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Relation Between the Class of M. Sama and the Class of /-stable Functions

Karel Pastor

Abstract. The aim of this paper is to show the equivalence of two classes of nonsmooth
functions. We also compare optimality conditions which have been stated for these

classes.

1. Introduction and preliminaries

Some second-order optimality conditions were stated for the class of C1'! functions, it
means for the functions having a locally Lipschitz gradient. We note that the functions
with Cb! property appear for example in the augmented Lagrange method, the penalty
function method and the proximal point method.

M. Sama generalized [18] the C1'! property with respect to the calmness of the Clarke
gradient and defined the class F of functions with certain property. Let us recall the
definition of the class F gradually (Definition [L.5).

Throughout this work X is a real Banach space and X™ is its dual, i.e., the space of
all bounded linear operators from X to R. By (-,-) we mean the canonical dual pairing
between X and X*.

B(z;r) = {y € X;|ly — z|| < r} denotes the closed ball with a center x € X and a
radius > 0 and Sy := {y € X;||y|| = 1} is a unit sphere of X.

A function f: X — R is said to be continuous at x € X if there exists a neighbourhood
U of = such that f is continuous on U.

A function f: X — R is said to be Lipschitz at z € X if there exist » > 0 and K > 0
such that [f(y) — f(2)| < K ||ly — z|| for every y,z € B(z;r).

A function f: X — R is said to be strictly differentiable at x € X if there exists an
element f!(z) € X* such that

where the convergence is assumed to be uniform for h in compact sets. Then fl(z) is

called the strict derivative of f at x.
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Proposition 1.1. |9, Proposition 2.1.1] If a function f: X — R is strictly differentiable
at x € X, then f is Lipschitz at x.

By f°(x;h), fo(xz;h) we denote the Clarke upper and lower generalized derivatives of

f at x in the direction h respectively, i.e.,

fo(w; h) — lim sup f(y + th) — f(y)

y— t ’
t10
fo(x; h) = lim inf fly+th) = f(y)
o} ) ytjg t )

and the Clarke generalized gradient of f at x is defined as
Of () = {z* € X*;(x*,h) < f°(z;h),Vh € X}.

The following lemma follows immediately from [9, Proposition 2.1.2] and from the

convexity of the Clarke generalized gradient.

Lemma 1.2. Let f: X — R be Lipschitz at x € X and h € X. Then

fo(z;h) = max {(z%, h) ;2" € Of ()},
fo(xz;h) = min {{(z*, h) ;2" € Of(x)}.

Moreover, for every h € X, the convezity of Of(x) yields the existence of x* € Of(x)
satisfying

<$*,h> =7
provided
folzih) < v < f(ash).

We recall [9] that the Clarke generalized gradient of f at x consisting of the single
point if and only if f is strictly differentiable at . In this case 0f(x) = {f.(z)}.
The mean value theorem in terms of the Clarke gradient has been an important tool

in proving many assertions.

Lemma 1.3. |9, Theorem 2.3.7] Let f: X — R be Lipschitz on a neighbourhood U and
a,b € U. Then there exists a t € (0,1) such that

f) = fla) = (@%b —a),

where x = a +t(b — a) and z* € 0f (x).
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By F: X ~» Y we denote a set-valued map from X to Y, and by graph(F') we mean
a set
{(z,y) e X xY;y € Fa)}.
The following Definitions and were introduced in [1§]. By F: X ~» Y we

denote a set-valued map from X to Y and by graph(F') we mean its graph, i.e., the set
{(z,y) € X xY;y € F(a)}.

Definition 1.4. Let M > 0. F'is said to be M-calm at (xo,yo) € graph(F') if there exists
€ > 0 such that
F(x) C{yo} + M [|lz — ol B(0; 1)
for every x € B(xo;¢) \ {x0}-
Definition 1.5. Let z € X. Then

Flz) = {f: X — R; f is strictly differentiable at « and there exists M > 0
such that 0f is M-calm at (z, fi(z))}.

The concept of (-stability means another generalization of C'-property. It was in-
troduced in [3], where the authors weakened the CYl-property of functions in such a way
that the unconstrained scalar optimality condition presented in [12] remains true. Let us

recall the definition of scalar ¢-stability.

Definition 1.6. The lower directional derivative of the function f: X — R at the point
x € X in the direction h € X is defined by
fi(z;h) = lim inf fl@+th) - f(a:)
t10 t
The function f is called ¢-stable at x if there exist a neighbourhood U of z and K > 0
such that

Fysh) = fah)| < K ly —all, Yy €U, Vhe Sy
The properties of ¢-stable functions were then studied e.g. in [2,4-8,10,(11},/13-17]. We

note only that the concept of f-stability was broadened to vector functions from X into

Y and that the class of /-stable functions was used in vector optimization.

Theorem 1.7. [17, Theorem 3.1] Let X be a normed linear space, and let f: X — R be

a continuous function at x € X. If f is {-stable at x, then f is strictly differentiable at x.

Having in mind the previous theorem, it arises a question what is relation between the
class of (-stable at the point x functions and the class F(z). In [2], the authors solved

this problem in finite-dimensional setting.

Theorem 1.8. [2] Let f: R” — R be a function and x € R™. Then f is (-stable at x if
and only if f € F(x).
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2. Infinite dimension

We will show that Theorem [1.§]is true also in the case when we replace R" by an arbitrary

Banach space.

Lemma 2.1. [4, Lemma 1] Let f: X — R be a continuous function on an open setU C X,
and let a,b € U. Then there exist

&1,& € (a,b) :={z;z=at+ (1 —t)b,t € (0,1)}
such that
(&0 —a) < f(b) = f(a) < fA(&2b—a).
Theorem 2.2. Let f: X — R be a continuous function at x € X. Then the function f

is L-stable at x if and only if f € F(x).

Proof. We will show the equivalence in the following two steps.

Step 1. We suppose at first that f is f-stable at x € X. By Theorem the function
f is strictly differentiable at . We will show that the set-valued mapping 9f: X ~» X*
is calm at .

On the contrary, we assume that the mapping df: X ~» X* is not calm at z. Then
there exist sequences {y,},>} C X, limy 0o yn = o, {y2}125 € X*, yi € 0f(yn), and

{hn, :{i’i C Sx such that

(2.1) (s bn) = f2(25hn)| 2 |y — 2|, Ve N.
We recall that due to the strict differentiability of f at z we have

(2.2) (fi(x),h) = fY(x;h) = fo(z;h) = f(x;h), Vhe Sx.

By Lemma [1.2] it holds

(2.3) Jo(yn; hn) < (yps hn) < f°(Yn; hn), V€N
Considering formulas , and , for every n € N it holds either
(2.4) S Wns b)) = [ (@5 b)) = 1 [Jyn — |

or

(2.5) fo(@ihn) = fo(yni hn) = nlyn — 2| -

Then we can find sequences {z,},> and {t,},> such that for every n € N we have either

(in case (2.4))

tn

=[5 hn) 2 (0= 1) [lyn — 2|
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or (in case ([2.5)))

(2.7) fe(az; hp) — f(zn + tnhn) — f(zn)

tn

> (n=1)[lyn — 2|

Since for every n € N we can choose z, arbitrarily close to ¥, and we can also choose t,,
arbitrarily small, we can assume (in both cases (2.6 and (2.7))) without loss of generality
that

(2.8) max ||z, + atph, — 2| < 2|y, — |, VneN
a€(0,1]

Now, using Lemma and formulas ([2.6) and (2.7]), we can find for every n € N (in both

cases) a point &, € (2p, zn + trhy) such that we have
‘fg(fm hn) — fe(x; hy)

Since f is f-stable at x, there exists K > 0 such that

> (n—=1) lyn — ]|
(29) K116 — 2 2 | (€0t o) — £ ha)| 2 (0= 1) [ — 2]
The inequalities (2.8)) and (2.9) imply

2K [lyn — || = (n = 1) [lyn —2||, Vn €N,

a contradiction. Therefore the set-valued mapping 0f: X ~» X* is calm at x, and thus
f e F(z).

Step 2. On the other hand, we suppose that f € F(x). Assuming, on the contrary,
that f is not (-stable at z, there exist sequences {x,} > and {h,}1> C Sy such that

limy, s 400 T, = x and

>n ||z, — x| .

[ @ni ) = (F(@), )

Since
fo(-’xn;hn) Sfe(mn;hn) < fo(xn;hn), V’I’LGN,

using Lemma [1.2| we can find 2}, € 0f(z,,) satisfying
(@5, ha) = (fo(@), hn)| 2 ||z — 2|, VneN,

but it means that the set-valued mapping 0f: X* ~» X is not calm at z, a contradiction.
O

For f € F(x) strict differentiability at x implies that f is continuous at z. Then
Theorem [2.2] gives the following corollary.

Corollary 2.3. Let x € X, and let f: X — R be a function. If f € F(z), then f is
L-stable at x.
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3. Optimization results
In this section, we study the unconstrained problem
optimize {f(z);x € X},

where f € F(z) (due to Theorem it means that f is ¢-stable at zg). First, we remind
the sufficient optimality conditions obtained for finite dimension in [18] and [3] respectively.
As obviously, we say that xg is a strict local minimum of f: X — R if there exists a
neighbourhood U of x such that f(x) > f(xg) for every z € U.
Further, we say that z( is an isolated minimizer of second-order if there are a neigh-

bourhood U of xg and an A > 0 satisfying
f(@) > f(z0) + Allw — 9|

In the result given by M. Sama the notion of contingent derivative of set-valued maps
was used. Assuming that F': X ~» Y and (zo,y0) € graph(F), the contingent derivative
D F(xg,y0) of F at (xo,y0) is the set-valued map from X to Y defined by

graph(D.F'(zo,y0)) = T'(graph(F), (zo,y0)),

where T'(graph(F'), (zo,yo)) denotes the contingent cone to graph(F') at (zg,y0) [1]. By
R, we denote the set {t € R;¢ > 0}.

Theorem 3.1. [18, Proposition 6.3] Let f: R" — R, xg € R™ and f € F(xo). If fi(xg) =
0 and
DC <8f7 h> (130,0)(h) CR++’ VhERnu

then xq is a strict local minimizer of f.

For the result presented in [3] the following directional derivatives were used. We
suppose that f: X — R is a function and z,h € X.

f(z+th) — f(x)

f'(x;h) = lim 7
tl0 t

4 E f +th) — f _ tf/ ;h

B(xh) = llgibnf (z ) t2§$2) (x )

We notice that for f € F(x) we can write

B (; h) = lim inf fla +th) — ,;;ga;)Q— E(fe),h)

The result given in [3] we will formulate in terms of F(z) (with respect to its equivalence
with (-stability at x).
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Theorem 3.2. (3, Theorem 6] Let f: R™ — R, g € R" and f € F(xg). If fl(xo) =0
and
“(x;h) >0, YVheR",

then xq is an isolated minimizer of second-order.

We would like to compare Theorems [3.1] and [3.2}

Proposition 3.3. Let f: R" = R, xg,h € R" and f € F(xo). If fi(zo) =0 and

D (9f, h) (20,0)(h) C Ry,

then
“(x;h) >0

Proof. Assume that
i g 4 (F0 +h) = f(ao)

<0.
10 t2/2 -

OO

Then there exist sequences {t,}'2], {e,},°] such that ¢, > 0, &, > 0 for every n € N,

limp 400 tn =0, limy 400 en = 0, and

f(zo + tnh) — f(x0)
th

(3.1) <en, VneN.

By Lemma [1.3| we can find sequences {0,,}°5, {z,,}2}, and {z}}>] such that

nl’

0, €(0,1), VneN,
(3.2) Ty = 2o+ thbnh, VneN,
x;kz € af(fl‘n),

and
(3-3) f(zn) = fzo) = (x5, tnh), Vn €N,

where z,, = xg + tp,h, Vn € N. It follows from formulas ) and . that

(z7,, h)
tn

(3-4) <éen, YneN.
Now, because df is M-calm at xg and df(xg) = {0}, we have that
(3.5) |lzr || < Mt,0,, ¥YneN.

We denote

(3.6) Sp =tpbn, VneN.



1168 Karel Pastor

Passing to a subsequence if necessary, we have that
(3.7) lim T _ z* e (R™)".
n—+oo Sy
We notice that
(@, (7., h)) € graph (Of, h) .
Using , and , we obtain

(:L‘m <l‘;, h>) — (l'an)

li = (h, (x*, h)).
Hm . (h, {z", b))
The assumption
Dc(0f, h) (x0,0)(h) C Ry
gives that
(3.8) (x*,h) > 0.

On the other hand, since s,, < t,, formula (3.5 implies (passing to a subsequence again
if necessary) that

Due to (3.4) we have

(3.9) (y*,h) < 0.
We denote
vl
e
Since .
i—:,f—: {az;;a >0}, VneN,

we obtain that y* = Kz*, and thus inequality (3.9) implies
(2%, h) <0,
what is a contradiction with inequality (3.8)). O

On account of Proposition 3.3 and Theorem [3.2] we are able to strengthen the assertion
of Theorem [3.11

Corollary 3.4. Let f: R" - R, g € R" and f € F(xo). If fi(xo) =0 and
D, <af7 h> ($0,0)(h) CR++7 VhERna

then xq is an isolated minimizer of second-order.
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Continuing in the comparison of Theorems [3.1] and [3:2] we present an example illus-
trating that Theorem overcomes Theorem (and Corollary [3.4).

Example 3.5. Consider a sequence a, = 1/n, n=1,2,.... Then

2
. a +a 1
n=00 Ap41 + Gn 2

Let us define a function ¢: [0, 4+00) — R as follows (see Figure 3.1):

a1 if u > aq,
2_ .
SD(IU’) = Zz_im(u - an-‘,—l) + ap+1 ifue (an—f—b an]a
0 if u=0.

Next, we will define a function f: R — R via the Riemann integral:

||
f(zx) ::/0 o(u)du, x€R.

as o
S
0 as as ay T

Figure 3.1: function .

It is easy to see that f(0) = 0 and it was shown in [3| Example 2] that f.(0) = 0,
f € F(0) and
lim inf @ > €
tlo 2/t?
for some £ > 0. Therefore, due to Theorem the considered function f attains an
isolated minimizer of second-order at 0.

On the other hand, since

plan) = a% = 5 € 0f(an)

for every n € N, we have
0 € Dc(9f,1)(0,0)(1).
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But it means that we cannot use Corollary (Theorem [3.1) to show that the function

f attains an isolated minimizer of second-order (a strict local minimizer) at 0.

In the rest of this section we will deal with necessary optimality conditions in infinite

dimension generally. We again compare the results given in terms of D, (9f, h) (xo,0) and
g(.ro; h)

M. Sama stated the following necessary optimality condition.

Theorem 3.6. |18, Proposition 6.1] Let f: X - R, zg € X, and f € F(xg). If xy is a

local minimum of f, then fl(xo) =0 and
Dc<8f7h‘> (xo,O)(h)ﬂR+§é®, VheX.

We notice that if zp is a local minimum of f € F(zg), then by [9, Proposition 2.3.2]
Of(xo) = fL(xo) = 0 and the definitional property of local minimum gives fl’f(wg; h) >0

for every h € X. Thus, we can state the following theorem.

Theorem 3.7. Let f: X - R, zg € X, and f € F(xg). If x¢ is a local minimum of f,
then fl(xo) =0 and
“(xo;h) >0, VheX.

We will show gradually that the assertion of Theorem follows from the assertion
of Theorem [3.7], but not conversely.

Proposition 3.8. Let f: X = R, x0,h € X, and f € F(xo). If fi(zo) =0 and
f(zo +th) — f(wo) — t(fi(z0), h)

M(20; h) := limsup >0,
then
D.(0f, h) (w0,0)(h) "Ry # 0.
Proof. There exist sequences {tn};:’i, tn, >0, lim, o0 t, = 0, and {en};{g, limy, 100 €n
= 0, such that
toh) —
(3.10) f@ottnh) = fl@0) o . e,

t2/2

Since f is locally Lipschitz, we can find a,, € (0,t,) and 2z} € df(zo + a,h) such that
(3.11) (2, tnh) = f(zo + tuh) — f(w0).

Due to the M-calmness property we have

*

Ln

Qp

M
< oy |lh| = M|A|l, ¥neN.
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Then

<2"h> < M|n|?, VneN.

Now, we can suppose without loss of generality that

lim <$"h> =
n—-+oo Op

and it follows from formulas (3.10)), (3.11)) that

and thus

(3.12) AER,.

On the other hand, we notice that

($0 + anhv <x;kzv h>) € graph <afa h> )

and thus
lim (1'0 + anh, <xn> h>) — (1‘0,0) _ (h, )\)
n—-+oo 679
Therefore
(3.13)

A€ D, <af7 h> ($0, 0)(h)

It follows from formulas (3.12) and (3.13]) that

(D (0f, b} (20, 0)(h)) N R+ # 0. O

Since fjf(:cg; h) < fp'(xo; h), Proposition implies immediately the following asser-
tion.

Proposition 3.9. Let f: X — R, zo,h € X, and f € F(xo). If fl(xzo) = 0 and
“(xo;h) > 0, then

D, <af7 h> ($Oa 0)(h) NRy 7& 0.

Thus, with respect to Proposition [3.9), Theorem can be considered for the conse-
quence of Theorem

On the other hand, we will show an example, where we can use Theorem to reject
a certain point to be a local minimum in contrast to Theorem
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Example 3.10. Let us define a function ¢: [0, +00) — R as follows:
u if ue (L

pu) = , |

—2u ifue (5,

—L-] and n is odd,

—L] and n is even.

Now, we will define a function f: R — R via the Riemann integral:

||
f(x) :/0 o(u)du, z€R.

It follows from the definition of ¢ that f is Lipschitz at 0 and, for example due to [9,
Theorem 2.5.1], we can express df by the following way. Since f is even, it holds 0f (—z) =
—0f(x) for every x € R, and therefore we express df(x) explicitly only for z > 0.

)
{z} if v € (£, -1;] and n € N is odd,
{-22} ifze (i, L) and n € Nis even,
0f(x) = r
[-2z,2] ifx = andn €N,
k{O} if x =0.

Thus, f1(0) =0 and f € F(zp). We notice that

[—2h,h] ifh >0,
0 it h =0,
2h,—h] it h < 0.

D.(0f,h)(0,0) =

Therefore D, (0f, h) (x9,0)(h) "Ry # 0 for every h € R, and we cannot use Theorem
to reject the point 0 to be a local minimum of f.
On the other hand, since fl’f(O; 1) < 0, Theorem can be used to reject the point 0

to be a local minimum of f.

Acknowledgments

The author would like to thank to the anonymous referee for his valuable remarks and

suggestions.

References

[1] J.-P. Aubin and H. Frankowska, Set-valued Analysis, Systems & Control: Foundations
& Applications 2, Birkhduser Boston, Boston, MA, 1990.

[2] D. Bednaiik and A. Berkové, On some properties of l-stable functions, in: Proceedings
of the 14th WSEAS Inter. Conf. on Math. Methods, Comput. Techniques and Intell.
Systems, ed.: A.J. Viamonte, Porto, 2012.



[3]

[10]

[11]

Relation Between the Class of M. Sama and the Class of /-stable Functions 1173

D. Bednaiik and K. Pastor, On second-order conditions in unconstrained optimiza-
tion, Math. Program. 113 (2008), no. 2, Ser. A, 283-298.
https://doi.org/10.1007/s10107-007-0094-8

, Differentiability properties of functions that are £-stable at a point, Nonlinear
Anal. 69 (2008), no. 9, 3128-3135. https://doi.org/10.1016/j.na.2007.09.006

, L-stable functions are continuous, Nonlinear Anal. 70 (2009), no. 6, 2317—
2324. https://doi.org/10.1016/j.na.2008.03.011

, Decrease of CY1 property in vector optimization, RAIRO Oper. Res. 43
(2009), no. 4, 359-372. https://doi.org/10.1051/r0/2009023

, On L-stable mappings with values in infinite-dimensional Banach spaces,
Nonlinear Anal. 72 (2010), no. 3-4, 1198-1209.
https://doi.org/10.1016/j.na.2009.08.004

, On second-order optimality conditions in constrained multiobjective optimiza-
tion, Nonlinear Anal. 74 (2011), no. 4, 1372-1382.
https://doi.org/10.1016/7.na.2010.10.009

F. H. Clarke, Optimization and Nonsmooth Analysis, Canadian Mathematical Society
Series of Monographs and Advanced Texts, John Wiley & Sons, New York, 1983.

I. Ginchev, On scalar and vector (-stable functions, Nonlinear Anal. 74 (2011), no. 1,
182-194. https://doi.org/10.1016/j.na.2010.08.032

I. Ginchev and A. Guerraggio, Second-order conditions for constrained vector op-
timization problems with (-stable data, Optimization 60 (2011), no. 1-2, 179-199.
https://doi.org/10.1080/02331930903578718

I. Ginchev, A. Guerraggio and M. Rocca, From scalar to vector optimization, Appl.
Math. 51 (2006), no. 1, 5-36. https://doi.org/10.1007/s10492-006-0002-1

P. Q. Khanh and N. D. Tuan, Second-order optimality conditions with the envelope-
like effect in nonsmooth multiobjective mathematical programming I: £-stability and
set-valued directional derivatives, J. Math. Anal. Appl. 403 (2013), no. 2, 695-702.
https://doi.org/10.1016/7.jmaa.2012.12.076

, Second-order optimality conditions with the envelope-like effect in monsmooth

multiobjective mathematical programming II: Optimality conditions, J. Math. Anal.
Appl. 403 (2013), no. 2, 703-714. https://doi.org/10.1016/j. jmaa.2012.12.075


https://doi.org/10.1007/s10107-007-0094-8
https://doi.org/10.1016/j.na.2007.09.006
https://doi.org/10.1016/j.na.2008.03.011
https://doi.org/10.1051/ro/2009023
https://doi.org/10.1016/j.na.2009.08.004
https://doi.org/10.1016/j.na.2010.10.009
https://doi.org/10.1016/j.na.2010.08.032
https://doi.org/10.1080/02331930903578718
https://doi.org/10.1007/s10492-006-0002-1
https://doi.org/10.1016/j.jmaa.2012.12.076
https://doi.org/10.1016/j.jmaa.2012.12.075

1174

[15]

[18]

Karel Pastor

S. J. Li and S. Xu, Sufficient conditions of isolated minimizers for constrained
programming problems, Numer. Funct. Anal. Optim. 31 (2010), no. 4-6, 715-727.
https://doi.org/10.1080/01630563.2010.490970

K. Pastor, A note on second-order optimality conditions, Nonlinear Anal. 71 (2009),
no. 5-6, 1964-1969. https://doi.org/10.1016/j.na.2009.01.035

, Differentiability properties of £-stable vector functions in infinite-dimensional
normed spaces, Taiwanese J. Math. 18 (2014), no. 1, 187-197.
https://doi.org/10.11650/tjm.18.2014.2605

M. Sama, A set-valued analysis approach to second order differentiation of nonsmooth
functions, Set-Valued Var. Anal. 17 (2009), no. 1, 41-61.
https://doi.org/10.1007/511228-009-0107-2

Karel Pastor

Department of Mathematical Analysis and Applications of Mathematics, Faculty of
Science, Palacky University, 17. listopadu 12, 771 46 Olomouc, Czech Republic

E-mail address: k.pastor@seznam. cz


https://doi.org/10.1080/01630563.2010.490970
https://doi.org/10.1016/j.na.2009.01.035
https://doi.org/10.11650/tjm.18.2014.2605
https://doi.org/10.1007/s11228-009-0107-2

	Introduction and preliminaries
	Infinite dimension
	Optimization results

