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Exact Controllability for Wave Equations with Switching Controls

Yong He

Abstract. In this paper, we analyze the exact controllability problem for wave equa-
tions endowed with switching controls. The goal is to control the dynamics of the
system by switching among different actuators such that, in each instant of time,
there are as few active actuators as possible. We prove that the system is exactly
controllable under suitable geometric control conditions.

1. Introduction

Let (M, g) be an n-dimensional compact smooth Riemannian manifold with a boundary
OM. Let T > 0. Denote by A the Laplace-Beltrami operator on M.
The main purpose of this paper is to study the exact controllability problems of the

wave equation with switching controls. Let us consider the following two controlled wave

equations
Yt — Ay = Z?;l XE»Llef’L in (07 T) X M7
(1.1) y=0 on (0,7) x OM,
y(0) = yo. w(0) =y in M
and
Ztt—AZZO in(O,T)xM,
(1.2) z = Z;Zl XFiXFihi on (0, T) X 8M,

2(0) = 20, 2:(0) =21 in M.

In (resp. (1.2)), (vo,y1) € Hy(M) x L*(M) (resp. (z0,21) € L*(M) x H~Y(M)),
m € N, and for i = 1,...,m, w; is an open subset of M (resp. I'; is an open subset of T),
E; (resp. F;) is an open subset of (0,T") such that E;NE; = () (resp. F; NF; = 0) for ¢ # j,
fi € L2(E; x w;) (vesp. h; € L2(F; x Ty)).

The exact controllability of and are formulated respectively as follows.
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Definition 1.1. For any given initial data (yo,y1) € Hi(M) x L?(M) and (y2,y3) €
H} (M) x L*(M), one can find controls {f;}™, such that the corresponding solution to

(L.1)) satisfies that (y(1'),y:(T)) = (y2,y3)-

Definition 1.2. For any given initial data (zo,21) € L*(M) x H=Y(M) and (29, 23) €
L*(M) x H=Y(M), one can find controls {h;}™, such that the corresponding solution to
(1.1) satisfies that (z(7),2z(T)) = (22, 23).

To guarantee the exact controllability of systems (1.1)) and (1.2)), we introduce the

following two conditions, respectively.

Condition 1.3. Every optics associated with the symbol of the wave operator issued at
t = 0 intersects the set | J;" 1 (E; X w;).

Condition 1.4. FEvery optics associated with the symbol of the wave operator issued at

t = 0 intersects the set |J;*,(F; x I';) at a non-diffractive point.

Some detailed descriptions are given in Section [2| for readers who are not familiar with
concepts such as “optics associated with the wave operator” and “non-diffractive point”.
We have the following results for the exact controllability of (1.1]) and (1.2]).

Theorem 1.5. System (L.1)) is exactly controllable, provided that Condition holds.
Theorem 1.6. System (1.2)) is exactly controllable, provided that Condition holds.

By the standard Hilbert Uniqueness Method (see [9] for example), in order to prove
Theorems [1.5) and we only need to establish an internal observability estimate and a
boundary observability estimate for the corresponding adjoint systems, respectively. Now,
let us formulate the observability problems.

First, we consider a wave equation as follows:

vy —Av =0 in (0,7) x M,
(1.3) v=0 on (0,T) x OM,
U(O) = Yo, Ut(o) =wv; in M7

where (vg,v1) € L2(M) x H=*(M). The exact controllability of system (I.1) is implied
by the following observability estimate

(14 ol qan + 1By O3 [ 1ol dat,
i=1 i

i

where C' is a constant which is independent of (vg, v1).
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Next, we introduce the following wave equation:

'U}tt—A’LUZO in(O,T)xM,
(1.5) w=0 on (0,T) x OM,
w(0) = wo, we(0) =wy in M,

where (wo,w;1) € Hi (M) x L*(M). Once we prove that

(1.6) |w0|12L]3(M) + |w1|%2(M) = CZ/F /F
i=1 i [3

where C' is a constant independent of (2o, 21), we obtain the exact controllability of (|1.2)

immediately.

ow|?
— T
By drdt,

We have the following two results.
Theorem 1.7. Inequality (1.4)) is true, provided that Condition holds.
Theorem 1.8. Inequality (1.6|) is true, provided that Condition holds.

Remark 1.9. By the classical result of Gaussian beam (see [12]), we know that if Con-

dition (resp. Condition is untrue, inequality ((1.4) (resp. inequality ((1.6))) cannot
hold. Therefore, system (1.1]) (resp. system ((1.2))) is not exactly controllable.

Control systems in real applications are often endowed with several actuators. Switch-
ing controllers arise in many fields of applications (see [4}/10,(11,/13,|14,/17] for example).
There are many reasons for using switching controls, such as to minimize the control cost,
to optimize the control time, to decouple disturbances, etc. The main motivation to con-
sider systems and is that in many control systems governed by wave equations,
one actor cannot work for a long time. One should stop it if it works for some time.
Otherwise it may be destroyed. Then, one should put at least two actors on the system.
When one is stopped, the other works. Controllability problems for wave equations have
been studied extensively in the literature (see [1H3}56,8,9,15,[16] and the rich references
therein). As far as we know, there is no result about the controllability problems for wave
equations with switching controls. Although the main idea of proofs of Theorems and
are the same as the one in [2,3], we believe that it deserves to provide complete proofs

for them.

2. Some preliminaries

In this section, for the convenience of readers, we recall some useful results for the prop-

agation of singularities of the solution to a wave equation involved in a manifold with a
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nonempty boundary. Although there is nothing new, we present it here for the sake of
completeness and the readers’ convenience. More details can be found in [7].

For a smooth manifold N, write T*N for the set T*N \ (N x {0}). Write Q for the
interior of the cylinder (—oo, +00) x M, 0Q for the set (—oo, +00) x M, and Q for the
closure of Q. Let O be a neighborhood of @ such that Q cC O. Denote by T*Q the
restriction of 70 on Q. Let TJQ = T*Q U T™*9Q and write TgQ for the conormal bundle

to 0Q in O. Let 7 be the canonical projection

Equip T;Q with the topology induced by m. For any { € T* M, denoted by |£|, the norm
of & with respect to the metric g. Let p = 72 — |§]3 and

Char(p) = {(t,2,7,€) : (t,2,7,€) € T"Q, 7> — [¢[; = 0}, %y = m(Char(p)).

The cotangent bundle to the boundary is the disjoint union of the elliptic set &, the
hyperbolic set ‘H and the glancing set G, which are consisted by points p € T*8Q such
that p has, respectively, no zero in 771(p), two simple zeroes in 7=1(p) and a double zero
in 771(p).

Let po € G and py € Char(p) such that 7(fo) = po. Let v: s — T;Q be the integral

curve of

Hé<8p8 op 0 op O Op 0 op 0 Op 8)
=

T Ot 0L Ozl Ogn 9zn’ Dt T Dzl 9EL T dam DEn
such that y(0) = Bo. Then, v is tangent to Q at Bo. Denote by G¥ (k > 2) the set such
that the order of the contact of v with 9Q is exactly k. Let Ei’_ be the set such that
B(s) € T*Q for 0 < |s| < & with & small enough, and Z§’+ the set such that 3(s) ¢ T*Q
for 0 < |s| <, where 4 is an arbitrary positive number.

Now we recall the definition of a ray associated with p.

Definition 2.1. A ray associated with p is a continuous curve v: I — ¥, where I C R

is an open interval, such that the following conditions hold:
(1) If y(s0) € p N T*Q, then ~ is differentiable at so and v/(s0) = Hp(7(s0)).

(2) If y(s0) € (X NT*Q) U Ei’_, then there is a § > 0 such that ~(sg) € X, N T*Q for
0 < |s—sp| <.

(3) If v(so) € Eg’Jr, then there is a § > 0 such that ~(s) € Eg’Jr for |s — so| < 6.
Further, ~ is differentiable at sy (as a curve in E§’+) and v'(so) = Hq(v(s0)), where
q(t,x;7,€) = |€]? — 72, where [€]p, is the length of £ € T*T for the metric induced by
(M, g) on the boundary T
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(4) If y(sp) € G and {77 (s),7 (s)} are the (at most) two points in Char(p) such that
m(Y7(s)) = 7(3"(s)) = 7(s) and 7" (s0) =7~ (s0), then

lim ?4_(8) _§+(80) —_ Hp(aJr(SO)) and lim ’Y_(S) _a_(SO) — Hp(f'yi(SO)).

$—80 S — 8o 550 s — 50

Definition 2.2. The projection of a ray v to @ is called an optics associated with the
symbol p.

Let u be an extendible distribution on Q. Let us give the definition of the wavefront

set up to the boundary.
Definition 2.3. For any s € R, if p ¢ WF}(u) then
(1) p & WF*(u) for p € T*Q;

(2) there exists a tangential pseudodifferential operator A, which is elliptic at p, such

that Au € H*(Q) for p € T*0Q.
At last, we recall the definition for a non-diffractive point.

Definition 2.4. A point p € T*0Q is non-diffractive if p € E UH, or if p € G and
B € Char(p) is the unique point such that m(3) = p, the ray 7 through g with v(0) = g
satisfies that for any € > 0, there exists an s € (—¢,¢) such that v(s) ¢ T*Q.

With the above notations, we give the following results. Proofs of them can be found
in [2].

Lemma 2.5. Let u be an extendible distribution in Q such that uy — Au =0 in Q and
u=0 on 0Q. Let vy be a ray. If p € v C Xy satisfies that p ¢ WF*(u) (s = 0,1), then
YyNWF(u) =0 (s=0,1).

Lemma 2.6. Let u be an extendible distribution in Q such that uy — Au =0 and p a
non-diffractive point. If p ¢ WF! (ulag) U WFO(%bQ), then p ¢ WF} (u).

3. Proofs of Theorems and

This section is devoted to the proofs of Theorems [1.7 and

Proof of Theorem [1.7. Without loss of generality, we assume that m = 2. To begin with,

let us define the following spaces:

X2 {v : v solves equation (L.3) with some (vo,v1) € L*(M) x H™ (M)},



376 Yong He

endowed with the norm

1/2
ol = (oo + 015 10)
and

YE{ve HY((0,T) x M) : vy — Av =0,v =0 on (0,T) x M,
NS L2((E1 X wl) U (E2 X WQ))}7

endowed with the norm

1/2
AN
joly ( / | / o dade + /| 2 / ol dade + |v|%—1<<o,T>xM>> -

It is a simple matter to see that & is embedded into Y continuously. Further, by Lemma|2.5
and noting that (F; X w1) U (E2 X wg) satisfies Condition we know that ) is also
embedded into X. Therefore, we find that X = ).

Next, we show that ) is a Banach space. Indeed, let {v,}5%; be a Cauchy sequence
in . From the definition of the norm of Y, we see {v,}72, is also a Cauchy sequence in
H=1((0,T) x M). Then, there is a v € H-1((0,T) x M) such that
(3.1) lim v, =v in HY((0,T) x M).

n—0o0

This shows that vy — Av =0 in D'((0,T) x M).
Further, by the definition of the norm in ) again, we know that {x g, xw,Un}5>; is &

Cauchy sequence in L?(E; x wy). Hence, there is a © € L?(F; x wy) such that

lim Xp, xw,Un =0 in L2(E1 X wi).
n—o0

On the other hand, from (3.1]), we know that for any ¢ € H}(E1 x w1) C H3((0,T) x M),
it holds that

(:67 SD)LQ(El Xwi) — lim

o XE1xw1Vn, (p)L2(E1 Xw1)

(
OO(XE1 xwi Uns (P)Hfl(El xw1),H} (B1xw1)
= lim (vn, ) gr—1((0,7) % 1), H2 ((0,T)x M)

= (U, ) -1((0,1)x M), HL ((0,T) x M)

which gives
¥ =vin H (B x wy).

Thus, we see that
U|E1><w1 € LQ(El X wl).
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Similarly, we get
V| Byxwy € L* (B2 X w2).
Therefore, we obtain that v € X, which completes the proof of our claim.

Now, by means of the closed graph theorem, we know the identity map between X
and ) is bicontinuous. Hence, we know that there is a constant C' > 0 such that for every
(vo,v1) € L2(M) x H-Y(M),

[vlx < Cloly,

which implies that

00l 2 ar) + V1 F-10an)

<C </ \v|2d:vdt—|—/ / [v|? dadt + M%I—l((o T)><M)) .
E1 Juw Es Jwo 7

It remains to get rid of the second terms on the right-hand side of (3.2)). For this, we only

need to show that

|v|%1—1((0T)><M)SC(/ / |v|2d1‘dt—|—/ / v|2d:cdt>
’ E1 Juwy Es Jwa

for a constant C' which does not depend on v € X. We complete this task by a contradiction
argument. Assume that there is a sequence {(U(()n), vgn))}zo:l C L*(M) x H=Y(M) such
that

(3.2)

(n) , (n)
’(”0 U1 )’LQ(M)XH—l(M)

n)|2 n)|2 1 n) |2
L [P asas [ P ana < S

Since [v(™|x = 1, we know that {v(™}°° | is bounded in L?((0,T") x M). Then, there exist
av € L2((0,T) x M) and a subsequence {v(™)}2  {v(M}°° | such that

=1 forallneN

and that

v(™) converges to v weakly in L((0,T) x M) as k — oc.
It is clear that v satisfies that

Vit — Av=0 1in D/((O,T) X M),
v=20 on (0,7) x I,
v=>0 in (El X U.)l) U (E2 X (UQ).

Let us define the following space:

Né{U€X2’L)tt—AU:0,UZOiD(E1le)U(EQXWQ)}.
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The task now is to prove that N' = {0}. Since
v=0 in (El X wl) U (E2 X w2>,

we have
RS Hl((El X wl) U (E2 X (,UQ)).

From Lemma and the assumption that (E; X wy) U (E2 X we) satisfies Condition

we see

N c HY((0,T) x M).

Then, by the Sobolev embedding theorem, we know any bounded subset of N is compact
in L2((0,T) x M). This implies that A is a finite dimensional subspace of L?((0,T) x M).

Further, since v = v; satisfies

Ty — AT =0 in D'((0,T) x M),
0 on (0,7) x T,
=0 in (B X wy)U (B2 X ws),

]|
I

S

we find that 9w € N. Therefore, if N' # {0}, we know the restriction of d; on N must
have an eigenvalue A\ and an eigenfunction £ # 0 in (0,7") x M. Then, we get

OHE =X in (0,T) x M,
£(0)=n in M,

where n € H'(M). Hence, we see
E=eMy in (0,T) x M.

Moreover, from £ = 0 in (E] X wy) U (E2 X w2), we get 7 = 0 in w; Uwy. On the other
hand, thanks to £ € N, we know that 1 solves

(—A+ M) =0 in M,

on I

n=20
n=20 in wp Uws.

From the classical unique continuation property for solutions of elliptic equations, we get
that » = 0 in M. This contradicts our assumptions that N # {0}.
By means of N' = {0}, we know

v(™) converges to 0 weakly in L2((0,T) x M) as k — oc.
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Thus, we find
v(™) converges to 0 strongly in H~((0,T) x M) as k — oc.

Therefore, we obtain

. )12 ) (2 ) (2
g ([ [ e Pasa [ P [0, 0 ) =0

which contradicts the fact that ‘(v(()n’“), v(()n'“))‘ = 1 and the inequality (3.2)). This completes
the proof of Theorem O

Proof of Theorem [1.8 Let
z & {w : w solves equation (L5]) with some (wo,w;) € HY (M) x LQ(M)},
endowed with the norm
/2
fwlz = (lwol2 ar) + lorBan)
and

wa {w € L*((0,T) x M) : wy — Aw = 0,w|o,ryxam = 0,
ow

5 (F1 XFl)U(FQXFQ)
endowed with the norm

2
lwlyy 2 / / dth+/ /
E1 F1 E2 F2

It is clear that Z is a Banach space. Further, by an argument similar to proving that )

€ L2((Fy xI'1) U (Fy x F2))}

ow ow|? 2 V2
D £ dl'dt + w’L‘Z((o,T)xM)) :

is a Banach space, we can easily get that ¥V is a Banach space.

It is clear that Z can be embedded into W continuously. On the other hand, for
any w € W, we claim that w € Z. For showing this, we need to prove that for any
w € W and p € T7(Q) N {t = 0}, it holds that p ¢ WF*(w). If p ¢ 5, noting that
wy — Aw = 0 and w|pg = 0, one has p ¢ WF(w). If p € %, let v(s,p) be the ray
through p. By Condition there exists a non-diffractive point pg = (s, p) such that
Po € T*OQ| (p,x1,)U(FyxTy)- Since wlag = 0 and

ow

o L*((Fy xT iy xT
OV | (FyxT1)U(FaxT2) < (( 1 X 1)U( 2 X 2))5

we get,

ow
po & WE, (w]pg) UWF} (81/‘8@) :
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From Lemma we obtain that pg ¢ WF}(w). Then, from Lemma we get p ¢
WF; (w). Hence, the claim is proved. Then, by the closed graph theorem, we know there
is a constant C' > 0 such that for any w € Z,

(3.3) jw|z < Clwlw.

Now we only need to prove that there is a constant C' > 0 such that for any w € Z,

2 2
’ F1 Fl F2 F2

We achieve this goal by a contradiction argument. If (3.4) is untrue, then we can find
a sequence {(wén),w§"))}f:1 C H}(M) x L?>(M) such that the corresponding solutions
{wM} | C Z satisfying

ou ou
ov ov

(3.5) |w(n)}L2((0,T)xM) =1 forn=1,2,...
and
2 2
(n) (n)
(3.6) / / O ardt + / / O™ gra < L.
mnJr 81/ Fy JTy 87/ n

From (3.3), and (3.6), we have that {w(™}°°, is a bounded subset of H'((0,T') x M).
Therefore, there is a subsequence {w(”k)}:il C {w(”)}zo:l and a w € HY((0,T) x M)
such that

w™) — w  weakly in H'((0,T) x M) as k — oo

and
ow

5 (Fl XFl)U(FQXFQ)

Thus, we have
w™) — w  strongly in L2((0,T) x M) as k — oc.

This, together with (3.5]), implies that

lw|p20,myx M) = 1.

Let 9
e {w ew: ¥ = 0} .

ov (FixT1)U(F2xDg)

Now we only need to prove that O = {0}. For any w € O, by (3.3]), we know w €

HL((0,T) x M). Hence, we find

(v = w, € L2((0,T) x M),

Utt—AUZO in(O,T)XM,
o _
v (F1 XFl)U(FQXFQ)

L V] 0,7)xonm = 0.
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Therefore, we get v € O, which means that 0,0 C O. Utilizing (3.3]) again, we find the two
norms |- | g1 ((o,myx ) and |- |z2¢0,7)xar) are equivalent in O. Thus, O is finite dimensional.

Let A be an eigenvalue of 0; on O and ( the corresponding eigenfunction. Then we see

8¢ =X in (0,T)x M,
¢(0) =< in(0,T) x M,

where ¢ € H}(M). Since ( is a solution to (1.3]), we know that ¢ solves

(A2 —=A) =0 in M,

¢=20 on I
Since %‘(lerl)u(&xrz) = 0, we have that % = 0 on I'y x I's. Then, from the unique
continuation property for elliptic equations, we conclude that ¢ = 0, which implies that
¢ = 0. Hence, we prove that O = {0}. O
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