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We consider a damped Kirchhoff-type equation with Dirichlet boundary conditions. The objective is to show the Fréchet
differentiability of a nonlinear solution map from a bilinear control input to the solution of a Kirchhoff-type equation. We use
this result to formulate the minimax optimal control problem. We show the existence of optimal pairs and find their necessary

optimality conditions.

1. Introduction

Let Q) be an open bounded set of R"(n < 3) with a smooth
boundary I'. We set Q = (0,T) x Q, ¥ = (0,T) x T
for T > 0. We consider a strongly damped Kirchhoff-type
equation described by the following Dirichlet boundary value
problem:

y”—(1+J |Vy|2dx)Ay—yAy':Uy+f in Q,
Q
y=0 on32,
y(0.2) = 3 (), 2

¥ (0,%) = y; (x)
in Q,

where ' = 0/dt, y is the displacement of a string (or
membrane), ¢ > 0, f is a forcing function, and U is a
bilinear forcing term, which is usually a bilinear control
variable that acts as a multiplier of the displacement term.
| - | denotes the Euclidean norm on R”. As is well known by
Kirchhoff [1], the nonlinear part of (1) represents an extension
effect of a vibrating string (or membrane). Many kinds of
Kirchhoff-type equations have been research subject of many

researchers (see Arosio [2], Spagnolo [3], Pohozaev [4], Lions
[5], Nishihara and Yamada [6], and references therein).

From a physical perspective, the damping of (1) represents
an internal friction in an elastic string (or membrane) that
makes the vibration smooth. Therefore, we can obtain the
well-posedness in the Hadamard sense under sufficiently
smooth initial conditions (see [7]). Based on this result,
Hwang and Nakagiri [8] set up optimal control problems
developed by Lions [9] with (1) using distributed forcing
controls. They proved the Gateaux differentiability of the
quasilinear solution map from the control variable to the
solution and applied the result to derive the necessary opti-
mality conditions for optimal control in some observation
cases.

It is important and challenging to extend the optimal
control theory to practical nonlinear partial differential
equations. There are several studies on semilinear partial
differential equations (see [10]). Indeed, the extension of
the theory to quasilinear equations is much more restric-
tive because the differentiability of a solution map is quite
dependent on the model due to the strong nonlinearity.
Only a few studies have investigated this topic (see [8, 11,
12]). Thus, the differentiability of a solution map in any
sense is important to study optimal control or identification
problems. In most cases, Gateaux differentiability may be
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enough to solve a quadratic cost optimal control problem
as in [8]. However, to study the problem in more general
cost function like nonquadratic or nonconvex functions, the
Fréchet differentiability of a solution map is more desirable.

In this paper, we show the Fréchet differentiability of the
solution map of (1): U — y from the bilinear control input
variables to the solutions of (1). In the author’s knowledge,
the Fréchet differentiability of a quasilinear solution map
is not studied yet. Based on the result, we construct and
solve a bilinear minimax optimal control problem on (1).
For the study, we refer to the linear results from Belmiloudi
[13], in which the author considered some linear parabolic
partial differential equations as the state equations for the
problem. Minimax control framework has been used by many
researchers for various control problems. There are many
literatures related to the minimax control problems. We can
refer to just a few: Arada and Raymond [14], Lasiecka and
Triggiani [15], and Li and Yong [16].

In this paper, the minimax control framework was
employed to take into account the undesirable effects of
system disturbance (or noise) in control inputs such that a
cost function achieves its minimum even when the worst
disturbances of the system occur. For this purpose, we replace
the bilinear multiplier U in (1) by u + v, where u is a
control variable that belongs to the admissible control set
U5 and v is a disturbance (or noise) that belongs to the
admissible disturbance set 7°,;. We introduce the following
cost function to be minimized within %,; and maximized
within 77 ;:

1 2 o
Jv) = 2|6y = Yally + 3 lulz g - /; Wi, @

where y isa solution of (1), M is a Hilbert space of observation
variables, € is an operator from the solution space of (1) to M,
Y, € M is a desired value, and the positive constants « and 8
are the relative weights of the second and third terms on the
RHS of (2).

As mentioned, another goal of this paper is to find and
characterize the optimal controls of the cost function (2)
for the worst disturbances through control input in (1). This
leads to the problem of finding the saddle points of the cost
function (2). First, we prove the existence of an admissible
control u* € %, and disturbance (or noise) v* € 7, such
that (u”,v") is a saddle point of the functional J(u, v) of (2).
That is,

J W v) <J W v") < T (uv"),
V(u, V) € %ud X %ad'

(3)

Secondly, we derive an optimality condition for (u*,v") in
(3). In this paper, we use the terminology optimal pair to
represent such a saddle point (u*,v") in (3). To prove the
existence of an optimal pair (u*, v") satisfying (3), we follow
the arguments given by Belmiloudi [13], in which the author
employed the minimax theorem in infinite dimensions given
by Barbu and Precupanu [17]. Next, we derive the necessary
optimal conditions for some observation cases that should be
satisfied by the optimal pairs in these observation cases. To
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derive these conditions, we refer to the studies about bilinear
optimal control problems where the state equation is linear
partial differential equations such as the reaction diffusion
equation or Kirchhoft plate equation (see [13, 18-20] and
references therein).

We now explain the content of this paper. In Section 2,
we prove the well-posedness of (1) in the Hadamard sense
under sufficiently smooth initial conditions, including a
stability estimate from the data space to the solution space.
In Section 3, we shall show that the solution map of (1):
U — y is Fréchet differentiable. In Section 4, we shall study
the minimax optimal control problems: By using the Fréchet
differentiability of the solution maps u — y and v — y,
we prove that the maps u — J and v — ] are convex
and concave, respectively, under the assumptions that a,  are
sufficiently large. And with an assumption on the operator €
in (2), we prove the maps u — J and v — ] are lower and
upper semicontinuous, respectively. As a result, we can prove
the existence of an optimal pair. Next, we derive the necessary
optimal conditions for some practical observation cases by
employing associate adjoint systems. Especially, we use a first-
order Volterra integrodifferential equation as a proper adjoint
equation in the velocity’s observation case, which is another
novelty of this paper.

2. Preliminaries

Throughout this paper, we use C as a generic constant. Let X
be a Banach space. We denote its topological dual as X’ and
the duality pairing between X' and X by (;,-) s x. We also
introduce the following abbreviations:

P =P (Q),
H* = H* (Q), (4)
-0, = M-l »

where p > 1. Hg is the completions of C;°(Q2) in HF for
k > 1. Let the scalar product on L*be (-, -),. From Poincare’s
inequality and the regularity theory for elliptic boundary
value problems (cf. Temam [21, p. 150]), the scalar products
on Hé and D(A) = H* n Hé can be endowed as follows:

(v:9))ip = (V. V). Yy ¢ € Hys (5)
(v, 9)p) = (Ay,A¢),, Yy, ¢ € D(A). (6)
Then we know that
[l = 19vl,. vy € H,

”‘//“D(A) = |Ay],, VyeD(@®).

7)

The duality pairing between H, and H' is denoted by
(¢, y), . Itis clear that

D(A) — Hy < L* — H . (8)
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Each space is dense in the following one, and the injections
are continuous and compact. According to Adams [22], we
know that the embeddings

Hy — L7,
. ) ©)
(ies Ivl, <CIVyl,, vy € HY), (1< p<6),
D(a) — C’(Q),
(10)

(ies |9l < Cladl,. Vo € D(2))

are compact when n < 3.
The solution space S(0,T) of (1) of strong solutions is
defined by

$(0,T)={g1geL’*(0,T;D(8)), ¢

(11)
e’ (0,T;D (1)), g" € I*(Q)}
which is endowed with the norm
"9 ”S(O,T)
2 112 ag 1/2 (12)
= (||g ||L2(0,T;D(A)) + "g 2oTD0) "g LZ(Q)> ’

where g’ and g" denote the first and second order distribu-
tional derivatives of g.

Definition 1. A function y is said to be a strong solution of (1)
if y € S(0,T) and y satisfies

Y ® = (1+[Vy ®l3) Ay () - udy' @)

—U@D YO+ (), aetel0T], .
y(0) = yos
¥ (0) = y,.

From Dautray and Lions [23, p.480] and Lions and
Magnes [24], we remark that

$(0,T) = C([0,T]; D(A)NC' ([0, T]; Hy).  (14)

The following variational formulation is used to define the
weak solution of (1).

Definition 2. A function y is said to be a weak solution of
W ify € WOT) = {g | g € L*0,T;Hy), g €
L3(0, T; Hé), g” € L*(0,T; H ")} and y satisfies

(7" .8)  + (1YY OL) (V0. V),
+u (VY (),98), = (U y O+ (), 8)_y,
V¢ € H! in the sense of @' (0,T), (1%
¥ (0) = o,

¥ (0) = y,.

The following is the well-known Gronwall inequality.

Lemma 3. Let #(-) be a nonnegative, absolutely continuous
function on [0, T], which satisfies the following differentiable
inequality for a.e. t € [0,T] :

HO <Ot +y (), (16)

where ¢ and y are nonnegative, summable functions on [0, T].
Then

7 () < el 94 (n (0) + j ¥ (s) ds) : 17)
0

Proof. See Evans [25, p.624]. O

Throughout this paper, we will omit writing the integral
variables in the definite integral without any confusion.
Referring to [7] and the previous result of [8], we can
obtain the following theorem on existence, uniqueness, and
regularity of a solution of (1).

Theorem 4. Assume that (y,, y;, f) € D(A)XH(} xL*(Q), and
U € L(Q). Then (1) has a unique strong solution y € S(0,T).
Moreover, the solution mapping p = (¥4, ¥1> > U) — y(p)
of P = D(A) x Hy x L*(Q) x L®(Q) into S(0,T) is locally
Lipschitz continuous. Let p; = (yy, y1, f1,Uy) € P and p, =
(Ve ¥1s £, U,) € P. The following is satisfied:

Iy (p) - ¥ (Pz)"sm,T) <C (“A (J’é - )’é)”i
+ "V (J’ll - J’f)ni +|fi - leliZ(Q) (18)

5 1/2
+|U, - U2||L°°(Q)) =C|p, - Pz"gﬂ
where C > 0 is a constant depending on the data.

Proof. From [7], for each fixed U € L*°(Q) in (1), we can infer
that (1) admits a unique strong solution y € S(0,T) under the
data condition (yy, y;, f) € D(A) x Hy x L*(Q).

Based on this result, for each p; = (y,, 1, f1,U;) € P
and p, = (3%, ¥}, f»,U,) € P, we prove the inequality (18).

For that purpose, we denote y; — y, = y(p;) — y(p,) by y.
Then, from (1), we can know that y satisfies the following:

v~ (1+|V]3) Ay - pay’

=e()+Uy+ (U -U)p+fi-f, nQ
v=0 on2,
(19)
¥ (0) = yo = %5
' (0) = y; - y;
in Q,
where
e() = (IVyuls = 195213) Ay
(20)

= (Vy, Vy, + VJ’z)z Ay,.



In estimating v in (19), we can refer to the previous results [8,
Theorem 2.1] to obtain the following inequality:

79’ O + v @l + [ av/ s
sc(latw-A+IvGi-DI, @
U -0) 3+ fi- filg)-
Since |y, llso.1) < C(g> ¥1» f>) and S(0, T) — L*(Q), we have
(U, = 02) yallzp < 10~ Uil I3l
<Clyalson 101 - Ul @2)

S C ||U1 - U2||L°O(Q) .

Together with (21) and (22), we can deduce the following:

t
o' @+ haw 0 + | Jav'[}ds

2 2
+fi = il + 10 = Ualfim) = Cley
2
= ol
Applying (23) to (19), we have
Hl//” LZ(Q) < C "pl - p2|lg3 . (24)
From (23) and (24), we can obtain
||V’||S(o,T) <Clpi -2l s- (25)
This completes the proof. O

Corollary 5. For p; = (yp, 1 ,U1)s P, = (3o 315/ Us) €
P, the following inequality is satisfied:

”,'V (p) -y (Pz)"sm,T) <C “Ul - U2||L2(Q) ’ (26)

where C > 0 is a constant depending on the data and y(p,)
and y(p,) are the solutions of (1) corresponding to p, and p,,
respectively.

Proof. We denote y(p,;) — y(p,) by w. Then, as in the proof of
Theorem 4, we can know that y satisfies the following:

" = (1490 5) Ay - pay’
=e(y)+ Uy + (U, -Uy) y,

y=0 on?Z

y(0) =0,

y' (0)=0

in Q,

(27)

in Q,
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where e(y) is given in (20). Estimating y in (27) as in the
proof of Theorem 4, we can arrive at

”‘/’HS(O,T) <C "(U1 -U,)y (P2)||L2(Q) : (28)

Thanks to the fact that y(p,) € S(0,T) — C([0,T]; D(A))
and (10), we can know that $(0, T) < C°(Q). Thus we have

RHS of (28) < C|ly (p2)lcog) U1 = Uall 2
<Cly (P2)||5(0,T) v, -0, ||L2(Q) (29)
< Clpafl U1 - Uyl -

Consequently, from (28) and (29), we have (26).
This completes the proof. O

3. Fréchet Differentiability of
the Nonlinear Solution Map

In this section, we study the Fréchet differentiability of the
nonlinear solution map. The Fréchet differentiability of the
solution map plays an important role in many applications.
Let & = L*(Q). We consider the nonlinear solution map
from u € F to y(u) € S(0,T), where y(u) is the solution of

Y @) = (1+|Vy @) Ay (w) - udy' ()

=uy(u)+ f inQ,

=0 >,
y (u) on (30)

y (u;0,x) = y, (x),
¥ (;0,x) = y; (x)
in Q.
Based on Theorem 4, for fixed (y,, ;, f) € D(A)XH(} xL*(Q),
we know that the solution map & — S(0, T'), which maps
from the term u € & of (30) to y(u) € S(0,T), is well defined

and continuous. We define the Fréchet differentiability of the
nonlinear solution map as follows.

Definition 6. The solution map u — y(u) of & into S(0,T)
is said to be Fréchet differentiable on & if for any u € & there
exists a T'(u) € L(F,8(0,T)) such that, for any w € &F,

Iy (u+w) =y @) -T (u) w"S(O,T) 50
[wi (3D

as wly — 0.

The operator T (u) is called the Fréchet derivative of y at u,
which we denote by Dy(u), and T(u)w = Dy(u)w € S(0,T)
is called the Fréchet derivative of y at u in the direction of
weEF.

Theorem 7. The solution map u — y(u) of F to S(0,T) is
Fréchet differentiable on & and the Fréchet derivative of y(u)
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at u in the direction w € &, that is to say z = Dy(u)w, is the
solution of

Z" - (1 +||Vy (u)||§) Az -2 (Vy(u),Vz), Ay (u)
- [JAZ’ =uz+wyu) inQ,

z=0 onZ,

(32)
z(0,x) =0,
2 (0,x)=0

in Q.
We prove this theorem by two steps:

(i) For any w € &, (32) admits a unique solution
z € 8(0,T). That is, there exists an operator T €
Z(F,58(0,T)) satistying Tw = z(= z(w)).

(ii) We show that || y(u + w) — y(u) - zllsor) = o(llwlz)
as |wllgz — 0.

Proof. (i) Let

(yw),2) = (1+|Vy W) Az
+2(Vy(u),Vz), Ay (u).

(33)

Then from Theorem 4 and (14), we can estimate the above as
follows:

1 (y ). 2)],
< (1+ 1y @lEgorpe ) 142,
+2|y (”)"c([o,T];Hg) V2l ||y @)l o rymemy
< (with (14) and (8)) (34)
< (14 [y @500) 1820 +C 1y )50 1821,
<C(1+]y (u)“é(O,T)) Azl
< C(1+ (o 31 S0l 1821l
Hence, by (34) we know that
G(yw),) e z(D(),L%). (35)

To estimate the solution z of (32), we take the scalar product
of (32) with —Az' — Az in L* :

14

2dt

- (2", Az)z ~(2(yw),2),0z" + Az)2 (36)

v/ + & 2t + o'

_ (uz +wy (u), Az’ + Az)2 )

Integrating (36) over [0, ¢], we obtain

v @+ Eiaz 0l + L Jaz'[} s
t
=-(vZ' ), vz(0)), + L [v=], s
(37)

_ L (?(y (w),z),Az + Az)2 ds

t
_ J (uz +wy (u), Az + Az)2 ds.
0

The right hand side of (37) can be estimated as follows:

t
|(V2' ), vz (t))2| = I(VZ (t),L Vz ds>2|

<|vz' o, | [ =

2

< VT|v< o, v @

L*(0,t;L2)
< (with the Young inequality)
seve' @l + = [ ve/f s

t

JO (?(y(u),z),Az' + Az)2 ds

< Jot 1€ (y w),2)]|, ("Az'"2 +|Az]l,) ds

. ! ! 2 (39)
< (with (35)) <C L (IAzll, | AZ'|, + I1Azl3) ds

< (with the Young inequality)

<e jt |az’ (t)||§ ds+C Jt IAz|)? ds;
0 0

Jt (uz, AZ + Az)2 ds
0

< L luzl, (a2'|, + Iazl,) ds

t
< Jullg L lzll, (2], + lAzll,) ds < (with (8)) )

t
<C L (Iazl, |AZ'|, + 1az113) ds
< (with the Young inequality)

<e jt [z @[ ds+c Jt 1AzI? ds;
0 0



t wy (u),AZ +Az)_ds
0 2

< Jot lwy @), (Jaz'], + 1az11,) ds

< (with the Young inequality) (41)
t , 2 t )
< ej |az’ ®|, ds + cj IAz|) ds
0 0
‘ 2
+C L Jwy w)|; ds.

Considering (38)-(41) and taking € = (1/6) min{1/2, u/2}, we
can obtain the following from (37):

' 2 2 ' "2
[v<' @] + 18z 01 + [ o<’} ds

. (42)
<C L ("VZ’"i + ||Az||§) ds+Cllwy W] -
Applying Lemma 3 to (42), we obtain
’ 2 2 ! 12
v @[ + 12z O + | Jaz'|; s
0 (43)
< Cllwy (“)”iZ(Q) :
In view of (32), (43) implies that
"Z” LZ(Q) S C ||wy (u)”LZ(Q) M (44)

Therefore, from (43) and (44), we can know that z € S(0,T),
and the solution z(= z(w)) of (32) satisfies

Iz (W)lso,r) < C|lwy (”)”LZ(Q) < Cllwllz |y (”)“LZ(Q)
< C "y (u)"S(O,T) ||w||9 (45)
<C "(J’m »nf “)"9D lwlg .
Hence, from (45), the mapping w € F +— z(w) € S(0,T) is
linear and bounded. From this, we can infer that there exists
T € L(#,58(0,T)) such that Tw = z(w) for each w € F.

(ii) We set the difference 6 = y(u + w) — y(u) — z. Then,
from (30) and (32), we can have the following:

8" —und' = (u+w) y (u+w) —uy ) - uz
—wy @)+ (1+[|Vy (u+w)|3) Ay (u+w)
~(1+]Vy ;) Ay ) - (1+[Vy @)|;) Az
—2(Vy (), Vz), Ay (u) = ud

rw(y@+w) - yw)+(1+|Vy ;) ad
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H(Ivy @+ wl; = vy ;) Ay (u + w)
-2(Vyw),Vz), Ay (u) = (u+w)d +wz
+(1+ vy @) a6

+(Vy (u+w) - Vyw),Vyu+w)+Vyw),
Ay (u+w) -2(Vyu),Vz), Ay (u) = (u+w)d
+wz+(1+|Vy @) Ad

+(V8,Vy (u+w) + Vy ), Ay (u+ w)
+(Vz, Vy (u+w) + Vy (), Ay (u + w)
~2(Vy(w),Vz), Ay (u) = (u+w) 8 + wz

+ (14 vy @]2) 26

+(V8,Vy (u+w) + Vy W), Ay (u+w)

+(Vz, Vy (u+w) = Vy (), Ay (u+w)

+2(Vz,Vy ), (Ay (u+w) -~ Ay () inQ
(46)
Thus, we know from (46) that 8 satisfies
8"~ (1+ vy ;) 46
- (V8,Vy (u+w)+Vy W), Ay (u+w)
—yAS' =w+w)d+wz+I,+1, inQ,
8§=0 onZ, (47)
5(0,x) =0,
8" (0,x) =0
in Q,
where
I = (Vz,Vy (u+w) - Vy W), Ay (u+w),
L, =2(Vz,Vy W), (Ay (u+w) - Ay (u)). o
If we let
(y(u+w),yu),z)
= (1+]|Vy ;) a8 (49)

+(V8,Vy (u+w) +Vy w), Ay (u+w),
then by similar arguments used for (34), we have
F(yu+w),yw),) ez (D@®),L?). (50)

Thanks to (50), if we follow similar arguments as in (i), then
we can arrive at

18150,y < C Jwz +1; + IzuLZ(Q) . (5D
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From (14), Theorem 4, and (45), we can deduce the following:

lwzll 2 < lwlg l2ll2q) < Cllwlz 1zlsom)
, (52)
< Clwlz;
||Il||L2(Q) < lzllco,ryen) Iy (u+w) -y (”)HC([O,T];Hg)
x[|Ay (u+w)|| ;2 < Clizlsem)
Ny @+ w) =y @l 1y @+ g (53)
< Clwlg lu+w - ulg | (yo y1> fru+w)|,
< Cllwl%;
||IZ||L2(Q) <2 ||z||c([0,T];H3) ”J’ (”)HC([O,T];Hg)
X Ay (e +w) = Ay )] 120y < ClIzls0,
(54)
Ny @l ly @+ w) = y @l 1) < Clwlls
N0 21 )l I+ w = il < Clwl
Hence, from (51) to (54), we can obtain

18150,y < C |wz + 1) + L] 12

< C(lwzlpg + Iz + 1lzg) 69

< Clwl,
which immediately implies that [l = o(lwlg) as
lwlg — o.
This completes the proof. O

The following result plays an important role in proving
the existence of optimal controls in the next section.

Proposition 8. Given w € F, the Fréchet derivative Dy(u)w

is locally Lipschitz continuous on F with L*(Q) topology.
Indeed, it is satisfied that

1Dy (uy) w = Dy (u,) g1
(56)
< Clluy - ]| o Il

where C > 0 is a constant depending on the data.
Proof. Let z; = Dy(u;)w, (i = 1,2) be the solutions of (32)
corresponding to u;, (i = 1,2), and we set ¢ = z; — z,.

Then, by similar calculations as in (46), we can deduce that
¢ satisfies

¢~ (1+|Vy (w)]3) Ad — 2 (Ve Vy (uy)), Ay (1))

4
- ptAgb' =u ¢+ ZI,- in Q,

i=1

7

$=0 onZ,

¢ (0,x) =0,

¢ (0,x) =0

in Q,
(57)

where

I =2(Vzy, Vy (uy) - Vy (uy)), Ay (uy),

L =2(V2,Vy (1)), (Ay (u,) - Ay (uy)), 5

L=(Vy(uw)-Vy(u,),Vy(u)+Vy (uz))z Az,,

L= (u —uy) 2 +w(y(u) - y(u)).

By similar arguments as in the proof of (i) of Theorem 7, ¢ in
(57) can be estimated as follows:

4

2L

i=1

”¢"5(0,T) <C (59)

*(Q

From Theorem 4, the embedding S(0,T) — C°(Q), and the
first inequality of (45), we can deduce

E2 "S(O,T) < Cllwy (”2)"L2(Q)
<Cly (”2)"@@ lwli2(q
< (with (10) and (14))
(60)
<Cly (”z)"sm,T) lwliz2 g

< Cl(yor 1> i) 5 Iwll 2y
< Cllwlz g -
We can estimate I; (i = 1,...,4) of (57) as follows:
11l 2 =< 2 ||Zz||c([o,T];Hg) Iy () -y (“2)||C([0,T];H;)
: ”AJ’ (”1)"L2(Q) < (with (14)) <C "ZZ"S(O,T)
: ||)’ () -y (”2)"5(0,T) ||J’ (“1)"3(0,T) (61)
< (with Corollary 5, Theorem 4 and (60))
< Clwlg ey ~ ”2||L2(Q) (o> y15 - ”1)”9
< Cllu, - “2||L2(Q) lwllr2 s
”IZHLZ(Q) <2 ”Zzllc([o,T];Hg) ”J’ (”Z)HC([O,T];Hg) "AJ’ (u)
- Ay (”2)||L2(Q)

< (with an arguments similar to (61))

(62)
<C "ZZHS(O,T) "y (”2)||5(0,T) ")’ (u) -y (”2)“5(01)
< Clwlzg |(vo yi> fru) o 1 = sl 2

<C "”1 - ul"LZ(Q) "w"LZ(Q) >



||I3||L2(Q) <fy(w)-y (uz)"(:([o,T];Hg) |y (1)
+y (”2)||C([0,T];Hg) x || Az, ||L2(Q)
< (with an arguments similar to (61))
<Cly(w)-y (“2)||5(0,T) |y () +y (”Z)HS(O,T) (63)
) "ZZHS(O,T) <C ””1 - ”2"L2(Q) (”(J’O)J’l’ﬁ”l)"@
1o y1s frwo)l| ) Wwlizg < Clln = 15| 2
w2 s

||I4||L2(Q) < "(“1 - u,) z2"L2(Q)
o () =y @)l < lz2log I
- “2||L2(Q) +lwlz g "(J’ () -y (“2))“@@)

< (with (10) and $(0,T) — C°(Q))
(64)
<C ("ZZHS(O,T) s, ~ ”2||L2(Q)

+ w2 "(J’ () -y (“2))||5(0,T))
< (with Corollary 5 and (60)) < C||u,

— ]l 2 Il 2y -

From (61) to (64), we can obtain the following from (59):

||¢||5(0,T) < Clluy - ”2||L2(Q) lwllz2(q - (65)

This completes the proof. O

4. Quadratic Cost Minimax Control Problems

In this section, we study the quadratic cost minimax optimal
control problems for a damped Kirchhoft-type equation. Let
the following be the set of the admissible controls:

Upg=ueFla<u<bae in Q}. (66)

Let the following be the set of the admissible disturbance or
noises:

Vag=veF|lc<v<dae in Q}. (67)

To perform our variational analysis, L*(Q) norms of % ,; and
7 .4 are preferable, even though %,; and 7', are subsets
of &. For simplicity, let # ,; be a product space defined by
g:ud = %ad x %ad'

Using Theorem 4, we can uniquely define the solution
mapping F,; —  S(0,T), which maps the term q =
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(u,v) € F,4 to the solution y(q) € S(0,T), which satisfies
the following equation:

y" (@)= (1+|Vy @)]3) Ay (q) - ury' (q)
=w+v)y(q) +f inQ

=0 ong,
y(@)=0 on (68)

y(g:0,x) = y, (%),
y' (:0,x) = y; (x)
in Q,

The solution y(q) of (68) is the state of the control system (68).
From Theorem 7, we can deduce that the map g = (u,v) —
y(q) of F,; to S(0,T) is Fréchet differentiable at g = gq* =
(u*,v"), and the Fréchet derivative of y(q) at g = g* in the
direction w = (h,1) € F2, say z = Dy(q")w is a unique
solution of the following problem:

2 = (1+vy(q)];) A=
~2(Vy(q"),V2), Ay (q") — pdz' = (u" +v") 2
+(h+Dy(q) inQ
z=0 onZ, (69)
z(0,x) =0,
2 (0,x)=0
in Q.
The quadratic cost function associated with the control

system (68) is

1 o4
T v) = 26y (9) = Yally + 5 Il
(70)

By
5 ”V"LZ(Q) >

where M is a Hilbert space of observation variables, the
operator € € Z(8(0,T),M) is an observer, Y; € M is
a desired value, and the positive constants &« and f3 are the
relative weights of the second and the third terms on the RHS
of (70).

To pursue our objective, we assume that the observer € (¢
Z(8(0,T), M)) in (70) is a compact operator. As mentioned
in the introduction, the minimax optimal control problem
can be summarized as follows:

(i) Find an admissible control u* € %,; and a noise (or
disturbance) v* € 7', such that (u”,v") is a saddle
point of the functional J(u, v) of (70). That is,

Jw v)<J W v)<T(uv"), Ywv)eFy 71)

(ii) Characterize (u*,v") (optimality condition).

Such a pair (1", v*) in (71) is called an optimal pair (or an
optimal strategy pair) for the problem (70).
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4.1. Existence of Optimal Pairs. To study the existence of
optimal pairs, we present the following results.

Proposition 9. The solution mapping from F ,; to S(0,T) is
continuous from the weakly-star topology of F ,; to the weak

topology of S(0,T).

In proving the Proposition 9, we need the following
compactness lemma.

Lemma 10. Let X,Y and Z be Banach spaces such that the
embeddings X — Y < Z are continuous and the imbedding
X < Y is compact. Then a bounded set of W"°(0,T; X, Z) =
{g1gelL®0,T;X), g € L(0,T; Z)} is relatively compact
in C([0, T];Y).

Proof. See Simon [26]. O

Proof of Proposition 9. Let q = (u,v) € F,;and let g, =
(u,,v,) € F,, be a sequence such that

q, — q weakly-star in F_; as n — oo. (72)

For simplicity, we let each state y, = y(q,) be a solution of

g0 = (L4 [99,5) Ay — 4y = (uy +v,) v + f

in Q,
,=0 onZ,
g 73)
Yn (O,X) =Y (X) >
(0, %) = y; (x)
in Q.

We conduct the scalar product of (73) with ~Ay! —Ay, in L* :

S Il el jt 85,05 + a5
+ (1192 ) 15l + 193l %% ST
= (1 89), = (@, +v) yu+ 8y, + A3,
which immediately implies
S ~lonl; M; jt 83l + 1 |y
1Vl 5 5 I 75)
< (> 89), = ((w +v) yu + 89, +8,),.

The integration of (75) over [0, ] implies

LA O + 5 b 0F | [yl as

1
+ L9y, 0F 18y, O

9
<7 (yo 1) = (Vi (8), Yy, (1)), I [955]; ds
t ! 2
o [ (9 93), lanlds
t
- J (s +v) yu + Ay, + Ay,), ds,
0
(76)
where
I (Yo ) = "Vylllz ||Ay0||2
(77)

+ 5 ”VJ’o"i "A)’olli +(Vy1, V), -

By conducting similar calculations to the proof of (i) of
Theorem 7, we can obtain the following from (76):

t
195, @I + 1ax, O + [ Jari s
<c (17 0ol Iflio
t
o [ (woils +lan) as

t
+ L (V3 Vo), | 1Ay, dS)-

Since we know from Theorem 4 that y,, € S(0,T'), we can note
that

(V5. 0, ¥2,0), | < Iallcgor SHY) “C([O T1:HY)
< (with (19)) < C|yulsory 79
< C|(yoo 31> frtty + Vn)";'
From (78) and (79), we can infer
! 2 2 ! 112
V3 O +lay, O + [ oyl ds
(80)

t
<C (1 . L (Jvri); + ||Ayn||§)ds).

Applying Lemma 3 to (80), we have

|93 @, + Ay, O + j [ayPds<c. @

Theorem 4 and (81) imply that y, remains in a bounded set of
$(0,T) N W (0, T; D(A), Hé). Therefore, by using Rellich’s
extraction theorem, we can find a subsequence of {y,} also
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called {y,}, and find y € S(0,T) n W0, T; D(A), Hé) such
that

¥, —y weakly in S(0,T) as n — oo, (82)

Yn =)
(83)
weakly-star in L (0, T; D (A)) as n — oo,
! !
n =)

(84)
weakly-star in L* (0,T; Hy ) as n — co.

Since the embedding D(A) — H, is compact, we can apply
Lemma 10 to (83) and (84) with X = D(A) and Y = Z = H,
in Lemma 10 to verify that

y, is pre-compact in C ([0, T] ;Hé). (85)

Hence, we can find a subsequence { ynk} C {y,} if necessary
such that

Y () — y () in H(l) forVt € [0,T] as k — oco. (86)

Therefore, (82) and (86) imply

135 3, = V515 8 (87)

weakly in L*(Q) as k — oo.

From (72) and (85), we can also extract a subsequence, if
necessary, denoted again by g, = (u,,, v,,) such that

(u, +v,) v, = (u+v)y weakly in L*(Q). (88)

We replace y, by y, , if necessary, and take k — oo in (73).
Then, by the standard argument in Dautray and Lions [23,
pp-561-565], we conclude that the limit y is a solution of

y'- (1 + ||VJ’||§) Ay—phy' =+v)y+f inQ
y=0 on2,
y(0,x) =y, (x), (89)
Y (0,%) = 3 ()
in Q.
Moreover, from the uniqueness of solutions of (89), we
conclude that y = y(g) in S(0, T), which implies that y(g,) —

y(g) weakly in S(0, T).
This completes the proof. m

We now study the existence of optimal pairs.

Theorem 11. Let the observer € in (70) be a compact operator.
Then, for sufficiently large o and [3 in (70), there exists
(u*,v*) € F 4 such that (u”*,v") satisfies (71).
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Proof. Let %, be the map u — J(u, v) and let @, be the map
v — J(u,v). To obtain the existence of optimal pairs in the
minimax control problem, we follow the steps given by [13]:
We prove that &, is convex and lower semicontinuous for all
v € 7 ,; and that @, is concave and upper semicontinuous
for all u € %,,;. Then, we employ the minimax theorem in
infinite dimensions (see Barbu and Precupanu [17]).

For sufficiently large & and 8 in (70), we first prove
the convexity of &, and the concavity of @,. To prove the
convexity of &, which is a differentiable map, it is sufficient
to show that

(D2, (u,) = D2, (4,)) (uy —u,) =0,
(90)
Vuy,u, € Uy

From Fréchet differentiability of the solution map u —
y(u, v), where v is fixed, (90) can be rewritten as

(€y (u1,v) =Yg €D,y (ur,v) (1 = 143))

T
+a j (uy,uy —uy), dt
0
(91)
~(Gy (upv) =Yy, €D,y (1, v) (uy — ”2))1\4

T
- (xj (tgotty — 1), dt >0, Vuy,uy € Uy,
0

where D, y(u;, v)(u; —u,), (i = 1,2) are solutions of (69), in
which (u* +v*)z + (h+1)y(p) is replaced by (u; + v)z + (u; —
u,) y(u;, v), (i =1,2), respectively. We can easily deduce that
(91) is equivalent again to

(€ (y (w1, v) = y (43, v)), D,y (1, v) (g = 143))
+(€y (u5,v) =Y, € (D y (w1, v) (1w — 145) 0
=D,y (p,v) (uy = 15))) 5 + 1y — 11, "iZ(Q) 20, -

Yu,,u, € U,y

From Corollary 5, Proposition 8, and (60), we can estimate
the left hand side of (92) as follows:

8 (3 1) 3 1)) 6D,y t0) (- 1)
< 1 (5 a1 9) i ) €D,y a0 ) (ot
)l < 1€ s [ (1 9) 3 (s
lsor 100 s19) 61 )l =

< (with Corollary 5 and (60)) < C||u,

2
~ 1|
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[(€y (12, v) = Y € (Dyyy (1, v) (g — 115)
=Dyy (u5,7) (uy = 1)) | < [€y (12, %)
- Yd”M |€ (D,.y (uy,v) (uy = 1) = D,y (uy, )
(= 1))y < 1B 5000 (1€ 2s00,m70
Ny () lsiory + 1¥allag) % 1Dy (1 v) Gy (94)
—uy) = D,y (uy,v) (1) - ”2)||s<o,T)

< (with Proposition 8) < C (||y (s, v)"s(O)T)
+1¥allag) It = stz < € N0 315 fr

9+ IWallap) oty = ]2y -

Considering from (92) to (94), we can deduce that there exists
a sufficiently large og(P, F .4, Y, €) such that, for any o >
(P, F 13> Yqr 6), (92) holds true. Therefore, the map P, is
convex.

Similarly, we can also show that there exist a sufficiently
large B;(P, F .4, Y4, €) such that the following inequality is
satisfied for any 3 > B(P, F 4, Yy, 6):

(D@, (v;) - D@, (v,)) (v, = v,) <0,
(95)
Vv, vy € V pg

This also indicates the concavity of @,,.

Next, we prove the existence of an optimal pair (u*,v") €
F ,q by verifying that &, is lower semicontinuous for all v €
7 .4 and @, is upper semicontinuous for all u € % ;. Let
{u,} ¢ %,; be a minimizing sequence of J. Thus

lim inf ,v) = mi V).
im inf J (u,, v) min J (u,v) (96)
Since % ,; defined by (66) is a closed, bounded, and convex
in &, we can extract a subsequence {unk} C {u,} such that

u, —u" weakly-starin %, as k — oo. (97)

My

Then, by Proposition 9, we have Vv € 77,

y(tnov) =y (u',)
() "
weakly in §$(0,T) as k — oo.

Thus, by the assumption that € € Z(S(0,T), M) is a compact
operator, we can extract a subsequence of {u,, }, if necessary,
denoted again by {u,, }, such that

Ey (unk, v) — By (u*,v)
(99)
strongly in M as k — oo,

Vv € 7 4. From (97), it can be easily verified for the same
subsequence {unk} in (97) that

u, —u"  weakly in L*(Q) as k — oo. (100)

1

Due to the weakly lower semicontinuity in the L*(Q) norm
topology, we can determine from (99) and (100) that the
map P, : u — J(u,v) is lower semicontinuous for all
v € 7,4 By similar arguments, we can prove that @,, is upper
semicontinuous for all u € % ;.

Hence, we know that

Jo(v) = h,,ni,io%f] (uppv) > J(u",v), YveZ .4  (101)
But since J,(v) < J(u", v), we have

Jo) =T (", v) = 1{222] (u,v), YWwe?, (102)

Similarly, we also know that there exists v* € 7", such that

Jo (v) = max Jo (v). (103)
From (102) and (103), we can conclude that (u*,v"*) € &, is

an optimal pair for the cost (70).
This completes the proof. O

4.2. Necessary Conditions of Optimal Pairs. We now turn to
the necessary optimality conditions that have to be satisfied
by optimal pairs with the cost (70). For this purpose, we
consider the following two types of observations C;, (i = 1, 2)
of distributive and terminal values:

(1) we take M, = L*(Q) x L* and C, € Z(S(0,T), M,)
and observe C, y(q) = (¥(g;-), ¥(q; T)) € L2(Q) x L%

(2) we take M, = L*(Q) and C, € £(5(0,T),M,) and
observe C, y(q) = y'(q; ) e LAQ).

Remark 12. Clearly, the embedding S(0,T) — L*(Q) is
compact. From the embedding (14) we can utilize Lemma 10
in which X = D(A) and Y = Z = L? to obtain the embedding
$(0,T) — C([0,T];L% is also compact. Consequently,
the observer C; is a compact operator. Thus, C, satisfies
the requirement for the existence of optimal pairs given in
Theorem 11.

Remark 13. Since y'(q) e HY(0,T;D(A), L?) = g1 gce
L3(0, T; D(A)), g’ € L*(Q)}, and the embedding D(A) —
L* is compact, we can employ the Aubin-Lions-Temam’s
compact embedding theorem (cf. Temam [27, p. 274]) to
determine that the embedding H 10, T; D(A), L?) — L*(Q)
is compact. Consequently, the observer C, is a compact
operator. Therefore, C, satisfies the requirement for the
existence of optimal pairs given in Theorem 11.

4.2.1. Case of Distributive and Terminal Values Observations
C,. In this observation case, we consider the cost function
associated with the control system (68):

1 1 2
J(u,v) = 3 Iy (q) - Yd||i2(Q) + 5 H)’ (a:T) - YZ;“Z
(104)

o 2 2
+ E "””LZ(Q) - 5 "V"LZ(Q) >
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where Y,; € L*(Q) and YdT € L? are desired values, and
the positive constants o and f3 are the relative weight of the
second and the third terms on the RHS of (104).

Now we formulate the following adjoint equation to
describe the necessary optimality conditions for this obser-
vation:

' -%(y("),p)+usp’

=W +v)pryl@)-Ys nQ
p=0 on32,
(105)
p(T,x) =0,

P (Tx) =-y(q":T.x) + Y, (x)
in Q,

where Z(.,-) is defined in (33). Using a similar estimation to
(34), we can have

¢(y(q),)eZ(Hy,H"). (106)

Remark 14. By considering the observation conditions
y(q*) - Yy € LX(Q) ¢ L*(0,T;H ") and y(q*;T) - Y, € L?
and (106), we can refer to the well-posedness result of Dautray
and Lions [23, pp.558-570] to verify that (105), reversing the
direction of time t — T — t, admits a unique weak solution
p € W(0,T), which is given in Definition 2.

We now discuss the first-order optimality conditions for
the minimax optimal control problem (71) for the quadratic
cost function (104).

Theorem 15. If o and f3 in the cost (104) are large enough, then
an optimal control u* € U,; and a disturbance v* € ¥,

namely, an optimal pair g* = (", v*) € F ,, satisfying (71),
can be given by

s fomin 2802,
U =maxya,min-y— P > >

y =max{c,min{y(cg)‘p,d}},

where p is the weak solution of (105).

(107)

Proof. Let ¢ = (u*,v") € F,; be an optimal pair in (71)
with the cost (104) and let y(g*) be the corresponding weak
solution of (68).

From Theorem 7, we know that the map q = (u,v) —
y(q) is Fréchet differentiable at ¢ = q" = (u",v") in the
direction w = (h,1) € %2, which satisfies g* + ew € F  for
sufficiently small € > 0. Thus, the map q = (u,v) — y(q)
is also (strongly) Gateaux differentiable at ¢ = g" in the
direction w = (h,1) € 2. Thus, we have

Y@ rew)-y@) )
€ (108)
strongly in S(0,T) as e — 0",
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where z = Dy(q")w is a unique solution of (69). Therefore we
can obtain the Géteaux derivative of the cost (104) at g = g*
in the direction w = (h,I) as follows:

DJ (u*,v") (k1)
o T eyt +el) =T (ut V")
= lim
e—0" €

: JT (y(q* +ew) +y(q")

O y(q*+€w)-y(q*))

€

1
= lim -
e—0*"2

dt + lim 1

e—0"

- 2Yd’

: (y(q* +ew;T) +y(q":T) - 2,
(109)

e—0*

y(q@ +ew;T)-y(q";T)
€ 2

+ lim [ﬁ
2

: jT (2(u",h), +elnl3) dt - /;

0

[ o, vem)a] = [ i)
- Yy z),dt + (y (q5T)-Y;,z (T))2

T T
+<xJ (u* h), dt - ﬁj (v",1), dt,
0 0

where z = Dy(q")w is a solution of (69).
Before we proceed to the calculations, we note that

(@), 9).¢)_1,
== (1+1vy(@)]3) (Vo.V9),
-2(Vy(q"). V), (Vy(a'),V¢),
=((1+1vy@)l3) Ag0)
+2(Vy(q"),V¢),(Ay(a").9),

= (0. (y(q").$)),_,» Vo.¢€H,.

We multiply both sides of the weak form of (105) by z, which
is a solution of (69), and integrate it over [0, T]. Then, we have

T "
[ ("),

@) 6 ) gz

(110)

, (11)
+y JO <Ap', z>71,1 dt

-[ o) -vio,a
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By integration by parts and the terminal value of the weak
solution p of (105), (111) can be rewritten as

T
L (p.2"),dt+(p' (1),2(D)),
T
[ 0@

T T
_”J (p,Az')2 dt — J (p,(u™ +v")z),dt
0 0

(by (110) and p'(T) = =y (q'sT) +Y;)
T (112)
| (")t = (y @) - ¥i2(m),

0

JT y(q’),2)),dt —u JOT (pAZ"), dt

0

T
J (p,(u" +v")2),dt

=L( (q") - Y. 2), dt.

Since z is the solution of (69), we can obtain the following
from (112):

[ o) -vaa,are (v(am) - vizm),

T (113)
- | @+ny@).p,ae
Therefore, we can deduce that (109) and (113) imply
T
DJ (u*,v") (h,1) = J (au” +y(q") p,h), dt
° (114)

T
o | B @)

Since g* = (u*,v") € F,, is an optimal pair in (71), we know

that
D,J (u*,v*) (h) 20,
D,J(u*,v*) () <0, (115)

(h1) € F2.

Therefore, we can obtain the following from (114) and (115):

T
J (au” +y(q") p,h),dt >0,
’ (116)

[ o) pn,ar<o,

13

where (h,1) € %*. By considering the signs of the variations
hand!in (116), which depend on u™ and v*, respectively, we
can deduce the following from (116) (possibly not unique):

s fomin 2002,
U =maxya,mm-y—, >
[0

y* = max { ¢, min
o5
This completes the proof. O

117)

=
—

=
*
~

a~)

QU

—
—

4.2.2. Case of Velocity Observation C,. In this observation
case, we consider the cost function associated with the control
system (68):

T =3 | @)= Yalg *+ 5 Tl

(118)
2
By ”V”LZ(Q) >

whereY; € L*(Q) is a desired value and the positive constants
a and f3 are the relative weight of the second and the third
terms on the RHS of (118). Now we turn to the necessary
optimality conditions that have to be satisfied by each solu-
tion of the minimax optimal control problem with the cost
(118). For this purpose, as proposed in a previous study [8],
we introduce the following adjoint equation corresponding
to (68), in which g = (u, v) is replaced by g* = (u*,v"):

[ @) ) pds e unp

=y'(q")-Y; inQ (119)
p=0 on3Z,
p(T,x)=0 1in Q,

where €(.,-) is defined in (33).

Remark 16. Usually, adjoint systems of second order prob-
lems are also second order (cf. Lions [9]) as long as they are
meaningful. However, we have a barrier in this quasilinear
(68). If we derive a formal second order adjoint system related
to the velocity observation with the cost (118), then it is hard
to explain the well-posedness. To overcome this difficulty, we
follow the idea given in [8, 11], in which it is adopted that
the first-order integrodifferential system as an appropriate
adjoint system instead of the formal second order adjoint
system.

Proposition17. Equation (119) admits a unique weak solution
p satisfying
peH (0,T;Hy, L*) nC ([0,

T);Hy), (120)

where H'(0, T; H, L?) is the solution space of (119) given by
H' (0,T; Hy, L*)
(121)
={¢1¢eL?(0,T:Hy), ¢' € L*(Q}.
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Proof. Since

[ @o@)p e ) o
(122)

- [ ©0@).p+ @ ) P T-0d,

the time reversed equation of (119) (¢
given by

— T —tin (119)) is

W [(@ @) ) w4y do sy

=-y'(q")-Y; inQ
v=0 on?Z

y(0.x) =0

(123)

in Q,

where y(-) = p(T - -). From (106) and -y'(q*) - Y, €
L*(Q), it is verified that all requirements of Dautray and
Lions [23, pp.656-661] are satisfied with (123). Therefore, it
readily follows that there exists a unique weak solution y €
H'(0,T; Hy, L*) N C([0, T]; Hy) of (123).

This completes the proof. O

We now discuss the first-order optimality conditions for
the minimax optimal control problem (71).

Theorem 18. If o and 3 in the cost (118) are large enough, then
an optimal control u* € U,; and a disturbance v* € ¥,
namely, an optimal pair g* = (W*,v*) € F , satisfying (71),
can be given by:

u” = max {a, min {M,b” ,

o

v* = max { ¢, min ——y(q*)p H»
{omin -2}

(124)

where p is the weak solution of (119).

Proof. Letq" = (u*,v") € F,;be an optimal pair in (71) with
the cost (118) and y(g*) be the corresponding weak solution
of (68).

By analogy with the proof of Theorem 15, the Gateaux
derivative of the cost (118) at g* = (u*,v") in the direction
w = (h,1) € F* that satisfies g* + ew € F, for sufficiently
small € > 0 is given by

DJ (u*,v*) (k1)

o T +eh vt +el) - T (u"v")
= lim
e—0" €

T, , , T (125)
= L (v (q*)—Yd,Z)zdtﬂxj (", h), dt

0

B LT (v'.1), dt,
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where z = Dy(g")w is a solution of (69). We multiply both
sides of the weak form of (119) by z’ and integrate it over
[0, T]. Then, we have

T ! !
J (p,z)zdt
0
T T
[ (] @@ ) pas
. (126)
z >_1)1 dt—y-[o (Vp, Vz )2 dt
T ! !
- L (¥ (a") - Yo '), dt.

By integration by parts and the terminal value of the weak
solution p of (119), (126) can be rewritten as

T
- j (p, z")2 dt

0

0@ D ) pa)

T
ny L (p.AZ'), dt = (By (110))

T "
:_Jo (p,z )2dt

[ o) )2,

127)

T T
+,4j (p.2"), dt = j (¥ (¢") - Y2, d.

0

Since z is the solution of (69), we can obtain the following
from (127):

JT (v' (@) -Yy2"), at

0

. (128)
== | @y p,an
Therefore, we can deduce that (125) and (128) imply
T
DJ (u*,v*) (k1) = Jo (au” - y(q") p,h),dt
(129)

[ -y @) p e

0

Since ¢* = (u*,v") € F,; is an optimal pair in (71), we know
that
D,J (u*,v") (h) =0,
D,J(u",v*) () <0, (130)

(h1) € F*.
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Therefore, we can obtain the following from (129) and (130):

T
| G =y (") p),de >0,

0 (131)

T
|, B =y (@) pn,ar <o
where (h,1) € %2. By considering the signs of the variations

hand [ in (131), which depend on u* and v*, respectively, we
can deduce from (131) that (possibly not unique)

s fomn {2002,
U =max-ya,mm-yy——, >
04

i = fomn [ 2602 1

This completes the proof. O

(132)

5. Conclusion

The Fréchet differentiability from a bilinear control input
into the solution space of a damped Kirchhoft-type equation
is verified. As an application of this result, we proposed
a minimax optimal control problem for the above state
equation by using quadratic cost functions that depend on
control and disturbance (or noise) variables. By utilizing
the Fréchet differentiability of the solution map and the
continuity of the solution map in a weak topology, we
have proven existence of the optimal control of the worst
disturbance, called the optimal pair under some hypothesis.
And we derived necessary optimality conditions that any
optimal pairs must satisfy in some observation cases.
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