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We give the sufficient conditions for the existence of a metric projection onto
convex closed subsets of normed linear spaces which are reduced conditions than
that in the case of reflexive Banach spaces and we find a general formula for the
projections onto the maximal proper subspaces of the classical Banach spaces
lp, 1 < p < oo and cy. We also give the sufficient and necessary conditions for
an infinite matrix to represent a projection operator from /,, 1 < p < 00 or ¢
onto anyone of their maximal proper subspaces.

1. Introduction

A subset C of a normed linear space X is called an existence subset of X if and
only if for every element x € X there is an element y € C, where y is called the
best approximation of x denoted by b(x, C) [2, 3] such that

lx — y|l = dist(x, C) :=inf {lx — y| : y € C}. (1.1)

Needless to say, best approximations play a major role in many applications,
including approximation theory, optimization and applications in mathematical
economics and engineering. Thus, the mathematical analysis of the properties
of the best approximation elements has drawn much attention in research.

In [11, 13], the authors there used the terms CebySev subsets and proximal
subsets instead of the existence subsets and studied the characterizations of the
existence subsets of Banach spaces.

It is shown that if X is a reflexive Banach space and C is a closed convex
subset, then for every x € X the best approximation element b(x, C) exists and
is unique.
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402  Projection constant problems and metric projections

In this paper, reduced assumptions on a normed linear space for a closed
convex subset to exist are given, instead of the reflexivity and the completeness
assumptions of the given normed space.

On the other hand, it is known that the existence of a projection P from a
Banach space X onto its closed subspace Y is equivalent to the existence of an
extension T of any operator 7 from Y into W to an operator from X into W
such that ||T|| < ||P|IIIT]|. The two equivalent problems, that is

(1) how small can the norm of the extended operator be made? and
(2) what is the projection of smallest norm?,

are challenging to the study of the relative projection constant A(Y, X) of Y in
X, where

AY,X) = inf{IIPII, P is a projection from X onto Y} (1.2)
and the absolute projection constant of ¥, A(Y), where
A(Y) :=sup{A(Y, X), X contains Y as a closed subspace}. (1.3)

In [10], the upper estimate for the absolute projection constant A(Y') of a finite-
dimensional space Y with dimY = # is found in the form

1
Jn— 7 +0 (n_3/4), in the real field,
n

1

N
The precise values for I, I3, and I/, p # 1, p # 2, have been calculated by
Griinbaum [8], Gordon [7], Garling and Gordon [6], Rutovitz [12], and K&nig
et al. [9].

In [5], interesting results have been given for the injective and projective
tensor products.

For a finite codimensional subspaces, Garling and Gordon [6] showed that if

Y is a finite codimensional subspace of the space X with co-dimension 7, then
for every € > O there exists a projection P from X onto Y with norm

AY) < (1.4)

N +0(n=3/%), in the complex field.

[Pl <14 (14€)v/n. (1.5)

And so, A(Y, X) < 1+ /n. In particular, if the co-dimension of Y is 1, that is,
Y is a hyperplane in the space X, then A(Y, X) <2.

2. Notation and basic definitions

We will use the same notation that is given in [1, 4, 14].
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Let C be a nonempty closed convex subset of a normed space X. If for every
x € X there is a unique b(x, C) in C, then the mapping b(x, C) is said to be a
metric projection onto C, in this case we have

|x=b(x,C)| =dist(x,C) Vx e X. 2.1

Clearly, if X is a Hilbert space and C is a nonempty closed convex subset of X,
then there is a metric projection from X onto C, see [14].

As a direct consequence of the separation theorem, if X is a locally convex
linear topological space, then a nonempty convex subset C of X is closed in
the strong topology of X if and only if C is closed in the weak topology of X,
see [4].

A relative projection constant of the closed subspace Y in the space X is said
to be exact if and only if there is a projection P from X onto Y at which the
infimum of (1.2) is attained.

A subspace Y of the space X is said to be a hyperplane (maximal proper sub-
space) of the space X if and only if X contains Y as a subspace of deficiency 1.

It is known that a subspace Y is a hyperplane of the space X if and only if
there is a functional f € X* such that ¥ = f_1 ({0}); see [1].

Let P be an operator on the space X. Then the point x € X is said to be a
maximal point of the operator P if and only if || P|| = || P(x)]|.

If X is either the Banach space /,, the Banach space of all bounded scalar-
valued functions {x,};; on a countably infinite set N, or [, the Banach space
of all scalar-valued functions x = {x,}2, on a countably infinite set N, such
that Zf,o: 1 1xn]? < 00 or ¢ the closed subspace of the Banach space [, then
the norms on X are defined as follows:

sup;2 |x,,| if X =ls,
lxllx == q /& 1/p 2.2)
(Z|xn|") if X =1,.
n=1

Our first result is the following theorem.

THEOREM 2.1. Let X be a normed space in which every Cauchy sequence has
a weakly convergent subsequence and the parallelogram law holds. Let C be a
nonempty closed convex subset of X. Then the metric projection b(-, C) from X
onto C exists.

Proof. Let x € X and consider the distance function dist(x, C), there exists a

sequence {yy};~ ; of elements in C such that

dist(x, C) < ||x —yu| < dist(x,C)—i—l, n=1,2,.... (2.3)
n
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Taking the limitas n — oo, we getlim,,_, o ||Xx — ;|| = dist(x, C). The sequence
{yn}o2, is a Cauchy sequence in X. In fact, using the convexity of C, we have
(1/2)(yi +y;) € C, also using the parallelogram law, we have

| i =) = (v =) P+ 1 (s =) + (v =) [ = 2 e = x| P+ 2]y = x>
2.4)
Therefore,

2

1
I =53 = 2=l 2=+l == 5 i+3)

2 2
§2|:dist(x,C)+ll:| +2[dist(x,c)+ﬂ 2.5)

—4dist(x,C)2 2% 0,

using the assumption, every Cauchy sequence has a weakly convergent subse-
quence, the sequence {y,} >, has a subsequence {y,,}{°, converging weakly

. . i — 00 . . . .
to some point yg in X, yu, > . Since C is convex and is closed in the
weakly

strong topology, C is closed in the weak topology, then C contains as well all
its weak limits yo € C. Now, consider the proper convex lower semi-continuous
real-valued function g on C defined by

g(@)=lx—z| VzeC, (2.6)

we have

lim g(yn) = lim {x—y| = dist(x, ©), 2.7

n—oo

and the mapping g attains its minimum at yg. In fact, let € > 0. Then the set

Ggtyp)—e ={z2€C:g(x) < g(y0) —€} (2.8)

is a convex closed subset of X. Using the convexity of Gg(y,)—e, for every € > 0
the set Gg(y,)—e 1s a weakly closed subset of C and hence for every € > 0 the
set

G?&?)—e ={z€C: g > g()—¢} (2.9)

is a weakly open subset of C, since yp € G°©

of yp (w.r.t. the weak topology) such that V C G 2(y0)—€" Using the weak limit
point definition of the sequence { )’ni}?il’ there is ip € N such that y,, € V for
all i > i, then y,, € G;((Sg)_e for all i > io. Therefore g(y,,) > g(yo) — € for
every i > ip. Finally we have
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inf {g(z) 2 € C} < g(y0) < Inf () +-€ <liminf g (3, ) +e

= lim g(yu)+e= lim g(ya)+e (2.10)

=inf{g(z) :z€ C}+e.

Since € > 0 is arbitrary and yg € C, we have

g(y0) =min{g(x):z € C}. (2.11)

Thus for every x € X there is yp € C such that
|x—yo| = min {|lx —z|| : z € C} = dist(x, C). (2.12)

To show that such a point yg is unique, let g(yg) = 0. Since ||x — yo| = 0,
X = Yo, Yo is unique. Let g(yp) > 0 and let z¢ be an element in C with

g(z()) = ||x—zQ|| =min{||x—z|| 1z € C} = g(yo) = ||x—yo|| (2.13)

and zo # yo(llzo — yoll > 0), since C is convex, (1/2)(yg+zo) € C, using the
parallelogram law, we have
x—=(vo+z0)

g(»o) Sg(%(yoﬂo)) = lx—3
= @)+ =) = 5 (1= v0) +(=20) )
e [y P .14
< %<2||(x—y0) 12 +2 (x —z0) ||2)”2

= %(Zg(yo)z +2g(Zo)2> v = g(y0)-

This is a contradiction. Therefore no such zg exists, and yg is unique. Now, define
the mapping b(x, C) from X onto C by b(x, C) = yg, the mapping b(x, C) is
the required metric projection. ]

1

Our result concerning the maximal proper subspaces of the classical Banach
spaces cg or [, for 1 < p < oo is the following result.

THEOREM 2.2. Let X denote one of the spaces co orl, for 1 < p < oo, f € X*
and Y the closed linear subspace Y = f~'({0})) = {y = i}, - f(y) =
> 22, bi f; = 0} of the space X. Then the general formula of any projection
from X onto Y is given by

P=1,—f®z forsomezeX with f(z)=1. (2.15)
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Proof. Since every element x = {x;}7°, € X is uniquely written as x =
> 22, xie;, any operator P on X is completely determined by P(e;), suppose
that P(e;) = {eix}z= |, we have

o0
P(X)ZZ)CiP(ei)Z {ineik} ) (2.16)
i>1 i>1 k=1
Define the element z = {a};2, € X as follows
fiag =68ik—eix, k=1 2.17)

Since f is a nonzero element of the space /1 or [, where 1/p+1/g =1, f #0,
there is at least one index i for which f; # 0, for this index multiplying (2.17)
by fx and summing with respect to k, we get

Y few=Y fi(i—ei) = fi— > fueir 2.18)

k=1 k=1 k=1

Since P(e;) € Y and f(P(e;)) = 0, that is, Zk31fkeik = 0. Therefore,

fizkzlfkak = f;, this proves that Zkzlfkak =1, that is, f(z) = 1. On
the other hand, we have e;; = §;x — oy fi. Thus the representation of P is as
follows:

.¢] oo

P(x) = ZXi(5ik—Otkﬁ) = | Xk —Qk infi

i>1 k=1 k=1 (2.19)

= {xk—akf(x)};:o:l =x—f(x){ak};:ozl =x—f(x)z.

The converse direction is clearly true. To calculate the norm of the given projec-
tion P, we have two distinct cases, the first is when X = ¢( in which the norm
is as follows:

n

o0
|P|l= sup E 5ikxi—05k§ X fi
=1 . .
[l i=1 i>1 k=111, (2.20)

= sup (|1 e i+ el [1.£ 11 = | fel])
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The second case is when X =/, in which the norm of P is as follows:

o
1P| = sup {Zaikai—akaiﬁ}
k=1

lP

= sup {Z (8ik — o fi)xi }

lx][=1 i>1
= k=1 Ip

= sup |{{8u—anfi ), (fai} 2 )12 [

lIxll=1
= sup Z| zk_akle 1 x’l 1
llxll=1 k>1

1/p

:(Qiﬁ%“ woehlizlbin) )
- ~ p/4
=(Z(||{ w—ow i}, )) (Z(Zm o fi| ) )

k>1
(2.21)
O
CorOLLARY 2.3. If f = {fi}{2, is an element of the space (I)* =l and Y
is a subspace of the space 11, Y = f~1({0}), then some of the maximal points

of any projection P from Iy onto Y lie in the set {e;}7° |, where {e;}7°, is the
canonical basis of 1.

Proof. According to Theorem 2.2, the norm of any projection in this case is
given by

Pl = HSIHJ_p] lp)| = HSlnl_p] |lx = f )z

{Z(Sikxi — ok infi}

= sup
HXH:1 i>1 i>1 k=1 I

<Z Sllp‘ ik — O{kfl}l l({x’}t l)| (222)
k>1“x” 1

SRV IS e
k>1 k>1

= supZ |31k—0tkfz{ = SUP ||P(e,)“

k>l
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Therefore the norm of any such projection is attained at some points in the set
{ei }?il . U

Remark 2.4. 1f one of the coordinates of f,say f; =0, thene; € Y (for f(e;) =
fi = 0). And to get a norm one projection the effect of this projection on the
basis elements must not exceed one.

COROLLARY 2.5. Let X denote one of the spaces co or l,, 1 < p < 0o, and
let f € X*. Then an infinite matrix P = {pin}inen represents a projection
operator from X onto its hyperplane f~1({0}) if and only if the matrix o« =
{8in — Pin}i.nen satisfies the following conditions:

(1) trace a =1,

(2) each row of the matrix « is a scalar multiple of f.

Proof. Let P = {pin}i.nen be an infinite matrix satisfying conditions (1) and
(2). Then P = I —«, since each row of the matrix « is a scalar multiple of f,
a(y) =0 forall y e f~1({0}). And so, P(y) =y for all y € f~1({0}). If f"
denotes the nth row of the matrix o, using condition (2) we obtain foreachn € N
a scalar o, such that f" = o, f, using condition (1) we have f(z) = 1, where
z = {ay};2 ;. To show that the range of P is f —1({0}) it is sufficient to show
that f(P(x)) =0 for all x = {x;}72, € X, so suppose that x = {x;}72, € X,
we have

F(P@) = fU—0)@) = f(0) = fa@) = f@) = f({anfi}, ey @)

=f—f {Zanﬁxi} ==Y fo Y anfixi
i=1 n=1 i=1

neN
=f) =Y fan x Y fixi = f(X) = f(2) f(x) =0,
"~ = (2.23)

Conversely, if P is a projection from X onto f~!({0}), using Theorem 2.2, we
obtain an element 7 = {an};’f’:l € Xsuchthat f(z)=1land P =1Ix— f®z.So

P({xi}o) =Ix) = f({xi} o)) x 2= Ix(x)—Zfixi Xz

i=1

v a2 = ey ()
n=1

i=1

(2.24)

where o, = z; f,. This proves that the operator P has the matrix representation
P = {6, —tin}inen-. Clearly the matrix o = {ojn}i nen satisfies conditions (1)
and (2). [l
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COROLLARY 2.6. Let f = 8{ex};_, n > 2, be a sequence of the space l,ll, where
8 is a nonzero scalar and €; = £1. Then the relative projection constant of the
(n — 1)-dimensional subspace f~'({0}) in the space I%° is given by

_ 2
A(F7(10)), 15°) =2-- (2.25)
Moreover, the minimal norm projection is given by
Py =x— T p (2.26)
11

Proof. As given in Theorem 2.2 the norm of any projection corresponding to
the element z = {a};_, is given by

1P = stp (|1 — e fe| + || [11£ 11 — | fic|])
e~ 2.27)
= ls:?(|1 — Saker| + || [n — 1118]).

Assume that the minimal projection is a norm one projection. Then there is
zelland

|1 —Saker|+[n— 1|k |I8] < 1, (2.28)

for every k = 1,2, ..., n. In this case, we have 1 — |ay |+ [n — 1]|ag||6] < 1 for
every k =1,2,...,n. Therefore [n —2]|8|ax| <O for every k = 1,2, ...,n. For
n > 2, this is true only if o = 0 for every k = 1,2, ..., n. This is an obvious
contradiction, thus there is no norm one projection from l,ll onto f o).
Now, let x = {x;};_, € [;° be an arbitrary point. To project this point to the
point xg = {x,?};j:l in the space f —1({0}) with a minimal available distance
between the points x = {x;};_; and xo = {x,?}zzl, the sequence xg —x =
{x,? — Xi}y—; must be parallel to the line passing through f = {fi};_, and
perpendicular to the plane f~!({0}). Thus there is a scalar A such that xo —x =
Af. On the other hand, since xg € f’l({O}), f(x0) =0, thus 0 = f(xo) =
SIS and s0 2= = £ ()/ |1 £} it follows that xo = x = £ 1)/l £}

f- The required projection Py from /3° onto f ~1({0}) is defined by the formula

f@
10

Py(x={ul,_)=xo=x— x f. (2.29)

(Note that the element zg corresponding to Py is zo = f/|| f ”122 and also || Py|| =
2-2/n).)

Now we are going to show that this projection is a minimal norm projection.
Assume the contrary, that is, there exists an element z € l,i such that f(z) =1



410 Projection constant problems and metric projections

and the corresponding projection P satisfies || P|| < (2 —2/n), according to
(2.27), we have

(|1 —Saxer |+ |ew|[n — 1118]) < (2-%) (2.30)
for every k € {1,2,...,n}, from which we get
[n—2] || 18] < (1—%) (2.31)
and so for such z we have
‘ak’<ﬁ Vk=1,2,...,n, (2.32)

multiplying by | fx| = |8], summing with respect to k, we get > _, | fillok| < 1.
On the other hand, the inequality

1= fraw =Y | o] < 1 (2.33)
k=1 k=1

gives a contradiction, hence no such z exists, from which we concluded the proof.
O

CorROLLARY 2.7. If f = {fu}°2, is a sequence of the space Iy, and o).
Then A(f~'({0}),co) = 1 if and only if there is n € N for which |f,| >
A/DNf Ny,

Proof. As given in Theorem 2.2, the norm of any projection corresponding to
the element z is given by

1Pl = iuI;(|1—akfk! + o[£l = e[ ])- (2.34)

To have a norm one projection, we must have |1 —ay fi| 4 |ox | (| f I, =1 fel) <1
for every k € N. In this case we have 1 — |ax fi| + k| (| fll;, — [ fkl) < 1 for
every k € N. Therefore

lee| (I £l =2| fe]) <O VkeN. (2.35)

If ke N and (|| fll;; — 2] fx]) > O, then |ag| =0, but f(zp) = 1 implies that at
least one k € N for which |a| # 0 and so at least one k € N for which (|| fl|;, —
2| fil) < 0. Therefore there is at least k € N for which | fi| > (1/2)| fll;,. O

EXAMPLE 2.8. The minimal norm projection of the subspace Y = {x = {b,~}l.3:1 |
Z?:l b; = 0} in the space I5° is the projection given by

1
P()({xi}3 ): E{le—xz—x3, 2xp — X1 — X3, 2)@—)61—)(2}. (2.36)

i=1

with norm || Py|| = 4/3.
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