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A general Ostrowski’s type inequality for double integrals is given. We utilize function whose partial derivative of order four exists
and is bounded.

1. Introduction

In 1938, Ostrowski [1] introduced the following integral
inequality.

�eorem 1. Let 𝑓: [𝑎, 𝑏] 󳨀→ R be continuous mapping on[𝑎, 𝑏] and differentiable on (𝑎, 𝑏), whose derivative 𝑓󸀠 :(𝑎, 𝑏) 󳨀→ R is bounded on (𝑎, 𝑏), i.e., ‖𝑓󸀠‖∞ = sup𝑡∈[𝑎,𝑏]|𝑓󸀠(𝑡)|< ∞, then for all 𝑥 ∈ [𝑎, 𝑏]
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑓 (𝑥) −

1𝑏 − 𝑎 ∫
𝑏

𝑎
𝑓 (𝑡) 𝑑𝑡󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ [14 + (𝑥 − (𝑎 + 𝑏) /2)2
(𝑏 − 𝑎)2 ] (𝑏 − 𝑎) 󵄩󵄩󵄩󵄩󵄩𝑓󸀠󵄩󵄩󵄩󵄩󵄩∞ .

(1)

�e constant 1/4 is sharp in the sense that it cannot be
replaced by a smaller one.

In 1975, Milovanović [2] proposed the following general-
ization of (1) for a function 𝑓 of several variables whose first
order partial derivatives are bounded.

�eorem 2. Let 𝑓: R𝑚 󳨀→ R be a differentiable function
defined on 𝐷 and let |𝜕𝑓/𝜕𝑥𝑖| ≤ 𝑀𝑖 (𝑀𝑖 > 0; 𝑖 = 1, . . . , 𝑚)
in𝐷. �en, for every 𝑋 = (𝑥1, . . . , 𝑥𝑚) ∈ 𝐷,
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑓 (𝑥1, . . . , 𝑥𝑚)

− 1∏𝑚𝑖=1 (𝑏𝑖 − 𝑎𝑖) ∫
𝑏1

𝑎1

⋅ ⋅ ⋅ ∫𝑏𝑚
𝑎𝑚

𝑓 (𝑦1, . . . , 𝑦𝑚) 𝑑𝑦1 ⋅ ⋅ ⋅ 𝑑𝑦𝑚
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ 𝑚∑
𝑖=1

[14 +
(𝑥𝑖 − (𝑎𝑖 + 𝑏𝑖) /2)2

(𝑏𝑖 − 𝑎𝑖)2 ] (𝑏𝑖 − 𝑎𝑖)𝑀𝑖.
(2)

In 1998, Barnett and Dragomir [3] proved the following
Ostrowski type inequality for mappings of two variables with
bounded second order partial derivatives.

�eorem 3. Let 𝑓: [𝑎, 𝑏] × [𝑐, 𝑑] 󳨀→ R continuous on [𝑎, 𝑏] ×[𝑐, 𝑑],𝑓󸀠󸀠𝑥,𝑦 = 𝜕2𝑓/𝜕𝑥𝜕𝑦 exists on (𝑎, 𝑏)×(𝑐, 𝑑) and is bounded,
i.e.,

󵄩󵄩󵄩󵄩󵄩𝑓󸀠󸀠𝑠,𝑡󵄩󵄩󵄩󵄩󵄩∞ = sup
(𝑥,𝑦)∈(𝑎,𝑏)×(𝑐,𝑑)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝜕2𝑓 (𝑥, 𝑦)
𝜕𝑥𝜕𝑦

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 < ∞, (3)

�en we have the inequality󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨∫
𝑏

𝑎
∫𝑑
𝑐
𝑓 (𝑠, 𝑡) 𝑑𝑠𝑑𝑡 − [(𝑏 − 𝑎) ∫𝑑

𝑐
𝑓 (𝑥, 𝑡) 𝑑𝑡

+ (𝑑 − 𝑐) ∫𝑏
𝑎
𝑓 (𝑠, 𝑦) 𝑑𝑠 − (𝑑 − 𝑐) (𝑏 − 𝑎) 𝑓 (𝑥, 𝑦)]󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ [14 (𝑏 − 𝑎)2 + (𝑥 − 𝑎 + 𝑏2 )2][14 (𝑑 − 𝑐)2 + (𝑦
− 𝑐 + 𝑑2 )2] 󵄩󵄩󵄩󵄩󵄩𝑓󸀠󸀠𝑠,𝑡󵄩󵄩󵄩󵄩󵄩∞ ,

(4)

for all (𝑥, 𝑦) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].
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In [4], Xue et al. derive the following inequality of
Ostrowski type.

�eorem 4. Let 𝑓: [𝑎, 𝑏] × [𝑐, 𝑑] 󳨀→ R be an absolutely
continuous function such that the partial derivatives of order
two exist and suppose that there exist constants 𝛾, Γ ∈ R with𝛾 ≤ 𝜕2𝑓(𝑡, 𝑠)/𝜕𝑡𝜕𝑠 ≤ Γ for all (𝑡, 𝑠) ∈ [𝑎, 𝑏] × [𝑐, 𝑑]. �en we
have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨(1 − 𝜆)2 𝑓 (𝑥, 𝑦)
+ 𝜆2 (1 − 𝜆) [𝑓 (𝑎, 𝑦) + 𝑓 (𝑏, 𝑦) + 𝑓 (𝑥, 𝑐) + 𝑓 (𝑥, 𝑑)]
+ (𝜆2)

2 [𝑓 (𝑎, 𝑐) + 𝑓 (𝑏, 𝑐) + 𝑓 (𝑎, 𝑑) + 𝑓 (𝑏, 𝑑)]
− 1𝑏 − 𝑎 [(1 − 𝜆) ∫

𝑏

𝑎
𝑓 (𝑡, 𝑦) 𝑑𝑡

+ 𝜆2 ∫
𝑏

𝑎
[𝑓 (𝑡, 𝑐) + 𝑓 (𝑡, 𝑑)] 𝑑𝑡]

− 1𝑑 − 𝑐 [(1 − 𝜆) ∫
𝑑

𝑐
𝑓 (𝑥, 𝑠) 𝑑𝑠

+ 𝜆2 ∫
𝑑

𝑐
[𝑓 (𝑎, 𝑠) + 𝑓 (𝑏, 𝑠)] 𝑑𝑠]

− Γ + 𝛾2 (1 − 𝜆)2 (𝑥 − 𝑎 + 𝑏2 )(𝑦 − 𝑐 + 𝑑2 )
+ 1(𝑏 − 𝑎) (𝑑 − 𝑐) ∫

𝑏

𝑎
∫𝑑
𝑐
𝑓 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤

Γ − 𝛾2
⋅ 1(𝑏 − 𝑎) (𝑑 − 𝑐) [(𝜆2 + (1 − 𝜆)2) (𝑏 − 𝑎)

2

4
+ (𝑥 − 𝑎 + 𝑏2 )2] × [(𝜆2 + (1 − 𝜆)2) (𝑑 − 𝑐)24
+ (𝑦 − 𝑐 + 𝑑2 )2] ,

(5)

for all (𝑥, 𝑦) ∈ [𝑎 + 𝜆((𝑏 − 𝑎)/2), 𝑏 − 𝜆((𝑏 − 𝑎)/2)] × [𝑐 +𝜆((𝑑 − 𝑐)/2), 𝑑 − 𝜆((𝑑 − 𝑐)/2)] and 𝜆 ∈ [0, 1].
More recently, Sarikaya et al. [5] establish weighted

Ostrowski type inequalities considering function whose sec-
ond order partial derivatives are bounded as follows.

�eorem 5. Let 𝑓: [𝑎, 𝑏] × [𝑐, 𝑑] 󳨀→ R be an absolutely
continuous function such that the partial derivatives of order
two exist and are bounded, i.e.,

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑓 (𝑡, 𝑠)𝜕𝑡𝜕𝑠

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ = sup
(𝑥,𝑦)∈(𝑎,𝑏)×(𝑐,𝑑)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝜕2𝑓 (𝑡, 𝑠)𝜕𝑡𝜕𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 < ∞, (6)

for all (𝑡, 𝑠) ∈ [𝑎, 𝑏] × [𝑐, 𝑑].�en we have
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑚∘ (𝑎, 𝑏)𝑚∘ (𝑐, 𝑑) (𝑥 − 𝜇 (𝑎, 𝑏)) (𝑦 − 𝜇 (𝑐, 𝑑)) 𝑓 (𝑥, 𝑦)
− 𝑚∘ (𝑐, 𝑑) (𝑦 − 𝜇 (𝑐, 𝑑)) [∫𝑥

𝑎
(∫𝑡
𝑎
𝜔 (𝑢) 𝑑𝑢)𝑓 (𝑡, 𝑦) 𝑑𝑡

+ ∫𝑏
𝑥
(∫𝑡
𝑏
𝜔 (𝑢) 𝑑𝑢)𝑓 (𝑡, 𝑦) 𝑑𝑡] − 𝑚∘ (𝑎, 𝑏) (𝑥

− 𝜇 (𝑎, 𝑏)) [∫𝑦
𝑐
(∫𝑠
𝑐
𝜔 (V) 𝑑V)𝑓 (𝑥, 𝑠) 𝑑𝑠

+ ∫𝑑
𝑦
(∫𝑠
𝑑
𝜔 (V) 𝑑V)𝑓 (𝑥, 𝑠) 𝑑𝑠] − 𝑚∘ (𝑎, 𝑏)𝑚∘ (𝑐, 𝑑)

⋅ ∫𝑏
𝑎
∫𝑑
𝑐
𝑓 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤

𝑚∘ (𝑎, 𝑏)𝑚∘ (𝑐, 𝑑)4 [(𝑥
− 𝜇 (𝑎, 𝑏))2 + 𝜎2 (𝑎, 𝑏)] [(𝑦 − 𝜇 (𝑐, 𝑑))2 + 𝜎2 (𝑐, 𝑑)]
⋅ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑓 (𝑡, 𝑠)𝜕𝑡𝜕𝑠

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ ≤ 𝑚∘ (𝑎, 𝑏)𝑚∘ (𝑐, 𝑑)4 (󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑥 −
𝑎 + 𝑏2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+ 𝑏 − 𝑎2 )2 (󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑦 −

𝑐 + 𝑑2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 +

𝑑 − 𝑐2 )2 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑓 (𝑡, 𝑠)𝜕𝑡𝜕𝑠

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ ,

(7)

where

𝑚𝑖 (𝑎, 𝑏) = ∫𝑏
𝑎
𝑡𝑖𝜔 (𝑡) 𝑑𝑡, 𝑖 = 0, 1, . . . ,

𝜇 (𝑎, 𝑏) = 𝑚1 (𝑎, 𝑏)𝑚∘ (𝑎, 𝑏) ,
𝜎2 (𝑎, 𝑏) = 𝑚2 (𝑎, 𝑏)𝑚∘ (𝑎, 𝑏) − 𝜇

2 (𝑎, 𝑏) .
(8)

For other related work, we refer the reader to [6–15].
In this paper, motivated by the ideas in both [4, 5],

we shall derive a new inequality of Ostrowski’s type similar
to the inequalities (5) and (7), involving functions of two
independent variables.

2. Main Results

In order to introduce our main results, we commence with
the following lemma.

Lemma 6. Let 𝑓: [𝑎, 𝑏] × [𝑐, 𝑑] 󳨀→ R be an absolutely
continuous function such that the partial derivative of order 4
exists for all (𝑥, 𝑦) ∈ [𝑎 + ℎ((𝑏 − 𝑎)/2), 𝑏 − ℎ((𝑏 − 𝑎)/2)] ×[𝑐 + ℎ((𝑑 − 𝑐)/2), 𝑑 − ℎ((𝑑 − 𝑐)/2)] and ℎ ∈ [0, 1]. �en
for any two mappings 𝐾1(𝑡; 𝑥) : [𝑎, 𝑏] × [𝑎, 𝑏] 󳨀→ R and𝐾2(𝑠; 𝑦) : [𝑐, 𝑑] × [𝑐, 𝑑] 󳨀→ R, where

𝐾1 (𝑡; 𝑥) fl
{{{{{{{

12 [𝑡 − (𝑎 + ℎ𝑏 − 𝑎2 )]2 , 𝑡 ∈ [𝑎, 𝑥]
12 [𝑡 − (𝑏 − ℎ𝑏 − 𝑎2 )]2 , 𝑡 ∈ (𝑥, 𝑏] (9)
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and

𝐾2 (𝑠; 𝑦) fl
{{{{{{{

12 [𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]2 , 𝑡 ∈ [𝑐, 𝑦]
12 [𝑠 − (𝑑 − ℎ𝑑 − 𝑐2 )]2 , 𝑡 ∈ (𝑦, 𝑑] , (10)

the identity

𝐸 (𝑓; ℎ) = ∫𝑏
𝑎
∫𝑑
𝑐
𝐾1 (𝑡; 𝑥) 𝐾2 (𝑠; 𝑦) 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡 = (1

− ℎ)2 (𝑏 − 𝑎) (𝑑 − 𝑐) [𝑓 (𝑥, 𝑦) + (𝑎 + 𝑏2 − 𝑥)
⋅ (𝑐 + 𝑑2 − 𝑦)𝑓𝑡𝑠 (𝑥, 𝑦) + (𝑎 + 𝑏2 − 𝑥)𝑓𝑡 (𝑥, 𝑦)
+ (𝑐 + 𝑑2 − 𝑦)𝑓𝑠 (𝑥, 𝑦)] + ℎ2 (1 − ℎ)
⋅ (𝑏 − 𝑎) (𝑑 − 𝑐)8 [(𝑑 − 𝑐) (𝑎 + 𝑏2 − 𝑥)
⋅ (𝑓𝑡𝑠 (𝑥, 𝑐) − 𝑓𝑡𝑠 (𝑥, 𝑑)) + (𝑏 − 𝑎) (𝑐 + 𝑑2 − 𝑦)
⋅ (𝑓𝑡𝑠 (𝑎, 𝑦) − 𝑓𝑡𝑠 (𝑏, 𝑦))] + ℎ4

⋅ (𝑏 − 𝑎)2 (𝑑 − 𝑐)264 [𝑓𝑡𝑠 (𝑎, 𝑐) − 𝑓𝑡𝑠 (𝑎, 𝑑) − 𝑓𝑡𝑠 (𝑏, 𝑐)
+ 𝑓𝑡𝑠 (𝑏, 𝑑)] + ℎ2 (𝑏 − 𝑎)28 {(1 − ℎ) (𝑑 − 𝑐)
⋅ [𝑓𝑡 (𝑎, 𝑦) − 𝑓𝑡 (𝑏, 𝑦)]
+ ℎ𝑑 − 𝑐2 [𝑓𝑡 (𝑎, 𝑐) + 𝑓𝑡 (𝑏, 𝑐) + 𝑓𝑡 (𝑎, 𝑑) − 𝑓𝑡 (𝑏, 𝑑)]
− ∫𝑑
𝑐
[𝑓𝑡 (𝑎, 𝑠) − 𝑓𝑡 (𝑏, 𝑠)] 𝑑𝑠} + ℎ2 (𝑑 − 𝑐)28 {(1 − ℎ)

⋅ (𝑏 − 𝑎) [𝑓𝑠 (𝑥, 𝑐) − 𝑓𝑠 (𝑥, 𝑑)] + ℎ
⋅ 𝑏 − 𝑎2 [𝑓𝑠 (𝑎, 𝑐) + 𝑓𝑠 (𝑏, 𝑐) + 𝑓𝑠 (𝑎, 𝑑) − 𝑓𝑠 (𝑏, 𝑑)]
− ∫𝑏
𝑎
[𝑓𝑠 (𝑡, 𝑐) − 𝑓𝑠 (𝑡, 𝑑)] 𝑑𝑡} + (1 − ℎ) (𝑑 − 𝑐) (𝑐 + 𝑑2

− 𝑦)[ℎ𝑏 − 𝑎2 [𝑓𝑠 (𝑎, 𝑦) + 𝑓𝑠 (𝑏, 𝑦)] − ∫𝑏
𝑎
𝑓𝑠 (𝑡, 𝑦) 𝑑𝑡]

+ (1 − ℎ) (𝑏 − 𝑎) (𝑎 + 𝑏2 − 𝑥)
⋅ [ℎ𝑑 − 𝑐2 [𝑓𝑡 (𝑥, 𝑐) + 𝑓𝑡 (𝑥, 𝑑)]
− ∫𝑑
𝑐
𝑓𝑡 (𝑥, 𝑠) 𝑑𝑠] + ℎ (1 − ℎ) (𝑏 − 𝑎) (𝑑 − 𝑐)2 [𝑓 (𝑎, 𝑦)

+ 𝑓 (𝑏, 𝑦) + 𝑓 (𝑥, 𝑐) + 𝑓 (𝑥, 𝑑)] + ℎ2

⋅ (𝑏 − 𝑎) (𝑑 − 𝑐)4 [𝑓 (𝑎, 𝑐)
+ 𝑓 (𝑏, 𝑐) + 𝑓 (𝑎, 𝑑) + 𝑓 (𝑏, 𝑑)] − (1 − ℎ) [(𝑑 − 𝑐)
⋅ ∫𝑏
𝑎
𝑓 (𝑡, 𝑦) 𝑑𝑡 + (𝑏 − 𝑎) ∫𝑑

𝑐
𝑓 (𝑥, 𝑠) 𝑑𝑠] − ℎ2 [(𝑑 − 𝑐)

⋅ ∫𝑏
𝑎
[𝑓 (𝑡, 𝑐) + 𝑓 (𝑡, 𝑑)] 𝑑𝑡 + (𝑏 − 𝑎)

⋅ ∫𝑑
𝑐
[𝑓 (𝑎, 𝑠) + 𝑓 (𝑏, 𝑠)] 𝑑𝑠] + ∫𝑏

𝑎
∫𝑑
𝑐
𝑓 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡.

(11)
holds.

Proof. By definitions of 𝐾1(𝑡; 𝑥) and 𝐾2(𝑠; 𝑦) in both (9) and
(10), we have

𝐸 (𝑓; ℎ) = ∫𝑏
𝑎
∫𝑑
𝑐
𝐾1 (𝑡; 𝑥) 𝐾2 (𝑠; 𝑦) 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡 = 14

⋅ ∫𝑥
𝑎
∫𝑦
𝑐
[𝑡 − (𝑎 + ℎ𝑏 − 𝑎2 )]2

⋅ [𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]2 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡
+ 14 ∫

𝑥

𝑎
∫𝑑
𝑦
[𝑡 − (𝑎 + ℎ𝑏 − 𝑎2 )]2

⋅ [𝑠 − (𝑑 − ℎ𝑑 − 𝑐2 )]2 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡
+ 14 ∫

𝑏

𝑥
∫𝑦
𝑐
[𝑡 − (𝑏 − ℎ𝑏 − 𝑎2 )]2

⋅ [𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]2 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡
+ 14 ∫

𝑏

𝑥
∫𝑑
𝑦
[𝑡 − (𝑏 − ℎ𝑏 − 𝑎2 )]2

⋅ [𝑠 − (𝑑 − ℎ𝑑 − 𝑐2 )]2 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡
= 𝐼1 + 𝐼2 + 𝐼3 + 𝐼4.

(12)

For 𝐼1, integration by parts yields

𝐼1 = 14 ∫
𝑥

𝑎
∫𝑦
𝑐
[𝑡 − (𝑎 + ℎ𝑏 − 𝑎2 )]2

⋅ [𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]2 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡
= 14 [𝑡 − (𝑎 + ℎ𝑏 − 𝑎2 )]2 [𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]2

⋅ 𝑓𝑡𝑠 (𝑥, 𝑦) − ℎ216 [(𝑑 − 𝑐)2 [𝑥 − (𝑎 + ℎ𝑏 − 𝑎2 )]2
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⋅ 𝑓𝑡𝑠 (𝑥, 𝑐) + (𝑏 − 𝑎)2 [𝑦 − (𝑐 + ℎ𝑑 − 𝑐2 )]2 𝑓𝑡𝑠 (𝑎, 𝑦)]
+ ℎ4 (𝑏 − 𝑎)2 (𝑑 − 𝑐)264 𝑓𝑡𝑠 (𝑎, 𝑐) + ℎ2 (𝑑 − 𝑐)28 ∫𝑏

𝑥
[𝑡

− (𝑏 − ℎ𝑏 − 𝑎2 )]𝑓𝑡𝑠 (𝑡, 𝑐) 𝑑𝑡 − ℎ2 (𝑏 − 𝑎)28 ∫𝑦
𝑐
[𝑠

− (𝑐 + ℎ𝑑 − 𝑐2 )]𝑓𝑡𝑠 (𝑏, 𝑠) 𝑑𝑠 + 12 ∫
𝑦

𝑐
[𝑠

− (𝑐 + ℎ𝑑 − 𝑐2 )] [𝑥 − (𝑏 − ℎ𝑏 − 𝑎2 )]2 𝑓𝑡𝑠 (𝑥, 𝑠) 𝑑𝑠
− 12 ∫

𝑏

𝑥
[𝑡 − (𝑏 − ℎ𝑏 − 𝑎2 )] [𝑦 − (𝑐 + ℎ𝑑 − 𝑐2 )]2

⋅ 𝑓𝑡𝑠 (𝑡, 𝑦) 𝑑𝑡 + ∫𝑥
𝑎
∫𝑦
𝑐
[𝑡 − (𝑎 + ℎ𝑏 − 𝑎2 )]

⋅ [𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]𝑓𝑡𝑠 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡.
(13)

Similarly, 𝐼2, 𝐼3, and 𝐼4 can be obtained.
Thus, by adding 𝐼1, 𝐼2, 𝐼3, and 𝐼4, we easily deduce

𝐸 (𝑓; ℎ) = ∫𝑏
𝑎
∫𝑑
𝑐
𝐾1 (𝑡; 𝑥) 𝐾2 (𝑠; 𝑦) 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡 = 14 [(ℎ

− 1) (𝑏 − 𝑎) (𝑎 + 𝑏 − 2𝑥)] [(ℎ − 1) (𝑑 − 𝑐) (𝑐 + 𝑑 − 2𝑦)]
⋅ 𝑓𝑡𝑠 (𝑥, 𝑦) − ℎ216 (𝑑 − 𝑐)2 (ℎ − 1) (𝑏 − 𝑎) (𝑎 + 𝑏 − 2𝑥)
⋅ [𝑓𝑡𝑠 (𝑥, 𝑐) − 𝑓𝑡𝑠 (𝑥, 𝑑)] − ℎ216 (𝑏 − 𝑎)2 (ℎ − 1) (𝑑 − 𝑐) (𝑐
+ 𝑑 − 2𝑦) [𝑓𝑡𝑠 (𝑎, 𝑦) − 𝑓𝑡𝑠 (𝑏, 𝑦)]
+ ℎ4 (𝑏 − 𝑎)2 (𝑑 − 𝑐)264 [𝑓𝑡𝑠 (𝑎, 𝑐) − 𝑓𝑡𝑠 (𝑎, 𝑑) − 𝑓𝑡𝑠 (𝑏, 𝑐)
+ 𝑓 (𝑏, 𝑑)] + ℎ2 (𝑏 − 𝑎)28 [∫𝑦

𝑐
[𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]

⋅ [𝑓𝑡𝑠 (𝑎, 𝑠) − 𝑓𝑡𝑠 (𝑏, 𝑠)] 𝑑𝑠 + ∫𝑑
𝑦
[𝑠 − (𝑑 − ℎ𝑑 − 𝑐2 )]

⋅ [𝑓𝑡𝑠 (𝑎, 𝑠) − 𝑓𝑡𝑠 (𝑏, 𝑠)] 𝑑𝑠]
+ ∫𝑥
𝑎
∫𝑦
𝑐
[𝑡 − (𝑎 + ℎ𝑏 − 𝑎2 )] [𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]

⋅ 𝑓𝑡𝑠 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡 + ∫𝑥
𝑎
∫𝑑
𝑦
[𝑡 − (𝑎 + ℎ𝑏 − 𝑎2 )]

⋅ [𝑠 − (𝑑 − ℎ𝑑 − 𝑐2 )]𝑓𝑡𝑠 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡
+ ∫𝑏
𝑥
∫𝑦
𝑐
[𝑡 − (𝑏 − ℎ𝑏 − 𝑎2 )] [𝑠 − (𝑐 + ℎ𝑑 − 𝑐2 )]

⋅ 𝑓𝑡𝑠 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡 + ∫𝑏
𝑥
∫𝑑
𝑦
[𝑡 − (𝑏 − ℎ𝑏 − 𝑎2 )]

⋅ [𝑠 − (𝑑 − ℎ𝑑 − 𝑐2 )]𝑓𝑡𝑠 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡.
(14)

By further algebraic manipulations and assuming result
by [4], the proof of Lemma 6 is completed.

�eorem 7. Let 𝑓: [𝑎, 𝑏] × [𝑐, 𝑑] 󳨀→ R such that 𝑓 ∈𝐶4([𝑎, 𝑏] × [𝑐, 𝑑]) be an absolutely continuous function such
that the partial derivative of order 4 exists and is bounded; i.e.,󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ = sup

(𝑥,𝑦)∈(𝑎,𝑏)×(𝑐,𝑑)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 < ∞, (15)

for all (𝑡, 𝑠) ∈ [𝑎, 𝑏] × [𝑐, 𝑑]. �en for all (𝑥, 𝑦) ∈ [𝑎 + ℎ((𝑏 −𝑎)/2), 𝑏 − ℎ((𝑏 − 𝑎)/2)] × [𝑐 + ℎ((𝑑 − 𝑐)/2), 𝑑 − ℎ((𝑑 − 𝑐)/2)]
and ℎ ∈ [0, 1], we have

󵄨󵄨󵄨󵄨𝐸 (𝑓; ℎ)󵄨󵄨󵄨󵄨 ≤ [ℎ
3 (𝑏 − 𝑎)324

+ (1 − ℎ) (𝑏 − 𝑎)2 ((1 − ℎ)2 (𝑏 − 𝑎)212
+ (𝑥 − 𝑎 + 𝑏2 )2)] × [ℎ3 (𝑑 − 𝑐)324
+ (1 − ℎ) (𝑑 − 𝑐)2 ((1 − ℎ)2 (𝑑 − 𝑐)212
+ (𝑦 − 𝑐 + 𝑑2 )2)] 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ ,

(16)

where the functional 𝐸(𝑓; ℎ) is given by (11).
Proof. By considering (11), we have

󵄨󵄨󵄨󵄨𝐸 (𝑓; ℎ)󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨∫
𝑏

𝑎
∫𝑑
𝑐
𝐾1 (𝑡; 𝑥) 𝐾2 (𝑠; 𝑦) 𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2 𝑑𝑠𝑑𝑡

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ ∫𝑏
𝑎
∫𝑑
𝑐

󵄨󵄨󵄨󵄨𝐾1 (𝑡; 𝑥)󵄨󵄨󵄨󵄨 󵄨󵄨󵄨󵄨𝐾2 (𝑠; 𝑦)󵄨󵄨󵄨󵄨
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 𝑑𝑠𝑑𝑡
≤ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ ∫
𝑏

𝑎
𝐾1 (𝑡; 𝑥) 𝑑𝑡 ⋅ ∫𝑑

𝑐
𝐾2 (𝑠; 𝑦) 𝑑𝑠.

(17)

But,

∫𝑏
𝑎
𝐾1 (𝑡; 𝑥) 𝑑𝑡 = ℎ324 (𝑏 − 𝑎)3

+ (1 − ℎ) (𝑏 − 𝑎)2 ((1 − ℎ)2 (𝑏 − 𝑎)212 + [𝑥 − 𝑎 + 𝑏2 ]2) ,
(18)

and

∫𝑑
𝑐
𝐾2 (𝑠; 𝑦) 𝑑𝑠 = ℎ324 (𝑑 − 𝑐)3

+ (1 − ℎ) (𝑑 − 𝑐)2 ((1 − ℎ)2 (𝑑 − 𝑐)212 + [𝑦 − 𝑐 + 𝑑2 ]2) .
(19)
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Now, substituting (18), (19) into (17) gives (16) and, hence,
completes the proof.

Corollary 8. Under the assumption of �eorem 7 with ℎ = 0,
we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑓 (𝑥, 𝑦) + (
𝑎 + 𝑏2 − 𝑥)(𝑐 + 𝑑2 − 𝑦)𝑓𝑡𝑠 (𝑥, 𝑦)

+ (𝑎 + 𝑏2 − 𝑥)𝑓𝑡 (𝑥, 𝑦) + (𝑐 + 𝑑2 − 𝑦)𝑓𝑠 (𝑥, 𝑦)
− [ 1(𝑏 − 𝑎) (𝑐 + 𝑑2 − 𝑦)∫𝑏

𝑎
𝑓𝑠 (𝑡, 𝑦) 𝑑𝑡

+ 1(𝑑 − 𝑐) (𝑎 + 𝑏2 − 𝑥)∫𝑑
𝑐
𝑓𝑡 (𝑥, 𝑠) 𝑑𝑠]

− [ 1(𝑏 − 𝑎) ∫
𝑏

𝑎
𝑓 (𝑡, 𝑦) 𝑑𝑡 + 1(𝑑 − 𝑐) ∫

𝑑

𝑐
𝑓 (𝑥, 𝑠) 𝑑𝑠]

+ 1(𝑏 − 𝑎) (𝑑 − 𝑐) ∫
𝑏

𝑎
∫𝑑
𝑐
𝑓 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤

14 ((𝑏 − 𝑎)
2

12
+ (𝑥 − 𝑎 + 𝑏2 )2)((𝑑 − 𝑐)212 + (𝑦 − 𝑐 + 𝑑2 )2)

⋅ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ .

(20)

Corollary 9. Under the assumption of �eorem 7 with ℎ = 0,𝑥 = (𝑎 + 𝑏)/2, and 𝑦 = (𝑐 + 𝑑)/2 we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑓 (
𝑎 + 𝑏2 , 𝑐 + 𝑑2 ) − [ 1(𝑏 − 𝑎) ∫

𝑏

𝑎
𝑓(𝑡, 𝑐 + 𝑑2 )𝑑𝑡

+ 1(𝑑 − 𝑐) ∫
𝑑

𝑐
𝑓(𝑎 + 𝑏2 , 𝑠) 𝑑𝑠] + 1(𝑏 − 𝑎) (𝑑 − 𝑐)

⋅ ∫𝑏
𝑎
∫𝑑
𝑐
𝑓 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ (𝑏 − 𝑎)2 (𝑑 − 𝑐)2576
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ .

(21)

Corollary 10. Under the assumption of�eorem 7 with ℎ = 0,𝑥 = (𝑎 + 𝑏)/4, and 𝑦 = (𝑐 + 𝑑)/4 we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑓 (
𝑎 + 𝑏4 , 𝑐 + 𝑑4 ) + (𝑎 + 𝑏) (𝑐 + 𝑑)16 𝑓𝑡𝑠 (𝑎 + 𝑏4 , 𝑐 + 𝑑4 )

+ (𝑎 + 𝑏4 )𝑓𝑡 (𝑎 + 𝑏4 , 𝑐 + 𝑑4 ) + (𝑐 + 𝑑4 )
⋅ 𝑓𝑠 (𝑎 + 𝑏4 , 𝑐 + 𝑑4 ) − 14 [(𝑑 − 𝑐)(𝑏 − 𝑎) ∫

𝑏

𝑎
𝑓𝑠 (𝑡, 𝑐 + 𝑑4 ) 𝑑𝑡

+ (𝑏 − 𝑎)(𝑑 − 𝑐) ∫
𝑑

𝑐
𝑓𝑡 (𝑎 + 𝑏4 , 𝑠) 𝑑𝑠]

− [ 1(𝑏 − 𝑎) ∫
𝑏

𝑎
𝑓(𝑡, 𝑐 + 𝑑4 )𝑑𝑡

+ 1(𝑑 − 𝑐) ∫
𝑑

𝑐
𝑓(𝑎 + 𝑏4 , 𝑠) 𝑑𝑠]

+ 1(𝑏 − 𝑎) (𝑑 − 𝑐) ∫
𝑏

𝑎
∫𝑑
𝑐
𝑓 (𝑡, 𝑠) 𝑑𝑠𝑑𝑡󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤

14 [(𝑏 − 𝑎)
2

12
+ (𝑎 + 𝑏)216 ] [(𝑑 − 𝑐)212 + (𝑐 + 𝑑)216 ] 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕4𝑓 (𝑡, 𝑠)𝜕𝑡2𝜕𝑠2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ .

(22)

Remark 11. In Corollaries 8, 9, and 10 we assume that the
involved integrals can more easily be computed than the
original double integral.
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