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Toeplitz Operator for Dirichlet Space Through Sobolev Multiplier Algebra

Shuaibing Luo and Jie Xiao*

Abstract. This paper is mainly concerned with the Toeplitz operator Ty over the
Dirichlet space D with the symbol ¢ in the Sobolev multiplier algebra M (W2(D)),

thereby extending several known ones in a very different manner.

1. Introduction

1.1. Sobolev and Dirichelt spaces

From now on, let
D={z€C:|z|<1} and T={ze€C:|z|=1}

be the open unit disk and the closed unit circle in the complex plane C respectively.

On the one hand, the squared Sobolev space W12(ID) comprises all locally integrable
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derivatives. As is well-known, W12(D) is a Hilbert space with inner product
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Associated with W12(D) is the Sobolev multiplier algebra:

(1.1) M(W2(D)) = {¢p e WD) : Myf = ¢f € WD), f € WH3(D)}.
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Interestingly, if L>°(ID) is the Lebesgue space of essentially bounded functions on D, then
the algebra M (W12(D)) in (1.1)) contains the bounded Sobolev space
af o
wiem) ={rew?o): 131 L e r=m}.
Here, it is perhaps appropriate to mention that any function in W1*°(D) enjoys such a
nice property: f € W1°°(D) if and only if there exist a constant C' > 0 and a continuous
function fon D such that f: f a.e. on D and

f(z) = fw)| < Clz = wl, zweD;

see |1, Theorem 5.4], [10, p. 279, Theorem 4] or |7, Proposition 3].
On the other hand, the Dirichlet space D consists of all holomorphic W2 (ID)-functions
f with f(0) = 0. It is well known that D is not only a reproducing Hilbert space with

kernel o ok
w 1
Ry(2) = g w= :1Og1—ﬁz’ w, z € D,

but also can be regarded as an orthogonal projection of W12(DD) under

Piw = raha = [ (50) (P52 ) aac). £ewam),

Interestingly, D can be treated as a typical member of the Dirichlet-type spaces, more

precisely, for each o € R, let D, be the space of holomorphic functions

= Zf(n)z”, zeD
n=0

with
111D, =D (n+1)%|F(n)?
n=0
and -
(f:9)pa = Z(n + 1)04]?(”)%7 (f,9) € Do X Da.
n=0

As is well-known, Dy is the Hardy space H?(D) =: H?, D_; is the Bergman space L2(D) =
2 "and the Dirichlet space D consists of all functions f € Dy with f(0) = 0. Along this

dlrectlon, it is worth mentioning two basic facts: the first is that a holomorphic function

f € D, amounts to f € D,_o9, see also 3] for details and some related facts; the second

is that (cf. [7])

OF OF

€ H® — F e€Dy+ Do,
9 0z 2+ Do

f € Wh°(D) and F = P|[f|1]

in short,
P(W'*(D)|1) C Dy + Ds.
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1.2. Toeplitz operators on D with Sobolev symbols

Given a function ¢ € W1°°(ID), define the Toeplitz operator Ty on D with the symbol ¢
by

(1.2) Tyf = Plofl, [feD.

It is not hard to see that T} decided by is a bounded operator on D. Now, the
problem is how to extend the boundedness (and its immediately-induced properties) from
the ‘smallest’ symbol class W1°°(D) to the ‘biggest’ symbol class W2(D). As a matter
of fact, this problem has attached a lot of attention lately from various people; see e.g.,
[4,5,[7,9L/11-16,/18.|20], especially,

(1) Lee [11] considered the commutativity of two Toeplitz operators with harmonic sym-

bols in W (D).

(2) Chen and Nguyen [7] generalized Lee’s results to the Toeplitz operators with general
Whoo(D) symbols.

(3) Lee and Zhu [14] investigated finite sums of products of several Toeplitz operators
with W1 (D) symbols.

In this paper, keeping in mind the following fundamental fact
MW'2(D)) € Wh*(D) N L*®(D),

we will not just show that the main results in the just-mentioned three papers are actually
true for Toeplitz operators on D with more general symbols, by using a method essentially
different from any of the ones used in these papers, but also discover several more new
results through exploiting the action of T, on H?*(D). More precise information can be
seen as below.

In §2|7 as the mid-process of this paper we handle the basic behaviour of Ty on D
with ¢ € W12(D); see Theorem whose (i) was established in [7, Proposition 2] via a
different argument, and whose (iv) shows that the boundedness of T;; on D amounts to
P[#|ap] € L>°(D) and |0, P[¢|op]|? dA is a Carleson measure for D.

In @, as the major issue of this paper we discover two intrinsic properties of Ty, on D
with ¢ € M(W1%(D)), the first is Theorem m whose (i)—(ii) extend [12, Theorem 1.2],
and whose (iii) corresponds nicely to Aleman-Vutotic’s finite rank property of Ty acting
on H?(D) in [2, Theorem A]; the second is Theorem showing that compactness of
Sy [T72, Ty, on D with ¢;; € M(WH?(D)) forces Y27 [T72, ¢ijlr = 0.

Notation. Throughout this paper, we will use C for a general constant which may
change from one line to another. We say two quantities A and B are equivalent, denoted
by A =< B, if there exist constants ¢, C' > 0 such that cA < B < CA.
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2. T, on D with ¢ € WH?*(D)

2.1. Nature of W12(D)

First, a positive measure p is called a Carleson measure for D, denoted by pu € CM(D), if
there is a constant C' > 0 such that

1/2
(/D m?w) < Clfllo, feD.

The smallest C' is called the square of the Carleson measure norm of p, denoted by

112l cnviepy
Secondly, we identify the functions in W'2(D). From the Poincaré inequality [10,

p. 275, Theorem 1] it follows that for any f € W?(D) there exists a constant C' (inde-

pendent of f) enjoying
<C H
L2(D)

o
f € L*(D),
HfHLz(D) < O flh2 for a constant C > 0,
%,2 = Hf”%z(]@) ‘|‘fD % dA + f]D)’ f dA.

This implies

Accordingly,
af o
W)= fe2m): 907 e 2y,
92’ 0z
where the derivatives are taken in the sense of distributions. We will use || - [|1,2 as the

norm of W12(ID) unless otherwise specified. Note that

Ifll2@) < Cliflz,  f €W (D)

holds for a constant C' > 0. So, by the closed graph theorem, every function ¢ €

M(W12(D)) induces that My: f — ¢f exists as a bounded linear operator on W12(DD).
From [7, p. 370] we see such a statement that if f € W12(D) then (r,0) — f(re®)

belongs to W12(E) with E = [0,1) x [0,27). But nevertheless we remark here that the

statement is not generally true, in fact, if
1
f(z) =|z|* under 0 < a < 2
then f € WH2(D) (see |10, p. 246]) and however

(r,0) — f(re?) =r®
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is not in W12(E) because

T g‘: = aro!
is not in L2(0,1). If
CY(D) =< feCD): or of are continuous on the closed unit disk D
0z’ 0z

then C'(D) is dense in W12(D). By [10, p. 258, Theorem 1], we have
W3 (D) € L*(T)
and a constant C' > 0 enjoying

Iflellzeery < Cllfllhz.  feWH(D).
Here and henceforth, this last f|r is treated as the trace of f on T, and can be calculated

by

flr= lim fy|r (taken in norm),
n—oo
where f, € C1(D) and f,, converges to f in W12(DD).

Lemma 2.1. If

2w ) o df
fewh?@) and fr(1)= [ flo(e?)e ™ —

, kez,
0 27'('

then
” f 19 0
P = -
O e S =30

Consequently, if
A=Sf—= > feWrFle®® . few?D) s,
keZ\{0}
then
W2D)=AaDaD.

Proof. To verify this projection formula, for f € W2(D) let V f be the gradient of f, i.e.,
Vf= (%, %)’ then

2 2 2

=[]

0z

’f
ox

of

2
VA = o

dy
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and hence for g € W12(D),

o= (o) (o) () - () )
= (/DfdA) (/ngA>+;/DVf-ngA.

By approximation, we only need to prove the lemma for all functions f € C'(D). By
Green’s first identity, if u,v € C'(D), then

/(Au)v + Vu - Vodedy = va—i_{ e,
D T on
where 77 is the outward unit normal vector, and

ggZVU'ﬁ.

Consequently, an application of the last formula for (f, g)1 2 gives

PIE) = (. Ra =5 [ Vi VEdA

1 _ N
:7J4va&mw+émmﬁw@]

aﬁzﬁ
on 2n’

where we have used dA = %dwdy and AR, = 0. Recall that

R =1lo ,
2(w) = log T——
by a simple calculation, we get
OR.(w) ~ ze®
a’l’_i w=e? - 1 — Eeie ’

thereby finding
B f 19 o0
P — 0
16 = [ zee L2 =2l

Next, observe that P: W12(D) — D is bounded. By the above formula for Pf we

have

D KD <oo and Y E|fx(1)]* < oo
=1 k=1

Thus

Z Fu()r*le? ¢ D& D.
keZ\{0}
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So, each f € WhH2(D) can be represented as

S A £ YD e,

keZ\{0} keZ\{0}
The previous argument actually shows
Plr= Y f@r¥et ) <o,
keZ\{0}

and thus
Z f@)r®ek® | D f — Z Fu()r*letkd | D,

kezZ\{0} kez\{0}

This in turn reveals the desired decomposition:
WD) =A& Do D;
see also |7, Theorem 1] for an analogous argument. O

2.2. T, on D with ¢ € WH?(D)

The Toeplitz operator can be defined for a Sobolev symbol. To be more precise, for
¢ € WH3(D), define the Toeplitz operator T, on D as

(2.1) Ty f (w) = /D (a(aiﬁ) <8R5“Z(z)) dA(z), (f,w) €D xD.

Theorem 2.2. Let

o € WD), @(re”) = Plplr](re”) = Y ou(V)rMe™, = ¢ — Plgl].

kEZ

Then

T, (2" — —zG(n —n 7. .
o) = [we o S =3 bealtiut, mez,

(ii) Ty(2") =0, n € Z,.

(iii) If Ty is a bounded operator on D, then it is determined by the boundary function
|t

(iv) Ty is bounded on D if and only if € L>(D) and ‘%%‘QdA is a Carleson measure
for D.
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(v) The following are equivalent:
(a) Ty =0 on D,
(b) ¢lr =0,
(c) Ty is compact on D.
Proof. (i) This (i.e., [7, Proposition 2]) follows from Lemma [2.1]
(ii) This follows from ¢ = ¢ — P[¢|r] and (i) above.
(iii) This follows from either (i) or the Green’s first identity.

(iv) Suppose that T} is bounded on D. An application of (2.1) gives that Tp = Ty is
bounded on D. Motivated somewhat by [6, Theorems 2.2-2.3], we consider

O1(2) =Y on(1)2F, ®a(z) =Y o k(1)ZF, c=go(1).
k=1 k=1

Then
P, PoeD and =0+ Dy +ec.
For a € D, let
1—|a?
h = .
al2) 1—az :

Then |hq|lp = 1, and hl(z) = kq(2) is the normalized reproducing kernel for L2(DD).

Moreover, we have

(Toha, ha)p = <?§hm ka>L2(D) + (Pka, ka) £2(D)
(2:2) — (B ha, ko) 12 + B(a)
= a(1 — [a]*)®}(a) + ®(a).
If

B {f € H(D) : sup(1 - |2P)| £/(2)] < oo},

zeD

Bo = {f € B+ lim (1 P)IFC)] - o}

are the Bloch space and its little one respectively, then D is contained in By (cf. [21]). So,
it follows that
(1= lal*)|®}(a)] = 0 as [a] — 1,

and ® is bounded thanks to (2.2)). Notice that for each g, h € D,

(Tsg,h)p = (g + ®g', h) 2(m).-
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Thus
1919l L2y < I Togllp + 129 L2y < Cliglip-

As a result, we find that
2

0d JA

P2 dA = | —
‘ 1’ 82’

is a Carleson measure for D. The converse part of (iv) is evident.

(v) The equivalence (a) < (b) can be found in [20, Theorem 3.1]. Trivially, (a) implies
(c), so, it is enough to show that (c) implies (b). Using

® = Plg|r]

and noticing that h, converges to 0 weakly in D as |a| — 1, we get that if (c) holds then
an application of (2.2) yields

|®(a)] — 0 as|a| — 1,

and thus (b) follows from ¢|r = ®|p = 0. O

3. Ty on D with ¢ € M(WH?(DD))
3.1. Structure of M (W2(D))
This part can be seen from the following implications (cf. [19)):
Lemma 3.1. Let H(D) be the class of all holomorphic functions on D.
(i) If € M(WH2(D)), then ¢ € L=(D).
(ii) If p € M(WL2(D)) N H(D), then
¢ M(D)={¢€ HD): Myf =¢f €D, f €D},

equivalently, ¢ € H>® (D) N X (D), where

H(D) = {f € H(D) s supl1(2)] < oo},

X (D) = {f eD: \f’|2dA is a Carleson measure for D} .

(iii) If p € M(WH2(D)) N H(D) and u € WH3(D), then P(¢P(u)) = P(¢u).

Proof. (i) Note that My: f — ¢f is the pointwise multiplication associated with ¢. So it
obeys

1671112 < 1MpllIgll < | M.
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This gives by induction
"

12 < | Mg,

and then

6”114t < [Cllo"

L2(D 172]1/11 < Cl/nHM¢H'

Consequently, letting n — oo yields

|9l Loo () < [[Mg]l-

(ii) If f € D, then ¢f € W12(D). Since ¢f is holomorphic with (¢f)(0) = 0, it follows
that ¢ € M (D).

(iii) This result was proved in [11, Lemma 3] for ¢ € W1>°(D) N H(D). The same
proof works for ¢ € M(WH2(D)) N H(D). O
3.2. Finite rank [[i_, Ty, on D with ¢; € M(W12(D))

First of all, it should be pointed out that if

¢ € M(WH(D)), @ = Plglr],

then Ty, = T is bounded on D.
Next, we take a look at T} on D via the action of T, on H?*(D) with ¢ € M(W13(D)).
Given ¢ € L>(T), let ts: H*(D) — H?(D) be the Toeplitz operator defined by

where Py is the orthogonal projection from L?(T) to H?(D). Then

ei@ e
(31) R R T e ST
T k=0

By Lemma[2.2] ® € L>°(D), thus ¢|r € L°°(T) and so we have the corresponding Toeplitz
operator ty|, on H?(D). For convenience, we will write tg for ¢y,

In [2], Aleman and Vukotic proved that if the product of n Toeplitz operators on H?(ID)
has finite rank then at least one of symbols of the operator is zero almost everywhere. Such
a finite rank property can be carried over to D through the following result whose (i) and
(ii) extend [12, Theorem 1.2] and whose (iii) extends [20, Lemma 3.3].

Theorem 3.2. Forn € Zy let ¢, ¢1,...,¢n € M(WH2(D)).
(i) If f € D, then Ty f = 2tyg, where g = f/z.

(i) If g € H*(D), then (T;h)" = t3,g, where h(z) = Iy 9(¢) dc.
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iil) If Ty, Ty, --- Ty, has finite rank on D, then there exists some i € {1,...,n} such that
o114 P2 én

¢; = 0 almost everywhere on T.
Proof. (i) By (3.1]), we have

%ﬁzz/(¢b< ) do _TA i (0)(e") df

1—ze 27 1—ze 0271

It follows from Lemma 2.1] that

df
Tof = / e 1—ze ZZQW zt¢§
(i) By
<t;;g, 2" e = (g, tp2") ng (pz™)k )
we have

teg = Z Z gk (1) (92")k(1)z"

n=0 k=0

Similarly, we get

(T3h,2")p = (h,Tyz" D—Zkhk (p2™)i(1), heD,
k=1

whence reaching

oo 00 Zl+1
Tjh= ZZkhk ) (92 (1) =Z (i Dhisa ()62 (1) 7
n=1 k=1 =0 =0
If
) z o0 Zk+1
g€ D), he) = [ g0)d =Y o)
0 k=0
then
(i + Dhit1(1) = gi(1),
hence
l l+1
Td)h Z ZQZ ¢Z + 17

=0 i=0
and so (T3h)" = tig.
(iii) If f € D, then an application of (i) gives

f
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D:—{f:fep}
z z

is dense in H?(D), it follows from the hypothesis that the operator ty,tg, - - - s, has finite
rank on H2(ID). Thus by the remark right after [2, Theorem A], we obtain that ¢; vanishes

almost everywhere on T for some i € {1,...,n}. O

Since the space

Corollary 3.3. Let ¢ € M(W1%(D)). Then:
(i) both dimker Ty, < dimkerty and dimkerty < dimker T} hold;
(ii) rant, is dense in H*(D) whenever ranTy is dense in D;

(iii) ran T} is dense in D whenever ranty, is dense in H?(D).

Proof. (i) Let {f1,..., fn} be any linearly independent vectors in ker Tp,. If

gi:%, ie{l,...,n}, n€Zy,

then Theorem [3.2{1) is used to imply
Tyfi = 2tggi =0,

hence
{9i}iy C kerty.

Since fi,..., fn are linearly independent, g1, ..., g, are linearly independent and
dimker Ty < dimker 4.
Similarly, by Theorem [3.2{ii), we have
dim ker t:; < dim ker T;.
Obviously, (ii) and (iii) follow from (i). O

Remark 3.4. (b) and (c) also follow easily from the following two inequalities for integer
k> 0:

=TS = e < I Tpf = 2D, feD
H2

z k+1
7 ([ o0a) -

th)ﬁ —z

and

|

= |[t59 — 2"llz < llt59 — 2"llu2. g € HA(D).
D
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3.3. Compactness of y ", H;”Zl Ty,, on D with ¢;; € M(WH2(D))

For a pair (e, a) € T x (1,00), let
To(ey={zeD:|z—e? <a(l-|2|)}

be the nontangential region with vertex . A function f, defined on D, is said to have
nontangential limit L at e, if f(z) — L as z — € within any nontangential region
Lo(e?) (see [17]). It is known that if f € L*(T), then P[f] has nontangential limit f(e®)
at almost all points of T. Recall that

a—z

W(2) =~ aeD

$a(2) 1—-az “c
and ||2
1—1z

Pz)=——+, C€eT
e

are the Mobius transform and the Possion kernel, respectively.
Lemma 3.5. Letn € Zy andi € {1,...,n}.

(i) If u; € L>(T), then for almost every ¢ € T,

n
bupodalun_100a * ** turope L — H wi(¢) in H*(D) as a — ¢ nontangentially.

(ii) If p, q are polynomials, then
((z0)s @) 2 = (s @) 2

Proof. (i) We will use induction argument to prove the lemma. Fix ¢ € T such that
Pluq], ..., Pluy] have finite nontangential limit at ¢. Note that

d
a0 6n = ur(@)Eagey = [ fur(6a(t) ) - QP
= [l PP

= Pllus —u1(O)!](a) = 0 (as a — ¢ nontangentially).

Thus
tujogal = u1(¢) in H*(D) as a — ¢ nontangentially.
Suppose

n—1
tun_10¢a " tujoga L = H u;(¢) in H*(D) as a — ¢ nontangentially.
i=1
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Note that

tuno¢atun—1o¢a ’ ulo¢a H ul

= tunoda |Tun—10¢a " Turogal H ui(C)| + H i (C) [tunopa 1 — un(C)]

and that
[tunosa | B(rr2) < llunll Lo

So, it follows that

tunodatun 1060 turopal = Huz(g) in H*(D) as a — ¢ nontangentially.
i=1

(ii) This follows from a straightforward computation. O

Given a € D, let U,: H*(D) — H?(D) be defined by

Udf = (f © ¢Q)Qaa

where 1/2
1—

i U

is the normalized reproducing kernel for H?(D). Since U,q, = 1, it follows that U, is a

unitary operator with
Ur=U'=U, and UutyU, = tgop,, ¢ € L>(T).

Moreover, given ¢, ..., ¢, € L°°(T), it is known that if []}"_, ¢4, is compact on H?*(D)
then [, ¢ilr = 0 (cf. [8]). Below is an analogue of this implication for D.

Theorem 3.6. For (i,j) € {1,...,n} x {1,...,m} and (n,m) € Z4 x Z4 let ¢;; €
MWYD)). If 350 152, Ty,; is compact on D, then

> Il ¢ilz=o0.

i=1j=1

Proof. Let

n m

T=> 1]7s, and t=> ]]te,

i=1 j=1 i=1 j=1
By Theorem we have
f
T¢i].f = th)ij;, fenD.
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This yields Tf = zt%. Thus, an application of Lemma ii) yields

(Tha, ha)p = <th“, ha>D = <<Zth;>/ ) (ha)'>Lg - <ch k“>H2
(L) ), - ()

(1~ 1)
(1—az)?

= <UatUaana, U, > = (UatUa1,1 — @z) o
H2

Since T is compact on D and h, converges weakly to 0 in D as |a| — 1, it follows that
(3.2) (Tha,ha)p = (UagtUg1,1 —az)y2 — 0 as |a| — 1.

Note that

n m
U,tU,1 = Z thgijoqga.

i=1 j=1

By Lemma [3.5(i) we have for almost every ¢ € T,

UgtUgl — Z H ¢i;(¢) in H*(D) as a — ¢ nontangentially,
i=1 j=1

whence

(UgtUg1,1 —az) g2 — Z H ¢ij(¢) as a — ¢ nontangentially.
i=1 j=1

This, together with (3.2]), derives

Z H ¢i;(¢) =0 for almost every ( € T,

i=1 j=1

whence completing the argument. O
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