ON A CLASS OF NONLINEAR REACTION-DIFFUSION
SYSTEMS WITH NONLOCAL BOUNDARY CONDITIONS
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We prove the existence, uniqueness, and continuous dependence of a generalized solution
of a nonlinear reaction-diffusion system with only integral terms in the boundaries. We
first solve a particular case of the problem by using the energy-integral method. Next, via
an iteration procedure, we derive the obtained results to study the solvability of the stated
problem.

1. Introduction

In the recent years, a new attention has been given to reaction-diffusion systems which
involve an integral over the spatial domain of a function of the desired solution on the
boundary conditions; see [2, 5, 7, 6, 9, 10, 17, 18, 19, 20, 22] and the references cited
therein. Most of the studied problems in the current literature are devoted to problems
which combine a classical boundary condition (Dirichlet, Neumann, etc.) with an inte-
gral condition for single linear equations. The purpose of this paper is to prove the exis-
tence and uniqueness of a solution for the following nonlinear reaction-diffusion system
with only integral conditions:

Ju 0 Ju

D) = 5 - 5 (@lon 5 ) +bin iy = filw by,
Jdv 0 ov

5EZ(MJV) = E - & (a2(x)t)$) +b2(th)u = _fz(x)t)u)v))

1u = u(x,0) = ug(x), (1.1)

v =v(x,0) = vo(x),

L)xku(x,t)dx _ () (k=0,1),
Jkav(x, Ddx = () (k=0,1),

for (x,t) € Q, where Q = Q X I, Q = (&, f3), is an open bounded interval of R, I = (0,T)
with 0 < T < +oo, and fi, f2, ug, vo, Mg, and py (k = 0,1) are known functions.
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794  Reaction-diffusion system with nonlocal conditions

Analogous systems with Dirichlet conditions have been studied in [1, 12, 13, 14, 16].
The existence of solutions have been obtained under the following assumptions:

(A1) the positivity of the solution is preserved with time, which is ensured by
fl(x,t,O,V)ZO, fl(x)t)uao)zo) (12)

for a.e. (x,t) € Q, for all u,v > 0, and ug, vy = 0;
(A2) the total mass of the components u, v is controlled with time, which is ensured

by
h+Hh<Li(u+v+1) Vu,v=0,ae (xt)eQ; (1.3)
(A3) the function f; verifies
hH<Ly(u+v+1) Vu,v=0,ae (xt)€Q, (1.4)

where L; and L, are positive constants.

However, in this paper, we will show the solvability of problem (1.1) without assuming
conditions (A1), (A1), and (A3), and we will consider only the Lipschitz condition which
will be explicitly given later.

The plan of the paper is as follows. In Section 2, we give some notations used through-
out the paper. Section 3 is devoted to the solvability of a particular case of problem (1.1).
In Section 3.1, we start by giving the statement of the problem. The concept of the solu-
tion we are considering is given in Section 3.2. Then we prove the uniqueness and contin-
uous dependence in Section 3.3. Section 3.4 is reserved to the proof of the existence of the
solution. In Section 4, we study problem (1.1). In Section 4.1, we reduce problem (1.1)
to an equivalent form which is easier to analyze. The weak formulation of the reduced
problem is given in Section 4.2. The existence of the solution is presented in Section 4.3.
The uniqueness is established in Section 4.4, while the continuous dependence upon the
data is treated in Section 4.5. Finally, we give a conclusion and more results on its gener-
alization.

2. Notation

Let L?(Q)) be the usual space of square integrable functions; its scalar product is denoted
by (-,-) and its associated norm by || - [|. We denote by Cy(Q) the space of continuous
functions with compact support in Q.

Definition 2.1. Denote by By'(Q) the Hilbert space defined as a completion of Cy(Q) for
the scalar product

(z,W)Bp(Q) = J Iz Iwdx, (2.1)
Q
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where 37z := [ ((x — &)™ 1/(m —1)!)z(§)d&. By the norm of function z from By (Q), the
nonnegative number

1/2
lellsz = ( | (972 dx) <o 2.2)

is understood.
Then, the inequality

(6~
Ielpiy = Eo Ny 1 =, (23)

holds for every z € By ! (Q), and the embedding
B '(Q) = B}(Q) (2.4)
is continuous. If m = 0, the space BY(Q) coincides with L2(Q).

Remark 2.2. Note that the space B5'(Q)) was first introduced by the author (see, e.g.,
[2, 3,7, 8]). Itis a very useful space for this class of problems.

Definition 2.3. Denote by L3(Q)) the space consisting of elements z(x) of the space L?(Q)
verifying [ x*z(x)dx =0 (k = 0,1).

Remark 2.4. Since L§(Q) is the null space of the continuous linear mapping ¢ : L2(Q) —
R?, z — €(2) = (Jqz(x)dx, [oxz(x)dx), it is a closed linear subspace of L*(Q); conse-
quently, L3(Q)) is a Hilbert space for (-, ).

Let X be a Hilbert space with a norm denoted by || - [|x.

Definition 2.5. (i) Denote by L?(I;X) the set of all measurable abstract functions u(-,)
from I into X such that

lull s = (j||u ||th)2<oo. (2.5)

(ii) Let C(I;X) be the set of all continuous functions u(-,t) : I — X with

lullcax) = maTXHu(-,t)Hx < . (2.6)
te

We assume that

(A4) 0< ¢y <a; <ci, |0ai/ot| < cy, |0ai/0x| < c3, |bi]l <cu (i=1,2) forall (x,t) € Q;

(A5) the functions f; (i = 1,2) are bounded in B3 (Q) and fulfill the Lipschitz condition,
that is, there exists a positive constant L such that

it proar) = £t @) gy < L(11p1 = pallpyey +llan — @ellpye)s - (27)

(A6) we have the following compatibility conditions:

J uo(x)dx = mi(0), J vo()dx = w(0) (k= 0,1). (2.8)
Q Q



796  Reaction-diffusion system with nonlocal conditions

3. A particular case

3.1. Statement of the problem. In this section, we deal with a particular case of problem
(1.1) in which the system is reduced to a single linear equation related to the first compo-
nent. Precisely, we consider the problem of finding a function u = u(x, t) satisfying

_ ou

ifu—g—

% <a(x, t)g—Z) b=t (of) € Q,
fu =u(x,0) = ug(x), xe€Q, (3.1)

Joxku(x, Ddx = mu(t) (k=0,1), t €1,
with
L)xkuo(x)dx —m(0) (k=0,1), (3.2)

where functions a and b verify the same assumptions on a; and b;, respectively, given in
(A4). Problem (3.1) arises from some practical phenomena such as the identification of
the entropy in the quasistatic flexure of a thermoelastic rod [7].

We start by reducing problem (3.1) with inhomogeneous integral conditions to an
equivalent problem with homogeneous conditions. In order to achieve this, we introduce
a new unknown function z defined by z(x,t) = u(x,t) — U(x,t), where

(B=a)P+12(f2 —a?)(x—a) — 18(f+a)(x — a)?)

Ulx,t) = B—a)t mo(t) .
. 123(x —a)? = 2(B—a)(x — @)) ) '
(ﬁ _ 0()4 my .
Therefore, problem (3.1) becomes
Pz = % - % (a(x, t);—i) Lz = f(x0), (xD)eEQ (3.42)
£z =2z(x,0) = zo(x), x€Q, (3.4b)
Jﬂxkz(x, Hdx=0, k=0,1,t€el, (3.4¢)
with
L)xkzo(x)dx =0, k=0,1, (3.5)

where f(x,t) = f(x,t) — LU and zy(x) = uo(x) — U(x,0).
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3.2. A strongly generalized formulation. In this section, we make precise the concept of
the solution of problem (3.4) we are considering.

Following the energy-integral method [21], we reformulate problem (3.4) as the prob-
lem of solving the operator equation

Lz={f,z}, (3.6)

where L is an unbounded operator which maps z(x, t) to the pair of elements £z and £z so
that L = {&,£}. The operator L, with domain D(L), acts from the space B into the space
F, where D(L) is the set of all elements z for which 0z/0t,0z/0x,0?z/0x* € L*(I;L*(Q)))
and satisfying conditions (3.4c), B is a Banach space obtained by enclosing the set D(L)
with respect to the norm

lells = (|

and F is the Hilbert space L*(I;L?(Q))) x L?(Q)) consisting of all elements {f,z} for
which the norm

2

0z

172
2
E + HZHC(T;LZ(Q))) > (37)

L>(I;B3(Q))

||{f’20}||§ = ||f||i2(1;L2(Q)) + ||ZO||2 (3.8)

is finite. We denote by L the closure of L, and by D(L), the domain of L.

Definition 3.1. The solution of the operator equation

Lz={f,z0} (3.9)
is called a strongly generalized solution of problem (3.4) or of equation (3.6).
Remark 3.2. A strongly generalized solution in the sense of Definition 3.1 is also a weak

solution (see, e.g., [11]).

3.3. Uniqueness and continuous dependence on the solution. In this section, we estab-
lish an energy inequality for L. Then, uniqueness and continuous dependence are a direct
corollary of it.

TaEOREM 3.3. Under assumption (Al), there exists some positive constant C independent
of z such that

lzllg < CllLzl|p. (3.10)

Proof. Considering the scalar product in Bi(Q) of (3.4a) and 0z/0t, and integrating the
result over (0,7) with 0 < 7 < T, we have

[

oz(+, 1) ||’ _J’T (i( 32(-,1?)) aZ(-,t))
ot B%(Q)dt o \ox a ox > ot B%(Q)dt

+JOT <bz(->f)a%>wmdt— Lf <f(.,t),¥)3%(mdt.

(3.11)
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From integration by parts, we know that

[ Gele5) ) o

% L} a(x,1) (z(x,r))2dx - % JQ a(x,0) (zo(x))zdx (3.12)

1 (T dalxt) , J’T<% _ 82(-,1‘))
5 oLz—at zdxdt + . axz(,t),Sx o dt.

So, it is easy to see that

T
g
0

_ T . aZ(',t) 2
_zL (f( 0, E00 )B%(Q)dt+JQa(x,0)(zo(x)) dx

[ oda(x,t) , B Jf(a_a _ az(-,t))
+J0L)—at Pdrde -2 | (5h2(,0,3,520 )dr

’ 52(',l‘)>
-2 bz(-,t), dt.
Jo ( “t) ot /i)

Taking into account (A4) and applying the Cauchy inequality to the first and the last two
terms on the right-hand side of (3.13), we obtain

[

2

9z(, 1) dt+I a(x,7)(2(x,7)) dx
BL(Q) Q

ot

(3.13)

2

9z(+, 1) dt+||Z(-,T)||2
B;(Q)

ot
< C5<JOTHf(-,t)||2dt+ ||z0||2) +C6JOT||z(-,t)||2dt,

(3.14)

where ¢5 = max((f—a)?,¢;)/min(1/2,¢) and ¢s = max(c; +2¢3+(B—a)?c;)/min(1/2,¢p).
Using a lemma of Gronwall’s type to eliminate the last integral on the right-hand side of
(3.14), it yields

[

Since the right-hand side of (3.15) is independent of 7, we replace the left-hand side by
the upper bound with respect to 7 from 0 to T. Thus inequality (3.10) holds, with C =
A2 exp(csT/2). O

2

. T
00|t el < e @) ([ FColPdr+H ). Gas)
B3(Q) 0

ot

ProposiTiON 3.4. The operator L : B — F possesses a closure.

For the proof, we refer the reader to [6].
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Since the points of the graph of L are limits of sequences of points of the graph of L,
inequality (3.10) can be extended for operator L, that is,

lzllp < CliLzllr  Vu € D(L), (3.16)

from which we have the following results.

CoROLLARY 3.5. The strongly generalized solution of problem (2.4) if it exists is unique and
depends continuously on (f,ug) € F.

Proof. This can be obtained directly from estimate (3.16). O
COROLLARY 3.6. The range R(L) of L is closed in F and R(L) = R(L).

Proof. Similar to that in [6]. O
3.4. Existence of the solution. We now prove the existence of the solution of problem

(3.4) in the sense of Definition 3.1.

THEOREM 3.7. Let assumption (A4) be satisfied. Then for any f € L*(I;L*(Q))) and z €
L?(Q), there exists a unique strongly generalized solution z = f% {f,z0} = F{f,zo} of
problem (3.4).

Proof. Tt follows from Corollary 3.6 that to prove the existence of the solution, it remains
to show that R(L) is everywhere dense in F. To this end, we first establish the density for
the special case when the operator L is reduced to Ly with domain D(Ly) = D(L), where
Loz = ($yz,02), &y is the principal part of &£, that is,

Ppp= 929 (m,n%). (3.17)
ot ox ox 0

ProrosITION 3.8. Let the assumptions of Theorem 3.7 hold. If
(Loz,w)r21512(0)) = 0 (3.18)

for some w € L*(I;L*(Q)) and for all u € Dy(Ly) = {z € D(Ly) : £z = 0}, then w vanishes
almost everywhere in Q.

We assume for the moment that the proof of Proposition 3.8 has been established, and
return to the proof of Theorem 3.7.
Suppose that for some W = (w,w,) € F and all z € D(Ly),

(§£()Z, w)Lz(I;LZ(Q)) + (€Z, w()) = 0. (3.19)

We must prove that W = 0. To this end, putting z € Dy(Ly) in the last equality, we obtain
(3.18). Hence, Proposition 3.8 implies that w = 0. Thus it follows that

(z,wy) =0, z€ D(Ly). (3.20)

Since the range R(#) is dense in L?(Q), the last equality implies that wy = 0. Hence, W = 0.
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The general result may be derived by means of the continuity method with respect to
the parameter (see, for instance, [5, Proof of Theorem 3]).
To complete the proof of Theorem 3.7, it remains to prove Proposition 3.8.

Proof of Proposition 3.8. Identity (3.18) can be written in the form

0z ) ( 0 ( 8z> )
—,w =|=—(alxt)=— |,w . 3.21
( ot 12(LI2(Q)) ox (x.1) ox 12(LL2(Q)) ( )

In equality (3.21), we put

t
z= J eTy(x,7)dT, (3.22)
0

where ¢ is a constant such that
cCop—Cp — c§ >0, (3.23)
J:(eTy), 03,(eTy)/0x, (9/9x)(a(x,t)(0T:(ey)/0x)) are in L*(I;L*(Q)), and y satisfy

conditions (3.4c).
Substituting (3.22) into (3.21), we have

0 [ 99,(ey)
eCt sW) 12112 = (*(ﬂi),ﬂ)) . 3.24
( Y )L (LL2(2)) ox ox L2(LLA(Q)) ( )
The left-hand side of equality (3.24) shows that the mapping
(LIQ) 5z — 2 (a(x, t)M) (3.25)
ox ox

is continuous if the function w on the right-hand side of (3.24) verifies a(dw/0x),

35 (a(0w/0x)), (0/0x) (3] (a(dw/dx))) € L*>(I;L*({))) such that

Jw
w|x=a = w|x=[)’ = 3

ox

_ dw

Tk 0. (3.26)

x=p N
Set
w=-232y. (3.27)

It is easy to see that w defined in (3.27) verifies conditions (3.26). We now substitute
(3.27) into (3.24), and we get

0 [ 93:(eTy)
—2(e” ’S)ZC 212 = _2<7(at7),3326 ) . 3.28
("9, 93) ) E E y ) (3.28)
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Integrating by parts each term of (3.28) by taking into account conditions (3.4c), we have
=2(e"y,339) o) = 2 JQ e (3,y) dxdt, (3.29)
) aﬁt(e”y)) 5 ) J _ 2
-2l =—(a—+—2~),5 - _ cT TS ct d
<8x (a o0x x) L2(LL2(Q)) Qe a(x )( T(e y)) *

_ da 2 oa
_ ct _ cT _ hatid cT
JQe (ca at)(St(e y)) dxdt ZJQ axﬁt(e y) 3.y dxdt

(3.30)
< —J e “Ta(x, T)(ST(e“y))zdx+J eCt(Sxy)zdxdt
Q Q
da da\? 2
_ —ct _ = _ = cT
JQe <ca o (ax) )(St(e y)) dxdt.
Substituting (3.29) and (3.30) into (3.28) yields
J e“(Sxy)zdxdt < —J e~Ta(x, T)(ST(e“y))zdx
Q
¢ (3.31)

We now utilize assumption (A4) and discard the first integral on the right-hand side of
(3.31); we get

J eC’(Sxy)zdxdt < —(cco—ca—¢c3) J e‘”(St(e”y))zdxdt. (3.32)
Q Q
By virtue of condition (3.23), we conclude that
J et (3,y) dxdt <0, (3.33)
Q

and thus 3,y = 0. Hence, w = 0, and this completes the proof of Theorem 3.7. O

4. The general case

4.1. An equivalent problem. We consider a particular case of problem (1.1) in which
we set o = —f1, a1(x,t) = ax(x,1), bi(x,t) = ba(x,1), and w = u+v. Thus, we obtain the
following problem:

ow

9
ot ox

(al(x, t)g—z:
w(x,0) = wo(x), x€Q, (4.1)

) i w=0, (xt)€Q,

J Fwledx = My(1), (k=0,1), tel,
Q
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where M (t) = my(t) + px(t). From the previous section, we deduce that problem (4.1)
possesses a unique solution that continuously depends on the data. Then, the function
u = u(x,t) of problem (1.1) satisfies

gluzau 8( ou

g_a a]a)_blu:_ffv(x)tau)) (x,t)EQ,
Ciu=u(x0)=uy(x), x€Q, (4.2)

f FuCeDdx = m(t), (k=0,1), tel,
Q

where f3(x,t,u) = fi(x,t,u,w — u) — by (x,t)w. Therefore, solving (1.1) is equivalent to
solving (4.2) and to set

v=w-—u (4.3)

We introduce a new function o = o(x,t) verifying o(x,t) = u(x,t) — U(x,t), where U(x,1)
is defined by (3.3). Consequently, the function o (x,t) will be defined as the solution of

do 0 do
§Bla=§—$<a1$>—blo=f4(x,t,o), (x,t) €Q,
10 =0(x,0)=00(x), x€Q, (4.4)

J ko(x,t)dx=0, (k=0,1),t€el,
Q

where fi(x,t,0) = f3(x,t,0 + U) + £, U, 0p(x) = up(x) — U(x,0). We introduce the auxil-
iary problem

_on_ 0 aﬁ) B _
fig=S1-2 (al(x,t) ) —biwom =0,
&1 =1(x,0) = gp(x), (4.5)

ngkq(x,t)dx —0 (k=0,1)

which we know from the previous section that it admits a unique solution depending
upon the initial condition. Set 8(x,t) = o(x,t) — #(x,t). Then 0(x,t) satisfies

W 9/ 0
%9=2 -2 (aa) —bi6=f(x,40), (6)eQ, (4.62)
£0=0(x,0)=0, xeQ, (4.6b)
J £00dx =0, (k=0,1), tel, (4.60)
Q

where f(x,t,0) = f4(x,t,0 +1). Thus to prove the solvability of problem (1.1), it remains
to establish the proof for problem (4.6).
As a function of kind f; (i = 1,2), the function f verifies the following assumption:
(A5’) the function f is bounded in B}(Q) and satisfies the Lipschitz condition, that is,
there exists a positive constant L such that [| f(-,¢,p) — f(-,t,9)llgy) < Lllp —
4l
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4.2. A weakly generalized formulation. Considering the scalar product in B(Q) of
(4.6a) and @(-,t) € L§(Q), it yields

<%’w("t))3§(m - (%(alaeé;c,t))’w("t)>35<o> = (01800,00.0) gy

= (f('>t’0('>t))>w('at))321(0) Vtel

(4.7)

Integrating by parts the second term on the left-hand side of (4.7),

N (a_ax (“‘aeé();t)>’w("t))sg<m

_ —<5x ) <a189("t)),f§xw(-,t)>

oe \"oE
)0+ (F(a ™) o)

0 00
- *f’xa?(“la?

0, |f 0(-,1)
7a18x-3xw a_<a1 ox

= —a,0-5,0|" + (@6(-,1),0(-, 1) + (%9(-,t),sxo(-,t)),

5a(-0)

from which we obtain

20(-,1)
(% ,cv(-,t>)w+(me(-,t),w(-,t))

a .
+(S200,0,5:00,1)) = (100,00 )y (4.9)

= (f("tae('at))aa)('at))gzl(g) Vtel

Let A(6,®) be the last three terms on the left-hand side of (4.9).

Definition 4.1. By a weak solution of problem (4.6), there exists a function 6 : I — L*(Q)
verifying the following properties:

(i) 6 € L*(I, L§(€)) n C(1, By(Q));
(ii) 06/0t € L*(I;B3(Q));
(iii) 6(-,0) = 0 in B3(Q);
(iv) the integral identity

(89(-,1‘)

o 00D)  FAG.) = (@) (410)

holds for all @ € L3(Q) and for all ¢ € I.
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We will employ the following iteration procedure:
Let 6y = 0 and let the sequence {6, },cn be defined as follows: if 8,_; is known, then
solve

00, 0 a0, o
L (al(x,wg) (60 = (01,0, 1),
0,(x,0) = 0, (4.11)

J 0,06 0dx =0 (k=0,1)
Q

forn=1,2,....
Section 2 implies that for fixed 1, each of problems (4.11) possesses a unique solution.
Set z,, = 0,41 — 0,,. Therefore, we obtain from (4.11)

—n> = bi(x,t)zn = Ou-1(x,1),
X
z,(x,0) = 0, (4.12)

j ¥z, (6 0dx =0 (k=0,1),
Q
with

D, 1(x,1) = f(x,1,0,) — f(x,£,6,-1). (4.13)

4.3. A priori estimates. In this section, we establish estimates for the function z, and for
its derivative with respect to time.
Considering the weak formulation of problem (4.12),

0z,
(5rem060)  +(@zt.0.00.0)

9
+ (%zn(.,t),sx@(-,ﬂ) — (b1zu( 0,00 ) (g

= ((Dn—l(')t)aa)(')t))le(Q) Vtel

(4.14)

Substituting in (4.14) @ = z, (€ L§(Q)) and integrating over (0,7), we have

||Zn('rT)||§3;(Q) +2—[0 (alzn('at)>zn('>t))dt
' (%zn(-,t),sxzn(-,t))dt (4.15)

= ZJ (Pu-1(+51),2n(51) gyt — 2J =

0 0

+2JO (B2 (50,20 1)) 1
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By virtue of assumption (A5’) and the Cauchy inequality, equality (4.15) becomes

e [l DIt - Dy

T 5 P ) (4.16)
< | 1001 Gyt + s | llanCnlydts
where ¢cs = 1+ c%/co +2¢4.
According to a lemma of Gronwall’s type, we get
' 2 2 r 2
@], |z (O dt +[|2a(+, 7)|[p1q) =< exp (esT) . D@1 (1) [y At (4.17)
The Lipschitz condition given in (A5’) leads to
' 2 2 ) T 2
. 2o (0[P dt + [ [2a(-, 7[5y ) < L2 exp (esT) . 201 (> )|y At (4.18)

Omitting the second term on the left-hand side of (4.18) and majorizing the right-hand
side, it yields

2 1 2
||Zn||L2(1,Lg(Q)) = Z_C()Lz(ﬁ —a)’exp (csT) ||Zn—1||L2(1,Lg(Q))’ (4.19)

from which we get

2all 2,220y = Lesllzn-1lliz a2y (4.20)
where
Co = LL(/S—()c)ex (c z) (4.21)
°= 26 P &%) :

On the other hand, testing identity (4.14) with @ = 0z,/0t, we get, after some rear-
rangements,

azn('at)z i
2' o B%(Q)+at(a1zn(,t),zn(,t))
_ _ an(-,t)> (aal _ _ )
-z(an_1<,t>, ) et (G020 (4.22)
B da; _ azn(-,t)) ( _ _ azn(-,t))
2(—axzn<,t),sx T REI CICUEIOUR s I
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Integrating (4.22) over (0,7) and performing a similar computation to that of the above,
it follows that

)
where ¢; = 3/min(1,¢), cs = (1/min(1,¢p))(c2 +3¢3 + (3(B — a)?ci/2)).

According to a lemma of Gronwall’s type, assumption (A5 ) and inequality (2.3) for
m = 1, we obtain

[

Employing an elementary inequality for the norm of z,_; obtained from the norm of
0z,-1/0t and omitting the second term on the left-hand side of (4.24), we get

azn(-,t)H2

dt+ n\" ZS q)n— 22 1 + JT n ',t 2dl’, 4.23
Al = el ) e |, et 0lPds - 429)

2

0z,(+,1)

o dt+||za(-,D)||” < L2 exp (csT) ||z 1||L2(IB2 @) (4.24)

By (Q)

T110zu(+, 1) || 1 9zn_1 ||
s dt < —¢;T’L?ex (csT)‘ . , (4.25)
JO ot g 2 P ot llusi)
from which we have
9z, || 9zn_1 ||
‘ “n < Leo|| 2! , (4.26)
ot ll2a;Bl(a) ot 2l

where

c T
Co = \/gTexp (ng>. (4.27)

Thus, we have established the following result.
THEOREM 4.2. Let assumptions (A4), (A5'), and (A6) be satisfied. Then the following esti-

mate holds:
o)
n—1» at

|(52)
f’la at

for n=1,2,..., where ¢1o = max(ce,c9), and c¢ and cq are defined by (4.21) and (4.27),
respectively.

< Lcyg (428)

L2(I,L3(Q)x B (Q)) L2(ILL3(Q)x B (Q))

4.4. Existence of the solution

THEOREM 4.3. There exist assumptions as in Theorem 4.2. Moreover, it is assumed that

L<ci. (4.29)
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Then, there exists a function 6 € L*>(I,L{(Q)) n C(I,Bi(Q)) such that 96/dt € L*(I;
B3(Q)), and it satisfies

<9n, ai”) — (9, %) in 12(I,12(Q) X BY(Q)). (4.30)

Proof. Observe that in inequality (4.20), if L < 1/cg, then the series >, z, and thus the
sequence {S,}, defined by

n—1 n—1
Su= 22k =D (Ber1(x,1) = Ol 1)) (4.31)
k=0 k=0

converges in L? (I,L%(Q)). It is easy to see that 0, = 0y + S,, = Sy, n = 1,2,.... Therefore,
the sequence {6,}, converges in L>(I ,Lé(Q)), that is,

0, — 6 inL*(I,L3(Q)). (4.32)
Since L3(Q) = BY(Q) (see (2.4) for m = 1 and Remark 2.4), we have also

6, — 0 inL*(I,BY()). (4.33)
On the other hand, in inequality (4.26), if L < 1/cq, the series >.,(dz,/dt) and thus the

sequence {Z,’(’;é((aekﬂ(x, t)/0t) — 00k (x,t)/dt)}, converges in L>(I, B}(Q)), from which
we deduce that

aaet L — in L2(I;B}(Q))). (4.34)

We have to prove that y equals 96/t in L?(I; B}(Q2)). To this end, we consider the identity

t
0,(-.1) = L E’i‘dr viel (4.35)

If we pass to the limit in (4.35) when # tends to infinity by taking into account (4.33) and
(4.34), it yields

t
0(-1) = Jol//d‘[ Vtel, in BYQ), (4.36)

from where we conclude (see, e.g., [15, Lemma 1.3.2 and Lemma 1.3.6]) that 6 € C(I;
B(Q)), differentiable for a.e. t € I, and 96/0t = v in L*(I; B3(Q)), that is

36,
Jt n-= ot

in L2(I;B3(Q)). (4.37)
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Consequently, for L < cjy, the limit relation (4.30) is fulfilled. This achieves the proof of
Theorem 4.3. U

THEOREM 4.4. Let assumptions of Theorem 4.3 be fulfilled. Then the limit function 6 =
0(x,t) is the weak solution of problem (4.6) in the sense of Definition 4.1.

Proof. By virtue of Theorem 4.3, we have 0 € L*(I,L3(Q)) n C(I,B3(Q)) and 96/0t €
L*(I;B}(Q)). Furthermore, in light of (4.36), we deduce that 6(-,0) = 0 holds in B}(Q),
and so the initial condition (4.6b) is verified. It remains to prove that 0 satisfies the in-
tegral identity in Definition 4.1(iv). To this end, we consider the weak formulation of
problem (4.11), and set 6, = (6, — 0) + 0 and f(x,t,0,—1) = (f(x,1,0,-1) — f(x,1,0)) +
f(x,1,0). Therefore, we get

00,(-,t) 90(-,1) 20(-,t)
( 5 o ’w("t)>35<m+( 5 ,w(.,t)>Bé(m+A(9n—9,@)+A(6,@)

= (f(')t)enfl('at)) _f("t)e("t))’w)le(Q)'i_ (f("t’e)’@("t))Bg(Q)’

Vtel, Vo € L3(Q).
(4.38)

Thanks to the Schwarz inequality and inequality (2.3) for m = 1, the first and third terms
on the left-hand side of (4.38) and the first term on the right-hand side can be majorized
as follows:

aen(';t) _ 89(,t) . )
( ot ot »0(1) B}(Q)
00,(-,t) 90(-,t)
S‘ ot T ot B%(Q)”(D( )t)”BZl(Q) (4.39)
|ﬁ_“|Haen(')t)_ae(',t) )
=T of pm B%(Q)”‘D( B veel,

A(Hn - 0)6)) = ((11 (Gn(',t) - 0('>t)))®(')t))

8a1
+ (22000 - 0(-0), 300, 1))

- (bl(en(',t) - 9('>t))’@('>t))B§(Q)

_ _ 2
< (C]‘f‘ |/3 a|C3+(/j 20‘) C4>||9n()t)_e(it)HHa)(’t)H Viel,

V2 (4.40)
(f(1601(50) = £ (5600,1),0(+, 1) g1 q)
< '/3;;' 1F (801 () = £ (S £6C,0) gy 100 1) (4.41)
< B 6, 10— 0C DIl a0 wier

2



Abdelfatah Bouziani 809

If we pass to the limit in (4.38) when n — o by taking into account (4.39), (4.40), and
(4.41), we obtain the integral identity

(eDat,n) @) = (FC60.00.0) 50 VIEL  (442)
ot BY(Q) :
and the proof is complete. O

4.5. Uniqueness of the solution. Assume that problem (4.6) admits two weak solutions
0) and 6, in L2(I;L3(Q))). Set z = 6; — 0,. Then z satisfies

oz 0 0z
= 9 (al(x, f)g) —bi(x,t)z = D(x,1),
2x,0) =0, (4.43)

kaz(x,t)dx —0 (k=0,1),
with
D(x,t) = f(x,1,61) — f(x,1,6,). (4.44)
Proceeding as in the establishment of estimate (4.20), we obtain
Izl 25220 < Lesllzll 2z (4.45)
where c¢ is the same constant defined in (4.20). Since Lcg < 1 (see (4.29)), then
Izl 2z = 1101 = 02l 21200y = 05 (4.46)

from which we have the following theorem.

THEOREM 4.5. Assume that assumptions of Theorem 4.2 are fulfilled. Then the solution of
problem (4.6) is unique.

4.6. Continuous dependence of the solution

THEOREM 4.6. If 0(x,t) and 0*(x,t) are two solutions of problem (4.4) corresponding to
(00, f1) and (ay', f3*), respectively, and if there exist a continuous nonnegative function K (t)
and a positive constant L such that the estimate

[ fa(-sts0) = i (- 1,0%)||py ) < K() + Ll|o = 07|51 ) (4.47)
5 ( 5 (
holds for all o, 0* € B%(Q) and allt € I, then
o 1) = 0* (Dl < (||(To — 0 [y + L Kz(t)dt) e, (4.48)

where c11 = exp((1+2L+2cf +¢3/2¢y)T).
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Proof. Lets(x,t) = o(x,t) — 0*(x,t). Then s(x, ) satisfies

_9s 9 Os * *
Fis=5 ax(‘”ax) bis = fibato) = 7 (atho™),

&5 = s(x,0) = 0y (x) — a5 (x) = sp(x), (4.49)

J xks(x,t)dxzo, k=0,1,tel
Q

Considering the weak formulation of problem (4.49), letting v = s, and integrating by
parts, we obtain, by integrating the result over (0,7),

||s(-,T)||§zl(m+zL (@rs(-0),5(-, 1) dt
=2J ((650) = fit (£,0%),5(o ) oyt + 1ol (4.50)

—2[ (aail( 1), 85 t))dt+zj (Bis(s,5( 1))

Invoking assumption (A4) and (4.47) and applying the Cauchy inequality and Gronwall’s
lemma, we obtain inequality (4.48). O

5. Conclusion

In this paper, we have treated a nonlinear parabolic system with only integral terms in
the boundaries. We have firstly solved a similar linear problem corresponding to a single
parabolic equation. Then, on the basis of the obtained results, we have constructed via an
iterative process a sequence of solutions and we have proved that this sequence converges
to the weak solution of the problem under study.

Our results still hold for nonlinear 2m-parabolic systems with only integral conditions

au o, 0771 ou
Fi(u,v) = Bt - ame 1<a1 x)+b11/—f1 Xt U, V),
a aZWI 1 a
§£2(u,v)——v+( 1)’”a S 1(a2 )+b2u—f2(x,tuv)
Ciu=u(x,0) = up(x),
(5.1)
v =v(x,0) = vo(x),

Jﬂxku(x, Hdx=mi(t) (k=0,2m—1),

L} v, dx = () (k= 0,2m=T);
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by using the same method, it suffices to replace in the proofs of corresponding theorems
the space B1(Q) by By(Q).

Our results can also be extended to a mixed problem for a pluriparabolic system
with integral boundary conditions (or more generally for a pluriparabolic system with
nonlocal initial conditions and integral boundary conditions, resp.):

a a2m 1 a
Li(u,v) = Z§+( UmW(‘”a >+b11/—f1(x,tu v),
aZm 1 a
(u,v) = zat +(— l)ma E—. 1<azav)+b2u—f2 (x,t,u,v), (5.2)

n
forxe Q, t=(t,...,t El—[

i=1

) n 92m—1 P}
( (u,v) = zat +(—1)'"s1gn1_[(1—|/1,-|2)W<a1au)+b1v
! i=1

= filx,t,u,v),
B Pl gy (5.3)
Lar(u,v) = zatl+( 1) 31gnll_!(1—|/1| )8 o 1(“2&)‘“’2“
= h(xtu,v), forxeQ,t=(t,....ty) € 1_[ resp.),

i=1
Gt = u(x, by 1505t tse o 1) = Uoi (Xt ti L tivtsee s ),
eiv = V(x)tl)---)tifl)o)ti-%-l)---)tn) = V()i(x)tl)---)tifl)ti-%-lr--)tn))

n (5.4)
(Xt s tis o st 1) € QX[ ](0,T5),
j=1
j#i
(eiu = u(-x)tl)~--)tifl)O)tHl)-'-)tn) _/\'iu(x)tl)“-)tifl) Ti)ti+l)~--)tn)
= uOi(x)t1>~--)ti—l)ti+13~-->tn))
g,‘V = V(x,tl,...,ti_l,o,ti+1,...,tn) _AiV(x,tl,...,ti_l, Ti)tiJrl)”-atn) (5 5)
:VOi(x)tl)--')ti—latiJrl)--')tn)) '
n
(X,tl,...,tifl,tiﬂ,...,fn) e QX 1_[ (0, Tj), resp.),
j=1
j#i
J ou(x, by, oty dx = m(t,.. 1),
Q
k —
Jﬂx V(% t,e o tn)dx = pr(ts. .5 ta), (5.6)

(ti,....ta) €] ] (0, (k=0,2m—1).

i=1
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By using the same reasoning given above, it is enough to put the test function >.;" , (9z/0t;)
instead of dz/dt and to use a generalization of Gronwall’s lemma appropriate to this type
problems; see, for instance, [4].
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