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We consider a reaction-diffusion system modeling chemotaxis, which describes the situ-
ation of two species of bacteria competing for the same nutrient. We use Moser-Alikakos
iteration to prove the global existence of the solution. We also study the existence of non-
trivial steady state solutions and their stability.
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1. Introduction

Chemotaxis, the oriented movement of cells in response to ambient chemical gradients, is
a prominent feature in the organization of many biological populations. Since the pioneer
work of Keller and Segel [11] to propose mathematical models for chemotaxis, there has
been great interest in modeling chemotaxis and in the mathematical analysis of systems
like the Keller-Segel model. In this paper, motivated by the model in [15], we consider a
revised model discussed in [16], that is,

M o iNee ~ RN)D~ Ro(N)B,  0<x<1, 150,
% — (dby — abSi(N)Ny), + b(piRu(N) —b—B), 0<x<1,t>0,
oB
i (DBy — BBS:(N)Ny) . +B(p2Ry(N) —b—B), 0<x<1,t>0, (L)

N:(0,£) =0, Ni(1,t) =y(1-N(L,t)), ¢>0,
dby —abS;(N)N, =0, x=0,1,t>0,
DB, — BBS:(N)N, =0, x=0,1,t>0,
N(x,0) = No(x), b(x,0)=bo(x), B(x,0)=Bo(x), 0<x<]1.
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2 A system modeling chemotaxis

This is the situation of two species of bacteria competing for the same nutrient, where
N(x,t) is the concentration of the nutrient and b(x,t), B(x,t) are the densities of two
competing species of bacteria. R;(N), i = 1,2, are the consumption rates of the nutrient
per cell. —uNy, —db,, and —DB; are the random fluxes of N, b, and B, respectively, while
abS1(N)N, and BBS;(N)N, are the chemotactic fluxes of b and B, where y >0, d >0,
D >0and « = 0, 8 = 0. For definiteness, we assume that d < D. Functions S;(N), i = 1,2,
the so-called sensitivity rates, are included to indicate that the sensitivity of cells to the
nutrient may vary at different levels of nutrient concentration. When « = 0, 8 = 0, and
pi = 1, this model reduces to the model discussed in [16]. But the present model is not
a trivial generalization of the model discussed in [16] because of the appearance of the
chemotactic fluxes of b and B. Due to the lack of monotone structure on the system,
the main tool—the comparison principle—used in [16] does not work here. In [15],
the authors considered a similar model and discussed the situations when there is no
positive steady state. In this paper, we will give sufficient conditions that guarantee the
existence of positive solutions. The method we use here to investigate the existence of
steady states is different from that used in [15]. We also consider some special cases in
which the sufficient conditions we will derive are not satisfied and the systems have no
nontrivial steady states. The boundary conditions represent that the total fluxes of b and
B at the boundary points x = 0 and x = 1 are zero. This is true for N atx = 0, butatx = 1,
N is diffused into the medium. In the adjacent region, N = 1, which must also be an
upper bound for N inside the medium, and therefore we are only interested in solutions
with 0 < N < 1. For this reason, we assume that 0 < Ny < 1 throughout the paper.

From biological and technical considerations, we assume that

Ri(0)=0, R;(N)>0, S;(N)>0 on [0,00). (1.2)

The assumptions about R; guarantee the nonnegativeness of N, b, and B as long as the
initial functions are nonnegative (see [13]). Therefore we will only consider nonnegative
solutions of (1.1).

This paper is organized as follows. In Section 2, we will prove the global existence of
solutions. In Section 3, we will study the existence of steady states and some special cases.

2. Global existence

By standard existence theory, for example, see [3-5, 12], it is not difficult to establish the
local existence of the unique solution (N (x,),b(x,t),B(x,t)) for 0 < t < Tiax, Where Ty
is determined by Ny, by, and By. It is well known that local existence together with L® a
priori bounds ensure the global existence of classical solutions. Therefore, to establish the
global existence, we need only to establish a priori estimates for [[N(-,t)|lz~, [16(+, )1,
and ||B(-,t)|l.~. The boundedness of |[N(-,t)||.~ is trivial because we have 0 < N <1
(in fact, this can be proved directly by using comparison principle). Therefore we need
only to establish the boundedness of [|b(+,¢)lI1~, and [|B(+,#)||~. This is done by proving
several lemmas. The following general imbedding result will be of use to us.
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TaEOREM 2.1 (see [10, 2]). Assume that operator s is sectorial in X = LP(Q), 1 < p < oo,
where Q is a bounded smooth domain in R" and X' = D(sd) — W™P(Q) (where — denotes
topological as well as set inclusion) for some integer m > 1. Then for 0 < 0 < 1,
(i) X0 = wh(Q) if = 0,1,2,...,m— 1, 1 < q < +oo, where 0 >/m and 1/q > 1/p —
(Om—1)/n;
(i) X = C"(Q) if0 < v < Om — n/p.

LEMMA 2.2. Ifl<p<oo,and f =20,¢g =0, and h = 0, then
(f +g+h)P <22P72(fP +gP +hP). (2.1)
Proof. Tt is well known thatif 1 < p < co,anda >0, b > 0, then (e.g., see [1])
(a+b)P <2P7(al +bP). (2.2)
Therefore,

(f+g+hP <207 ((f+)P +hP) <207 (2P (f7 +gP) + )

(2.3)
< 22P72(fP +gP +hP). 0
LemMMA 2.3. There exist positive constants ¢, and Cg such that for 0 < t < Ty,
B 1
B(t) = [ b(x, t)dx < ¢y,
‘1) (2.4)
B(t) = I B(x, t)dx < Cp.
0
Proof. Let
1 1 _ B
AH) = J b(x,t)dx+J B(x,t)dx = b(¢) + B(b). (2.5)
0 0

Obviously, b(t) = 0 and B(t) > 0. Therefore, to prove the lemma, we need only to
prove that there exists a constant M > 0 such that for 0 < t < Trax,

A(t) < M. (2.6)
In fact, by adding the b-equation and B-equation in (1.1) and using the boundary condi-
tions, we have
1

1
A(t) = L (PR (N)b(x, ) + paRo (N)B(x, 1)) dx — L (b(x,£) + B(x, 1)) dx

1 1 2
sRJ (b(x,t)+B(x,t))dx—<I (b(x,t)+B(x,t))dx) _ RA(H) — (A(D))S
’ ’ (2.7)

where R = max{p,R;(1),p2R>(1)}. This implies (2.6). O
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LEMMA 2.4. For any small T > 0, there exists a positive constant § depending on R;, Si, by,
By, and ||N (x,7)|lg2(0,1) such that

max { Ll b (x, H)dx, Ll B(x, t)dx}

. | (2.8)
< z(f bz(x,r)dx+J Bz(x,‘r)dx) 16, T<t< T
0 0
Proof. For1< p<2,letX =L?(0,1). Operator A, = —u(d?*/dx*) with domain
D(s,) = {ue W»P(0,1):4/(0) =0=u'(1)+yu(1)} (2.9)

is sectorial in X and o(,) C {Z € R:Z > Ao} for a positive number 1y due to the sym-
metry of o, where o(s4,) is the spectrum of s ,.

Since o, is sectorial in X, the operator —s{,, generates an analytic semigroup {J ,(¢)}
with |, () llx < ke=* for t > 0, for a positive constant k.

By Theorem 2.1, we know that, for 1 > 6 > 1/4+ 1/2p, fractional space X? — H'(0,1).
By Theorem 1.4.3 in [10], there exists a constant kg < co such that

|T (1) 5o < kot Pe . (2.10)
Let u = 1 — N, then u satisfies
U = Py + RI(IN)b+Ry(N)B, 0<x<1,t>0,
u(0,£) =0, u (L, t)+yu(l,t)=0, >0, (2.11)

u(x,7)=1-N(x,7), 0<x<]1.
Therefore u € D(&Qp) and for 7 < t < Trax,
u(+t) =Tt —1)(1-N(-,1))

. (2.12)
+j T ot~ E) (R (N (- E))b(-) + Ry (N (-, €))B(-,&)) dE.

T

Now for 7 < t < Tax, We have
||Nx(':t)||L2(0,1) = H”('J)”Hl(o,l) = CH”(')t)”X@ = CHJO_p(t_ 7)(1 —N(-,T))er
+CL [Tt = E) (R (N(-,€))b(+,&) + Ry (N(+,€)) B(+,€))|| o d&

= CllF, (=Dl = NC,1)llxe

+CJT ||gp(t_€)||xﬂ||R1 (N(35))b(:f)+R2(N(a£))B()f)”ng
< Ke ™71 — NG, 7)o +CR1(1)J kg(t—E)’ee”‘““’f)||b(-,£)||xdf

+CRy(1) J ko(t — &)~ 0e U=0|[B(-,8)|| dE.
(2.13)
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Let

1
w(t) = max | b*(x,&)dx,
t<é<tJo
(2.14)

I'(t) = maxJ’1 B?(x,&)dx,
0

T<é<t

then it is easily seen that w(t) and I'(#) are nondecreasing functions of t. By Holder’s
inequality
—2-p)/ ! P=Dp g py -
b0l <50 | pwoax) <3 o@n) ",
0 (2.15)

||B(.,£)||XSE(Z—P)/P(t)(r(t))(pfl)/p,

where b(t) and B(t) are defined in Lemma 2.3. Therefore, from (2.13) and Lemma 2.3, we
know that there exist constants k; depending on |[N(x,7)llg2(0,1), k2, and k3 depending

on R; such that

INe GOl 20y = Ko+ ke (@(8) P77 4 ks (T() P07, (2.16)

Now multiplying b(x, ) to the b-equation in (1.1) and integrating by parts on [0,1], we

obtain that for 7 < t < Trax,
1 d 1 1 1
la J b2 (x, £)dx < —J (db, cbel(N)NX)bxdx+J PRy (N)B(x, )l
2dt Jo 0 0
1 1 1
< —df bgdxmf Sl(N)Nxbbxdx+p1R1(l)J b (x, H)dx
0 0 0
1 1 172, 1 1/2 (2.17)
s—dj bﬁdx+c1||b(-,t)||Lm(01)(J N,%dx) (J bgdx)
0 ? 0 0

1
R JO b (x, 1)dx.

From this and the inequality (see [14])

L 1 173
160 0) o) < c(b(t) +b1/3(t)(J0 bi(x,t)dx) ) (2.18)
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we have

2
i o

s 1 13\ , (1 12, 1 12
< —dJ bidx+cz<b(t)+b (t)(J bidx) )(J dex> (J bﬁdx)
0 0 0 0

+p1Ri(1) Ll b (x,t)dx (2.19)

1 B 1 12, r1 12
- 7dj b,%dx+c2b(t)(J N,%dx) (J bgdx)
0 0 0

s 1 12 5/6
o (t)(J Ngdx) (J bzdx) T+ piRi(1) j b2 (x, 1) dbx.
0

From Young’s inequality
XY < 3XP +c(n)Y4, (2.20)

(where 1/p+1/qg =1, c(n) = (np)~9?/q) with p =q =2, n=d/4 and p = 6/5, q = 6,
n = d/4, respectively, we have

B 1 1/2 12
ch(t)(L Ngdx) (I bzdx) < ,J bldx+ - cgb (t)J N2dx,

s 1 12, 01 56 4 (1 5 1 3
e (t)(J N,gdx) (J bﬁdx) < ZI bldx + ;b (t)(J Ngdx) .
0 0 0 0

Using (2.21) in (2.19), we obtain

(2.21)

zdtj b (x, )dx < dJ pldx+ & J b2dx+—c§b J N2dx

J bdx+ b (t (J dex> iRy 1)J b2 (x,1)dx
d 1 1 ) 1 3
—ff bfcdx+fc2b (t)f N2dx+¢sb (t)(J N,%dx)
2 Jo 0 0
1
+p1R1(1)J b2 (x, t)dx
0

1 . . 1 3 1

< —gj b,%dx+c4b2(t)+c5b2(t)(J Nfdx) +p1R1(1)J b (x, H)dx.
0 0 0

(2.22)

For any € > 0, from the following inequality (see [14]),

1 1
J b2 (x, £)dx < eJ bldx + (ce= 2+ 1)B(0), (2.23)
0 0
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we have

1 1
L bldx > é(fo b2 (x, £)dx — (ce=V? + 1)Ez(t)). (2.24)

Therefore,

zdtj b (x, t)dx<——<J b2 (x, £)dx — (ce 1/2+1)Ez(t))

3
LB (1) +esh (t)(J Ngdx) £ puRi(1) Jl b2 (x, 1) dx

<p1R1( )J B2(x, )dx + cb™(£) + 5B ( t)(J N2dx)3.
(2.25)

By taking € = d/(3p1R; (1)), we obtain

3
2dtj b (1) < — PR ”J b2 (x, t)dx + ceB () + ¢sb (t)(J Nde) (226

Then, in view of (2.16) and Lemma 2.2, we have

: dt[ b2 (x, t)dx < %l“)ﬂ b2 (. t)dx

6
+ceb (1) +csb’ (t) (kl +ha (w(0) P 4 ka(rm)“””/”)
(2.27)

< —LRZI(I) Jl b (x, )dx + c;b (£) + csb (£) (w(1)) PP
0

+cob” () (D()) "0V

From this, the monotonicity of w(#) and I'(#) and Lemma 2.3, it follows that for 7 < t <
TmaX7

Jl b2 (x, £)dx < Jl b2 (x, 7)dx + 10 (1 + (w(8) PV (r(r))“‘”““’). (2.28)
0 0
Thus

< JOI b2 (x,7)dx + 10 (1 ()PP (r(t))é‘f’*”“’). (2.29)
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Similarly, we have

I(t) < Ll B2(x,7)dx+c1y (1 T ()P (r(r))“f"”/f’). (2.30)

Therefore,

O(f) +T(¢) < Ll b2 (x, 7)dx + Jol B2 (x,1)dx + 01 (1 T (w(8) VP (r(t))“f””/")

< fl b (x,)dx + JIBZ(X;T)d?H'Cu +as(w(®) +T(0) PV,
0 0
(2.31)

Now we take 6/5 > p > 1, then 6(p — 1)/p < 1. Therefore there exists a positive constant &
depending on R;, S;, pi, bo, By, and [N (x,7) | i2(0,1) such that

1 1
W) +T(1) < z( L b2 (x, 7)dx + L Bz(x,r)dx> 18, T<t< Ty (2.32)

From this we know that the lemma is true. O

LEMMA 2.5. For any small T > 0, there exists a positive constant L = L(Tmax) such that
[INeC-5Ollpmory <L, 7 <t < Trnax. (2.33)
Proof. Let X = L?(0,1). Operator s, = —u(d*/dx?) with domain
D(sy) = {ue H*(0,1):4'(0) =0 =u'(1) +yu(1)} (2.34)

is sectorial in X and o(sd,) C {Z € R:Z > Ay} for a positive number Ay due to the sym-
metry of d,, where o () is the spectrum of .

Since A, is sectorial in X, the operator —s{, generates an analytic semigroup {J, ()}
with || T2 (¢)||x < ke~!, for some constant k, for ¢ = 0.

By Theorem 2.1, we know that, for 1 > 8 > 1/4, fractional space X% < C[0,1] forv e
(0,20 — 1/2). In particular, we take 6 > 3/4, then v can be taken to be 1 and X? — C'[0,1].
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Therefore, from (2.12) with p = 2, we have, for 7 < t < Tpax,

NGOl cpon = M Bl eroy = Ml Dlxe < [[T2(2 =) (1= N 7)) [[xo

+J:H%(t*f)(Rl(N(-,t'))b(-,f)+Rz(N(-,€))B(-,f))||Xedf

<||T2(t =Dl [[1 =N, 7)o
{11200 0l R (N, 8)+ Ra (NG E)B, D)t
< ke M=7)||1 —N(-,T)||X6+R£ ko(t =€) 09| [b(+, &) +B(-,8)|[ydé
< ke 1= N(, D)o
R j:kgu— £) 000 (b, &)||y + 1B, )|y ) dE
< ke D1 = N(-,7)||x0
iR j:z(z(ﬁ B (x,T)dx+Ll Bz(x,T)dx> " 5) Y (= £) e -

= ke Mot=7) | |1 - N( .,T)ng

N zR(z ( Ll b (x, T)dx + Ll Bz(x,r)dx) n 5) . f Ko(t— £) 8¢ o004,

(2.35)

where R = max{R;(1),R;(1)}. This completes the proof. O
LEmMA 2.6. There exists a positive constant M > 0 such that for T < t < Trax,

max {|[b(-, 1), ||B(, )|} < M. (2.36)

The proof is similar to that of Lemma 4.7 in [14] and therefore is omitted.
Thus we have the following global existence and boundedness theorem.

Tueorem 2.7 (global existence and boundedness). For any Ny, by, and By € H'(0,1)
satisfying No(x) > 0, bo(x) >0, and By(x) >0 on [0,1], (1.1) has a unique positive global
solution (N, b, B) such that

(i) (N(x,1),b(x,1),B(x,t)) € C([0,00),H(0,1) x H'(0,1) x H'(0,1)),
(N,b,B) € Cii?*"*¢([0,1] x (0,)); (2.37)
(ii) N >0, b >0, and B > 0 are bounded on [0,1] X [0, ).

3. Existence of steady states

In this section, we study the existence of steady states of (1.1). Basically, we study the ex-
istence of nontrivial steady state solutions of (1.1) in the framework of [9]. But in [9], the
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author made several assumptions about the reaction terms. Unfortunately, in our model
the reaction functions do not satisfy all these assumptions. This fact causes difficulties
in using the theory developed in [9]. Therefore, we must do some careful and technical
analysis for our model. The steady states of (1.1) satisfy
uN" =R (N)b—R,(N)B=0, 0<x<l,
(db’ — abS; (N)N') +b(p;Ri(N)—b-B) =0, 0<x<1,
(DB’ - BBS,(N)N') +B(pRy(N) —b—B) =0, 0<x<]1,
N'(0)=0, N'(1)=y(1-N(1)),
db’ —abS;(N)N' =0 atx=0,1,
DB —fBS;(N)N'=0 atx=0,1.

(3.1)

Obviously, (1,0,0) is a solution of (3.1), that is, it is a steady state of (1.1). For this, we
have the following theorem.

THEOREM 3.1. The trivial steady state solution (N,b,B) = (1,0,0) is unstable.

Proof. To prove this theorem, we use the definition of instability (e.g., see [6]). That is, if
Oc is a neighborhood of (1,0,0) consisting of (N, b, B) such that

1= Nl +1bll> + IBll~ <€, (3.2)

we can show that for a small € > 0, the solution (N (x,t),b(x,t),B(x,t)) always leaves O
in finite time no matter how close the initial values (Ny, by, By) are to (1,0,0). In fact, for
€ > 0 small, we have

lel(N)—h—Bz’%l(l)m, xe[0,1], t>0. (3.3)

Then by integrating the b-equation in (1.1), we have

1 1
d J b(x, D)dx = ’MJ b(x,0)dx, t50. (3.4)
dt Jo 2 0
It follows that
1 1
J b(x,t)dx > e(PlR‘“)/z)tj bo(x)dx — o0 ast — oo, (3.5)
0 0
This implies that (N (x,t),b(x,t), B(x,t)) must leave O in finite time. O

LemMa 3.2. If (N(x),b(x),B(x)) is a solution of (3.1) such that at least one of the functions
b(x) and B(x) is positive, then

O0<N'(x)<y for0O<x=<l, 0<N(x)<1l for0<x<1, (3.6)
and there exists a positive constant K, such that

max{IIhHLl,IlBIILl} SKl. (37)
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Also
(i) 0 < b(x) < p1 R (1)e@D b S04y and 0 < B(x) < pyRy(1)eB/D) o S20)dy,
(ii) there exists a positive constant K, such that

max{|b'(x)|,|B (x)|} < K. (3.8)

Proof. From the assumptions and the first equation of (3.1), we have N” (x) > 0. There-
fore N'(x) is increasing. From N’ (0) = 0, we know that N’ (x) > 0 for 0 < x < 1. In partic-
ular, we have N'(1) > 0. Then the N-boundary condition at x = 1 implies that N'(1) < y.
Since N'(x) is increasing, we must have N'(x) <y for 0 < x < 1. Also, from the N-
boundary condition at x = 1, we have N(1) < 1. Observe that N(x) is also increasing,
hence for 0 < x < 1, N(x) < 1. By the comparison principle and the condition R;(0) = 0,
we have N(x) >0 for x > 0.

Integrating the b-equation in (3.1) from 0 to 1 and using the boundary conditions, we
have

f b(p1Ri(N) — b — B)dx = 0. (3.9)
Therefore,
1 1 1 1
j blel(N)dx=J b(b + B)dx :J bzdx+J bBdsx. (3.10)
0 0 0 0
Similarly,
1 1 1 1
f BpsRo(N)dx =J B(b+B)dx=J B2dx+J bBdsx. (3.11)
0 0 0 0

Adding (3.10) and (3.11), we obtain

1 1 1 2
J (lel(N)b+p2R2(N)B)dx:J (b+ B)2dx > (I (b+3)dx) . (3.12)
0 0 0
It follows that
1 2 1 1
(J (b+B)dx) sj (lel(N)b+p2R2(N)B)dxs§j (b+B)dx, (3.13)
0 0 0

where R = max{p;R;(1),p2R,(1)}. This implies that there is a constant K such that

Jl(b+B)dxsK. (3.14)
0

In turn, this implies that (3.7) is true.
Let Gi(1) = [; Si(y)dy = 0, Ga(1) = [3 S2(y)dy = 0 and z = e WHOWN)p, 7 =
e~ (B/D)G2(N) B then we have

b’ - gSl(N)N’b = @WAGMZ, (3.15)
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and z satisfies
(@GN Y g1 @GN (o) R (N) — @GN _ (BDIGNZ) — 0, 0<x<]1,
Z(0)=2z(1)=0.
(3.16)

Assume that z(x) has its maximum at x;. Then z’'(x;) = 0 and z”’ (x1) < 0. From the above
equation, we have, at x;,

P1RI(N) — @ DGN) 7 _ oBDIGIN) 7 > (), (3.17)
Therefore,
z(x1) < piR(N)e”@DGN) < p R (1). (3.18)
This implies
z(x) < 1R (1). (3.19)
Thus we have
b(x) < p1Ry (1)e@DG(D = p Ry (1)e@ DLy $i()dy, (3.20)
Similarly,
B(x) < paRy(1)e/P) o S:0)dy, (3.21)

Integrating the b-equation from 0 to x and using the b-boundary condition at x = 0, we
have

db' (x) = abSy (N)N' + J b(b+B—piRi(N))ds
0

x 1
< abSl(l)y+I b(b+ B)ds < abSl(l)y+I b(b + B)ds
0 0
< oclel(l)e(“/d)f”] Sl()’)d}’sl(l)y
1
+J piR1(1)el@D LSO (o, R, (1)ele/d b0y 1 p, R, (1)elf/P) b :0047) ds
0

= api Ry (1)e @Dl i0)dyg, (1)y
IR @ OISO (p, Ry (1)@ DRSO 4 o, Ry (1)ePPV 0 $:000)

< p1Ry (1)e @D $i0My (45, (1)y + R (@Dl 0y 1 gB/DV s :(0dy)
(3.22)

Therefore,

b (x) < d~ {p Ry (1)e@ DRS00 (a8, (1)y + R(e@D S0y 4 JB/D) s S:0dyy )}
(3.23)
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We also have

dﬁuj=awﬂNﬂW+J:Mb+B—mRﬂN»¢zJ:M—pmdND&

24

> [ PR (VDTS (= piRy(1)ds = —(p1R: (1)) DTS o

Now, let

My = d ' {p Ry (1)e @D S0y (05, (1)y + R(e @D o i)y 4 oB/D) o :(»dyy )}
(3.25)
then

|b'(x)| <M,. (3.26)
We can prove a similar estimate for |B’(x)|. Therefore (3.8) is true. O

CoROLLARY 3.3. Foranyv € (0,1), there is a positive constant K such that for any nontrivial
solution (N,b,B) of (3.1),

max {[INlcvo,1)> 1l ooy 1Bller o))} < K. (3.27)

What we are interested in is whether (3.1) has any nontrivial solutions. The case N # 0
is excluded by the boundary conditions. Therefore we need only to consider the possibil-
ities of the existence of following two types of solutions:

(i) semitrivial solutions: (N,b,0), (N,0,B);

(ii) positive solutions: (N, b,B),
where the components N >0, b >0, B > 0. In what follows, we use the theory of fixed
point index on cones in a Banach space to study the existence of solutions of these types.
First we study the existence of semitrivial solutions.

3.1. Existence of semitrivial solutions. From the symmetry of b and B, we need only to
study the existence of solutions of the form (N, b,0). For the convenience of notations,
we write N and b as uy and u;, respectively, omit the subscripts of R;, S;, and p;, and
consider the system
pug —R(ug)uy =0, 0<x<1,
(du; — auy S(uo) uf) +ur (pR(ug) —w1) =0, 0<x<1,
up(0) =0, uy(1) = y(1 —uo(1)),

du} —auS(ug)ug =0 atx=0,1.

(3.28)

For v € (0,1), let

Ei={ucC([0,1])}, i=0,1,
Ci={ueC’([0,1]):u=00n[0,1]}, i=0,1, (3.29)
E:E0®E11 C:CO@CI,
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then E is an ordered Banach space with positive cone C. For V = (vy,v1) € C, let uy =
Ay(V) be the solution of

uy =p 'R(ug)vi, 0<x<l,

(3.30)
uy(0) =0, uy (1) +yu(1) = y.
With ug = up(vo,v1) given, define operators @, and I'; as follows.
@, (V):C— £(C7([0,1])), the Banach space of bounded linear maps from C”([0,1])
to itself, is defined by the following.
For v € C”([0,1]), let u = @,(V)v be the solution of the problem

’

—u'"+ (g(S(uo)uéu) +Pu=v, 0<x<l,
d (3.31)
du’ —aS(ug)upu=0 atx=0,1,
and define
Fl(V):d_lvl(pR(V())—V])‘f‘PV], (332)

where P is a positive constant such that d~!(pR(vy) —v;)+P >0for 0 <vy <2,0 < vy <
Py, where P; = 2pR(1)e(“/d) Io Sy Then system (3.28) can be written as a fixed point
equation U = A(U), where U = A(V) is given by

uy = Ao(V), uy =A (V) =0 (V)oI(V). (3.33)
It is easily seen that I') satisfies,
Fl (uo,O) =0. (334)

Now we prove the following lemmas.

LEMMA 3.4. The operator A(V) = (Ag(V),A1(V)): Q — C is a well-defined completely
continuous operator, where

Q={(V0,V1)EC:OSV0<2,OSV1<P1}. (335)

Moreover, fixed points of A in C are nonnegative solutions of (3.28).

Proof. First we show that, for V = (vo,v;) € Q, (3.30) has a unique nonnegative solution
up # 0 and uy € C**([0,1]). In fact, it is easily seen that u =0 and w =1 is a pair of
sub- and supersolutions of (3.30). Therefore (3.30) has a solution uy(x) satisfying 0 <
up(x) < 1. From the boundary conditions, we have g # 0. From the regularity theory of
elliptic equations and the smoothness of R, we have 1y € C*™([0,1]). Now we prove the
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uniqueness. If there is another solution u°(x) of (3.30). Let u = u® — uy, then u satisfies

—u" +p 'R (Wuv; =0, 0<x<]1,

3.36
u'(0) =0, u' (1) +yu(1) =0. (3.36)
From maximum principle, we have u = 0.
With ug given, u; is the solution of the problem
(x ’
—{u; — =S(up) ugu ) +Pu; =d " (pR(vy) —v;) +Pv;, O<x<1,
(1~ 35 (uo)un ) + Py =dv1 (pR () =) + Py )
duy — aS(ug)ugu; =0 atx=0,1.
Let G(1) = J; S(y)dy = 0 and z = e~ @Gy, then we have
T %S(uo)uéul = e(@d)Gluo) 7/ (3.38)
and z satisfies
— (/DG 1) 4 pe@W DG 7 — =1y (pR(v) —v1) +Pv1, 0<x<1, (3.39)
Z(0)=2z'(1)=0. )

Observe that d~'(pR(vy) — v1) + P > 0, from maximum principle, we have z > 0. There-
fore, u; > 0. From Schauder’s theory for elliptic equations, we have U = A(V) €
C*"([0,1]). Therefore A is completely continuous. It is easily seen that the fixed points
of A in C are nonnegative solutions of (3.28). O

LeMMA 3.5. There is an M > 0 such that
deg (I — A,By,0) =1, (3.40)

where Byy = {U € C: ||U||lg < M}.
Proof. Consider H(n,U): [0,1] X C — E defined by

H(n,U) = A(qU). (3.41)

We use the homotopy invariance property to H(z, U). For € [0,1], V € C,

U" = (ug,u1) = H(n, V) = (Ho(n, V), Hi1(n, V)) (3.42)
is given by
uy =p 'Rug)yvi, 0<x<1,
uy(0) =0, uy(1) +yuo(1) =y,
o , (3.43)
—(ui - ES(uo)u{)ul) +Puy =d 'qvi(pR(nvo) —nv1) + Pyvy, 0<x<1,

duy — aS(up)ugu; =0 atx=0,1.
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It is easy to verify that H(#, U) is completely continuous and there is a constant K such
that for the solution of U = H(#,U), thatis, U = A(yU), we have ||U||g < K. Therefore
for M > K, U = A(nU) has no solution satisfying [|U||g = M. This implies that for 0 <
7 <1,0¢& (I—H(#,9))(0By). Therefore, deg(I—H(#, ), B, 0) is a constant for0 <y < 1.
Thus

deg (I — A,By;,0) = deg (I — H(1,#),By,0) = deg (I — H(0, ), By, 0). (3.44)

But H(0,U) = A(0) is a constant map. Therefore deg(I — H(0,e),B,0) = 1. That is,

deg(I — A,By,0) = 1. O
Let

Aqoy = {U: (uo,O) eQ:AWU) =U,u >0}, (3.45)

then we have Agg; = {(1,0)}. For (vg,v1) € C, we set Ty (v, v1) = D1 (v, v1) 0 0111 (vo,v1),
where 0,11 (vo,v1) is the partial derivative of I'; (vo, v;) with respect to v;. An easy compu-
tation shows that the operator T1((1,0)) : C; — C, is defined by the following for v € Cj,
u = T1((1,0))v is the solution of the boundary value problem

—u"+Pu=(d'pR(1)+P)v, 0<x<1,
(3.46)
u'(0)=u'(1)=0.

Now we cite the following theorem.

THEOREM 3.6 (see [7]). Let L(y) = ax(x)y”" +ai(x)y’ +ao(x)y be a linear differential
operator with no singular points in [x1,x,], and suppose that f(x) is continuous on [x1,x].
Assume also that (A1,A,) # (0,0) and (By,B,) # (0,0). Then the BVP

L(y) = f(x); Ary(x)+Ay (x1) =0, Biy(x2) + B2y (x2) =0, (3.47)

has a unique solution if and only if the associated homogeneous problem £(y) = 0 with the
same boundary conditions has only the trivial solution.

It is easily seen that the homogeneous problem associated with (3.46)

—u”"+Pu=0, 0<x<l,
(3.48)

has only the trivial solution when P > 0. Therefore, from the theorem, we know that for
any v € Cy, (3.46) has unique solution and by maximum principle, we have u(x) >0 on
[0,1]. That is, T1((1,0)) is strongly positive. The eigenvalue problem T;((1,0))y = Ay, is
equivalent to

—y" +Py = )L’1<BR(1)+P>1//, 0<x<1,
d (3.49)

v'(0)=vy'(1)=0.



Zhenbu Zhang 17

Obviously, 1 is not an eigenvalue of (3.49) corresponding to a positive eigenfunction. In
fact, the eigenvalues of (3.49) are

_ (p/d)R(1)+P
T P—m2m2

An n=0,1,2,..., (3.50)
and the associated eigenfunctions are y, = cos(nmx). Therefore we can see that the eigen-
value that corresponds to the positive eigenfunction is A = ((p/d)R(1) +P)/P > 1. This
implies that the spectral radius of T1((1,0)) is greater than 1 and therefore, from [9, The-
orem 3.1], we have ind(A,Ago;) = 0. From Lemma 3.5, we know that for some M > 0, the
set of fixed points of A is in By. Therefore, from Lemma 3.5, we have

ind(A,Q) =ind (A,By) =1+ 0=1ind (A,Aq;). (3.51)

From [9, Theorem 3.1] mentioned above, we know that (3.28) has at least one positive
solution. This implies that (3.1) has solutions of the form (N, b,0) with N >0 and b > 0.
Similarly, we know that (3.1) has solutions of the form (N,0,B) with N >0 and B > 0.
Summarizing the analysis above, we have the following theorem.

THEOREM 3.7. System (3.1) has solutions of the form (N,b,0) and (N,0,B) with N >0,
b >0, and B > 0.

3.2. Existence of positive solutions. Now we study the existence of positive solutions of
(3.1). As before, we write N, b, and B as ug, u1, and uy, respectively, and write system
(3.1) in the form of a fixed point equation as follows.
For v € (0,1), let
Ei={ueC’([0,1])}, i=0,1,2,
Ci={ueC([0,1]):u=00n[0,1]}, i=0,1,2, (3.52)
E=Ey®E; ®E,, C=CoC;®C,.

For V = (vo,v1,v2) € C, let ug = Ag(V) be the solution of

uy =u "(Ry(uo)vi + Ra(up)v2), 0<x<1,

’ ’ (3.53)
uy(0) =0, up(1) +yuo(1) = y.
With uy given, define operators @; and [, i = 1,2, as
d2. (04 , ’ d. , -1
@1(V)={—@+3(Sl(uo)uoo) +Pe, da—(xosl(uo)uo} :
0:v) = [~ 5 B (s (uge) +Pe, DI~ sy(uhun]
2 = dx2 D 2 \Up ) Uy 5 dx ﬁ 2\Uo ) Uy s (3‘54)

FI(V) = d’lvl (PIRI(VO) -V — V2) + Pvy,

(V)= D71V2(p2R2(V0) -V — 1/2) + Pv,,
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where P is a positive constant such that d ! (pi Ry (vg) — v1 — v2)+P>0and D~ (p2 Ry (vo)—
vi—v)+P >0for0<vy<2,0 <v; <P;,and 0 <v, <P,, where P; =2p1R1(1)e("‘/d)f0] Si(y)dy

and P, = 2p,R;(1)e#D) I ()47 Then system (3.1) can be written as a fixed point equa-
tion U = A(U), where U = A(V) is given by

ug = Ao(V), ui=A;(V)=0(V)oIi(V), i=12. (3.55)
It is easily seen that I satisfies
Fi(V(),Vl,Vz) =0 ifV,' =0. (356)

Similar to the proofs of Lemmas 3.4 and 3.5, we can prove the following two lemmas.

LemMa 3.8. The operator A(V) = (Ag(V),A1(V),A(V)): Q — C is a well-defined com-
pletely continuous operator, where

Q= {(V(),V],Vz) eC:0<1p<2,0<v<P,0=<1, <P2}. (3.57)

Moreover, fixed points of A in C are nonnegative solutions of (3.1).

LemMma 3.9. Thereis an M >0 such that
deg (I — A,By,0) = 1, (3.58)
where Byy = {U € C: ||U||lg < M}.
Fori=1,2,let
Aoy = {U = (ug,u1,uz) € Q:A(U) = U, ug >0, u; >0, uj =0for j #ior0}. (3.59)

From the analysis in Section 3.1, we know that A1} and Ao} are nonempty. We con-
sider the following two conditions.
(sd1) For any U = (i1y,11,0) € Ago,13, the largest eigenvalue of the eigenvalue problem

¢+ %(Sz(lﬁo)%ﬁb), +P¢ =171 (D" (p2Ra (iho) — i) +P)¢, 0<x<1,
D(/), —/382(110)12“5 =0 atx=0,1,

(3.60)

is greater than 1 and for any U = (1,0,#2) € Ao}, the largest eigenvalue of the
eigenvalue problem

-y +g(51(ﬁo)fi61//), +Py =A""(d " (p1Ri (o) — o) +P)y, 0<x<1, (3.61)
Ay’ —aS () lgy =0 atx=0,1, '

is greater than 1.
(sd,) Both eigenvalues of (3.60) and (3.61) are all less than 1.
We have the following theorem.

THEOREM 3.10. Ifeither (sd,) or (d,) holds, then (3.1) has at least one positive solution.
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Proof. From Lemmas 3.2 and 3.9, we have ind(A,Q) = 1. Let
A{()} = {U = (uo,0,0) eQ A(U) =U,uy> 0}, (3.62)

then we have Ayo; = {(1,0,0)} and ind(A,Ao;) = 0.
Fori=1,2, set

Ti(V) = @i(V) 0 0ili(V), (3.63)

where 0;I;(V) = 9;I;(vo,v1,v2) is the partial derivative of I';(V') with respect to v;, then an
easy calculation shows that, for U = (i, 11;,0) € Ajg,1;, the operator T (i, 11,0) is given

by

v v dz. v v/ 4 - — v v
T i i 0) = - @+%(Sz(uo)u00) +Pe) (D (poRolin) ~ i) +P)  (3:64)
with the boundary condition in (3.60), and for U = (i,0,%,) € Aoz}, the operator
T (i,0,11,) is given by

_dle @
x> d

—1
T (110, 0, 12) = ( (Si(f0)ip e ) +P ) (d (1R (1) — 1) +P)  (3.65)

with the boundary condition in (3.61). It is easy to verify that T, (i1, 11,0) and T} (2,0, &12)
are all strongly positive. By using the Krein-Rutman theorem, we can see if (s4;) holds,
then the spectral radii of T (i1, 11,0) and T (#iy,0, 71, ) are all less than 1 and ind(A,A{o,1})
=1and ind(A,A>;) = 1. Thus

ind (A,Aqy) +ind (A, Aqo,1y) +ind (A, Ago2) =0+ 1+1=2+#ind(4,Q) = 1. (3.66)

From [9, Theorem 3.1], we know that (3.1) has positive solutions.
If (s45) holds, the spectral radii of T (i, 11,0) and T (d,0, i) are all greater than 1
and ind(A,Ay,1}) = 0 and ind(A,Aoz;) = 0. Thus

ind (A,Aqo;) +ind (A,Ago13) +ind (A,Ag92) =0+0+0=0 # ind(4,Q) = 1. (3.67)

As before, we conclude that (3.1) has positive solutions. O

3.3. Some special cases. Now we consider some special situations.
(I) First we consider « =0, 5 =0, p = 1,and R; = R, = R, this is the model discussed
n [16], that is,

uN" —R(N)(b+B)=0, 0<x<]I,
db” +b(R(N)-b—B) =0, 0<x<]1,
DB”"+B(R(N)-b—B)=0, 0<x<]l,
N'(0) =0, N'(1) =y(1-N(1)),
b'(0)=0b'(1)=0,
B'(0)=B'(1)=0.

(3.68)
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In this case, (3.60) and (3.61) become

—¢" +P¢ =1 ((D'(R(i1) —ity) +P)¢, 0<x<1,

(3.69)

¢'(0) = ¢'(1) =0,

-y +Py=1""(d " (R(il) — ) +P)y, O0<x<I,

(3.70)

y'(0) =y’ (1) =0.

Let
_ d2 - R(uo)—u1
550_(_@) ( D )
(3.71)
R

§£p=< @ +P)_1<M+P).

T dx? D

We denote the spectral radius of operator & by Y(&£). It is well known that
Y(£p) > 1 if and only if Y(£p) > 1 for all P > 0. Therefore we know that the
largest eigenvalues of both (3.69) and (3.70) are greater than 1 if and only if the
largest eigenvalues of the following two eigenvalue problems are greater than 1:

—¢" =AD" N (R(itp) — i), O0<x<1,
(3.72)
¢'(0)=¢'(1) =0,

—y" =AY (R(t) — o)y, 0<x<1,
(3.73)
y'(0)=vy'(1) =0.

But it is easily seen that the largest eigenvalue of (3.72) is A, = d/D < 1 and the
largest eigenvalue of (3.73) is Xl = D/d > 1. Therefore neither (1) nor (#A,) is
satisfied. In fact, we can prove that (3.68) has no positive solutions directly. To
do this, we first cite the following lemma from [8].

LemMa 3.11. Consider the eigenvalue problem

dAp+qx)p=Lp, x€Q,

% _o, xean, 274
ov
where d >0, q(x) € C>**(Q) for some a > 0. Let A; = Mq,d) be the unique “prin-
cipal eigenvalue” Then A(q,d) is a continuous nonincreasing function of d, and is
strictly decreasing if q(x) is not a constant. Furthermore, the following hold:
(a) AM(g,d) 1 Q = maxgq(x) asd — 0;
(b) Mg, d) } w = (1/1Q) [ q(x)dx as d — oo;
() if q1(x) = qa(x) for x € Q, then Mq1,d) = AM(qa,d) with strict inequality if
q1(x) # qa(x).
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Now we can prove the following theorem.
THEOREM 3.12. Equation (3.68) has no positive solution.
Proof. In fact, if (3.68) has a positive solution U = (N(x),b(x),B(x)) with N(x) >
0, b(x) >0, and B(x) >0, then b(x) >0 and B(x) > 0 satisfy
db” + (R(N)-b-B)b
DB” +(R(N)-b-B)B=0, 0<x<]I, (3.75)
b'(0)=b"(1)=B'(0) =B'(1) =0.

=0, O<x<l,

Because of the positivity of b(x) and B(x), we can consider them as the principal
eigenfunctions of the eigenvalue problem
d¢”" +q(x)p=1¢p, O0<x<1,
#(0)=¢'(1) =0,
B¢ +q(x)p=A¢p, O0<x<],
¢'(0) =¢'(1) =0,

(3.76)

(3.77)

with g(x) = R(N(x)) — b(x) — B(x), associated with the principal eigenvalue A =
0, respectively. So we have A(q(x),d) = A(q(x),D). Since g(x) = R(N(x)) — b(x) —
B(x) # constant, by Lemma 3.11, this contradicts the assumption d < D. The
proof of Theorem 3.12 is complete. O

(II) Now we consider the following model, which was discussed in [15]:
N’"—-R(N)(b+B)=0, 0<x<]l,
(db' — abS(N)N') +b(pR(N)—0) =0, 0<x<1,
(DB’ — BBS(N)N') +B(pR(N) - 60) =0, 0<x<]1,

, , (3.78)
N'(0) =0, N'(1) =y(1-N(1)),
db' —abS(N)N' =0 atx=0,1,
DB’ —BBS(N)N' =0 atx=0,1,
where 0 > 0 is a constant. In this case, (3.60) and (3.61) become
—¢"+ %(S(uo)u(’)¢) +Pp=1""(D"(pR(itg) —0) +P)p, 0<x<1, (3.79)
D¢" — BS(i19)tig¢p =0 atx =0,1,
o g A\ AT ’ _1-1(q-1 A _
v+ d(S(u())uOI//) +Py =2""(d " (pR(D) —0) +P)y, O0<x<]1, (3.80)

dy’' —aS(f)tigy =0 atx=0,1.

The largest eigenvalues of the two eigenvalue problems above are greater than 1
if and only if the largest eigenvalues of the following two eigenvalue problems are
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greater than 1:
12 ﬂ v v/ ’ — — v
—¢"+=(S =AD" (pR(i1y) —0)¢, O0<x<1,
¢+ 5 (st igg) (PR(ic) ~0)¢, 0<x s
D¢" — BS(ig) g =0 atx =0,1,
o ’
—y"" + = (S(t) tigy) =A"'d "(pR(f) — )y, O<x<I,
d ’ (3.82)
dy’ —aS(do)tgy =0 atx=0,1.
A special case is a/d = /D. For this case, it is easily seen that the largest eigen-
value of (3.81) is A; = d/D < 1 and the associated eigenfunction is ¢ = ;. The
largest eigenvalue of (3.82) is A} = D/d > 1 and the associated eigenfunction is
W = 11,. Therefore, neither () nor () is satisfied. In fact, from [15], we know
that (3.78) has no positive solutions for this situation.
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