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Abstract. Let A be a noetherian local ring of dimension d > 1 and depth(A) > d — 1.
In this paper, we study the non-positivity for the Hilbert coefficients of parameter
ideals in the ring A. Moreover, we establish a bound for the Castelnuovo-Mumford
regularity of associated graded ring of A with respect to parameter ideal in terms of

the first Hilbert coefficient and the dimension.

1. Introduction

Let (A, m) be a noetherian local ring of dimension d and J an m-primary ideal of A. Let
¢(-) denote the length of an A-module. The Hilbert-Samuel function of A with respect to
J is the function H;: Z — Ny given by

L(A)J™) ifn >0,
0 ifn<0.

H;y(n) =

It is well known that there exists a unique polynomial Py(x) € Q[z] (called the Hilbert-
Samuel polynomial) of degree d such that Hj(n) = P;(n) for n > 0. We can always write
Pj(n) of the form

d .
i(n+d—i—1
Poto) = S0 (T et
=0
Then, the integers e;(J) is called Hilbert coefficients of J.

If denote by G(J) = @, J"/J" ! the associated graded ring of A with respect to .J
and a;(G(J)) = sup{n | Hé,(J)Jr(G(J))n # 0}, then the Castelnuovo-Mumford regularity
of G(J) is defined by

reg(G(J)) = max{a;(G(J)) +i|i > 0}.
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The aim of this paper is to study the non-positivity of the Hilbert coefficients and
establish a bound for the Castelnuovo-Mumford regularity of associated graded ring in
terms of Hilbert coefficients.

Hilbert coefficients contain structural information of rings and modules, so they have
been attracted an attention of many mathematicians. In 2008, Vasconcelos [22] named
e1(J) the Chern coefficient. It is well known that the Chern coefficient e;(Q) < 0 for
every parameter ideal () (see Mandal-Singh-Verma [14]), while other Hilbert coefficients
of parameter ideal would be positive. However, if depth(A) > d — 1, McCune [16] showed
that e2(Q) < 0 for every parameter ideal ). In [20], Saikia and Saloni proved that if
depth(A) > d — 1, then e3(Q) < 0 for every parameter ideal Q). In [16], McCune also
proved that if @) is a parameter ideal such that depth(G(Q)) > d — 1, then €;(Q) < 0 for
i =1,...,d. Recently, Saikia-Saloni [20] and Linh-Trung [13] proved that if depth(A) >
d —1 and @ is a parameter ideal such that depth(G(Q)) > d — 2, then ¢;(Q) < 0 for
i=1,...,d. This result is an improvement of the Mccune’s result in [16].

In [4], Elias proved that depth(G(Q*)) is constant for k > 0. We denote this number
0(Q). By giving a criterion for the o(Q) > s, we get the first main result on the non-

positivity of Hilbert coefficients of parameter ideal.

Proposition 3.5. Let (A, m) be a noetherian local ring of dimension d > 2 and depth(A) >
d—1. Let Q be a parameter ideal such that o(Q) > d — 2. Then eq(Q) < 0.

This implies that if d = 4, depth(A) > 3 and 0(Q) > 2, then ¢;(Q) < 0 for i = 1,2, 3, 4.
From Proposition it follows an early result of Saikia-Saloni [20] and Linh-Trung [13].
As a consequence, it follows that if d > 3 and depth(A) > d — 1, then €;(Q) < 0 for
i=1,2,3.

Next, we want to establish a bound for the regularity of G(Q) in terms of Hilbert
coefficients. It is well known that the regularity of G(Q) provides bounds for some impor-
tant invariants such as postulation number, relation type, reduction number. There have
been many results relate to this issue. In [18], Rossi-Trung-Valla used Hilbert function to
establish a bound for the regularity of G(m) in terms of extended degree and dimension.
Later, this result was extended on the class of m-primary ideals (see [2,/10,|/11]). In [12],
Linh-Trung gave a uniform bound for the regularity of associated graded ring with re-
spect to parameter ideal in generalized Cohen-Macaulay ring. Goto-Ozeki [6] used the
result of Linh-Trung |12 to establish a uniform bound for Hilbert coefficients of parame-
ter ideal in generalized Cohen-Macaulay ring. They also proved that a ring is generalized
Cohen-Macaulay if and only if Hilbert coefficients e;(Q) of parameter ideals are finite, for
i=1,...,d. It is natural to ask the following question:

Is there any bound for the reqularity of associated graded ring G(Q) in terms of Hilbert
coefficients e;(Q) fori=1,...,d?
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In this paper, we establish a bound for the regularity of associated graded ring G(Q) in
terms of the first Hilbert coefficient e1(Q) in the case the ring A satisfies depth(A) > d—1.

Theorem 4.5. Let A be a noetherian local ring of dimension d > 1 and depth(A) > d—1.
Let Q be a parameter ideal of A. Then

max{—e1(Q) — 1,0} ifd=1,
reg(G(Q)) <
BEE) max{[—4e1 (Q)] V' +e1(Q) — 1,0} ifd>2.

From this we get bounds for the postulation number and relation type of a parameter
ideal in terms of the first Hilbert coefficient.

The paper is organized as follows. In Section [2] we prepare some facts relate to Hilbert
coefficients and regularity. In Section[3| we prove the non-positivity for Hilbert coefficients
of parameter ideals. In Section [4] we establish a bound for the regularity of associated

graded ring with respect to parameter ideal in terms of the first Hilbert coefficient.

2. Preliminary

Let R = @,,~o Rn be a finitely generated standard graded algebra over a noetherian
commutative ;ing Ro. Let Ry = @,.oRn. Let E be a finitely generated graded R-
module with dim(FE) = d. Denote by H§+(E) the i-th local cohomological module of E
with support ideal R . Define

() o | | Hi (B 0} i i () # g

—00 if Hf%+ (E) =
The Castelnuovo-Mumford regularity of E is the number
reg(F) := max{a;(E) +i| ¢ > 0}.

If the basic ring Ry of R is artinian, hg(n) := {(FE,) denote the Hilbert function of E.
The unique polynomial pg(X) for which hg(n) = pp(n) for n > 0 is called the Hilbert

polynomial of E. It is written in the form

d—1 .
pen) = S0 (" T e,

i=0
where ¢;(E) for i = 0,1,...,d — 1 are integers, called the Hilbert coefficients of E. The
postulation number p(E) of E is defined to be the integer number

p(E) = max{n | hg(n) # pe(n)}.
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A relationship between Hilbert function and Hilbert polynomial is given by the following
formula (see |15, Lemma 1.3]):

d

hi(n) —pp(n) =) (~1)"(Hp, (E)n).

=0

From this formula, we get the following inequality.
Lemma 2.1. With assumption as above, we have
p(E) <max{ag(E),...,aq(E)} <reg(E).

Now, let (A, m) be a noetherian local ring of dimension d and J be an m-primary ideal

of A. A numerical function
L(A/J™) ifn >0,
0 ifn<0

Hj:7Z — No, nr+—— Hj(n)=

is said to be a Hilbert-Samuel function of A with respect to the ideal J. It is well known
that there exists a polynomial Py € Q[z] of degree d such that H;(n) = P;(n) for n>> 0.
The polynomial Py is called the Hilbert-Samuel polynomial of A with respect to the ideal

J and it is written of the form
d ,
ifn+d—i—1
Pt =30 (" e,
i=0
where e;(J) for i = 0,...,d are integers, called Hilbert coefficients of J. In particular,

e(J) = eg(J) and e (J) are called the multiplicity and Chern coefficient of J, respectively.

Denote
n(.7) = max{n | Hy(n) £ Ps(n)}.
Let G(J) = @D,0 J"/ J" 1 denote the associated graded module of A with respect to
J. Then,
ei(G(J)) =¢i(J) fori=0,...,d—1.

Lemma 2.2. [2, Lemma 3.5]
n(J) = p(G(J)).
Let d = dim(A) > 1, L = H)(A), A= A/L and J = JA. We have
LAJT") =L(A/(J"+ L)+ L(J"+ L/I")
= ((A/T")+0(L)J"NL).
Since /(L) < oo, I" N L =0 for n > 0. Thus,
O(A)T™) = L(A)T") +4(L) for n>> 0.

This allows us to state the following lemma.
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Lemma 2.3. Ifd = dim(A) > 1 then
(i) ei(J) =ei(J) fori=0,...,d—1;
(ii) eq(J) = eq(J) + (—1)%(L).

If d =1 and I = Q is a parameter ideal of A, then A is Cohen-Macaulay. This implies

that e1(Q) = 0. From this we get the following corollary.

Corollary 2.4. If dim(A) =1 and Q is a parameter ideal of A, then

An element = € J\ mJ is said to be superficial for J if there exists a number ¢ € N
such that (J" : )N J¢ = J"! for n > c. If A/m is infinite, then a superficial element
for J always exists. A sequence of elements z1,...,z, € J\ mJ is said to be a superficial
sequence for J if x; is superficial for J/(x1,...,2;—1) for ¢ = 1,...,7. Suppose that
dim(A) =d > 1 and x € J \ mJ is a superficial element for J, then £(0 :4 x) < oo and
dim(A/(x)) = dim(A) — 1 = d — 1. The following lemma give us a relationship between
ei(J) and e;(J), where J = J(A/(z)).

Lemma 2.5. |19} Proposition 1.3.2] Let A be a noetherian local ring of dimension d > 2
and J be an m-primary ideal of A. Let x € J\ mJ be a superficial element for J and
J=J(A/(x)). Then

(i) ei(J) =ei(J) fori=0,...,d—2;

(ii) ed_l(J) = ed_l(j) + (—1)6%(0 : l‘)

3. The non-positivity of Hilbert coefficients of parameter ideals

Through this section, let (A, m) be a noetherian local ring of dimension d, I be an m-
primary ideal of A and y1,...,yq € I. Fori =1,...,d—1,let A; = A/(y1,...,y;) and
I; = I A;. Denote by G(I) the associated graded ring of Ay with respect to I.

Lemma 3.1. [9, Lemma 2.2] Let (A, m) be a noetherian local ring and I be an m-primary
ideal of A. For 1 <k <d-—1, let y1,...,yr be a superficial sequence for I. Then,

depth(G(I;)) > 1 if and only if depth(G(I)) >k + 1.

Let J be an ideal of A. In [4, Proposition 2.2], Elias proved that depth(G(J¥)) is
constant for k£ > 0. We call this number o(J). The following lemma gives whenever the

number o(J) is positive.
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Lemma 3.2. Let J be an m-primary ideal of A. If depth(A) > 1 then o(J) > 1.

Proof. Without loss of generality, we may assume that the residue field A/m is infinite.
Suppose that z is a superficial element for J. Then y = 2 is also a superficial element for
I = J*. Since depth(A4) > 1, J* : 2 = J*=! for k > 0. To prove o(.J) > 0, we show that
depth(G(J*)) = depth(G(I)) > 0 for k > 0. Indeed, for all k> 0 and n > 1 we have

I oy =J% gk = (Jkg) ghl = gkl ght

- = Jnkfk _ Jk(nfl) — L

Therefore depth(G(I)) > 0. This implies that o(J) > 0. O

However, the depth(A) > s does not imply o(J) > s for s > 2. The following

proposition gives a criterion for o(J) > s.

Proposition 3.3. Let (A, m) be a noetherian local ring of dimension d > 3 and depth(A) >
r. Let J be an m-primary ideal and x1,...,xs be a superficial sequence for J, 2 < s <r.
Fork>0,let I =J% andyy = 2%, ...y, = 2%, Set A; = A/(y1,...,yi) and I; = I A;.

S

The following conditions are equivalent.
(i) o(J) > s;
(i) (I", :ysAs_1)=1""} foralln=2,...,s;
(iii) 1" N (Y1, 9s) = (Y1, -, ys) "L foralln =2,...s.

Proof. (i) = (ii). Denote G(Is—1) the associated graded ring of As_1 with respect to I5_1.
By Lemma depth(G(I)) > s if and only if depth G(Is_;) > 1. This is equivalent to
(I ysAg_y) = I7 for all n > 1; so, the implication from (i) to (ii) is evident.

(ii) = (i). By [7, Lemma 2.4], a;(G(I)) < 0 for k> 0 and for all 4 > 0. Let y] denote
the initial form of y; in G(I). From |21, Lemma 2.3|, we have

aip1(G(I)) +1 < ai(G(1)/y1G(I)) < max{ai(G(I)), aip1(G(I)) + 1}

But
Hiypy, (G /(yiG(D)) = Hyy,y (G(I) foralli=1,....d 1

and ag(G(11)) < ap(G(I)/(y7)). Therefore a;(G(11)) <1 for ¢ > 0. Similarly argument,
we get a;(G(I;)) <jforalli>0and j=1,...,s. By Lemmas[2.1|and 2.2 n(I;) < j for

7 =1,...,s. From an exact sequence

0 = (I s ysAs) /10y = Asmy JI0 5 Ag IV = A /(L) = 0,
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we get,

O ysAs1 [T y) = (A (ITHY) = £(As 1 [ ITH) + 0(As—1 /T Ag 1)
U(A )T AL) — (I Ay /T A q).

Since n(Is—1) <s—1, n(ls) < s and e;(I;) = e;j(ls—1) for i =0,1,...,d — s,
(I Ay iy Ag 1 /T A1) =0 for all n > s.

Therefore

(3.1) I"YAg tysAg1 = I"A,_y for all n > s.

From the hypothesis and (3.1]), it follows that I""1 A, 1 : ysAs 1 = I"A,_ for all n > 1.
Thus depth(G(fs—1)) > 1. Applying Lemma [3.1] we get depth(G(I)) > s.
(ii) = (iii). Suppose that

(I" | ysAs_1) =I"! forallnm=2,...,s.

Consider the case s = 1. From I" : y; = I, we have y;(I" : y1) = y1 1" !. This implies
I"N (y1) = y1 1" *. So, the implication holds for s = 1.

By induction on s, we may assume that
IOy, yso1) = (W1, - ys_) I
From (I7 | :ysAs—1) = I;‘__ll and y, forms As_i-regular, we get
I N (ysAs—l) = yslg—_ll'

Thus
[In + (3/17 .- .,ys,l)] N (yb ‘e 795) = ysln_l + (Z/l» e 73/871)-

Therefore
[(In + (ylv cee 7y871)) N (yla e 7ys)] ﬂln — ysln_l + (yla .- 'aysfl) m-[n

It follows that
In N (y17' . '7y5) = ySInil + (y17' . '7y5—1) mIn

From inductive assumption, (y1,...,ys—1) N I" = (y1,...,ys—1)I""'. So, we obtain
"N (i, ys) = (Y1, ..o ys) I"L
(iii) = (ii). Suppose that

"N (Y1, ys) = (Y, ys) IV
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It follows that

[T+ (1 Ysm)] N W ys) = (W) I+ (1, Ysm1)-
From this we can write
In 1 N (ySAs 1) - yslg 11
Hence
ysAs—l[Ig_l : (ysAs—l)] = ysjg__ll-

Since depth(A45-1) > 1,
;171 : (ysAs—l) = Ig:ll- O]

In [4, Theorem 2.4], Elias proved (i) is equivalent to (iii).

Proposition 3.4. Let (A,m) be a noetherian local ring of dimension d > 1 and Q be a
parameter ideal of A. Then e1(Q) < 0.

Proof. See [14]. O

Proposition 3.5. Let (A, m) be a noetherian local ring of dimension d > 2 and depth(A) >
d—1. Let Q be a parameter ideal such that 0(Q) > d — 2. Then e4(Q) < 0.

Proof. Let I = QF for k > 0. By [5, Proposition 2.8], we have e4(Q) = eq(I). We
have o(Q) = depth(G(I)) > d — 2. By [7, Lemma 2.4], a;(G(I)) < 0 for all ¢ > 0.
Since Q is a parameter ideal, aq(G(I)) < —1. On the other hand, by [8, Theorem 5.2,
ag—2(G(I)) < ag—1(G(I)) < 0. Let R = A[lt] = @,,~, 1" denote the Rees algebra of A
with respect to I and Ry = @, Rn- By [1, Theorem 4.1] and [1, Theorem 3.8], we have

d
(—D)%ea(Q) = (—1)%eq(I) = P1(0) — H(0) = Y (=1)"(Hp, (R)o)
=0
d
Z Y(Hpy, G(Do) = (=1 (HE ) G(1)o).
This implies that eg(Q) = —¢(HZ L (G(I))o) < 0. O

G(I)+

Corollary 3.6. Let (A, m) be a noetherian ring of dimension d = 4 and depth(A) > 3.
Let Q be a parameter ideal of A such that o(Q) > 2. Then

ei(Q) <0 foralli=1,2,3,4.
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Proof. First, from Proposition we have e1(Q) < 0. Applying Proposition we get
es(Q) < 0.

Now, we need to show e3(Q) < 0 and e3(Q) < 0. Suppose that Q = (x1, x2, x3,24).
Without loss of generality, assume that A/m is infinite and x1, z2 is a superficial sequence
for Q. For each i = 1,2, let A} = A/(x1), A2 = A/(x1,22) and Q; = QA;. Then
dim(A4;) = 4—i and Q; is a parameter ideal of A;. Since depth(A) > 3, depth(4;) > 4—i—1.
By Lemma o(Q;) > 1. By applying Proposition we obtain

e1—i(Q) = es—(Q;) <0 fori=1,2.
So, e2(Q) < 0 and e3(Q) < 0. O

If A is a noetherian ring of dimension d > 3 and depth(A) > d — 1, by analogously
arguing as the proof of Corollary [3.6] we obtain the following corollary.

Corollary 3.7. Let (A,m) be a noetherian local ring of dimension d > 3 and depth(A) >
d—1. Let Q be a parameter ideal of A. Then

ei(Q) <0 fori=1,2,3.

By [4, Proposition 2.2], 0(Q) = depth G(Q¥) > depth G(Q) for k > 0. From Theo-
rem and |4, Proposition 2.2], we get the following corollary.

Corollary 3.8. Let (A, m) be a noetherian local ring of dimension d > 2 and depth(A) >
d—1. Let Q be a parameter ideal of A such that depth(G(Q)) > d — 2. Then

ei(@Q) <0 fori=1,...,d.

Proof. Tt is well known that e1(Q) < 0 and e4(Q) < 0. If d < 4, the corollary is proved by
Corollary [3.6] If d > 4, we need to prove that eq_;(Q) < 0 fori =1,...,d — 2. Indeed, let
Q = (z1,...,x4). Without loss of generality, assume that A/m is infinite and x1,...,z4is a
superficial sequence for Q). Foreachi =1,...,d—2,let A; = A/(z1,...,2;) and Q; = QA;.
Then dim(4;) = d — i and @; is a parameter ideal of A;. From depth(A) > d — 1,
depth(A4;) > d —i — 1. Since depth(G(Q)) > d — 2, depth(G(Q)) > d — i — 2. By [4l
Proposition 2.2], 0(Q;) > depth(G(Q;)) > d — i — 2. By applying Proposition we get

ed,i(Q) = ed,i(Qi) <0 for i = 1, ceey d—2.
Hence €;(Q) <0fori=2,...,d— 1. O
Notice that Corollary is an early results of Saikia-Saloni [20, Corollary 3.2] and
Linh-Trung 13, Theorem 2.9)].
The assumption depth(A) > d—1 is very important. The following example show that

some Hilbert coefficients of parameter ideal would be positive if the ring A is not almost

Cohen-Macaulay.
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Example 3.9. |16, Example 3.7] Let A = k[z,y, z,u,v,w|/I, where [ = (z + y,z —
u,w) N (z,u —v,y) N (x,u,w) and Q = (u—y,z+ w,z —v). Then A is an unmixed ring

of dimension d = 3, depth(A) =1 and @ is a parameter ideal with

Po(n) :3(”;2> +2<”‘2H> +n.

In particular, e2(Q) =1 > 0.

4. Bound for the regularity in terms of the first Hilbert coefficients

Let (A, m) be a noetherian local ring of dimension d. Let @) be a parameter ideal of A. In
this section, we will establish a bound for the regularity of G(Q) in terms of e;(Q) and d
in the case depth(A) > d — 1. First, we need to give a bound for Hilbert-Samuel function
of A with respect to Q.

Lemma 4.1. Let A be a noetherian local ring of dimension d > 1 and depth(A) > d — 1.
Let QQ be a parameter ideal of A. For alln > 1,

wary < (" @ - (M1 )@

Proof. Let L denote the largest ideal of finite length of A. From the equality
((A/Q™) =(A/(Q" + L)) +4(Q" + L/Q"),
we get
0(A/Q™T) < L(A/Q™ + L) + ¢(L).

If d = 1, then A/L is an one-dimensional Cohen-Macaulay ring and L = H{(A). By
Corollary 2.4 e1(Q) = —¢(L). Therefore

(A/QM + L) + (L) = (n+1)e(Q) — e1(Q),

which proves this case.

Ifd>1,let @ = (x1,...,24) and assume that x = =z is superficial for Q). Let
A= A/(x), Q = QA. Then ¢(Q) = ¢(Q) and €1(Q) = e1(Q) by Lemma Using
induction on d we may assume that for all i > 1,

= ()@ (1)@

(" )@ (1 )a@.
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From the exact sequence
0— Q™ :2/Q" - A/Q" 5 A/Q™ — A/(Q",z) — 0,

we get
UQ' Q) = U(A/Q™) — U(A/Q") < L(A/(Q,x)).

Using the above inequalities we obtain

((A/QM) Ze (Q1/QYH <Ze A/(Q
_ZK’” 2) (Q)‘(Z—Zd_;?))@l(Q)]

(" @ ("1 e =

For every parameter ideal @ of A, it is well known that ¢(A/Q) > e(Q). The Cohen-
Macaulay difference of A with respect to ) is defined by

(@, 4) = £(4/Q) — e(Q).

Denote
I(A) = sup{I(Q, A) | for all parameter ideals @ of A}.

By Corollary if dim(A) =1 and @ is a parameter ideal of A then

e1(Q) = —U(Hyp(A)).

This implies that if A is an almost Cohen-Macaulay ring of dimension d > 1 and Q) =
(z1,...,2q) is a parameter ideal of A which x1,...,24_1 is a superficial sequence for @,
then

e1(Q) =e1((zq), A/ (x1,...,x4-1)) = —K(Hg(A/(xl, ceyTd—1)))

is independent on x4. This gives us the following bound.

Lemma 4.2. Let A be a noetherian local ring of dimension d > 2 and depth(A) > d — 1.

Let x1,...,24-1 be a subsystem of parameter of A and J = (x1,...,xq-1). For alln >1,
n+d—3
I(A)J") < = e1(Q).
d—2
Proof. We can add an element x4 to the subsystem x1,...,xq4_1 such that z1,...,x4_1, %4

is a system of parameters of A and let B := A/(z4). Then

UAJ (I, 2q)) = {(B/J"B).
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By Lemma [4.1]

((B/J"B) < <" jl"il | 2>e(J, B) - <" - 3)61(J, B).

Put Q = (z1,...,24). We have e(J, B) = e(Q, A). Without loss of generality we may
assume that the residue field of A is infinite and z = x4 is superficial for (). Since A is
almost Cohen-Macaulay, e;(QB) = e1(Q). Therefore,

wajren)y < ("5 )@ - (M50 )a@

By the associative formula for multiplicity,
e((xaq), A/ J") = Zf Ap/T" Ap)e((za), A/p),

where the sum is taken over all prime ideals p O J with dim(A/p) = 1. Since A, is a
Cohen-Macaulay ring with dim A, = d — 1 and JA, is a parameter ideal of A,,

U(Ap )T Ay) = (n ;ilz 2>£(AP/JAP)~

It follows that

e((xa), A/T") (”” 2)26 A/ T Ap)el(za), Afp)
p
("5 ? et s

("10 %)@,

Hence

(). AL7") = €4/ (P 20) = el 4/ < ~(" 510 )@

Since e1(Q) is independent on x4, this implies

n+d—3

I(A/J") = sup I((xa), A/J") < _< d—9

Ja@. =
Corollary 4.3. Let A be a noetherian local ring of dimension d > 2 and depth(A) > d—1.
Let z1,...,xq_1 be a subsystem of parameter of A and J = (x1,...,24-1). For alln > 1
andt>1,

oJ" 2l Jm) < _<n+d—3

J_9 )61(Q)-
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Proof. We have
I((zg), A/J") = U(A/(J",xg)) — e((zg), A/ T").

By [3} Theorem 4.7.4] and [3, Theorem 4.7.6],
e((wq), A/T") = LA/ (J", wg)) = L(J" + 2/ J").

Therefore

Thus, by applying Lemma [£.2] we get

() = 1ty < s < ("0 @), 0

Lemma 4.4. Let A be noetherian ring of dimension d > 1 and depth(A) > 1. Let I be
an m-primary ideal of A and x be an superficial element for I. If reg(G(I/(x)) < m, then

there exists an integer t such that
reg(G(I)) < m + LIz /T™) (I gt/ ),

Proof. Applying [10, Theorem 2.7] and [12, Lemma 2.2], we get the inequality in the

lemma. O

Theorem 4.5. Let A be a noetherian local ring of dimension d > 1 and depth(A) > d—1.
Let Q be a parameter ideal of A. Then

max{—e;(Q) — 1,0} ifd=1,

reg(G(Q)) <
s(GQ) max{[—4e1 (Q)] "V +e1(Q) — 1,0} ifd>2.

Proof. Suppose that () is an ideal generated by system of parameter z1,...,z4. Let
L = HY(A). If d = 1, then by [12, Theorem 2.3] we have

reg(G(Q)) = max{¢(L) — 1,0}.
But in this case e;(Q) = —¢(L) by Corollary Hence
reg(G(Q)) = max{—e;(Q) — 1,0}.

If d > 2, we first consider that A is a Cohen-Macaulay ring, then reg(G(Q)) = 0.
Therefore, we may assume that A is not a Cohen-Macaulay ring. Then depth(A) =d —1,
so e1(Q) < —1. Without loss of generality we may further assume that the residue field of
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A is infinite. Then we may choose x = x4 € @ \ m@ such that x is superficial for Q. Let
A= A/(z) and Q@ = QA. Since A is not Cohen-Macaulay, 4 is not a Cohen-Macaulay
ring. Because A is an almost Cohen-Macaulay ring and dim(A4) = d > 2, e1(Q) = e1(Q).
Let m = reg(G(Q)). By Lemma there exists an integer ¢ such that

reg(G(Q)) < m+ QM x/Q™) + QT s 2t /™).
Set J = (x1,...,24-1), we have

QMM z/QM = ((zQ™ +J™Q) : 2)/Q™

= Q"+ (J"Q:x))/Q™
= (J"Q:2)/(QMN(J"Q 1))

Since J™ C Q™ N (J™Q : z), we obtain

HQMH a/QM) U™ /™).

On the other hand,

Qm-i-t-i-l ( tQm-i-l + Jm—l—th) . :Ct — Qm—I—l + (Jm—i-th . xt)’
E(Qm+t+1 t/Qm-i-l) K(Qm—H (Jm+th . xt)/@m—i-l)
= (((IQ 2t /Q A (TR 4.

Notice that
(Jm—l-th . J,‘t) - (Jm+1 . $t) and Jm—l-l C Qm—i-l N (Jm—l-th : SCt).

This implies
(Qm+t+1 t/Qerl) < E(Jm+1 t/Jm+1)

So,

reg(G(Q)) <m A HQTH  x/QM) + 4@ 2t/ QM)
mA O(J™ ) ™) + (T gt gL,

Applying Corollary we get

I
3

eeG@) <m- ("1 M@= ("1 aw)
<m—(m+1)"2e1(Q) — (m+2)"%e1(Q).
If d =2, we may put m = —e;(Q) — 1 and obtain

reg(G(Q)) < —3e1(Q) — 1 = (—4e1(Q))* ™' +1(Q) — 1.
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If d > 2, by using induction on d we may assume that

m =reg(G(Q)) < [~4e1 (@) +e1(Q) - L.

From Lemma we have €, (Q) = €1(Q). Thus m < (—4e1(Q))(4 2" +¢,(Q)—1. Because
m > —e1(Q) and —eq1(Q) > 1, we obtain

reg(G(Q)) <m — (m+1)"%e1(Q) — (m +2)*%e1(Q)
d—2

< “ma@ - m+ )@ - X (] )m 4 e
=0

=2 ;0 4 L
< _z:0 <z’+ 1)( +1)47 27 (Q)

— d—1 d—1—1i i
S_i:1< Z )( +1) 61(@)
<(m+1-e(Q) ' +e(Q) -1
< [~4e1 () +er(Q) — 1. 0

By Lemmas and n(Q) < reg(G(Q)). From this we get the following corollary.

Corollary 4.6. Let A be a noetherian local ring of dimension d > 1 and depth(A) > d—1.
Let QQ be a parameter ideal of A. Then

max{—e;(Q) — 1,0} ifd=1,

n(Q) <
@) max{[—4e1(Q)]“@ V' 4+ e1(Q) — 1,0} ifd > 2.

Let R(Q) be the Rees algebra of A with respect to Q. Ooishi [17, Lemma 4.8] proved
that reg(G(Q)) = reg(R(Q)). Represent R(Q) = A[T]/J, where A[T] is a polynomial ring
and J is a homogeneous ideal of A[T]. The relation type reltype(Q) of @ is defined as
the largest degree of the minimal generators of J. It is well known [21, Corollary 1.3 and
Proposition 4.1] that

reltype(Q) < reg(R(Q)) + 1 = reg(G(Q)) + L.

Therefore, we obtain the following bounds for the relation type of @ in terms of n(Q).

Corollary 4.7. Let A be a noetherian local ring of dimension d > 1 and depth(A) > d—1.
Let QQ be a parameter ideal of A. Then

max{—e;(Q), 1} ifd=1,

It <
reltype(Q) < max{[—4e1 (Q)]@ V' + ¢1(Q), 1} ifd > 2.
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