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Via the concentration compactness principle, delicate energy estimates, the strong maximum principle, and the Mountain Pass
lemma, the existence of positive solutions for a nonlinear PDE with multi-singular inverse square potentials and critical Sobolev-
Hardy exponent is proved. This result extends several recent results on the topic.

1. Introduction and Main Result

Let Q@ ¢ RY be smooth open bounded with N > 2. In this
paper, we study the existence of solutions to the following
nonlocal problem:

—Au — Z‘ul

2(5) 2
ZK (x) | u in Q,

(1
u=0 on 0Q,

for arbitrary k such that1 <k < 00,0 <s; <2,1; > 0,a; € Q,
a # a;ifi # jand 2; = (2(N —s;))/(N - 2), is the critical
Sobolev-Hardy exponent (i = 1,2, , k).

We suppose the following:

()0 < w < p for everyi = 1,2,---,k and
Yiom <B=((N-2)/2)

(#,) There is an iy, 1 < i, < k, such that

min ﬂ (Sai )(N—s,.)/(z_st.)
1<i<k | 2 (N _ Si)

() )

a,-o

(0, (a)

)(N_Sig )/(2_51‘0)

)
and
3
K; (x) =K (aio) + o('x - ai0| ) asx —a,. (3)
(#3) 0 < w; < p— 1 where i, is given in (#,). The

function K;(x) is a positive bounded on Q, for every
(1 <i < k). Furthermore,

0 < k; = max K (x). (4)

x€Q)

The reason why we investigate (1) is the presence of the
Hardy-Sobolev exponent and the so-called inverse square
potential in the linear part, which cause the loss of compact-
ness of embedding Hé Q) — ¥ (Q),HS(Q) — L*(|x|™2, Q)
and H1(Q) — L9 (x|, Q).

Hence, we face a type of triple loss of compactness
whose interacting with each other will result in some new
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difficulties. In last two decades, loss of compactness leads
to many interesting existence and nonexistence phenomena
for elliptic equations. Many important results on the singular
problems with Hardy-Sobolev critical exponents (the case
that s # 0 and y; = p were obtained such as the existence
and multiplicity of solutions in these works and these results
give us very good insight into the problem; see, for example,
[1-7] and references therein. In the present paper, we use
a variational method to deal with problem (1) with general
form and generalize the results in [8]. As k > 2 to our
knowledge, there are no results on the existence of non-
trivial solutions for (1). It is therefore significant for us
to study the problem (1) deeply. However, because of the
singularities caused by the terms |x — ai| ™ (i = 1,2,...,k),
our problem becomes more complicated to deal with than
[8] and therefore we have to face more difficulties. Despite
the multiple terms of hardy and the coefficients of the critical
nonlinearity, but we will see how, they will play an important
role in the search for the bubble whose energy is below
the level of local compactness (PS). The existence result is
obtained via constructing a minimax level within this range
and the Mountain Pass Lemma due to A. Ambrosetti and PH.
Rabinowitz (see also[9]).
Our main result is the following.

Theorem 1. Assume that conditions (#,), (#,), (#5) hold.
Then problem (1) has at least one positive solution.

The paper is organized as follows: in Section 2, prelimi-
nary results about Palais-Smale condition for ¢ in a suitable
interval and construct some auxiliary functions and estimate
their norms. In Section 3, fill the conditions of Mountain Pass
Theorem and we establish our result.

2. Preliminary Results
Throughout this paper, C, C;(i = 1,2,3,---) represent all

kinds of positive constants. We denote the standard norm of
the Sobolev space Hé (Q) by

= | vut dx)llz. (5)

B,(a) is a ball centered at a with radius r. O(¢") denotes
|O(e)]| < Ce' and o(¢') denotes |o(e")/e"| — 0ase — 0.
We will look for solutions of (1) by finding critical points of
the C'—functional I: H,(Q) — R" given by

2
u*_ dx)
Q |x - a,»|

k
I(u) = % <j0 |Vul* dx - Zuij
i=1

(6)

2*(5;')

—i ! J-K(x) Jul dx
2 (o) Ja O e

i=1

for all Hé (Q). The function u € Hé (Q) is said to be a solution
of problem (1) if u satisfies
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. k
(I'(w),u) = L VuVe dx — ;yi JQ P

2‘(5,')

-ZJ K, (x )de

forallg € HS(Q).

Problem (1) is well defined by the both inequalities,
Sobolev-Hardy inequalities which is essentially due to Caf-
farelli, Kohn, and Nirenberg (see [10]):

q 2/q
<J lul sdx) <C, J |Vul* dx,
o lx-al “la (8)

Vu € Hy (Q), Va € Q,

where 2 < g < 2%, and the Hardy inequality (see [11, 12]),
that is a special case (g = s = 2) of the above Sobolev-Hardy
inequality.

? 1
J lul Sdx < — J [Vul* dx,
Q|x—al U Ja 9)
Yu € Hy (Q), Ya € Q.
By (8)and (9),for0 <y <y, 0<s<2,g=2%(s)anda € Q
we can define the best Sobolev-Hardy constant:

a
S,

_[Q [Vu|* dx — u IQ (|u|2 /lx— a|2) dx (10)
([, ('@ /1) dx) ">

In the case where s = 0, then (2°(0) = 2%); note SZ,O is the
best constant in the Sobolev inequality, i.e.,

a
St

m
ueH; (Q)\{0}

Jo Vel dx — p [ (14 1x — al) dx (11

2 g
(Jo 1t dz)
The best Sobolev-Hardy constant SZ)S

Q = R" by a family of functions:
Y:>€ (x)

= inf
ueH} (@)\(0}

is achieved only when

— =\ B/ (2-s)
(26(N-9)(m —u)/\/ﬁ)ﬁ
= s 12
(|x - a|'® (s +|x - al(z(z_s)/(N"z))\/ﬁ>(N /e )> =

for RN\ {0}.
Let

>

C,= (M;me_g

(13)
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where b(u) = \[i+ i — pand a(p) = \i— i — u, (see [13]

for details). Moreover,

0<a(u)< _2<b(y)sN—2. (14)
We consider p > 0 such that B(a,2p) ¢ Q and define a cut
function ¢ € C;°(Q) suchthat 0 < ¢ < 1, [Vg| < C, ¢ = 1 for
|x —al < pand ¢ = 0 for |x —a| > 2p. Set

”Z,s (x)=9¢(x) Uz,s (%)
o Upe (%) (15)
Vie (¥) = . 72
<IQ <'”ﬁ,s (x)| /lx - a|5> dx)
so that

W (x)|2*(5)
J ————dx =1 (16)
o |x-al

Then we have the following estimates.

Lemma 2. Forany0 <y <panda € Q,

a |2 _ ' ﬂe(x)|
Jn [Vl JQ Ix - af’ 1)
-5t 40 (N9

a 27(s)
J . ﬂ dx 2O (sk(N_g/m_s)@) 18)
Q |x —al’ ,

|2*(S)

[ )
I K (x) ———dx
Q |x — al

Proof. Itis easy to get the following results (17),(18) (see [14].)
We show (19) and (20) and for the proof (19). By using (18)
and assumption (%) we have

a 2%(s) (21)
[ ]
< [ 1K -k, @) gy
Q |

|x—a

2%(s)
v

3
<C x—a
1L| | |x —al®

= N9/ =

Now we show (20). Leta # band g, = NI e
have

J Pose 0" - Wi "
a |x-bf B,@ |x-bf

a 2
+ J (<p2 (x) - 1) |WH’S’E (X)| dx = !

(@) |x - b’ la - bl

o Wie O

(19) (22)
=K;(a)+0O <s3(N"S)/2(2_S)\/ﬁ'7) ) 2
2 [Witse 9]
+ J ((p (x) - 1) S—dx
For a + b, we have B,(a) |x — b
2
|va (X)| . J (; ) . (x)|2 dx
U
————dx a _ 12 UsS$,E
JQ |x — b|? 5@ \ |x = bl
(20) =1 I I (¢).
o (s(N—z)/(z_s)\/ﬂ> Fu<ziol, 1 (&) + 1 (e) + I ()
O(eN2 N Ingl) ifu=p-1, For
2 (N-2)/(2-s) 1
I (e) = ' e (x)| dx=Ce NDIE dx
<P 2(N-2)/(25) | 200) (1 T xl(z(z—s)/<N—2))\/ﬂ>
(23)
N1

= ¢ N/ NN-2/26-9) N (N-2a()/2-5)\[i—u

dr,

2(N-2)/(2—
r2a(y) <1 + r(z(z‘s)/(N‘Z))\/ﬁ—#> (=29
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we know that and since a(y) < (N —2)/2 < N/2 we deduct that
N-1 ! 1 _
r mdi’ < 00, for everyo < u < u (25)
sat (1 4 pe@-910v-2) ) T _
r +r ol 1 Cy ifo<pu<m-1,
J TN 4T S 26)
1 1 N2 C2|ln80|, ifu=p-1.
~ m, in the neighbourhood Of 0
r (24) By using (23) and (26), we obtain
N1
0= C (s(N_z)/(Z_s) p‘”), ifo<pu<u-1,
#2a(w (1 . r((z—s)/Z(N—Z))‘/ﬁfM>2(N 2)/(2-s) I, (o)) < 1 V U<p o
C, (S(N—Z)/(Z—S) |1ns|), ifu=p-1,
~ ——, inthe neighbourhood of + co, where C,,C, > .0 are constant.
r1-N+2b(w) For the second integral,
a 2 2 2
L () = J' ( 11 ) [Wise 9] dx = C s—(Nfz)/(zfs)J’ (1b-al’ - 1x - bI*)
? B@\|x=b’ la-b/) |x-bf ' be-alsp \ |x = bf* |a - b
1
. dx
- 2(N-2)/(2~s)
o= feo ) (113 - ) 1 2D e
2 2
= C. g~ N-2/(2-9) N-2a(p) (_80 |)’| - 2¢(y,a - b>) d
me %0 lyl<pleo | 12 2 202-9)/(N-2) e "D a
F5 PO (feyy +a— bl la - bP) <1 + [y[E- >>\/u—u)
For |y| < p/e,, we have |(—sO|y|2 - 2(y,(a-bM)/leyy + (a -
b)l*la-bl’| < (p +2la-bl/(la-bl - p)*la—bl).
IL (6)] < C, £~ (N-2)/(2-5)~(N-2)alp) (2-5) e+ (N-2)(N+1)/22-9) s J ly] dy
< — 2(N-2)/(2-s)
Iyl<p/e |y|2u(y) (1 . |y|(z(2—s)/(N—z>)\/ﬁ>
(29)
= ple N
= C, NP9 [ 4 s A
- - -s)
2a() <1 N r(2(2—5)/(N—2))\/;4—;4>
Since 2a(y) — N < 1, this implies that and
_ 9
1 N 2b(/4)—N>1<:>0§;4<y—Z. (32)
dr < oo.
0 2a(w <1 " r(2(2—s)/(N—2))x/ﬁ—u>2(N R (30) Then, if 0 < y < p — 9/4, we have
|1, ()]
Also, 2
[ ( L1 ) Wise G
N 1 B@\|x-bP la-bP) |x-bP (33)

<
2(N-2)/(2=s) = ,2b(u)-N’
r2ale) (1 + r((2—s)/2(N—2))\/ﬁ—M> S A

-0 ( 83(N—2)/2(2—s)\/ﬁ—u) .
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And, if y = g — 9/4, we have since 2a(u) — N < 1, we deduct that

|12 (s)l

" 2
1 1 |WH,S,£ (x)|
J 2 2 2 dx
B,@ \ |x —b| la —b| |x —b|

< C,dN-D/2e-F-w “1 L s jp/so ldr} (34)
r

0 rZa(y)—N 1

_ C283(N—2)/2(2—s)x/ﬁ—y N C3€2(N—2)/2(2—s)xlﬁ—y Ine|
-0 < £N-D2C-9 w1y 8|) '

If i — 9/4 < u < @, this implies that

Jl <o (36)

. 2
1 1 W )]
J 2~ 2 7 dx
B,@ \ |x — b la —b| |x — b

— 1
<, SN-2/202-5) - “ L

—N+2a(u)

2b(u)-N<1, (35) We deduct that

CedN-D/2-5)\[fi-u

IL (e)] < CedN-D2C-9Fw |1 ¢

_ —$)\ [ _ —$)fi— ~2)/(2— _ 9 _
C€3(N 2)/2(2—s)\[u—u +C8(N 2)/2(2=s)\[—pu+(N-2)/(2—s) ifﬂ— Z < u < .

So,if 0 < p < i — 1, we have

|12 (5)|

. 2
1 1 Wi )]
= J 2~ 2 7—dx
B, \ |x — b| la —b| |x — b

—0 < (N-2)/C=5) Jﬁ—u) _

(39)

or (37)
Pl 1 —
_ 3(N-2)/2(2-s)\/p—u
+ L N dr]» =C,e
+ C4£(N*2)/2(2*S)\/F*W(N*Z)/(Z*S).
9
fo<u<u-—-,
U< 2
. _ 9
iftu=pu--, (38)
4
- ple —142+/u—
< Czs(N—Z)/(Z—s)x/p.—ﬂ J . +24/f—p dr
P2z
< 0,2/,
(40)
Then
|15 ()] = O (e N2/, (41)

Letp < la—b|,and p/2 < |x — a| < p; we have (Ja - b| — p) <
|x — bl.

So, for 0 < u < p—1 and taking (27),(39), and (41) in (22), we

2
N G
JQ\B(u)(¢ ) 1) |x — b dx

P

get
|13 (€)| = l

CIE(N*Z)/(Z*S)\W*M
<
2
(la-bl-p)
jp/so /N1

dr
—\ 2(N-2)/(25)
P12 2a(u) (1 N r(2(2—s)/(N—z>>\/w>

— pleg —
< Czs(Nfz)/(zfs)\/ﬂ J N-1-2a00-4\Fw g,
pl2g

2
a
J- Vise (x)' dx =0 (8(N—2)/(2—s)\/yfy)
Q

|x - bf?

+o( ( S(N—Z)/(Z—S)\/ﬁ—u>

(42)

+0 (S(N—Z)/(Z—S))

_0 ( S(N—Z)/(2—S)\/F—#) ‘
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For the case 4 = ¢ — 1. Using (29) we have

2 2
|12 (£)| < Czs(N—Z)/(Z—s) J' |—80 |y| - 2¢, (y,a — b>|

dy
- 2(N-2)/(2~s)
lyl<p/eo |y|2a(;4) (|€o)’ fa- blz la - b|2) <1 . |yl(2(2—s)/(N—2))\/ﬁ>

< CeND/C9) J e |y + 25 |y|la - bl
ylsple |y (1 . |y|(2(2—s)/(N—2))\/ﬂ >2(N2)/(“) (43)
ple (s(z)rz +2¢g,1 |a — bl) N1

< N2/ J

ple
dr < C.eWN 2/ J e +2¢, |la—b| dr
0o pN=t(1+ r2(2—s)/(N—2))Z(N*Z)/(z’s) > 0o 0 0

< G eN-DIE-s)

o= 1
Then if p = — 1 we get (c+|ua]) = I(u,)- éII (u,)u,
|L, (e)] = O (e N2/ (44) 11 , & u|’
e - (5 5) (bl -3 | L
N-2)/(2-5) 29 = Jo|x-aqf
L@ =C, (%P |Inel), ifu=p-1,  (45) o)
k si
1 1 I Jua, |
_2)/(2—s + — - K; (x) —dx
|, (8)] = O (N2 (46) l; (9 2° (s,.)) Q |x - al
m 11 d )
By (44), (45), and (46), we derive (20) fory=p—1. O > (_ _ _) 1- Z@ “”n"z
2 0 S
Let X be a Banach space and X! be the dual space of X. 26)
The functional I € C*(X, R) is said to satisfy the Palais—Smale k1 1 K |un| & J
condition at level ¢ ((PS), in short), if any sequence {u,} ¢ X * ; 0 2 (s;) J-Q i (%) |x - af" x
satisfying I(u,) — ¢, I'(un) — 0 strongly in X' as -
n — 400 contains a subsequence converging in X to a 1 1 k 1, 5
critical point of the functional I. 2 (5 - 5) - Z: ||“n" .
In our case, X = Hé(Q) and X! = HY(Q). i=1 ¥
Therefore, up to a subsequence, we may assume that
Lemma 3. The functional I satisfies (PS). condition for any .
u, — u weakly in H, (Q),
a  \(N=s:)/(2-s;) N
. 2- S (Sﬂ:’si) Un “
¢ < min N [ =6 (47) , .,
isisk | 2(N =) (K, (a))) ’ weakly in L (Q, |x - aj dx) for1<i<k,
(50)
Proof. Suppose {u,} is a (PS), sequence for I with ¢ < c,. Un = U
Then, weakly in e (Q, |x - a,-|_s" dx) for 1 <i<k,
I(u,) —c u, — u a.e. on Q.
1oy 5 .
7 (u,) — 0 (48) Then u € Hy(Q) is a weak solution of problem (1). We may
suppose that
as n — +00. |Vun|2 — |Vul* +,
(51)

First, we show that {u,} is bounded in Hé(Q). Let2 < 0 < (weak” ~ sense of measures).

2%(s;) forall1 <i < k.So,1/2-1/6 > 0and 1/6—-1/2%(s;) > 0. Using the concentration-compactness principle due to Lions
By Hardy and Sobolev-Hardy inequality we have (cf. [[15], Lemma 1.2]), we obtain an atmost countable set A,
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a set of different points {xj},., ¢ Q\ {a,,a,,---,a}, real
numbers v, , Vay» Ta, and g, fé)r 1 < j < k such that
V> Zv O, +Zv 6a, (52)
JEA
and since 2 < 2*(s;) < 2"(1 < i < k) we have
2*(5,') *(s;
Iunl |u|2 (s) 5
S; S Ta,- a;
|x = a |x = a
(53)
2 S
2 - 2 + 0“i8ai’
|x - a| |x = a

where §,,; is the Dirac mass at a; € RY.

Let & > 0 such that for any j € A, x; ¢ B.(a;) (1 <i<Kk).
Choose a smooth cut-off function ¢, , centered at the point a;
satisfying 0 < ¢, < 1, ¢;, = 1for [x —a;] < ¢/2,¢;, =0
for |x — a;| = eand |Vg, | < 4/e. Since {u,¢; .} is bounded,
I'(u,)u, ;. = o(1), that s,

2
I, (un) unq)i,s = JQ IVM,,' (Pi,sdx + JQ unvunV(Pi,edx

2
- Z."lt J z(Pz sdx 54
Y oy
: i
- Z J K; (x) n—si(Pi,sdx'
i=1 7Q |x —a)

Moreover, we have
. . 2
hm[ lim |V, | go,-sdx]
e—0 | n—+00 Q >

> hm H [Vul? @ dx+v, ] v,

a;

| |
slin() |:n£r£looJ' |x a |2 goledx

. jul® (55)
= lim J ——¢dx+o, | =0,
Q |x _ ai| i i

2"(s;)

lim | lim J K; (x) |u | T Piedx

e—0 | n—+00 |x_a|

Ju”
= lim [J K; (x) |—si(Pi,sdx+Tai:| =1,

£—0 a |

Arguing as in [3], we can prove that

lim[ lim J u,Vu, Vo, dx| =0,
Q ]

e—0 [ n—+00

2
lim | lim J 14 —— ¢ dx | =0,

e—0 | n—+0c0 Q| _a|

vj#i, 0
|un|2*(5i) ]

Jim, nlir?mj' K; (x) m%,sd" =0,
i J

Vj#i.
From (55)-(56), let n — +00 and ¢ — 0 in expression (54),
we obtain
0= Vai - A“iaa,» - Ki (ai) Tai' (57)

By the definition of SZ"_’S_, we deduce that

) 2/2%(s;)
SZli’si (T“i) < ya,- - Miaai‘ (58)
Combining (57) with (58), we get
. 2/2%(s;)
SZ:"Si (T“i) < Ki (ai) Ta,.) (59)
which implies that
(N=s,)/(2s;) )
a =001, > (S for every 1 < i
( Wi S) y (60)
<k

Arguing by contradiction, let us suppose that there exist i,
such that

7, 2 ( ;lzz,sio)(N_SiO)/(z_SiO)- (61)
Thus,
1 (1 1
cto(l)=1I(u,) - EII (u,) u, = Z(E - 2*—(5))
i=1 i

| |2*(5i)

u k1 1
LI - - 62
|x—ai|s"dx Z(2 2*(5,-)) (62
2"(s;)
(j K; (x) Lidx+Ki(ai)Ti>.
Q

|’C“1i|S

Letting n — +00, we get

k /1
2 —_—
=2 (3

so, by (61), we obtain

1
o (si))Ki (a;) 7 (63)

a; (N=si)/(2=s,)
2- Siy (S,“i((), >Sig )

> (64)
_ (N-2)/(2=s;)’
2(N-s) (K, (4,)) °
which contradicts the assumption that
X (N—s,-)/(2—s,-)
2 —s; Sh
¢ < min ! ( M”s’) =c,. (65

1<i<k | 2 (N — gi) (Ki (ai))(N—Z)/(Z—S,-)



Hence, up to a subsequence, we obtain that 1, — wu strongly
in H, (Q). O

Lemma 4. Under the assumptions of (%), (#,), and (¥ 5),
there is a nonnegative function v, € Hy(Q), such that
sup,oI(tvy) < c,.

Proof. Letus prove only for the following case 0 < y; <, for
the other case the proofis the same. We consider the tollowing
functions on the interval [0, +oo(

a
_ t2 a;, |VMI:,’5
g(t)_EJQ ' Hig € ~ Y, |x_ai '2
o
a. 2
v ’I,U t2*(si )
- Z#z J al 2 . g (66)
i 90 |x —aj 2 (s;,)
a; 2" (s;,)
v ()|
j K, (x) o 's. dx,
Q |x -a, °

2 2
el 1 e ) dx = B Jo (il 115 -
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and

I(tv; ) g(t)

k2 ZO 2°(s) (67)
- Z " J- Ki (X) '(’—sidx.
i, 2 (s;) Jo |x - a
Using the following formula,
tz t2*($i0)
sup| mA- ———B
(53
(68)
_ 2 - Siy AN=5)/2=s,) pIN-2)/(s;, —2))
2(N-5,)
0

and using (17), (19), and (20), we have

) )(N_Sio)/(z_sio)

2-s;, (IQ (|V"#zu>€| ~ H (
N <JQ K, (x)(

2—Si0 (SMO Sig -G Zt#to ‘btl/|

a 2% (s;
v f|x-a

( (N=2)/(s;,=2)
) )

| (N-2)/@-s)\[F4 _ ( (N—2)/(2—s)@> N O(S(N_z)/(z_s)))(N—sio)/(z—sio)

2 (N - sio)

2-s iy Hig>Sig

—\ \ (N=2)/(s;,-20)
(K, (a0
0 0
w [ (N=s;)/(2=s;)
(Sai" )(N—sio)/(Z—S,-O) <1 -0 <S(N—2)/(2—S)\/E> o <S(N—2)/(2—s)\/ﬁ> +0 (S(N—Z)/(Z—s))) 0 0

2(N-s,) (K, (a

iy

))(N_Z)/(Z_Sio)

; (N=s;)/(2=s;;)
2- Sio (S.Mi[:) »Sig )

2 (N - sio) (Ki0 (a-

T S R [

)<N—s,~(,>/(2—s,-o>

))(N—Z)/(Z—Sig)

a,-o

. 2-s; (Sm(,‘s,v0 _0 (S(N—Z)/(Z—s)x/ﬁ—y> —c

2 (N - sio) (Ki0 (a-

To

))(N_Z)/(Z_Sig)

for 0 < e sufficiently small. And since, forall 1 < i < k, the
function K; is a positive on Q, we have
sup I (tvﬂ ‘s) <supg(t) <c,, (70)
£20 £20

for 0 < e sufficiently small. O

<1 +O( 3(N-2)/2(2— s)F))(N Dls=2) (69)

( 3(N—2)/2(2—5)xlﬁ—y) 0 < S3(N—2)/2(2—s)\/ﬁ—#>>

%)

3. Proof of Main Result 1

We verify that the functional I satisfies the mountain pass
geometry. To this end, we consider the energy level.

1nf sup I (y (1)), (71)

te[O 1]
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where
T
(72)
={y e C([0,1]; Hy (©Q)) : y(0) = 0,1 (y (1)) < 0}.

For any u ¢ Hé (Q) \ {0}, by Hardy and Sobolev-Hardy
inequality, (8) and (9) (take g = 27 (s;)), we get that

I(u)

Il

N | —
/N
_—
T
)
|

gl
=

=]
ER
| <
SR
T
N——
QU
x
N——

1 1< 2
> 7 1- :Z‘ui L [Vul” dx
Hist (73)
k El‘ (CS ’2*(&))_2 )2 2 2*(51')/2
B pad i (], 1w ax)
i=1 2 (si) Q
1 1€ )
2| 1==) | lull
2( M; )
- -2"(s)/2
. ki (Csi’Z*(si)) 2%(s;)
= () ual .
i=1 i
Hence, there exists p, > 0 small enough such that
r= inf I(u)> 0.
lleell=po ) (74)
Then
I(u)>r, (75)

forall u € HS(Q) with [u]l = p,. Let v € Hé(Q) given in
Lemma 4. Since lim,_,,  I(tv) = —00, hence there exists t, >
0 such that [|£,v|| > p, and I(t,v) < 0, by Lemma 4, we obtain

q < sup I(ttyv) <supl(tv) <c,. (76)
te(0,1] t>0

Moreover, by the Mountain Pass Theorem [9] and Lemma 3,
we obtain that ¢, is critical value of I at point u and thus is
a solution of problem (1). Then the rest of the proof follows
exactly the same lines as that in [3]. In order to find the
positive solution of (1), we replace I(u) with I'*(u) defined as
follows:

. 1 , k 2
I'(uw)=- J [Vul|” dx — iJ —dx>
2< Q ;‘M Q |x—ai|2

( +)2*(5i)

(77)

dx

k
1
‘;y@ng“)

|x - a,-|si

where u* = max {u, 0}. Repeating the above arguments, we
find a critical point of I and by applying the maximum
principle we obtain a positive solution. So, the proof of
Theorem 1 is therefore completed.
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