦH2−|∇⊥H|2+

∑
α,β,i,j

φα
ijφ

β
ijH

αHβ
]
−
∑
α,i,j

F ′′(Φ)φα
ijΦjH

α
i−F (Φ)H2

}
dv=0.

Proof. By using Theorem 5.1 and Stokes’ theorem, we have that

0 =
∫

M

[ ∑
α,i,j

(F ′(Φ))jiφ
α
ijH

α + 2
∑
α,i

(F ′(Φ))iH
αHα

i − F (Φ)H2
]
dv

+
∫

M
F ′(Φ)

[∑
α

Hα�⊥Hα + ΦH2 +
∑

α,β,i,j

φα
ijφ

β
ijH

αHβ
]
dv

=
∫

M

{ ∑
α,i,j

(F ′(Φ))jiφ
α
ijH

α +
∑
α,i

(F ′(Φ))iH
αHα

i − F (Φ)H2

+F ′(Φ)
[
ΦH2 − |∇⊥H|2 +

∑
α,β,i,j

φα
ijφ

β
ijH

αHβ
]}

dv

=
∫

M

{
−

∑
α,i,j

F ′′(Φ)φα
ijΦjH

α
i − F (Φ)H2 + F ′(Φ)

[
ΦH2 − |∇⊥H|2

+
∑

α,β,i,j

φα
ijφ

β
ijH

αHβ
]}

dv.

Proof of Theorem 1.5. Now, we prove the Theorem 1.5. If Φ = 0, this theorem
holds obviously. We consider the case Φ �= 0. Since

1
2
�F (Φ) =

1
2
F ′′(Φ)|∇Φ|2 +

1
2
F ′(Φ)�Φ,

by Lemma 2.1, we have
1
2
�F (Φ) = F ′(Φ)

[ ∑
α,i,j,k

(φα
ijk)

2 + 2
∑
α,i,j

φα
ijH

α
ij + (2c + 2H2 − Φ)Φ−

∑
α,β

R2
αβ12

]

+
1
2
F ′′(Φ)|∇Φ|2
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Integrating both sides of this equation over M2, by Stokes’ theorem and Lemma 2.2,
we have

0 =
∫

M

1
2
�F (Φ)dv

=
∫

M

{1
2
F ′′(Φ)|∇Φ|2 + F ′(Φ)

[ ∑
α,i,j,k

(φα
ijk)

2 + 2
∑
α,i,j

φα
ijH

α
ij

+(2c + 2H2 − Φ)Φ−
∑
α,β

R2
αβ12

]}
dv

=
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 − 2

∑
α,i,j

φα
ijΦjH

α
i

]
+ F ′(Φ)

[ ∑
α,i,j,k

(φα
ijk)

2 − 2|∇⊥H|2

+(2c + 2H2 − Φ)Φ−
∑
α,β

R2
αβ12

]}
dv.

(1) If F ′(Φ) ≥ 0, by using Lemma 2.3 and Lemma 2.4, we obtain

0 ≥
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 − 2

∑
α,i,j

φα
ijΦjH

α
i

]

+F ′(Φ)
[
− |∇⊥H|2 + (2c + 2H2 − K(n)Φ)Φ

]}
dv

where K(n) = 1 when n = 3 and K(n) = 3
2 when n ≥ 4. From Theorem 5.2,

∫
M

F ′(Φ)
[
ΦH2 − |∇⊥H|2

]
dv

=
∫

M

{ ∑
α,i,j

F ′′(Φ)φα
ijΦjH

α
i + F (Φ)H2 − F ′(Φ)

∑
α,β,i,j

φα
ijφ

β
ijH

αHβ
}

dv.

Then

0 ≥
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 −

∑
α,i,j

φα
ijΦjH

α
i

]
+ F (Φ)H2

+F ′(Φ)
[
(2c + H2 − K(n)Φ)Φ−

∑
α,β,i,j

φα
ijφ

β
ijH

αHβ
]}

dv.

By Cauchy-Schwarz inequality,
∑

α,β,i,j

φα
ijφ

β
ijH

αHβ =
∑
i,j

(
∑
α

φα
ijH

α)2

≤
∑
α,i,j

(φα
ij)

2
∑
α

(Hα)2 = ΦH2,
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and the equality holds if and only if either n = 3 or n ≥ 4 and φα
ij = CijH

α for some
constant functions Cij . Hence we can conclude that

0 ≥
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 −

∑
α,i,j

φα
ijΦjH

α
i

]
+ F (Φ)H2 + F ′(Φ)(2c− K(n)Φ)Φ

}
dv.

The equality holds if all the integral inequalities become equalities. If Φ �= 0, then
φ111 = φ122 = H1

2 and φ222 = φ211 = H2
2 when n = 3. If n ≥ 4, we have∑

α φα
11φ

α
12 = 0 and

∑
α(φα

11)
2 =

∑
α(φα

12)
2 by Lemma 2.4. Since φα

ij = CijH
α for

some constant functions Cij , we get C11C12H
2 = 0 and C2

11H
2 = C2

12H
2. Since

Φ �= 0, this implies that H = 0.
(2)If F ′(Φ) ≤ 0, by using Lemma 2.3, Lemma 2.4 and Theorem 5.2, we obtain

0 ≤
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 − 2

∑
α,i,j

φα
ijΦjH

α
i

]

+F ′(Φ)
[
− |∇⊥H|2 + (2c + 2H2 − K(n)Φ)Φ

]}
dv

=
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 −

∑
α,i,j

φα
ijΦjH

α
i

]
+ F (Φ)H2

+F ′(Φ)
[
(2c + H2 − K(n)Φ)Φ−

∑
α,β,i,j

φα
ijφ

β
ijH

αHβ
]}

dv.

By Cauchy-Schwarz inequality, we can conclude that

0 ≤
∫

M

{
F ′′(Φ)

[1
2
|∇Φ|2 −

∑
α,i,j

φα
ijΦjH

α
i

]
+ F (Φ)H2 + F ′(Φ)(2c− K(n)Φ)Φ

}
dv.

The equality holds if φ111 = φ122 = H1
2 and φ222 = φ211 = H2

2 when n = 3, H = 0
when n ≥ 4. This completes the proof.

In order to get more information about the F -Willmore surface in the n-dimensional
space form N

n(c). We try to find some suitable functions F (Φ) and apply them to the
integral inequalities in Theorem 1.5.

Example 5.3. If M2 is a F -Willmore surface and F (Φ) is a constant function,
then F ′′(Φ) = F ′ = 0. By the integral inequalities in Theorem 1.5, we have that

0 =
∫

M
F (Φ)H2dv.

This implies that M is a minimal surface. The Willmore surface and the p-Willmore
surface are two special cases of the F -Willmore surface in space form N

n(c), if we
choose F (Φ) = Φ and F (Φ) = Φp respectively. Thus we can conclude that a F -
Willmore surface in space form is a minimal surface if F (Φ) is a constant function, a
Willmore surface if F (Φ) = Φ and a p-Willmore surface if F (Φ) = Φp.
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Example 5.4. Let M2 be a constant mean curvature F -Willmore surface in the
n-dimensional space form N

n(c). Choose F (Φ) = eΦ, by the integral inequality in
Theorem 1.5, we have that

0 ≥
∫

M
eΦ

{[1
2
|∇Φ|2 −

∑
α,i,j

φα
ijΦjH

α
i

]
+ H2 + (2c− K(n)Φ)Φ

}
dv.

If Φ is constant, then this integral inequality can be written by

0 ≥
∫

M
eΦ

[
− K(n)Φ2 + 2cΦ + H2

]
dv.

Assume that 0 ≤ Φ ≤ c
K(n) +

√
c2+K(n)H2

K(n) . Then we have −K(n)Φ2+2cΦ+H2 ≥ 0
and ∫

M
eΦ

[
− K(n)Φ2 + 2cΦ + H2

]
dv = 0.

This implies that eitherΦ = 0 or Φ = c
K(n) +

√
c2+K(n)H2

K(n) . Thus we can conclude that
a constant mean curvature F -Willmore surface in space form with Φ = constant and

0 ≤ Φ ≤ c
K(n)

+
√

c2+K(n)H2

K(n)
is a surface either Φ = 0 or Φ = c

K(n)
+

√
c2+K(n)H2

K(n)
.
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