AN INVERSE PROBLEM FOR A SECOND-ORDER
DIFFERENTIAL EQUATION IN A BANACH SPACE

Y. EIDELMAN

Received 29 February 2004

We consider the problem of determining the unknown term in the right-hand side of a
second-order differential equation with unbounded operator generating a cosine oper-
ator function from the overspecified boundary data. We obtain necessary and sufficient
conditions of the unique solvability of this problem in terms of location of the spectrum
of the unbounded operator and properties of its resolvent.

1. Introduction

In a Banach space E we consider the differential equation

@—Av+f(t)+ 0<t<t (1.1)
e p U=t=h :
Here A is a linear unbounded operator with the domain D(A), f(¢) is a function continu-
ous on the segment [0,#;] with the values in the space E, and p is an unknown parameter
belonging to E. By the solution of the differential equation (1.1) we mean a function twice
continuously differentiable on [0, #;] with the values from D(A) satisfying (1.1). For (1.1)
we put the boundary value conditions

V(O) =0, V,(O) = Vo, (12)
v(t) = v (1.3)

The problem is to find a pair (v(¢), p) which satisfies the differential equation (1.1) and
the boundary value conditions (1.2), (1.3).

The inverse problems of such a type were studied by various authors; the bibliography
may be found in [5]. Such a problem for a second-order differential equation was con-
sidered in [4] in the case of a differential equation with a selfadjoint operator in a Hilbert
space and in [5] in the assumption that the cosine operator function generated by the
operator A is small in the norm.
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In this paper, we obtain necessary and sufficient conditions for the unique solvability
of the problem (1.1)—(1.3) based on the only assumption that the operator A generates a
cosine operator function. We extend on the second-order differential equations the results
obtained in [2] for equations of the first order. We use here results and method of the
paper [1] devoted to the spectral properties of cosine operator functions.

We assume that the operator A is a generator of a cosine operator function C(¢). Such
operator is closed, its domain D(A) is dense in E, and the resolvent set of A is nonempty
(see [3]). In the sequel we denote by R(A;A) the resolvent (Al — A)~! of the operator A.
We also assume that the other data of the problem satisfy the conditions

(a) vo,v1 € D(A);
(b) v € Ey, where Ey is the subspace of all vectors u such that the function C(t)u is
continuously differentiable;
c) f(t) = fi(t) + fo(t), where f,(t) is a function continuously differentiable in [0,#],
f(t) e D(A),0 <t < t;,and A f,(t) is continuous in [0,#;].

The problem (1.1)—(1.3) is called well posed if for any data vy, vy, v1, f(t) satistying
these conditions, it has a unique solution. One can show (see, e.g., [5]) that the unique
solvability of the problem (1.1)—(1.3) implies the estimates for the solution (v(¢), p) in
the corresponding norm.

The numbers

Uk = — > k:]-)z)"') (14)

are called the characteristic numbers of the problem (1.1)—(1.3).

TueoreM 1.1. The problem (1.1)—(1.3) is well posed if and only if every characteristic num-
ber pi, k = 1,2,..., is a regular point of the operator A and for any x € E the series > ;. R(px,
A)x, Do AR*(ux, A)x are Cesdro summable.

Recall that a series >, ay, a, € E, is said to be Cesdro summable if there exists the
limit

(C—l)zan = lim Z_ > ax (1.5)
n=1 k=1

and a double series >, _, a, is said to be Cesaro summable if there exists the limit

) N- n
c-1) Z ap:= h{roloN Z Z day. (1.6)

n=—o00 —n

Proof. The conditions on the data vy, v, f () yield (see [3, pages 35-36]) that the Cauchy
problem (1.1)-(1.2) has a unique solution given by the formula

y(t) = C(t)v0+5(t)vo+ﬂsu—s)f(s)ds+ﬂ3(t—s)pds, o<t<n,  (17)

where C(t) is the operator cosine function generated by the operator A and S(¢) is the as-
sociated sine function. Using the boundary condition (1.3) we conclude that the problem
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(1.1)—(1.3) is equivalent to the operator equation

Bp =w, (1.8)

where
Bp = OtlS(tl—s)pds, pEE, (1.9)
W =i — C(t)vo— S(t1) 9 — ; S(ty — ) f(s)ds. (1.10)

The problem (1.1)—(1.3) is well posed if and only if (1.8) has a unique solution for any
w € D(A). The latter is valid if and only if the operator B defined in (1.9) has an inverse
defined on all D(A).

At first we derive some relations with the operators B and uxl — A. Set px = 2mki/ty,
k=0,+£1,%2,.... We prove that

t1 ru
Bx = (‘ukI—A)J J (s —u)S(s)xdscosh (pxu)du, x€E, k=1,2,.... (1.11)
0 Jo

For x € D(A) using the equalities AS(s)x = §”(s)x, §'(s)x = C(s)x and the fact that A is
closed we have

ty ru
AJ J (s — u)S(s)xdscosh (pxu)du

Jtlj (s—u)S" (s)xdscosh (pxu)du
(1.12)
=J [(s— u)C(s)x|f§ — J s s)xds] cosh (pxu)du
0
3]
= L [ux — S(u)x] cosh (pxu)du
and hence
Ajtl Ju(s —u)S(s)xdscosh (pxu)du = — " S(u)x cosh (pxu)du. (1.13)
0 Jo 0

Since A is closed and D(A) is dense in E, the last equality is valid for any x € E. Next we
have

Yk rl Ju(s — u)S(s)xdscosh (pru)du
Jtlj (s — u)S(s)xds( cosh (pru)) " du
A (1.14)
=J (s — u)S(s)xdspy sinh (pru) | +J J S(s)xds(cosh (pku)),du
0 o Jo

u 51
= J S(s)xdscosh (pxu)dulg — | S(u)xcosh (pru)du
0 0
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which implies

#kjtlr(s—u)S(S)xdscosh(Pku)du:JtIS(s)xds— tlS(u)xcosh(pku)du. (1.15)
0 Jo 0 o

Subtracting (1.13) from (1.15), we obtain (1.11). Moreover, from the formulas (1.11),
(1.13), we obtain

3}
ABx = —(ul —A) | S(u)xcosh (pru)du. (1.16)
0

Next we check the equality

t t1 ru
J S(u)xcosh (pxu)du = (uxl —A)%J' J (t; —s)S(s)xdscosh (pxu)du, k=1,2,...,
0 0 Jo
(1.17)

for any x € E. For x € D(A) we have

t1 ru
A%J J (t; — 5)S(s)xdscosh (pxu)du
0 Jo

ty ru

= %J J (t1 —5)S" (s)xdscosh (pxu)du (1.18)
0 Jo

1

=3 J: [(t1 —5)C(s)x|§ + Jou S’(s)xds] cosh (pxu)du

and therefore
L ru t
A%J J (t1 —5)S(s)xdscosh (pxu)du = %J [(t; — u) C(u)x + S(u)x] cosh (pxu)du.
o Jo 0
(1.19)

Since A is closed and D(A) is dense in E, the last equality is valid for any x € E. Next
we have

t ru
‘ukéj J (t1 —s)S(s)xdscosh (pxu)du

o Jo

t

1 u

(t; —5)S(s)xds( cosh (pxu))” du

(=]
o

(1.20)

(t — s)S(s)xsinh (pxu) g — J;)l (t; — u)S(u)x(cosh (pku)),du>

—
=

0

t
[— (ty —u)S(u)xcosh (pru) I +J0 ((t1—u)C(u)x — S(u)x) cosh (pku)du]

= = N~

which implies

//‘kl Itl Ju (t; —5)S(s)xdscosh (pxu)du = 1 Jtl ((t1 = u)C(u)x — S(u)x) cosh (pxu)du.
o 2 (1.21)
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Subtracting (1.19) from (1.21), we obtain (1.17). Moreover, from the formulas (1.16),
(1.17), we obtain

t
ABx = —(ul — A J ty —s)S(s)xdscosh (pxu)du, x€E, k= o (1.22)

Assume that the operator B has the inverse B~! with D(B™!) = D(A). Let A be a reg-
ular point of the operator A. Then the operator By = B(AgI — A)~! is bounded. From
the relations (1.11) we conclude that the characteristic numbers p, k = 1,2,..., are the
regular points of the operator A. Moreover, by virtue of (1.11), (1.13), we obtain

u

t
R(p; A)x = L cosh pruBy (/\0 Jo (s —u)S(s)xds — S(u)x) du. (1.23)

This means that
t
R(pu;A)x = | @(u)cosh (pru)du, k=1,2,..., (1.24)
0
where
o(u) = By (AOJ (s — w)S(s)xds - S(u)x) (1.25)
0
is a continuous function. Consider the elements
t

zk=| @(u)cosh (pxu)du, k=0,+1,+2,.... (1.26)
0

By the vector version of Fejér’s theorem, there exists the limit

N-
lim — Z Z J or(u)ef du. (1.27)

NN n=0 k=-n

Using the relations

1 N-1 n Jtl 1 N-1 n ) N-1 n
— Z or(u)edu = — Z Z Zk=20+— Z Z Zk (1.28)
N S o N 5, N =,

and (1.24), we conclude that the series > ;" R(uk; A)x is Cesaro summable for any x € E.
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Next, by virtue of the relations (1.22) and (1.19), we obtain

5]
AR*(usA)x = | w(u)cosh (pxu)du, x€E, k=1,2,..., (1.29)
0

where

u

y(u) = %B()( - AOJ’ (ty —5)S(s)xds+ (t; — u)C(u)x+S(U)x) cosh (pxu)du  (1.30)

0

is a continuous function. From here in the same way as above we conclude that the series
> ko1 AR (ug; A)x is Ceséro summable for any x € E.

Assume that every characteristic number p, k = 1,2,..., is a regular point of the oper-
ator A and for any x € E the series ;| R(u, A)x, 2.1 AR*(uk,A)x are Cesaro summa-
ble. Following the method of [1], define on the subspace D(A) the operators Q, P via the
relations

Qy=2(C-1)> R(u,A)Ay, yeD(A),

- (1.31)
Py=4(C—1)> AR*(u,A)Ay, y€ D(A).
k=1
Define the operators Q, Py via the relations
1 ("
Qx = — J S(s)xcosh (pxs)ds, k=0,+1,+2,..., x €E,
t1 Jo
1 (b (1.32)
Pix = o J [(t; —s)C(s)x +S(s)x] cosh (pks)ds, k=0,+1,%2,..., x €E.
1 Jo
By virtue of (1.16) we obtain
th(‘uk,A)ABx= —Qix, k=1,2,...,x€E, (1.33)
1
and using (1.22) and (1.19) we get
1, 1
?AR (px,A)ABx = —Eka, k=1,2,...,x€E. (1.34)
1
By the vector version of Fejér’s theorem, we have
= 1
(C-1) > Qx= Es(tl)x) (1.35)
k=—0
= 1
(C-1) > Px= 5[s(tl)x+t1x]. (1.36)

k=—oo
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Using the relations Qy = (1/t;)B and (1.33) we obtain

C-1) > Qux=Qux+2(C—1)> Qux

k=—o0 k=1
= —Bx - = ZR pi;A)ABx (1.37)
= le — —QBx
T f
and by virtue of (1.35) we conclude that
1 1 1
—Bx— —QBx==S(t;)x. (1.38)
t t 2

Next we have

t
Pox—t—Bx+—J (t1 —5)S'(s)xds

(1.39)
le+ tl [(tl —5)S(s)x|8 J S s)xds]

h 1

for x € D(A) and since the operators Py, B are bounded, we get Pox = (2/t;)Bx for any
x € E. Thus by virtue of (1.34) we obtain

MS

(c-1) i Prx=Pyx+2(C—-1)

Pix
k=—oc0 k=1
g2 ZAR pk;A)ABx (1.40)
f b3
= ng - lPBx
t t
and by virtue of (1.36) we conclude that
2 1 1 1
—Bx— —PBx = =S(t;)x+ =t x. 1.41
tlx f x 2(1)X 2196 ( )
Subtracting (1.38) from (1.41) we obtain
1 1 1 1
—Bx+ —QBx— —PBx = —tx (1.42)

3] 131 h 2

which implies SBx = x, x € E, with § = (2/t2)(I + Q — P). The operator S is defined on
D(A) and since S and B commute on D(A), we conclude that BSy = y, y € D(A), and
thus S=B~1. O

THEOREM 1.2. For the problem (1.1)—(1.3) to be well-posed it is necessary, and in the case
when E is a Hilbert space is sufficient, that every characteristic number yy, k = 1,2,..., be a
regular point of the operator A and sup,., [|kR(ux,A)l < oo.
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Proof. Assume that the problem (1.1)—(1.3) is well-posed. Then as was shown above ev-
ery characteristic number yi, k = 1,2,..., is a regular point of the operator A; moreover,
the resolvent R(y;A) in these points satisfies the relations (1.23). From these relations,
integrating by parts, we obtain

t u
piR(ui; A)x = BOJ [AOJ S(s)xds+ C(u)x] sinh (pru) du. (1.43)
0 0
From here using the estimates (see [3])
[[Cw)|| <My, [|SW|| <My, 0<u<t, (1.44)

we obtain supy. ; llpxR(px,A)ll < co which means sup,.., l|kR(px, A) | < co.
Assume that E is a Hilbert space and every characteristic number gy, k = 1,2,...,is a
regular point of the operator A and

sup ||kR (pr, A)|| < oo. (1.45)
k=1

As was shown in [1], condition (1.45) implies that the sequences of the partial Ceséro
sums

1 1N n
Ryx = N Z Z (piA)x, Vnx = N Z Z AR* (ui; A (1.46)

are bounded for any x € E. Hence in order to prove that the series > ; R(px;A)x,
> ko1 AR?*(u; A)x are Cesaro summable for any x € E, it is enough to check this asser-
tion for the elements from the dense subspace D(A). Let Ay be a regular point of the
operator A with Redy > 0. For every z from D(A) we have z = R(A¢; A) y with some y € E.
Using the resolvent identity we obtain

1
R(p;A)z = R(uk; A)R(Ag; A) y = o (R(A0;A) — R(pisA)) y. (1.47)
By virtue of (1.45) we conclude that
C
IR (uis A) 2| < Tue—Ja| ([[R(os A) ||+ [[R (s A) D Iy 1l < ﬁ”)’” (1.48)

with some constant C; not depending on k. Hence it follows that for any z € D(A) the
series 2111 R(ui; A)z converges and therefore is Cesaro summable.
Next we have

AR (uiA) = —R(uis A) + ucR* (urs A) (1.49)
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and thus it remains to show that the series >.;” | uxR*(ux; A)z is Ceséro summable for any
z € D(A). Using the resolvent identity we get

R (s A) z = kR (ks A)R(Ag; A) y

7 i/10 <#ky—k/\o (R(Ag;A) = R(p;A)) — uxR? (,”k;A))y. (1.50)
Hence it follows that
[l R? (s A) 2|
ﬁ[‘ L= 20) | (IR (s 4) ||+ R (i A)]]) + [|peR (e A ”]”y” (1.51)

By virtue of (1.45) we obtain
[|eR? (uis A2l < Tt (1.52)

with some constant C, not depending on k. Hence it follows that for any z € D(A) the
series ;1 pkR*(px; A)z converges and therefore is Cesdro summable. O
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