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Remark on Proper Holomorphic Maps Between Reducible Bounded

Symmetric Domains

Aeryeong Seo

Abstract. In this paper we study proper holomorphic maps between bounded sym-
metric domains when the source domain is not irreducible. More precisely, we provide
sufficient conditions for semi-product proper holomorphic maps to be product proper.
As an application we characterize proper holomorphic maps between equidimensional

bounded symmetric domains.

1. Introduction

Proper holomorphic maps between bounded domains in the Euclidean spaces have been
studied quite intensively since Alexander proved that any proper holomorphic self-map
of the unit ball is an automorphism [1]. Henkin and Tumanov generalized this result to
irreducible bounded symmetric domains of rank > 2. One of the most important theorem
along these lines was proved by Tsai [18]: let 2 and w be bounded symmetric domains.
Suppose that Q is irreducible and rank(€?) > rank(w) > 2. Then rank(f2) = rank(w)
and any proper holomorphic map f: Q — w is a totally geodesic isometric embedding up
to normalizing constants with respect to the Bergman metrics. Furthermore, Tu showed
that for equidimensional bounded symmetric domains €2, w where 2 is irreducible and
rank(Q2) > 2, every proper holomorphic map from € to w is a biholomorphism [19]. On
the other hand, in case the source domain is reducible and it does not have an irreducible
factor of complex dimension equal to 1, to the author’s knowledge it is not known whether
or not there exists a proper holomorphic self-map which is not an automorphism.

In this paper we study the proper holomorphic maps between the reducible bounded

symmetric domains and prove the following:

Theorem 1.1. Let Qq,...,Q, wi,...,w; be irreducible bounded symmetric domains. Let

Q=01 X+ xXQ and w =wy X -+ X wy. Suppose that
(1) dim €y, +dim Q;, > dimwj for any i1,i2 € {1,...,k}, j € {1,...,1l}, and

(2) rank(€q) + - - - + rank(Q) > rank(wy) + - - - + rank(wy).
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Suppose that there is a proper rational map f: Q@ — w. Then k =1 and f is a product map,
e., there is a permutation o of {1,...,k} such that f = (f1,..., fi) where fj: Q,;) — w;

is a proper holomorphic map for each j =1,... k.

Theorem 1.2. Any proper holomorphic map between bounded symmetric domains with
the same dimension is a product map. In particular for Q = UF x Q' and w = Ul x o'
where U is the unit disc in C and ', W' are products of the unit balls of dimension > 2
and irreducible bounded symmetric domains of rank > 2, if there is a proper holomorphic
map [ from Q to w, then k =1 and f is of the form

(Zla <5 Rl Z) = (¢1(ZU(1))7 SRR d)k(za(k))a f/(Z>),

where
mj

)= T 0
Zo(j)) = € —q,

H’ZU(])
with some (01,...,0;) € [0,27)F, a;; €U for each i, j, a permutation o of {1,...,k} and

f" is a biholomorphism from €U to W'.

In Theorem the maps ¢;, 1 < j < k comes from the known classification result of
proper holomorphic self-maps of the polydisc U* (cf. [16]).
Let vas be a bounded symmetric domain of type I defined by

O, ={ZeMS, :1,,— 272" > 0}.
Here we denote by > 0 positive definiteness of square matrices, by M, C the set of r X s com-

denote by Z* the
complex conjugate of Z. Let f: Qf 2.2 X QI — Qi 4 be a proper holomorphic map defined

plex matrices and by I, the 7 x r identity matrix. Besides for Z € M, 8,
by f(Z, W) = (0 W) By composing proper holomorphic maps from Q4 4 into bounded
symmetric domains with higher rank, one can produce a lot of proper holomorphic maps
from (2572 X 9572 that are not product maps.

The study on the structure of the set of proper holomorphic maps between the given
domains along the lines of Theorem 1.1 initiated by Remmert and Stein [14]. They proved
that for given domains 2 = 21 X Qs and w = w1 X ws with bounded planar domains 2y,
Qs, w1, we, any proper holomorphic map from €2 to w is a product map. Its generalization
can be found in [12]. Recently Janardhanan [9] and Chakrabarti-Verma [5] extended it to
the product of compact Riemann surfaces and that of pseudoconvex domains satisfying
Condition R.

2. Preliminaries

In [4], Cartan introduced the notion of Riemannian symmetric spaces. Among them,

Hermitian symmetric spaces of non-compact type are realized as bounded domains in
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the complex Euclidean spaces and those are called bounded symmetric domains. All
irreducible bounded symmetric domains are consisted of 4 classical types and 2 exceptional
types. Here is the list [4,/7]:

(1) O, ={ZeMS, : 1. - 22" > 0},

(2 QN ={ZeMS, I, -ZZ*>0,2"' = -Z},

B3 QM ={ZeMS, :I,-2Z*>0,2" = 7},

(4) QV ={Z = (21,...,2,) €C": ZZ* < 1,0 < 1 —2Z7Z* +|ZZ"?},
(5) QO = {z € M5 : 1— (2]2) + (+#]z#) > 0,2 — (2]2) > 0}, and

(6) O3F = {z € H3(Oc) : 1 — (z|2) + (z7|2%) — |det z|*> > 0,3 — 2(2|2) + (27]2z%) >
0,3 — (z|z) > 0}.

The notation to define bounded symmetric domains of type V and VI will be given in
Section From now on, we recall boundary components of Hermitian symmetric spaces

of non-compact type. For more detail, refer to [11,20].

2.1. Boundary components of irreducible bounded symmetric domains

Let Xg be a Hermitian symmetric space of non-compact type. Let Gy be the identity
component of the isometry group of Xy with respect to the Bergman metric of Xy and
Ky C Gy the isotropy subgroup at o € Xy. Then X is biholomorphic to Gy/Ky. Denote
by go and £y the Lie algebras of Gg and Ky respectively. Let go = t9 + mg be the Cartan
decomposition. Let g = go ®r C, £ = €y ®r C and m = my ®g C. Let g. = & + v/—1mg
be a Lie algebra of compact type and G, the corresponding connected Lie group of g..
Then X, = G./Kj is the compact dual of Xj. Let by be a Cartan subalgebra of go
contained in £;. Note that h = hg ®r C is a Cartan subalgebra of g. Let A denote the
set of roots of g with respect to h and let g® denote the root space with respect to a root
a € A. Let Ay, A denote the set of compact, non-compact roots of g with respect to the
Cartan decomposition g = ¢4 m respectively and choose an order of A such that the set of
positive non-compact roots A satisfies that ZaeA$ g% = TOI’OXO. Here T'° X, denotes
the holomorphic tangent bundle of Xj.

For a, 8 € A, one says that « and ( are strongly orthogonal if and only if a4 ¢ A. Let
IT:={ay,...,a,} denote a maximal set of strongly orthogonal positive non-compact roots
of g. Then X is of rank r. Let A C II. Denote g the derived algebra of h + ZQLH\A g
where L is the orthogonality with respect to the inner product induced by the Killing
form of g. Let Gp denote the Lie subgroup of G corresponding to ga and G ¢ denote
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GoNGp. Let Xp =Gp-o0and Xpo=Grp-0C Xo. If A=1I—{a} for a € II, then Xy
and X, o are called mazimal characteristic subspaces of X, and X, respectively.

Let 90Xy be the topological boundary of Xy in X, and U = {z € C : |z| < 1} the
unit disc. A holomorphic map g: U — X, such that g(U) C 90Xy is called a holomorphic
arc in 0Xy. A finite sequence {g1,...,gs} of holomorphic arcs in X is called a chain of
holomorphic arcs in 0Xy if f;(U) N fj41(U) # 0 for any j =1,...,s — 1. One can give an
equivalence class on 90X such that for z1, 20 € Xy, 21 ~ 23 if and only if there is a chain
of holomorphic arcs {g1,...,gs} in 90Xy with z; € g1(U) and 23 € g5(U). The equivalence

classes are the boundary components of 9 X in X..

Theorem 2.1 (Wolf, [20]). The G orbits on the topological boundary of Xy in its compact
dual are the sets
Go(cri—no) = U ken-aXapo, ACII
keKo
where cr_p is the Cayley transformation with respect to Il — A. Furthermore the boundary
components of Xo in X are the sets ker—aXa o with k € Ko and A C II. These are

Hermitian symmetric spaces of non-compact type and rank is given by
rank(kerr—aXa0) = |AJ.

The boundary components with |A| = |II|] — 1 are called the maximal faces of X
(cf. |11, Definition 1.5.2]). Note that any proper holomorphic map f: Q — w between
irreducible bounded symmetric domains with rank £ > rank w > 2 has a rational extension

over the compact duals of © and w by Mok and Tsai in [11].

Lemma 2.2. Let f,g: Q — w be proper holomorphic maps between irreducible bounded
symmetric domains with rank Q > rankw > 2. Suppose that for any mazimal face X C

092, f and g map X into the same maximal face of Ow. Then f = g.

Proof. The lemma is due to a result of Mok and Tsai in [11]. Here is a summary. Let Q. and
w. denote the compact duals of 2 and w respectively. Let D(Q2), D(Q.), D(w) and D(w,.) be
the moduli spaces of maximal characteristic symmetric spaces contained in €2, 2., w and w,
respectively. Under the condition that rank 2 > rank w, f maps the maximal characteristic
symmetric spaces of £ into those of w. This phenomenon induces a meromorphic map
f#: D(Q) — D(w) and f# admits a rational extension f#: D(Q.) — D(w,). Furthermore
f7 induces a rational extension f: Q. — we of f. In this process let us assume that for
each maximal face X C 0f, the images of f and g are contained in the same maximal
face. This implies that f# = g% on the collection of all maximal faces, which is a maximal
totally real subset of D(2.). Hence f# =g* on D(Q.) and consequently f = g on Q (on
Q). O
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Corollary 2.3. Let 2 C C" and w be irreducible bounded symmetric domains of rank 2 >
rank w and M a connected bounded domain in complex Euclidean space. Let f: QxM — w
be a holomorphic map such that f(-,2): Q — w is a proper holomorphic map for each
z € M. Then f does not depend on z € M.

Proof. Suppose that rankw > 2. Then f( -, z) has a rational extension over the boundary
and for each p € 99, f(p,-): M — C"™ is a holomorphic map such that f(p, M) C Ow.
Let X C 09 be a boundary component. Suppose that the boundary components of w
containing f(X, z1) and f(X, 2z9) are different. In particular for p € X, f(p, z1) and f(p, 22)
belong to the different boundary components. However if we consider the holomorphic map
fp,-): M — C", f(p,z1) and f(p,z2) should belong to the same boundary component.
By Lemma we obtain the result.

In case rank Q = 1, f is a holomorphic map from B™ x M to BY for some n < N. Fix
p € OB" and let U, = {\p € B" : A € C} which is biholomorphic to the unit disc in C. By
Fatou’s theorem, for generic 6 € [0,27), f(e¥p,-) := lim,_1 f(re®p,-): M — CV exists
and it is a holomorphic function. Since f(e¥p, M) C OBY, we obtain that f(e?p,-) is a
constant map for each generic 6 € [0,27). In particular, f(e?p,z) does not depend on
z € M and %(ewp, z) = ﬂ(eiep, z) = 0 for each [. Since this holds for each p € 9B™ and

CE
generic 0 € [0,27), we obtain that 371 = 37]2 = 0 for each [ on B" x M. This implies that
f does not depend on z € M. O

Remark 2.4. An alternative proof of the case rank({2) = 1 can be obtained through [13,
Proposition 2.3].

2.2. Irreducibility of generic norms

Let us briefly introduce the notation for the exceptional cases Qs and QY. Refer to [15]
for more details. Let O¢ denote the complex 8-dimensional algebra of complex octonions.
For a = (agp,a1,...,a7) € O¢ with a; € C, let a — a := (ag,—a1,...,—a7) denote the
Cayley conjugation and a — @ := (@, a1, . - . , @7) the complex conjugation. The Hermitian
scalar product is given by (a|b) = ab+ab. Let H3(Oc) be the complex vector space of 3 x 3
matrices with entries in Q¢ which are Hermitian with respect to the Cayley conjugation
in O¢. Explicitly A € H3(O¢) can be expressed as
a1 a3 a

(2.1) A=|a3 ay with a; € Oc and o; € C for all i = 1,2, 3.

az air ag
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For A € H3(Oc) expressed by (2.1)), let A# € H3(QO¢) be the adjoint matrix of A expressed
by
93 — alfil 6251 — (x3as 51&3 — (202

(2-2) A# = | a2a1 —aszaz agag —azax agaz — oqaq

6163 — 202 6362 —1a; o1 — a363

The Hermitian scalar product on H3(QOc) is given by (A|B) = Z?:1 iB; + 2?11(Qi|bi)-
Explicitly,
3

3
(AJA) = ol +2) (laiof® + -+ + |air]),
=1

=1
(A#‘A#) = ’a2a3 — a151|2 + ’CkgOél — agag‘z
+ |051042 — a353\2(63'c22 — a1a1|5362 — alal)
+ (5163 — agag‘alag — 042(12) + (ozlag — a353|a1a2 — agag),
3 2
| det A’2 = |ajagag — Z a;a;a; + ai(azasz) + (asaz)a;
i=1
with a; = (aj,...,a;7) € O¢ for i = 1,2,3. Let M%C denote the set of 1 x 2 complex

octonion matrices. For z = (21, 29) € Mio)g, we identify z with

0 z9 51
Z 0 0| € Hs3Oc)
Z1 0 0

and apply the same notation #, (-,-) and so on.
Denote SMSW (resp. ASMSJL) the set of symmetric (resp. antisymmetric) nxn complex
matrices. Let 57{ o S SHIGIV -GV and SV! be generic norms to the corresponding

domains (cf. [10]) defined by

S} (2,Z) = det(I, — ZZ¥) for Z € M,
Sz, 7) = st (2) for Z € ASMS, ,,
SyN2,Z) = det(I, — ZZ*) for Z € SMy,,,
SIV(z,2)=1-222*+|22"? for Z € C™,
SY(2,Z) =1—(212) + (2#|2%#) for Z € M5,
SYIU(Z,2)=1—(Z|Z) + (Z%|Z%) — |det Z|*>  for Z € H3(Qc)

with det(I,,— ZZ*) = s.1(Z)? for some polynomial s/ (Z) and Z € ASMgn (cf. [10]). Note
that the topological boundary of an irreducible bounded symmetric domain is contained

in the zero set of the generic norm of the domain.
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Lemma 2.5. Generic norms of irreducible bounded symmetric domains are irreducible.

Proof. In case of the classical bounded symmetric domains, it is proved in [17]. Since
the same method can be applied to type V, we only prove the lemma for the bounded
symmetric domains of type V' I. By the explicit expression , the total degree of SV (A)
is 6 which come from |det A|> and the maximal degrees in variables Rea;; and Ima;; are
4 for any i = 1,2,3 and j = 0,1,...,7 which come from |det A|?> and the first line of the
expression of (A#|A#). Note that if we rearrange the equation in descending power of
variable Re a;j, the coefficient of (Rea;;)* is |ay|? + 1. Suppose that SYZ(A) is reducible,
that is, SV!(A) = P1(A)Py(A) with nonzero polynomial P;(A) and Py(A).

Suppose that (Re a10)4 term belongs to P;. This implies that all other (Re az»j)4 vari-
ables should appear in P; but not in P, and Py(A) should contain |aq|> + 1. However
there is no (Rea;j)|ai|? term in SYI(A) for i # 1 and j # 0, Pi(A) and hence P5(A)
cannot contain (Reaip)?. Hence SV (A) = Pi(A)Py(A) and P;(A), P»(A) should contain
(Rea10)”, (Reao)**(1 + |a1|?) respectively or vice versa for some k € {1,2,3}.

Input a; =0 and a;; = 0 for all i = 2,3 and j = 1,2,3. Then SY/(A) equals to ST in

C® which is irreducible. This gives us a contradiction and the lemma is proved. O

3. Proof of Theorem

Definition 3.1. Let Qq,...,Q, w1,...,w; be bounded domains in C*t,... CHr C"1 ...,
C" respectively. Let 2 =1 x --- x O and w = wy X - -+ X w;. Denote

&;Q::Ql><---><Qi_1xaQiin+1><~--><Qk

and

Q;IHEH:le---inlx---inﬂx---ka

for 1 <4y <ip < --- < i, < k. Here the circumflex over a term means that it is to be
omitted. Let f: Q — w be a proper holomorphic map. Denote f = (f1,..., fi) where f;
is ;o f with the projection 7;: Q — Q. For w = (w1,..., W, ..., W,,...,w) € Qﬂ..@’
define a holomorphic map f, i, jw: iy X -+ X Q;, = w; by

fil...iu,j,w(zlv e 72#) = fj(wl, e g Ry 72#’ .. .,wk).

We say that f is a semi-product proper holomorphic map, if for each i € {1,...,k} there
exists j € {1,...,1} such that f; j., is a proper holomorphic map for all w € U where U is

an open dense subset of ().

Example 3.2. Let Qq,...,Q, w1,...,w; be bounded domains with k < [ in CH* ... CHk,
C¥t,...,C" respectively. Let f;: ; — w; be a proper holomorphic map for each j =
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1,...,k. Let fj: Q1 x--- xQp — w; be a holomorphic map for each j = k+1,...,l. Then
the holomorphic map f = (f1,...,f1): Q1 X -+ X Q — w1 X -+ X w; is a semi-product

proper holomorphic map.

Definition 3.3. For given domains 2 = €2y X --- X Qp, w = w1 X ... X wg, we say that a
proper holomorphic map f: Q — w is a product map if f is of the form in Example
up to the permutation of the set {1,...,k}.

Proposition 3.4. Let Qq,...,Q, w1,...,w; be irreducible bounded symmetric domains.

Let Q=Q1 X -+ X Qp and w = w1 X +++ X w;. Suppose that
(1) dim €y, +dim Q;, > dimw; for any i1,i2 € {1,...,k}, j € {1,...,1l}, and
(2) rank(Qq) 4 - - - + rank(Qg) > rank(wy) + - - - + rank(w;).

Let f: Q — w be a semi-product proper holomorphic map. Then k =1 and f is a product

map.

Proof. Suppose that dim Q;, + dim Q;, > dimw; for any 41,42 € {1,...,k}, j € {1,...,1}.
Since f is semi-product proper, for each iy < is € {1,...,k} there are ji1,jo € {1,...,1}
such that fi, j,w: Qi — wj and fi, j, ¢t i, — wj, are proper for each w € € and
¢ e Q’i\2. If j1 = jo then

Fin (21,0 215 Zig Ly o5 Zig— 1y Zint 1y -+ -5 28) F iy X iy = wyy

is a proper holomorphic map. If dim€;, + dim€2;, > dimw;,, this yields a contradic-
tion because the source domain’s dimension is bigger than that of the target domain.
If dimQ;, + dim €, = dimwy,, we apply [3, Theorem 1.1]: if v: Dy — Dy is a proper
holomorphic map between bounded symmetric domains D1 and Do of the same complex
dimension > 2, and either D1 or Ds is irreducible, then v is a biholomorphism. This
implies that f;, is a biholomorphism. However since ;, x €2;, is reducible while w; is
irreducible, it is also a contradiction. Hence j; # jo and k < [.

Up to permutation of {1,...,1}, without loss of generality, we may assume that f: Q —
w is a proper holomorphic map such that f;;.,: €; — w; is proper for each i € {1,...,k}
and w € €. Besides by Tsai’s theorem [18], rank((2;) < rank(w;) for each i € {1,...,k}.
Hence we obtain that rank(€2;) = rank(w;) for each i € {1,...,k} and k = L.

If we apply Corollary@to fi,i,w for each ¢, we may obtain that f is product proper. [J

To prove Theorem we only need to prove that f is semi-product proper by Propo-
sition 3.4

Proposition 3.5. Let Qy,...,Q, wi,...,w; be irreducible bounded symmetric domains.
Let Q=1 X+ xQp and w = w1 X -+ xXw;. Then any proper holomorphic map f: Q — w

which has a rational extension to the ambient Fuclidean space is a semi-product map.
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Remark 3.6. In Proposition [3.5, we don’t need the assumption about rank or dimension

of the domains.

Proof of Proposition [3.5] Let S;, s; be generic norms of €;, w; respectively. Let f =
(fi,..., fi) where f; = m; o f with the projection 7;: w — w; onto the j-th component.
Fix i € {1,...,k}. Since f is proper,

s1(/1(2), [1(2)) ... s:1(fi(2), [i(Z)) = 0

whenever Z = (Zy,...,7;) € Q with S;(Z;,Z;) = 0. Choose a point z € 9Q such that
zi = mi(z) € 09 and dS;(z;,Z;) # 0 (z; is a smooth boundary point of €2;). Since
Si(Z;,Z;) and s;(fj(Z), fj(Z)) are rational functions, there exists an open neighborhood

U of z in C¥m and an real analytic function Q; on U such that

Si(Zi, Z:)Qi(Z,Z) = s1(f1(Z), [1(Z)) ... si fi(Z), fi(Z)).

This induces the polarized holomorphic equation

Si(Zi, Wi)Qi(Z,W) = s1(f1(2), [1(W)) ... s1(fi(Z), [L(W))

on U x U and hence whenever S;(Z;, W;) = 0 on U x U, we obtain

s1(f1(2), L) ...s1(fi(Z), f{(W)) =0

on U x U. Let V be the maximal connected set of regular points of V = {(Z;, W;) €
Cdim&i 5 CdimQi ; G,(7Z, W;) = 0} containing (2;,%;). Then

V c{(ZW) e Ctmx Cdm®: 5(£1(2), [y (W) ...s1(fi(Z), fL(W)) = 0}

by the identity theorem for analytic sets (cf. [6]). Since the set of regular points of V is
open dense subset of ‘7, we can obtain that the irreducible polynomial S;(Z;, W;) is a factor
of the numerator of s1(f1(Z), f1(W))...s,(fi(Z), f;(W)) which is a polynomial. Hence
there exists j such that S(Z;, W) divides s;(f;(Z), f;(W)). By applying W = Z, we
obtain that S;(Z;, Z;) is a factor of s;(f;j(Z), fj(Z)). This implies that f is a semi-product

proper holomorphic map. O

Remark 3.7. By the proof of Theorem[I.1] we can obtain that the following: Let Q,w,...,
w; be irreducible bounded symmetric domains. Let f: Q — w; X --- X w; be a proper
rational map. Then there should be at least one j € {1,...,[} such that f; is a proper

holomorphic map from 2 into w;.

In [2], Bell proved the following: let € be a bounded domain in C" whose associated
Bergman kernel function is a rational function and w a bounded circular domain in C"
that contains the origin. Then any proper holomorphic map f: 2 — w must be rational.

Hence if dim 2 = dim w, any proper holomorphic map is rational.
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Proof of Theorem [I.2] By a theorem of Bell [2] and Proposition we obtain that
f: Q2 — w is semi-product proper. Let = Q1 X --- X Qp and w = wy X -+ X w; with
irreducible factors Q1,...,Q, wi,...,w;. Let f=(f1,..., /1)

For each j € {1,...,k}, choose i; € {1,...,l} such that f;; »: {; — wj, is a proper
holomorphic map. Suppose that {ji,...,jx} € {1,...,{}. Then for p € {1,...,1} \
{J1y- s Jr}s (fl,...,ﬁ,...,fl): Q= wyp X+ X Wy, X -+ Xw is also proper holomorphic
map, a plain contradiction since the dimension of the source domain should be smaller
than or equal to that of the target domain. This implies that {j1,...,jx} = {1,...,l} and
hence k > I. Furthermore by the permutation of {1,...,k} we may assume that there is

a partition of {1,...k}, 1 <3 <iy <--- < j_1 < i; = k such that

fl...i17l,w1: Ql X o+ X Qh — W1 with w1 € Q’l\l"

17

Jittiin 2wyt Qigp1 X oo X iy mwy - with wy € Q77 =,

(3.1)

fil_l-i-l...k,l,wl : Qil,1+1 X oo X Qp —w; with w; € sz_/iilg

are proper holomorphic maps. Since dim {2 = dim w, we obtain that

Tpt1

Z dim €; = dim w1
=iy, +1
for each i, = i1,...,4—1. Then when dimw; > 2, [3, Theorem 1.1] yields that i; = j in
(3.1) and when dimw; = 1, Qij_1+1 X oo X Qij also has dimension 1. Hence we obtain that
fiiaw;+ 4 — w; is a proper holomorphic map and dim€); = dimw; for each ¢ = 1,...,k

and w; € ().
Now by Corollary f is a product map and by the classification of proper holo-
morphic maps between polydiscs in [16] and that between equidimensional irreducible

bounded symmetric domains in [19], we obtain the theorem. t

4. Remark on the proper holomorphic self-maps of pseudoconvex flag domains

Let G be a complex semisimple Lie group and G/Q a flag manifold with a parabolic
subgroup @ of G. Let Gy be a real form of G and D a flag domain in G/Q, that is, an
open Gy-orbit in G/Q.

Assume that O(D) # C and give an equivalence relation on D:

x~y <= f(z)=f(y) forall f e O(D).

In general D/ ~ is a complex homogeneous manifold G/ % and the projection D =

Go/Vo — Go/ 170 is a holomorphic mapping. Let’s take ) to be an isotropy group of G at
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zg € D = Gozp. Then there exists @ containing ) and the following diagram is commute:

ZQEG/Q:Z D) D:GO/%

rl L)
2%€G/Q=2Z > D=Go/Vy

Furthermore fiber of 7 is F' = K zy and D is a Hermitian symmetric space of non-compact
type where Kj is a maximal compact subgroup of Gg and K is a complexification of Kj.
Since D is a Stein manifold and D is contractible, we obtain that () is topologically
trivial. Furthermore by the Grauert-Oka principle, (*) is holomorphically trivial. This
implies that D = D x F with the flag manifold F.

Theorem 4.1 (Huckleberry, [8]). Let D be a flag domain. The followings are equivalent:
(1) O(D) #C,

(2) D is pseudoconvez, i.e., there is a continuous exhaustion function p: D — RZ% which

is plurisubharmonic on the complement D\ S for a compact subset S C D.

(3) D = D x F with a Hermitian symmetric space of non-compact type D and a flag
manifold F.

Theorem 4.2. Let D1 = ﬁl X Fi, Dy = 132 x Fy be pseudoconvexr flag domains with
Dy = Dy. Then f: D1 — Dy is a proper holomorphic map if and only if f is of the
form (f1, f2) where fi: 131 — 132 18 a proper holomorphic map and fo: D1 — Fy is a

holomorphic map.

Proof. Let f = (f1, f2): ﬁl X F; — ]_32 x Fy be a proper holomorphic map. For each
p € F, fi(-,p): Di — Dy is a proper holomorphic map. By Theorem fi(-,p) is a
product map, i.e., we can express fi(-,p) = (fi1(-,p),..., fix(+,p)) for some k. Then if
we apply Corollary to each f1;(-,p), we obtain that it does not depend on p-variable.

In particular, fi is a proper holomorphic map from lA)l to 132 and the proof completed. [
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