EXISTENCE OF POSITIVE ENTIRE SOLUTIONS OF
SEMILINEAR ELLIPTIC EQUATIONS ON RN

N. HIRANO

1. INTRODUCTION

In the present paper we are concerned with positive solutions of the fol-
lowing problem:

— Au+u=g(r,u), xe&RY,
(P) {

ue HY(RY), N >3,
where g : RN x R — R is a continuous mapping. Recently, the existence of
positive solutions of the semilinear elliptic problem

(Po) {—Au+u:Q(az)|u|p_1u, r € RY,

ue HY(RY), N>2,

has been studied by several authors, where 1 < p for N = 2, 1 < p <
(N +2)/(N —2) for N > 3 and Q(x) is a positive bounded continuous
function. If Q(z) is a radial function, we can find infinity many solutions of
problem (Pg) by restricting our attention to the radial functions (cf. [2, 5]).
If Q(x) is nonradial, we encounter a difficulty caused by the lack of a compact
embedding of Sobolev type. To overcome this kind of difficulty, P. L. Lions
developed the concentrate compactness method [8, 9], and established the
following result: Assume that lim |, Q(z) = Q(> 0) and Q(z) > Q on
RY. Then the problem (Pg) has a positive solution. This result is based on
the observation that the ground state level cq of the functional

1 1
Tot) =3 [ (Vul+lufde——= [ Q@) up+da
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is lower than that of

. 1 1
I (u):2/RN(|Vu|2+|u|2)dxp+1 [ luptae,

then, under additional conditions on g, there exists a positive solution of
(P) (cf. Ding and Ni [5], Stuart [14]). In [3], Cao proved the existence of
a positive solution of (FPg) for the case c¢g < ¢z under the hypothesis that
lim|g| 00 Q(x) = Q and Q(z) > 2(=P)/2Q on RN. The difficultly in treating
the case cq = cgis caused by the fact that we can not apply the concentrate
compactness method directly. The argument in [3] is based on Lagrange’s
method of indeterminate coefficients. That is, if we find a solution u of the
minimizing problem

inf{{IQ(u) s u e Wi,
Vi= {{ueHl(RN),u>0, /RNQ(:C) | w [P dle}},

then cu is a solution of (Pg) for some ¢ > 0. Lagrange’s method does not
work if g is not the form @Q(x)t?. Our purpose in this paper is to consider
the existence of a positive solution of (P) for g satisfying lim ;o g(z,t) =
| t [P~ . Our method employed here is based on the singular homology
theory.

Throughout this paper, we assume that g € C*(R) N C?(R\{0}) and we
impose the following conditions on g:

(gl) There exists a positive number d < 1 such that
—dt+ (1 —d) [t P t<g(xt)<dt+(1+d) |t P71t

for all (z,t) € RN x [0, 00);
(g2) there exists a positive number C' such that

| g¢(2,0) |[<1 and 0 < gy (2,t) < C(1+ | ¢ [P*1)

for all (z,t) € RN x (0, 00);
(g3)
lim g(z,t) =| ¢ [P~" ¢
|z]—o00

uniformly on bounded intervals in [0, o0),

where 1 < p < (N 4+ 2)/(N —2) and g(-,-) stands for the derivative of g
with respect to the second variable.
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Remark 1. (1) Throughout the rest of this paper, we assume for the sim-
plicity of the proofs that g(x, —t) = —g(z,t) for (z,t) € RN x [0,00). Since
we are concerned with positive solutions, this assumption does not effect
our result. By this assumption, the functional I is even and if w is a
critical point of I, —u is also a critical point of I. (2) Functions of the
form g(z,t) = X, qi(x)t" + gp(z)tP satisfy (gl) and (g2) if m is a pos-
itive integer with m < p, ¢;(z) (1 < ¢ < m) are sufficiently small and
| gp(z) — 1 |< 1+d. (g3) is satisfied if lim;| o0 gi(z) =0 for 1 <i<p—1
and lim ;|00 gp(z) = 1.

Theorem. Suppose that (g2) and (g3) hold. Then there exists dy > 0 such
that if (g1) holds with d < dy, then the problem (P) has a positive solution.

2. PRELIMINARIES

Throughout the rest of this paper, we assume that (g2) and (g3) hold.
We put H = H'(RY). Then H is a Hilbert space with norm

fut= ([ 0vup o \2>da:)1/2.

The norm of the dual space H 1(RY) of H is also denoted by | - |. B,
stands for the open ball centered at 0 with radius r. For subsets A, B of H
with A C B, we denote by intgA and dpA the relative interior of A in B
and the relative boundary of A in B, respectively. For subsets A, B of H,
we write A = B when A and B have the same homotopy type. The norm
and inner product of L?(RY) are denoted by | - |2 and (-, ), respectively.
For each x € RN and u € H, we set 7,u = u(- + x). For each functional F'
on H and a € R, we set

F,={ucH : F(u) <a} and F,={ueH : F(u) < a}.
We put
M= {uem o) slulP= [ gl
M = {u e H\{0} : | u 2= /RN up+1dx}.

From the assumption (g2), we find that for each v € H\{0},

dI(tu d?1(tu
Uy, TIU (0) = Gu 2, + w2 ~(gu(e, O ) >0,
and
3
I
(2.1) M(t) = —{gs(, tu)u?,u) <0 for t > 0.

dt3
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Then, noting that (dI(tu)/dt)(A\) = 0 if Au € M, we can see that there
exists a positive number A\g(u) such that I,, = {Au : A > 0} intersects M at
exactly one point Ag(u)u. Similarly, we can define a positive number A ()
by Aoo(u)u € M. For simplicity, we write Agu and Aou instead of \g(u)u
and A\ (u)u respectively, when it is clear in the context what it means. It
also follows from the definition of M that for each u € M,

IOO(u):m/RN(WuRHuP)dx

p_l p+1
= dz.
2@+1LLN|VU‘ !

It is known that there exists a positive radial solution u., of problem

(2.2)

—Autu=|ulP"u, xRV
(Poo)

u e HY(RY),

such that ¢ = I*°(us) = min{/>®(u) : u € M>}. In [6], Kwong showed
that us is the unique positive solution up to the translation. It then follows
as a direct consequence of the concentrate compactness lemma(cf. Lions [8])
that the second critical level of I°° is 2¢. That is,

Lemma 2.1. For each 0 < € < ¢, inf{|| VI®(u) || : u € Ie_\Ieye} > 0.

We put ¢; = inf{I(u) : w € M}. It then follows from the definition of
I and M that if uw € M satisfies ¢; = I(u), then u is a solution of (P). It
also follows that w is positive. In fact, if ut = max{u,0} # 0 and v~ =
—min{u,0} # 0, then u* € M and therefore I(u) = I(u™) + I(u™) > 2¢;.
This is a contradiction. Then to find a positive solution of problem (P), we
will find a critical point of M with critical level ¢;. We can see from (g3)
that lim ;|00 I(Uoo(- + x)) = c. Therefore we have that ¢; < c¢. Moreover
we have

Proposition 2.2. Suppose that (g1) holds with d < dy, where dy is a POSi-
tive number such that

. 1—d (1+d)? ~
= inf — 0<d< .
1) m{ 5 A—dp+1) O_d_d0}>0

If 1 < ¢, then there exists a positive solution of problem (P).

Proof. Let uw € H. Then by (gl), we have

1 u(z)
I(u):2/RN (|Vu|2+|u2)da:—/RN/0 g(x, t)dtdx

1 1+d
> = +(1-4d H - —— |u Pt do.
_Aw<2UVUI+( ) [ul?) p+1|U| z
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Suppose that u € M. Then again by (gl), we have

lulp= [ usede> [ (<ajuf +0-d) [up*)de

Combining the inequalities above, we have

1 1+d
OEyN <2‘ T—ap+y Vel

2 (55 - a1 )

>5/ (| Vu [? + | u|?) da.
RN

Let {u,} C M be a sequence such that lim, . I(u,) = ¢; and

lim,, o0 VI(u,) = 0. It then follows from (2.3) that {u, } is bounded in H.
Then by a parallel argument as in the proof of theorem 1.2 of Lions [9], we
can see that {u,} converges to u € H and VI(u) = 0 and this completes
the proof. .

By Proposition 2.2, it is sufficient to consider the case that ¢; = ¢. In
the sequel, we assume that ¢; = ¢. We prove Theorem by contradiction,
that is, we assume in the following that the functional I does not have
nontrivial critical points. Our purpose in the rest of this section is to prove
the following Proposition.

Proposition 2.3. There exists a positive number dy < dy such that if (g1)
holds with d < dy, then for each 0 < € < c,

H,(I%, I®) = H,(Iy., 1)

ct+er e

where H,(A, B) denotes the singular homology group for a pair (A, B) of
topological spaces (cf. Spanier [11]).

In the following we denote by M%° and M, (a > 0) the sets defined by
MO = {thou+ (1 —t)Aoou : u € H\{0},t € [0,1], \ou € M, Aoou € M}

and
(2.4) My={(1+7)u : ue M>® 1€ (—R(u),R(u))}
where
_ . I(w)  I°((1+7)u)
25 R(u)—sup{t>0 : max{I((1+T)u), 1 (u) }<1—i—a

for all 7 € [—t,t]}.

From the definition, M>, M C M%> and M, is an open neighborhood of
MO,
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Lemma 2.4. There exist positive numbers dy and o such that if (g1) holds
with d < dy, then for each positive number a < ag,

(1) 1% 6)e C L(ay3)c U (Ma),
(2) Taszye C 1G5 3. YU (Ma),
3) I/3)e € La/6)e U (Ma)*.

Proof. The assertions (1), (2) and (3) can be proved by parallel arguments.
We give only the proof of (2). Let d; > 0 such that

4 . (1-d)?® 1+d\2p+1)
5 <”‘mm{ <2(1+d) p+1> p—1

9
1—d\Y"™D rop+1)\ (1—-d (1+d)
_ f < d<d)p.
G+d> <p—1>< 2 p+1>}’or0dd0

We assume that (gl) holds with d < d;. Fix u € H\{0}. Then we have
from the definitions of M and M®° that

(2.6) || dou |*= /

R

Y

Xoug(z, Aou)dzr and || Asgu ||2:/ | Moot [PH! da.
N RN

By (gl) and (2.6), we have

1—-d

1
T d o | Aou [P dx < —— (Noug(z, Aouw) +d | Aou |*)dz
R

T4d Jon
1
< Hd/RNq Vaou 2 dz + (1+d) | dou |2)da

< / (| VXou |? dz+ | Aou |?)dz
RN

1
< / (| VXou |? dz + (1 —d) | Aou [*)dz
1—d Jpn
1
< — (Noug(z, Aow) — d | Aou |*)dx
1—d Jgn
1+d
< ~te | Xow [P da.
1—d Jpn

That is, we have

1—d
e dmg/N(y Vou 2 da+ | Aou |?)dz
(2.7) R R
1 +d
< p+1 )
<14 N\)\ou| dx
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We find from the second equality of (2.6) and (2.7) that

(2.8) ux’l <Al < Hd

——
1+d"0 o0 —d

To prove the assertion, we will show that for 0 < a < ay,
Laz)e N Mo C 153
Now let © € M%>°. From the definition of M, we have that A\g < 1 < A\

or Ao <1 < Ag holds. We first consider the case that Aoc <1 < )¢ . Since
Aoo < 1, we have that

ru||2=/ <|Vu2+ru12>dx</ u P da,
RN RN

Then we find that

oo p—1 p+1
(2.9) I (u)gz(pﬂ)/m\u\ gy

On the other hand, recalling that the second equality of (2.6) holds, we
obtain from (gl), (2.9) and (2.8) that

1(u)

| \/

1 4+d
/ yvu|2+|u|)x—i L P da

1 1
= ()\go 1 +d> / | u [P dx
(2.10) 2 p+1/ Jrw

1—d)? 1+d\2p+1).
2<2<1+d>‘p+1> p—1
> pl°(u).

We choose a positive number o; < 1 such that 4/5 < p/(1 + a;)?. Now
suppose that (1 + 7)u € M,,, 7 € R. Then, by (2.10) , we have

(p/(1 4 01))I> (u)
(p/(1+ ) )T ((1 + 7)u).

I((1+7)u) = (1/(1+a))(u) >
>

Assume that (1 + 7)u € I(4/3)c. Then it follows from the inequalities above
that

(1 + m)u) < (4/3)c(1 +a1)?/p < (5/3)c.
We next assume that \g < 1 < A. Then by (2.2),

211)  1%(u) < I (Asou) = 250;11)& /RN(y Va2 + | u [2)dz
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On the other hand, we have by (2.8) that

L4 g\ V@D
< .
= (73)

Then, noting that )\_(p_l) < 1, we have from (gl) and (2.11) that

1
/ (| Va2 + | u2)de +d L [P da
N

—d 1+d
> (Lo [ v jup
_( - ) RN(!W! +lu )

(2.12) :AgOQngll) (1;d _)\go(p—l) (;:’;f)) Ioo(u)
1—d\Y"Vop+1) [1-d (1+d)\ .
Z<1+d> p—1 ( 2 P+1>I .
> pl°(u).

Then we have that there exists ay > 0 such that for all v € M,, with
I(u) < (4/3)c, I*°(u) < (5/3)c. Thus we obtain that the assertion holds
with o = min{aq, as}. "

Throughout the rest of this section we fix the positive number o < .

Lemma 2.5. There exists a continuous mapping v1 : [0,1] X (L(11/6)c U
Mg) = Iiyeye U M, such hat

(i) v1(0,z) ==z for all x € I(11/6). U Mg,
(ii) y1(t,z) = x for all (t,x) € [0,1] X (I(4/3)c U M),
(iii) I (71 (t, x)) < I(71(0,z)) for all (t,x) € [0,1] X (I(11/6)c U M),
(iv) 11 (1, Ia1/6)e U Mg) C Lays)c U Mg,
Proof. We set
M,={ u : ve M,\>1} and M;={ u : we M,\<1}.
Let U be an open set such that
(M) CU and UNMys = ¢
Then since M C M, /2, we can see that
(VI(v),v) >0 on M; U and (VI(v),v) <0 on M,NU.

Then by arguing standard way (cf. Lemma 1.6 of Rabinowitz [10]), we can
construct a pseudo-gradient vector field V' associated with VI such that

(a) || V() <2l VI(u) |l for u € H;

(b) (VI(u),V(w)) 2| VI(u)|?, for u € H;
(c) Q{(v),v) >0 on M, NU,

(d) (V(v),v) <0 on M,NU.
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We put
hi(v) = v =M | /(lv=U[[+[[v=Mgl)  forveHd,

ho(o) =[lv =U [ /(v =U" | + v =M )  forveH

and

(2.13) V(v) = h1(v)V(v) + ha(v) sgn({(V (v),v))v for v € H.

Then V is Lipschitz continuous on I(11/6). U (M4 )¢. Consider the ordinary
differential equation

dn _

(2.14) =

—V(n), n(0,v) =v for v € I(11/6)c U (Ma)“.

The solution n : R* x H — H defines a semiflow on H. It follows from
the definition of V' that n(t,v) € (M,)¢ for (¢,v) € [0,00) x (M,)¢. In fact,
if v € (M,)¢, then for each t > 0, n(t,v) = A\v, where Ay € R such that
v € (My)¢. We also have from (a)-(c) and (2.13) that (V(v), VI(v)) > 0
on U U I(11/6)c and then

I(n(t,v)) < I(n(s,v)) fort > s and v € U U I(11/6)c-

Thus we find that 7(t,v) € I(11/6)c U (Ma)¢ for (t,v) € [0,00) x I(11/6)c U
(M,,)¢. Tt follows from Lemma 2.1 that

inf{|| VI(u) || : u € I11/6)c\L(a/3)c} > 0.
Then we have
inf{|| Vi(u) [| : u € (UUI11/6)c)\L(a/3)c} > 0.
Therefore, there exists T > 0 such that

(2.15) n(t,v) € int(la/3)c U (My)°) for all t > T
and all v € I(11/6)c U (Ma)“.
Here we put
v(t,v) =n(ty, - t,v) for (t,v) € [0,1] X I(11/6)c U (Ma)©,
where

t, = inf{t >0 : n(t,v) S I(4/3)C U (Ma)c} for v € I(ll/ﬁ)c U (Ma)c.

Then, by (215), we have Y1 - [0, 1] X I(ll/G)c U (Ma)c — I(11/6)c U (Ma)c
satisfying the desired properties. .

By a parallel argument as in the proof of Lemma 2.5, we have
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Lemma 2.6. There exists a continuous mapping 7y : [0, 1] X IE’;/?))CUM; —
I(OE‘)D/?))C UM such that
(V) 72(0,2) ==z for all x € IS 5, U MS;
(Vi) e(t,z) == for all (t,z) € [0,1] x (I77)5), U MS);
(vii) I%°(vy2(t,x)) < I°°(72(0,)) for all (t,x) € [0, 1]x (I35 UMZ);
(viii) 72(1,]55"/3)0 UMS) C 1% 6y U Mg

Lemma 2.7. For each 0 < € < ¢, I and I. have the same homotopy type.

Proof. Let 0 < € < ¢. Then we have by (2.1) that there exist continuous
mappings t; : H\{0} — Rt and ¢ : H\{0} — R™ such that for each
u € H\{0}, t1(u) < ta(u) and

{I(tu) :t >0}NI.={tu : t€[0,t1(u)]U][ta(u),oc0)}

Similarly, there exist continuous mappings t5° : H\{0} — RT and t5° :
H\{0} — R™ such that for each u € H\{0}, t3°(u) < t5°(u) and

{I®(tu) : t >0} NI ={tu : t€[0,t7°(u)] U[t5°(u),c0)}.

Then we find that I>° and I. have the same homotopy type. .
We can now prove Proposition 2.3.

Proof of Proposition 2.3. Let 0 < ¢ < c¢. Then I2}, and I.. have
the same homotopy types as [ E’?/G)C and [(7/¢)c, respectively. We also have
that I>° and I, have the same homotopy types with as Iff/g)c and I(1/3)c,
respectively. Then to prove the assertion, it is sufficient to show that

H. 176y L y3)e) = HiL(7/6)e: L(1/3)c)-
We first define a mapping 7 : [0,1] x (I(11/6)c U (Ma)®) = I(11/6)c U (Ma)®

by

~ B (2t,u), for t € [0,1/2],
(b u) = {1;(2(1/ —1/2), 7 (1,u)), forte (1/2,1].

Then from (iii), we have that
(2.16) A(t,u) € In1/6)e U (Ma)©

for (t,u) € [0,1/2] x (I11/6)c U (Mq)¢). On the other hand, we have, by
combining (iv) and (vii) with (3) of Lemma 2.4, that (2.16) holds for (¢,u) €
[1/2,1] % (I(11/6)cU(Mq)¢). Thus we have that 7 is well defined and a strong
deformation retraction from I(11/6)c U (Ma)® onto If7)q) . U (Mq). We next
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define a mapping 73 : [0,1] x (7). U MS) = I7)5),- For each u € (Ma)*
with I°°(u) > (7/6)c , we set

rf =min{r > 1 : I°(1u) < (7/6)c},

7, =max{7T <1 : I*°(tu) < (7/6)c},

M ={  : ue M X>1}

and
MX ={ u : ue M X <1}
Then we put
tryu+ (L—t)u if ue MP\(IE6, YU Ma),
v3(t,w) = trpu+ (1= tu if ue MP\(I7)6),.UMa),
u ifu e IE’;’/G)C.
It then easy to see that 3 is a strong deformation retraction from I (O;’/G) U
(My)¢ to I E}O/G) Therefore we obtain that I E}O/G) is a strong deformation
retract of I(11/6)c U (M), It then follows that

Then by Lemma 2.7,

(218)  Ho(Inyyee U (Ma)® I35 = Ho(Ta1/6)e U (Ma)®, T s)e).

On the other hand, we can see by a parallel argument as above that I(7/6).
is a strong deformation retract of I(11/6). U (Mqy)¢. Then from (2.17) and
(2.18), we have H*(I?/G)C,sz/g)c) = H.(I(7/6)c, I(1/3)c), which completes
the proof. .

3. PROOF OF THE THEOREM
We start with the following proposition.

Proposition 3.1. For each positive number € < c,

H(Ic+e7Ie ) {O qu;’éO

Proposition 3.1 was proved in [6]. For completeness, we give the proof
of it in the appendix. We next consider a triple (U, K,e) C H x H x RT
satisfying the following conditions:

(1) UN(=U) = ¢;

(2) {72t :|x|>r} CintK for some r > 0;

(3) cd(Ieye NK) Crintr,, (Ieye NU);

(4) I. is a strong deformation retract of I \(K U (—K));
(5) Hn-1(Ie4eNU) =1, Hi(IeyeNU) = 0;

(6) Hv-1((Iexe N U)\K) =2 or Hy(({e4e NU)\K) = 1 holds.
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Proposition 3.2. There exists a triple (U, K,e) C H x H x RT which
satisfies (1) — (6).
The proof of Proposition 3.2 is given in Section 4.

Lemma 3.3. Suppose that there exist a triple (U, K,e) C H x H x RT
satisfying (1) — (6). Suppose, in addition, that Hy_1((Ir. NU)\K) > 2.
Then Hyn(Iete, Ic) > 2.

Proof. We put K = K U (—K). Since I, is a strong deformation retract of
I.+\K, we find that

Hy(I+\K,1.) = Hy(I., I.) = 0.
Then we have from the exactness of the singular homology groups of the
triple (Ieqe, Iete \K, 1) that
0= Hy(leye, I) = Hy(Iove, Iy \K) — 0

That is, N
Hq(Ic+67IE) = Hq(Ic—i-e»IC-i-e\K)-

From (1) and (3), we find
Hy(Iete, Iy \K) 2 Hy(W,W\K) @ Hy(=W, (-=W)\(~K)),

where W = I, NU. Then since Hy_1(W\K) > 2, we have from (5) and
the exactness of the sequence

— H, (W, W\K)—>Hq 1(W\K)
with ¢ = N, that Hy (Lete, I N( W\K) @HN(W W\K) > 2. .

) o~
Lemma 3.4. Suppose that (U, K,e) C H x H x Rt satisfies (1) — (6).
Suppose in addition that Hyo(Icy+. NU) = Ho((Iexe NU)\K) = 1. Then
Hy(Ieqe, 1) =0 or Hy(Ieqe, Ic) = 2 holds.

Proof. From the argument in the proof of Proposition 3.2, we have
Hl(Ic—i-eer) = Hl( cte N U7 ( cte N U)\K) S Hl( cte N U7 ( cte N U)\K)

Then since Hy(I.4.NU) =0 and Hy(I.+.NU) = Ho((Io+.NU)\K) = 1, the
assertion follows from the exactness of the sequence (3.1) with ¢ = 1. .

(3.1)

We can now prove the Theorem.

Proof of the Theorem. Let (U, K, ¢) satisfy (1) — (6). We have by Propo-
sition 2.3 and Proposition 3.1 that Hy(leye,Ic) = 2 and Hy(Leye,Ic) =
0 for ¢ # 1. Now suppose that (I.4. N U)\K is disconnected. Then
since Hyo((Ic4e N U)\K) > 2, we find by (6) that Hy_1(leye, ) = 2.
This is a contradiction. On the other hand, if U\K is connected, then
Ho((I;4+e WU)\K) = 1. Then by Lemma 3.4, we have Hy(Io4e,I) = 0 or
Hy(I.ye, 1) = 2. This is a contradiction. Thus we obtain that there exists
a positive solution of (P). .



POSITIVE ENTIRE SOLUTIONS 77

4. PROOF OF PROPOSITION 3.2

We shall construct a triple (U, K, €) satisfying (1) - (6). First we state
the following lemma.

Lemma 4.1. If0 < e < c¢<d < 2c and {u,} C Iz\I. is a sequence such
that VI(u,) — 0, then u, — Tp, oo where {x,} C RN with lim, o | 2, |=
0.

Since we are assuming that I has no critical point in fgC\IC, the assertion
of Lemma 4.1 is a direct consequence of the arguments in [8, 9]. Thus, we
omit the proof (cf. also [3]).

We fix a positive number p < 1. Recalling that the mappings ¢t —
I°((£t 4+ 1)un) are decreasing as t varies from 0 to 1, we have I° N
{tuse = t€[—p+1,p+ 1]} = {us}. Then we can choose positive numbers
ro and ¢ such that

(41)  {tv s te[p+L—p/2+1U[p/2+ 1 p+ 1,0 € So} C I,

where Sy = (ueo + Bry) N M. We note that Sy is a contractible neighbor-
hood of 1 in M. We may choose ry so small that

(42) Sy C I(040/3)C

Next, we fix a contractible neighborhood So of use in M such that Sy C
intprSyo. We put

Do = {r,v : v € Sp,x € RY with | z|> Ro},

Eoz{TzU : vego,xERN with |z |[> 2Ry},

where Ry is a positive number. Then ﬁo C Dy € M*. Now we define
subsets U, K of H by

U={tv : te|—-p+1,p+1],v€ Dy},

(4.3) ~
K={tv : te[-p/2+1,p/2+1],v € Dy}.

Since {T,toe @ € RN} N{7s(~us) : x € RN} = ¢, by choosing r¢ and
p sufficiently small, we have that U N (—=U) = ¢. That is, (1) holds. Since
(4.1) holds and lim|g|— 00 I(T2Uso) = ¢, We can choose Ry so large that

(44)  {tv : te[-p+1,-p/2+1]U[p/2+1,p+1],v € Dy} C L.

We also have by (4.2) that Ry can be chosen so large that U C I(g/5). It
follows from the defintion of U and K that

(4.5) {mstee |z |>3Ro} CintK C K CintU.
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That is, (2) holds with » = 3Ry. From the definition, it is obvious that (3)
holds. As a direct consequence of (3) of Lemma 4.1 and (4.5) , we have

(4.6) inf{|| VI(0) || : ve I\ UKU(-K))} >0

for all 0 < € < ¢ < d < 2¢. Then by deformation lemma(cf. [3]), there exists
€g > 0 such that for each 0 < € < ¢g, I, is a strong deformation retract of
I+ \(K U(—K)). That is, (4) holds for all 0 < € < €.

We will see that there exists 0 < € < €y such that (U, K, €) satisifes (5)
and (6). Here we note that

(4.7) co = inf{I(Ao(v)v) : v € Dy\Dp} > 1

In fact, if ¢ = ¢, there exists a sequence {u,} C M such that u, =
Ao (Vn)Vp, Uy € Do\ﬁo for each n > 1 and that lim, o I(u,) = c¢. This
implies that VI(u,) — 0 and then by Lemma 4.1, u,, — 7., tuoo, Where
{z,} € RN with lim | z,, |= co. This implies that v, — 7., us and this
contradicts to the definition of {v,}. Here we choose a positive number e
such that € < ¢y — ¢. Here we define subsets of M and H. Noting that

lim I(7,us) = ¢
|z|—o00

We can choose contractible neighborhoods S, S5 of us, in M*° and positive
numbers R, Ry such that Sy C intp;-S1 C Sg, R1 < Ry and

U ={trpv : te[—p+1p+1],|x|> Ri,v €S} C Ite.

We also set

U17+:{tv : tE[—p+1,—p/2+1],U€Do},
Up,-={tv : tep/2+1,p+1],v € Do}

and
Usgy ={tv : te[—p+1,—p/4+1],v € Dy},

Uy, ={tv : te[p/4+1,p+1],v € Dy}
Then from the definitions above and (4.2) , we have that

[72 =UU U27+ U U277 C [71 =U;U ULJr U U1,7 C Ic+6,
and
(4.8) Uy 2 Uy = {1yt : |z |> Ry} =SV

Then we have that (5) holds, as a direct consequence of the following lemma
4.5.
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Lemma 4.2. (71 s a deformation reatract of I.o. NU.

Proof. To prove the assertion it is sufficient to show the existence of a semi-
flow 1 : [0, 00) X (Ie4eNU) — I.4NU such that for each v € I..NU, there
exists t, > 0 satsifying n(t,v) € intIchemUﬁl for all t > t,. In fact, if there
exists such a semiflow, we can construct a strong deformation retraction as
in the proof of Lemma 2.5. By (4.7) and the definition of I,

I(v) >c+e for v € Orr~ Do,
and we have
Dy ={ve Dy : I(v) <c+e} Cintpee Dy,
Here we fix an open neighborhood D; of D5 in M such that
Dy C intpro Dy C cl(D1) C intpre Dy

and set
Wi={tv : te[-p+1,p+1,ve D} i=12

Then
U1CW2CW1CIC+6HU.

We note that
(4.9) I(Ao(v)v) >c+e for v € Do\ Ds.

Let V7 be a Lipschitz continuous vector field associate with VI and V5 be a
vector field defined on (I.4+. N U)\Wa by

_Ju o if X(u) > 1
Va(u) = { Cu i () < 1.

Since A\g(u) # 1 on (I.+.NU)\W5 by (4.9), we can see that V5 is well defined
and continuous on (U N I, 1¢)\Wa. We now set

V(u) = Us, - WUz —u || (| Wi = w || Vi(u)+ || Wa — u || Va(u))

Then V is a Lipschitz continuous vector field on ... N U and the solution
n of (2.14) defines a semiflow. We shall see that

(4.10) n(t,v) € Ioye NU for all (t,v) € [0,00) X (Iege NU).

We first note that from the definition of V', (VI(v),V(v)) >0 on I.4.NU.
Then it follows that n(t,v) < n(s,v) forallt > s >0and v € I.;.NU. Since
Wi\(U1,- UU; +) C int(Iewe NU), to show (4.10), it is sufficient to show
that (4.10) holds for all v € W N (Ie4e NU). If v € Wi N (I NU), then
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from the definition of V', we can see that n(¢t,v) € Wy N (Io4.NU) fort >0
and then (4.10) holds. Moreover we have that for each v € WfN (I.4..NU),
n(t,v) € Uy,— UU; 4 for t sufficiently large. On the other hand, it follows
from the definition of V' that

(4.11) inf{|| V(u) || : € {TpeNU\Us} > 0.

Then we can see that for any v € I.. N U, there exists ¢, > 0 such that
n(t,v) € Uy for all t > t,. This completes the proof. m

We lastly show that (6) holds. (6) is a consequence of the following
Lemma.

Lemma 4.3. If (I.4+.NU)\K is disconnected, then Hy_1((Ic+.NU)\K) =
2.

Proof. Let Vi be the components of (I.4. N U)\K containing U; 4, respec-
tively. We will see that (I.4+. N U)\K consists of exactly two components
Vi and that Vi =2 SV=1. Let v € Dy. Then from the definition of M and
U, we have that

{to - te[-p+Lp+1]}NLer\K)

(4.12)
={tv : t€[-p+1,ti(v)]U[t2(v),p+ 1]},

where —p/2+1 < t1(v) < ta(v) < p/2+ 1. This implies that if ¢;(v) = t2(v)
for some v € Dy, then (I.4e NU)\K is connected. Therefore ¢1(v) < t2(v)
for all v € Dy. Then, again by (4.12), (Ic+ NU)\K =2 Uy + UU;,—. Then
since Uy 4 = S N—=1 the assertion follows. m

5. APPENDIX

We put C = U{T,us : © € RV} and

T (€) = {lim (oo (- + t2) = usc(-))/t : @ € RN},

It is obvious that dim7,,_ (C) = N. We denote by H the subspace such that
Ha& Ty (C). Then H = . H & 7T, (C) for each z € RYN. For each r > 0,
we set BY = B,. N H. Since C is a smooth N-manifold, we have that there
exists a positive number 79 <|| us || /4 such that for x,y € RN with x # v,

(5.1) To (Uoo + BSO) N 7y (oo + BSO) =9

We choose a closed contractible neighborhood Sy of us, in M N (us +
B? ) and 0 < p < 1 such that

(5.2) sup{I*=((£p/2+ 1)v) : veE Sy} <ec.
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Since I(v) > ¢ for all v € Sp\{u}, we have that
(5.3) inf{I>*(v) : ve 8Moom(uoo+Bgo)S()} > c.

Here we recall that mappings ¢ — I°°((£t + 1)v) are decreasing as t varies
from 0 to £p. Then from (5.2), we have

(5.4) IN{tv : te[-p+1,p+1]}
' ={tv : te[—p+LA_(W]}U{tv : t€[A(v),p+1]}

where
{ A_(v) <1< Ap(v) for v € So\{uso}
A_(v) =A1(v) =1 for v = Ueo.

That is, for each v € Sp\{uc}, the set I N{tv : t € [-p+1,p+1]}
consists of two intervals, and each interval has one end point in one of the
sets

Vi={(£p+1)v : ve Sy}
Then noting that A_(-) and Ay (-) are continuous and V. are contractible,
we have from observations above that
(5.5) I N (V\{u}) 2V_UV, 2{0,1} and I°NV =[0,1]
Now let 0 < € < c¢. First we note that

I (u) = 73 - I%°(u) = I%°(T4u) for all z € RY and u € H.

Then we have that I N(U{7,V : z € RV}) and I®N(U{7,V : z € RV})
have the same homotopy type with that of I>°NV and I>° NV, respectively.
On the other hand, by the same argument for the second deformation lemma
in Chang [4], we have that I2° is a strong deformation rectraction of I27,.
Then we find

H (I I22,) = Hy(IZ, I2,).

ct+erfc—e c YT c—e

We also have by the deformation property that

Hy(IZ\C, I22) = Hy (12, 122) = 0.

C—€) T C—E

From the exactness of the singular homology groups, we have

Hy(IP\C, I.—¢) = Hy (I, 12°,)

— Hy(I°, 1°\C) = Hg 1 (I°\C, I2,) — -+
and we find
0— Hy(I°,12,) = Hy(I2°, I°\C) —
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That is,

Then from the excision property of homology groups and (5.5), we have

Ho (I, 1) = Ho (17, 1°\C)
= H, (122 N (Upm V), 127 0 (U VINC))
~ H,(I® NV, I N0 (V\{us}))
= 1,([0,1],{0,1}).

This completes the proof. =

10.

11.
12.

13.
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