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Conditions of Parallelism of *-Ricci Tensor of Three Dimensional Real

Hypersurfaces in Non-flat Complex Space Forms

Georgios Kaimakamis* and Konstantina Panagiotidou

Abstract. This paper focuses on the study of three dimensional real hypersurfaces in
non-flat complex space forms whose *-Ricci tensor satisfies conditions of parallelism.
More precisely, results concerning real hypersurfaces with vanishing, semi-parallel and
pseudo-parallel *-Ricci tensor in complex hyperbolic space are provided. Furthermore,
new results concerning &-parallelism of *-Ricci tensor of real hypersurfaces in non-flat
complex space forms are presented.

1. Introduction

A complex space form is an n-dimensional Kéhler manifold of constant holomorphic sec-
tional curvature ¢. A complete and simply connected complex space form is complex
analytically isometric to complex projective space CP™ if ¢ > 0 or to complex Euclidean
space C" if ¢ = 0 or to complex hyperbolic space CH" if ¢ < 0. The complex projective
and hyperbolic spaces are called non-flat complex space forms and the symbol M,(c),
¢ # 0, is used to denote them if it is not necessary to distinguish them. The complex
projective space CP™ is of constant holomorphic sectional curvature ¢ = 4 and the com-
plex hyperbolic space CH" is of constant holomorphic sectional curvature ¢ = —4. In this
paper we are focused on the study of real hypersurfaces in CP? and CH?, so ¢ # 0. The
case of ¢ = 0 is not investigated in this study, but it would be of high interest, since the
formulas will change and different methods are used.

A real hypersurface M is an immersed submanifold with real co-dimension one in
M, (c). The Kéhler structure (J,G), where J is the complex structure and G is the
Kéhler metric of M, (c), induces on M an almost contact metric structure (p,&,7,9),
which consists of the tensor field of type (1, 1) ¢ called structure tensor, the 1-form 7, the
vector field £ called structure vector field and the induced Riemannian metric g (for more
details on the definitions of the latter see Section . A real hypersurface is called Hopf
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hypersurface when the structure vector field £ is an eigenvector of the shape operator
A at every point of the real hypersurface M with corresponding pointwise eigenvalue
a = g(AL, §).

The study of real hypersurfaces M in M, (c) was initiated by Takagi, who classified
homogeneous real hypersurfaces in CP™ and divided them into six types, namely (Aj),
(A2), (B), (C), (D) and (E) in [17]. These real hypersurfaces are Hopf ones with constant
principal curvatures. In the case of CH" the study of real hypersurfaces with constant
principal curvatures was initiated by Montiel in [11] and completed by Berndt in [1]. They
are divided into two types, namely (A) and (B), depending on the number of constant
principal curvatures and they are homogeneous and Hopf hypersurfaces.

Real hypersurfaces in non-flat complex space forms in terms of certain geometric con-
ditions have been studied by many geometers. An important condition is that of the shape
operator A commuting with the structure tensor field ¢. The following Theorem has been
proved and is due to Okumura [14] for the case of CP™ and to Montiel and Romero [12]
for the case of CH™.

Theorem 1.1. Let M be a real hypersurface of My(c), n > 2. Then Ap = @A, if and only
if M s locally congruent to a homogeneous real hypersurface of type (A). More precisely,
in case of CP™,

(A1) a geodesic hypersphere of radius r, where 0 < r < /2,

(As) a tube of radius r over a totally geodesic CP*, (1 <k <n—2), where 0 <r < /2.
In case of CH™,

(Ag) a horosphere in CH™, i.e., a Montiel tube,

(A1) a geodesic hypersphere or a tube over a totally geodesic complex hyperbolic hyperplane
CH" 1 ,

(As) a tube over a totally geodesic CHF, (1 <k <mn —2).

Generally, the Ricci tensor S of a Riemannian manifold is given by the relation
S(X,Y) =trace{Z - R(Z,X)Y},

where X, Y are tangent vectors on M. The definition is the same for real hypersurfaces
in non-flat complex space forms. Real hypersurfaces in M, (c), n > 2, in terms of their
Ricci tensor satisfying geometric conditions such as parallelism and commutativity with
other tensor fields of real hypersurfaces, have been studied. A review of known results

concerning the Ricci tensor of the real hypersurfaces can be viewed in [13].
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In 3] Hamada, motivated by Tachibana’s work in [16], where the *-Ricci tensor of
almost Hermitian manifolds was defined, introduced the latter notion in case of real hy-
persurfaces in non-flat complex space forms. Therefore, the *-Ricci tensor S* of real

hypersurfaces in non-flat complex space forms is given by
1
S*(X,Y) = itrace(Z — R(X,9Y)pZ)

for any vector fields X, Y tangent to M (¢ is defined in Section .

Due to the work that has been done in case of studying real hypersurfaces in terms of
their Ricci tensor, the authors have started studying real hypersurfaces in non-flat complex
space forms in terms of their *-Ricci tensor. More precisely, in [§] real hypersurfaces in
Ms(c), ¢ # 0 with parallel *-Ricci tensor, i.e., (VxS*)Y = 0, for any tangent vectors X,
Y to M were classified. In |7] real hypersurfaces in complex projective space CP? whose
*-Ricci tensor is (1) semi-parallel, i.e., (R(X,Y)-S*)Z = 0, and (2) pseudo-parallel i.e.,
(R(X,)Y)-5%Z = L{[(X NY)-S*]Z}, where L is a nowhere vanishing function, have
been studied.

It has been proved for the case of real hypersurfaces with semi-parallel *-Ricci tensor

it has been proved

Theorem 1.2. There do not exist real hypersurfaces M in CP?, whose *-Ricci tensor is

semi-parallel.
In the case of real hypersurfaces with pseudo-parallel *-Ricci tensor it has been proved

Theorem 1.3. Every real hypersurface M in CP?, whose *-Ricci tensor is pseudo-parallel

is a Hopf hypersurface. More precisely, M is locally congruent

e cither to a geodesic hypersphere of radius r, where 0 < r < /2, and L = cot?(r),

e or to a non-homogeneous real hypersurface, which is considered as a tube of radius

/4 over a holomorphic curve and L = 1.

In this paper first we complete the work in [7] by studying real hypersurfaces in complex
hyperbolic space CH? with (1) semi-parallel *-Ricci tensor, and (2) pseudo-parallel *-Ricci
tensor. More specifically, we provide a detailed proof of Propositions 2 and 3 in [7] and
we study Hopf hypersurfaces in CH? satisfying the above geometric conditions. The
combination of the new results with Theorems and implies the following results.

Theorem 1.4. The only real hypersurface in any Ma(c), ¢ # 0, with semi-parallel *-Ricci
tensor is the geodesic hypersphere of radius r satisfying coth(r) = 2 in CH?.

Theorem 1.5. Every real hypersurface in Ma(c), ¢ # 0, with pseudo-parallel *-Ricci
tensor is a Hopf hypersurface. Furthermore, M is locally congruent to either a real hyper-

surface of type (A) or to a Hopf hypersurface satisfying relation A =0, with L constant.
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Furthermore, in this paper it is first examined if there are three-dimensional real

hypersurfaces in My(c), ¢ # 0, whose *-Ricci tensor is -parallel, i.e.,
(1.1) (VeS*)X =0 for any tangent vector X on M.

The following theorem is proved.

Theorem 1.6. Every real hypersurface in Ma(c), ¢ # 0, with &-parallel *-Ricci tensor
is a Hopf hypersurface. Moreover, M is locally congruent to (i) a real hypersurface of
type (A) or (ii) to a real hypersurface of type (B) or (iii) to a Hopf hypersurface whose
principal curvatures corresponding to the holomorphic distribution are non-constant and

the derivative of them in the direction of £ is equal to zero.

This paper is organized as follows: In Section [2] basic relations and results about real
hypersurfaces in Mz (c) are given. In Section |3| analytic proofs of Theorems and
are presented. Finally, in Section [4] proof of Theorem [I.6] is provided.

2. Preliminaries

Throughout this paper all manifolds, vector fields, etc. are assumed to be of class C'"*° and
all manifolds are assumed to be connected.

Let M be a real hypersurface without boundary immersed in a non-flat complex space
form (My(c), G) with complex structure J of constant holomorphic sectional curvature c.
Let N be a locally defined unit normal vector field on M and £ = —JN be the structure
vector field of M. The shape operator A of the real hypersurface M in M, (c) with respect
to N is defined by

VxN = —-AX.

For any vector field X tangent to M relation
JX =pX +n(X)N

holds, where ¢ X and n(X)N are respectively the tangential and the normal component
of JX. The Riemannian connections V in M, (c) and V in M satisfy the relation

VxY =VxY +g(AX,Y)N,

where g is the Riemannian metric induced from the metric G and for any vector fields X,
Y on M.
The real hypersurface is equipped with an almost contact metric structure (p,&,7, g),

that is induced by J of M, (c), where ¢ is a tensor field of type (1,1) and 7 is a 1-form.
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The following relations hold:
9(eX,Y)=GJX,)Y), nX)=g9(X, &) =GJX,N),
PX =X +nX)E nop=0, ¢&=0, (¢ =1,
9(@X,0Y) = g(X,Y) = n(X)n(Y), g(X,9Y) = —g(¢X,Y).
Moreover, J being parallel implies V.J = 0 and this leads to
Vx§=¢AX and (Vx)V =n(Y)AX —g(AX,Y)E.

The ambient space M, (c) is of constant holomorphic sectional curvature ¢ and this results

in Gauss and Codazzi equations are respectively given by

1) R(X,Y)Z = g[g(Y» Z)X —g(X,2)Y + g(¢Y, Z)pX — g(pX, Z)pY
‘ —29(pX,Y)pZ] + g(AY, Z)AX — g(AX, Z)AY,

c
(22)  (VxA)Y = (Vy )X = - [n(X)pY —n(Y)pX —29(pX, Y)¢],
where R denotes the Riemannian curvature tensor on M and X, Y, Z are any vector fields

on M.
The tangent space TpM at every point P € M is decomposed as

TpM = span{{} @D,

where D = kern = {X € TpM : n(X) = 0} and is called (mazimal) holomorphic distribu-

tion (if n > 3). Due to the above decomposition the vector field A¢ can be written
AL = a& + pU,

where 3 = |pV¢{| and U = —%@ng € ker(n) is a unit vector field.

If 5 =0 at every point P of M then ¢ is an eigenvector of the shape operator and M
is a Hopf hypersurface. If 8 # 0 in the neighborhood of every point P of M then M is
called non-Hopf real hypersurface.

Let M be a non-Hopf real hypersurface in Ms(c) and P a point of M with local
orthonormal basis {U, U, £}. Then the following lemma holds.

Lemma 2.1. Let M be a non-Hopf real hypersurface in Ma(c). The following relations
hold in the neighborhood of P:

AU =~U + 09U + B€, ApU = 0U + upU, A = af + pU.
(2.3) Vi€ = —0U +yeU, Vou€ = —pU + d¢U, Ve = BoU,
ViU = k19U + 6€, VouU = kopU + pg, VeU = k39U,
VueU = —riU = 7§, VoupU = —koU — €, VepU = —r3U — B¢,

where o, B, v, 0, pu, K1, k2, k3 are smooth functions on M.
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Remark 2.2. The proof of Lemma [2.1}is included in [15].
The Codazzi equation (2.2)) for X € {U, U} and Y = £ because of Lemma [2.1] implies

C
(24) §0 = oy + By + 0% + pury + 7 — yu — vz — B2,
(2.5) (wU)a = af + Brs — 36u,
(2.6) (U)B = ay + Br1 +26° + g — 2yp + ap,

and for X = U and Y = U,

(2.7) U — (pU)y = pr1 — K1y — By — 20k — 28B4,

Since in Gauss and Codazzi equation there is ¢/4 instead of ¢ and n = 2, the *-Ricci

tensor of M in Mj(c) becomes
(2.8) S*X = —[cp® X + (pA)*X] for X € TM.

If M is a non-Hopf real hypersurface in Ms(c) and {U, U, ¢} is a local orthonormal basis
of it at some point P, the *-Ricci tensor for X € {U, U, &} due to (2.3) and (2.8)) takes

the form
(2.9) S*¢ =pBuU — BépU, S*U = (c+ypu—0°)U and S*oU = (c+vyu — 6)U.

Finally, the following theorem, which in the case of CP" is owed to Maeda [10] and in
the case of CH" is owed to Ki and Suh [9] (also Corollary 2.3 in [13]), is provided.

Theorem 2.3. Let M be a Hopf hypersurface in My(c), n > 2. Then
(i) a=g(AE, &) is constant.

(ii) If W is a vector field which belongs to D such that AW = AW, then
Ao ¢

(A‘g)A*OW‘(zM)*"W

(i) If the vector field W satisfies AW = AW and AW = vpW then

o c

2.1 = — -.

(2.10) Av 2()\+u)+4

Remark 2.4. In case of three-dimensional Hopf hypersurfaces we can always consider a

local orthonormal basis {W, W, £} at some point P € M such that AW = AW and

AW = vpW (see [4,6]). Thus, relation (2.10) holds. Furthermore, the *-Ricci tensor for
X € {W, oW, £} satisfies the relation

(2.11) S* =0, SW=(c+ W)W and S*oW = (c+ \v)pW.
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3. Proofs of Theorems and

Before proving Theorems and the extension of Theorem 5 in [7] in case of real

hypersurfaces in CH? is given. More precisely, the following theorem is obtained.

Theorem 3.1. The only real hypersurface in Ms(c) with vanishing *-Ricci tensor is the

geodesic hypersphere of radius v satisfying coth(r) = 2 in CH?.

In order to prove that every real hypersurface in Ma(c), with vanishing *-Ricci tensor,
ie, S*X =0, for any X € TM is a Hopf one, we follow the same steps as in the proof of
Theorem 5 in [7]. The case of Hopf hypersurfaces in CP? with vanishing *-Ricci tensor is
also included in the above proof. Hence, the case of Hopf hypersurfaces in CH? remains
to be examined, so that the proof of Theorem [3.1] of the present paper is completed.

Since M is a Hopf hypersurface in Ms(c) Theorem and Remark hold. Since

S* = 0 relation ([2.11]) implies that
c+ v =0.

The above relation, taking into account relation , yields that the real hypersurface
has constant principal curvatures and this leads to the conclusion that a three-dimensional
Hopf hypersurface with vanishing *-Ricci tensor is locally congruent to a real hypersurface
of type (A) or type (B).

The eigenvalues which correspond to three-dimensional Hopf hypersurfaces in CH?
according to [1,2], after making the necessary adjustments since instead of ¢ we have ¢/4,
are displayed in the following table. The type (A; ;) refers to a geodesic hypersphere and
the type (Aj2) refers to a tube over a totally geodesic complex hyperbolic hyperplane
CH'. Moreover, o, A and v are the principal curvatures corresponding to & and the

holomorphic distribution respectively, and m,, m) and m, are their multiplicities.

Type @ A v Mo M) My
(Ao) 2 1 — 1 2 -
(A1) | 2coth(2r) coth(r) - 1 2 -
(A12) | 2coth(2r) tanh(r) - 1 2 -
(B) | 2tanh(2r) tanh(r) coth(r) 1 1 1
Substitution of the above eigenvalues in relation ¢4+ Av = 0 and because of ¢ = —4 leads

to the conclusion that only the eigenvalues of the geodesic hypersphere satisfies the latter.

Furthermore, the radius r of the geodesic hypersphere satisfies the relation coth(r) = 2.
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3.1. Semi-parallel *-Ricci tensor and proof of Theorem

The *-Ricci tensor is called semi-parallel when (R(X,Y) - S*)Z = 0, where R is the
Riemannian curvature, which acts as derivation on S*. More analytically, the above

relation is written
(3.1) R(X,Y)S*Z = S*(R(X,Y)Z)

for any vector fields X, Y and Z tangent to M.
Let NV be the open subset of M such that

N ={P e M : 3 +#0 in a neighborhood of P}.

The inner product of relation (3.1) for X = U, Y = U and Z = U with ¢U, due to

(2.1) and (2.9)) yields
g(AU, pU) = g(ApU,U) = § = 0,

and relation ([2.9)) becomes
(3.2) S*¢ = ppU, S*U = (c+ypw)U and S*oU = (c+ ypu)eU.

Furthermore, relation (3.1 for X = U, Y = £ and Z = U due to (2.1) and (3.2)
implies

u(%%—a,u) =0 and (c+yp) (E—I—au) =0.

Suppose that ¢/4 # —ayp then the first of the above relations implies that 4 = 0 and
the second due to the latter results in ¢ = 0, which is a contradiction.

Therefore, on N relation ¢/4 + ap = 0 holds. The inner product of the relation
for X =U,Y =¢ and Z = U with U because of and yields

u(i—&-a'y—ﬂZ):O.

If ¢/4 + oy # 32 then we obtain yu = 0 and relation ¢/4 + ap = 0 leads to ¢ = 0, which
is a contradiction. So on A relation ¢/4 + ary = 32 holds.
The structure Jacobi operator | = R of a real hypersurface in M, (c), n > 2, is given
by
IX = ReX = R(X, ).

In the case of non-Hopf hypersurfaces M in Ms(c), taking into account relations (2.1)) and
(2.3), the structure Jacobi operator is given by

lU:(g—l—av—Bz)U—kaégoU, 1¢U:a5U+(§+au)¢U and 1€ = 0.
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Since § = 0, ¢/4 + apu = 0 and ¢/4 + ay = % we obtain
WU =1lpU =1¢=0.

It is known that real hypersurfaces do not exist in M,(c), n > 2, with vanishing
structure Jacobi operator (see Lemma 9 in [4]). Thus, N is empty and the following

proposition is proved.

Proposition 3.2. Every real hypersurface in My(c) whose *-Ricci tensor is semi-parallel

1s a Hopf hypersurface.

Since M is a Hopf hypersurface, Theorem [2.3] and Remark hold. The case of
Hopf hypersurfaces in CP? with semi-parallel *-Ricci tensor has been studied in [7]. It
remains to examine if there are Hopf hypersurfaces in CH? with semi-parallel *-Ricci

tensor. Relation (3.1) for X = W, Y = ¢ and Z = W and for X = oW, Y = ¢ and
Z = oW because of relations (2.1) and (2.11]) implies

(3.3) (AWw—4)(ar—1)=0 and (Av—4)(ar—1)=0.
Combination of the above relations implies that
a(A—=v)(4 =) =0.

Suppose that (A — v) = 0, then we have two cases either « =0 or A =v. If a =0
then relation implies A\v = —1. Substitution of the latter relation in the first of
leads to —5 = 0, which is a contradiction. If A = v, then the shape operator A
commutes with the structure tensor ¢ and because of Theorem M is locally congruent
to a real hypersurface of type (A). Moreover, combining relations and the first of
results in A2(A\? —4) = 0. Because of the table in Section [3| we conclude that \? = 4.
This occurs in case of geodesic hypersphere in CH?.

Finally, if Av = 4 then relation implies that the *-Ricci tensor vanishes and
because of Theorem 3.1]it is concluded that M is a geodesic hypersphere and this integrates
the proof of Theorem [T.4]

3.2. Pseudo-parallel *-Ricci tensor and proof of Theorem |1.5

The *-Ricci tensor is called pseudo-parallel when (R(X,Y)-S*)Z = L{[(X AY) - S*|Z},
where R is the Riemannian curvature and acts as derivation on S* and L is a nowhere

vanishing function. More analytically, the above relation is written as

R(X,Y)S*Z — S*(R(X,Y)Z)

34 — L{g(Y.5°2)X — g(X, 5" 2)Y — $'[g(Y, )X — g(X, Z)Y]}
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for any vector fields X, Y and Z tangent to M.
We consider N to be the open subset of M such that

N ={P e M : 3 +#0 in a neighborhood of P}.

The inner product of relation (3.4) for X = U, Y = U and Z = U with ¢U because
of (2.1)) and (2.9) yields

d=0,
and relation ([2.9)) becomes
(3.5) S*¢ =pul, S*U = (c+yu)U and S U = (c¢+ yu)pU.

Relation (3.4) for X = U, Y = U and Z = £ because of (2.1 and (3.5 yields
pw=0.
Moreover, relation (3.4) for X = U, Y =& and Z = U due to (2.1) and (3.5) implies

—=1L.

Relation (3.4) for X = U, Y = ¢ and Z = U due to (2.1), (3.5), x =0 and ¢/4 = L
yields

ay = 52.
On N relation (2.4), (2.5)), (2.6) and (2.7) because of § = u = 0 become

vk3 = BK1 + 27 (pU)a = Bla+ K3), (@U)B = B° + Bry + 57 (pU)y = K1y + B7.

Differentiation of ay = 2, with respect to ¢U and taking into account all the above
relations, results in ¢ = 0, which is a contradiction.

Thus, N is empty and the following proposition is proved.

Proposition 3.3. Every real hypersurface in Ms(c) whose *-Ricci tensor is pseudo-parallel

1s a Hopf hypersurface.

Since M is a Hopf hypersurface, Theorem [2.3] and Remark [2.4] hold. The case of Hopf
hypersurfaces in CP? with pseudo-parallel *-Ricci tensor has been studied in Theorem 3
in [7]. It remains the case of Hopf hypersurfaces in CH?. Relation for X =W,
Y =& and Z = W because of relations and implies

(Av—4)(aA—1—-L)=0.

Suppose that A\v = 4, then relation (2.11]) yields S*X = 0 for any vector field X tangent
to M. The only real hypersurface with vanishing *-Ricci tensor because of Theorem
is the geodesic hypersphere in CH? with coth(r) = 2.
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Next the case L = o)\ — 1 is examined. Relation (3.4) for X = oW, Y = ¢ and
Z = oW because of (2.1)) and (2.11)) implies

(AW —4)(av—1—-L)=0.

Suppose that Av = 4, then relation implies that S* = 0 and due to Theorem
M is geodesic hypersphere. Secondly, if L = av — 1 combination of the latter relation
with L = aX — 1 results in
a(A—v)=0.

Thus, on M either « = 0 or A = v. If & = 0 then M is locally congruent to a real
hypersurface in CH? with A¢ = 0 (for the construction of these real hypersurfaces see [5]).
If A = v it implies that the shape operator A commutes with the structure tensor ¢ and
because of Theorem [1.1]it is concluded that M is locally congruent to a real hypersurface
of type (A) in CH?.

Conversely, it is easily proved that the latter real hypersurfaces in CH? have pseudo-
parallel *-Ricci tensor and that L is constant given by L = a\ — 1. Furthermore, substi-

tution of the eigenvalues of table in Section [3| implies the following
e if M is locally congruent to a horosphere then L =1,
e if M is locally congruent to geodesic hypersphere then L = coth? (r), where r > 0,
e if M is locally congruent to tube over CH' then L = tanh?(r), where 7 > 0,

e if M is locally congruent to Hopf hypersurface with o = 0 then L = —1.

4. Proof of Theorem

Let M be a real hypersurface in M (c) whose *-Ricci tensor is £-parallel. More analytically,
relation ((1.1)) is written as

(4.1) Ve(S*X) = S5*(VeX) forany X € TM.
Let NV be the open subset of M such that
N ={P € M : 3 +#0 in a neighborhood of P}.

On N the inner product of relation (4.1)) for X = ¢ with & and U because of ([2.9)

and relations of Lemma [2.1| implies respectively

(4.2) 0=0 and pk3=c+ypu.
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Hence, relation ([2.9)) becomes
(4.3) S*¢ = pul, S*U = (c+yu)U and S U = (¢ + yu)pU.

The inner product of relation (4.1) for X = U with U due to relation (4.3)) and
relations of Lemma [2.1] yields

w=0.

Substitution of the above relation in the second of (4.2) results in ¢ = 0 which is a

contradiction. Therefore, the following proposition has been proved.

Proposition 4.1. Every real hypersurface in Ma(c) with -parallel *-Ricci tensor is a

Hopf hypersurface.

Since M is a Hopf hypersurface Theorem and Remark hold. Using the fact
stated in Remark [2.4] and taking notice that

VW = kW  and VW = —sxW,
relation for X =¢and Y =W and for X =& and Y = W implies respectively
EAN) =0 and &(v)=0.
Relation taking into account yields

()\71/)<%f/<>:0.

If A =v, then Ap = pA. The last relation because of Theorem implies that M is
locally congruent to a real hypersurface of type (A).

If A # v, then since M is a three-dimensional real hypersurface we have two cases:

Case 1: X or v is constant. In this case, if one of them is constant, then relation
implies that the other one is also constant. So, the real hypersurface is locally congruent
to a real hypersurface of type (B) both in CP? and CH?. So, the *-Ricci tensor of real
hypersurfaces of type (B) is {-parallel.

Case 2: both \ and v are non-constant. In this case the Hopf hypersurface satisfies
the relations

EN) =0, £v)=0 and k= %

Furthermore, the inner product of relation for X =W and Y = oW with W and

W results in respectively

eW(A) = (A=v)g(VwW,oW) and W(v)= (A —v)g(VowW,oW).
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Therefore, the *-Ricci tensor of Hopf hypersurfaces with non-constant principal curva-

tures A and v, which satisfy all the above relations, have {-parallel *-Ricci tensor. Specific

examples of such real hypersurfaces are Hopf hypersurfaces with A( = 0, which in the

case of CP? is a tube of radius of radius 7 = 7/4 over a holomorphic curve and in the case
of CH? it was first constructed in [5]. This integrates the proof of Theorem
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