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Some methodological approaches based on generalized polynomial chaos for linear differential equations with random parameters
following various types of distribution laws are proposed. Mainly, an internal random coeflicients method IRCM’ is elaborated
for a large number of random parameters. A procedure to build a new polynomial chaos basis and a connection between the one-
dimensional and multidimensional polynomials are developed. This allows handling easily random parameters with various laws. A
compact matrix formulation is given and the required matrices and scalar products are explicitly presented. For random excitations
with an arbitrary number of uncertain variables, the IRCM is couplet to the superposition method leading to successive random
differential equations with the same main random operator and right-hand sides depending only on one random parameter. This
methodological approach leads to equations with a reduced number of random variables and thus to a large reduction of CPU time
and memory required for the numerical solution. The conditional expectation method is also elaborated for reference solutions
as well as the Monte-Carlo procedure. The applicability and effectiveness of the developed methods are demonstrated by some

numerical examples.

1. Introduction

Stochastic and random differential equations constitute a
growing field of great scientific interest. There are mainly
three categories of random differential equations. The first
and the simplest class is one where only the initial conditions
are random. The second class is characterized by the presence
of random nonhomogeneous or input terms and the third one
is the differential equations with random coefficients. To deal
with errors and uncertainties, random coefficients have been
increasingly used in the last few decades.

This paper focuses on the combined second and third
classes because this type of equations offers a natural and
rational approach for mathematical modeling of many physi-
cal phenomena. The last decades have witnessed an enormous
effort in the fields of parameters uncertainty and random
or stochastic differential processes. This is due to the fact
that any physical system contains uncertainties and its real

phenomena may be modeled by stochastic differential equa-
tions with random or stochastic process coefficients. These
equations take into account the approximate knowledge of
the numerical values of the physical parameters on which
the system depends and have been a matter of intensive
investigation.

A number of techniques are available for uncertainty
sensitivity and propagation such as Monte-Carlo procedure
1, 2], sensitivity analysis methods [3], and polynomial chaos
[4, 5] among others. Monte-Carlo (MC) method has been
the mainstream uncertainty quantification technique for
decades. It is the most used method and is valid for a wide
range of problems. However, it is very computationally ex-
pensive since it requires a large number of simulations using
the full model.

An alternative approach is based on the expansion of the
response in terms of a series of polynomials that are orthogo-
nal with respect to mean value operations. Polynomial chaos
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was first introduced by Wiener [6] where Hermite polyno-
mials were used to model stochastic processes with Gaussian
random variables. A number of other expansions have been
proposed in the literature for representing non-Gaussian
process [7, 8]. Recent review papers by Stefanou [9] and by
Schuéller and Pradlwarter [10] summarized the assessment
of the past and current status of the procedure for stochastic
structural analysis.

This polynomial representation provides a framework
suitable for computational simulation and then widespread
in mathematical and numerical analysis of many engineering
problems. Various problems have been solved based on this
approximation such as solution of stochastic differential
equations [11], linear structural dynamics [4, 5], and nonlin-
ear random vibration [12, 13]; soil-structure interaction [14],
structural reliability [15], and identification [16, 17]. More
recently, Trcala used polynomial chaos for nonlinear diffu-
sion problems of moisture transfer in wood [18]. The accuracy
of the PC approximation has been evaluated by Field and Gri-
goriu [19]. A convergence of the decomposition of the solu-
tion into the polynomials chaos is studied by Dvurecenskij
et al. [20] and the conditions associated with the distribution
function of the random vector appearing in the solution for a
convergence toward the solution are given by Ernst et al. [21].

The polynomial chaos has been used in many finite ele-
ments problems [4]. Accurate discrete modeling of complex
industrial structures leads to a large finite element model.
To reduce the CPU time, reducing the order of the models
is very useful. Component mode synthesis (CMS) is a well-
established method for efficiently constructing models to
analyze the dynamics of large and complex structures that
are often described by separate substructure (or components)
models. Sarsri et al. [22] have coupled the CMS methods with
the projection chaos polynomials methods in the first and
second orders to compute the frequency transfer functions of
stochastic structures. This coupling methodological approach
has been used by Sarsri and Azrar in time domain [23] as well
as a coupling with the perturbation method [24].

The polynomial chaos methods are well suited for the
random differential equations, RDE, with a very few number
of random variables defining their main coefficients. It is well
known that if the number of the considered random variables
increases, the needed number of unknowns to be determined
for solving the random systems increases very rapidly with
the degree of the polynomials. Thus, for accurate solution,
the CPU time and memory required may be prohibitive. This
greatly limits these methods to random differential equations
with very few numbers of random parameters.

An alternative approach called internal random coeffi-
cients method (IRCM) is developed in this paper. A careful
presentation is given in the frame of higher-order random
differential equations. This method is based on generalized
polynomial chaos and the superposition principle. It can be
used to solve random differential equations with a large num-
ber of random variables and an input right-hand side decom-
posed in an arbitrary number of random coefficients. The
considered random parameters may follow various distribu-
tion laws.
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A procedure to build a new polynomial chaos basis and
a connection between the one-dimensional and multidimen-
sional polynomials is established. Different distribution laws
can be easily considered. Based on the superposition princi-
ple, the random differential equation with an input depend-
ing on several random variables is decomposed on a sequence
of RDE with the same main random operator and reduced
right-hand sides. A series of RDEs with reduced number of
random variables have thus to be solved based on the gen-
eralized polynomial chaos decomposition. The global system
is then solved by a drastic reduction of the CPU time and
memory space. For the sake of comparison, the conditional
expectation method is developed for the considered random
differential equations as well as the Monte-Carlo method. The
applicability and effectiveness of the presented methodologi-
cal approach have been demonstrated by numerically solving
various examples.

2. Mathematical Formulation

In this work, various methodological approaches are elab-
orated to solve higher-order initial value problems with
linear and nonlinear random variables subjected to a random
input right-hand side. For this aim, the following stochastic
differential equation is considered:

Z-U(t,w)=F(t) )

with deterministic initial conditions, where U is the stochas-
tic process response and & is a linear random operator of
order m defined by

Z=3C(w) ()
i=0

dt'

It is assumed that the random coefficients C; depend on
the random vector w,; which is defined in a probability space
QL g, PY. The input right-hand side, F, is assumed to be
dependent on the random vector w, that is defined in the
probability space (Q2, §, P?). Explicit expression of F(t) is
given later.

For numerical solution of (1), a new procedure based on
the general polynomial chaos, GPC, expansion procedure is
elaborated. Herein, the classical GPC procedure is reviewed
in a clear manner.

In the present work, the random variables, component
of the vector (w;,w,), are assumed to be independent but
may have general distinct distributions f;. If f; are classical
distributions, such as normal, uniform, gamma, and beta, the
associated known polynomial chaos can be used. Otherwise,
the procedure, developed in this paper, will be used to build
the needed polynomial basis. Explicit expressions of this
basis for general cases are given. In addition, the number of
random variables (n + 1) and the differential order m are
arbitrary.

The concept of internal random coefficients is introduced
and combined with the superposition principle and general-
ized polynomial chaos expansion. For the sake of compari-
son, conditional expectation and Monte-Carlo methods are
also elaborated.
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2.1. General Polynomial Chaos Formulation

2.1.1. General Formulation. For general purpose, let us con-
sider random vectors w; and w,, presented in the following
forms:

wy = (§,8,....E,) 5
£)

where &; for i = 0 to n are random variables defined from the
probabilistic field (Q;, #;, P,) to R. The random vectors w,
and w, are assumed to be independent and gathered in the
vector w:

W, = (€p+1’§p+2""

w=(w,w,). (4)

We assume that the random vector w has a distribution
function with respect to the Lebesgue measure denoted by f.
L?(IR"”) denotes the set of square-integrable functions with
respect to the weight measure f:

sz ([R"”) = {H: JRM H? (x) f (x)dx < +oo} (5)

with the following associated inner product:

(H,G) = JRM H (x)G (x) f (x)dx. (6)

Let us note that the distribution f may be Gaussian or non-
Gaussian. In the present analysis, various types of distribution
functions may be considered.

The general polynomial chaos associated with the ran-
dom vector w is denoted by {¢,; k € N}. These polynomials
coincide with the orthogonal polynomials associated with the
inner product defined in (6) and verify

<¢k’ ¢j> = a0y, (7)

where & are given by

a = (G ) - (8)

The solution U of the main equation (1) is a time stochas-
tic process depending on the random vectorw and decom-
posed in the polynomial chaos basis {¢,; k € N}:

U(tw) = ) ¢y () U (1). )

k>0

For general purpose, the random coefficients C; are
assumed to depend linearly and nonlinearly on the random
variables £; 0 < I < p and written in the following general
form:

9i p
Ci(w) = Z Z C;H (&), (10)

k=0 |a|=k 1=0

. . _ _ p
in which o = ((xo,...,ocp), a; €N and || = Z].:O a;.

The right-hand side of (1), F(t), is assumed to be a time-
dependent random function that depends linearly on w, and
expressed by

n

E(tw)= ) (ay;+ak;) g0, (1)

j=p+1

where g;(t) and ay;, a,; are considered deterministic func-
tion and constants.

Note that a more general right-hand side excitation can
be decomposed in the form (11) using the Karhunen-Loéve
expansion [25].

Based on a reduced decomposition using the (N + 1) first
terms, the stochastic process U(t, w) can be approximated by

N
Uy (tw) = ) ¢ (@)U (1), (12)
=0

where ¢,(w) is a multidimensional general polynomial chaos
depending on the random vector w = (§,,&,,...,&,).

The insertion of these expressions in (1) leads to the
following m™ order random differential equation:

m N [/ q P N di
555 seflor Jow e
i=01=0 \s=0 |a|=s d=0 dt

(13)

n

= 2 (a+ @) g0

j=p+1

Projecting this equation with respect to ¢, for k = 0
to N, the following deterministic differential system is then

obtained:
- i /1 ay d'U; (t)
Z Z % (&)™ dpdr i
520 |al=s d=0 dt

M=z

m
i=01

- Z <(“0j+“1j5j)r¢k>gj(t).

j=p+1

Il
(=]

(14)

Note that the first- and mainly the second-order differ-
ential equations of the above kind, m = 1 or 2, have been
investigated by many authors when the number n of random
variables is too small. When the random variables & ; are
Gaussian, Hermite-chaos polynomials in ]—c0, +0o[ are used
in [4]. This standard approach is very often used in structural
dynamics. Various other works are elaborated when &; are
uniform, gamma, or beta and thus Legendre-chaos in [a, b],
Laguerre-chaos in [0,+0o[, and Jacobi-chaos in [a,b] are,
respectively, used [8].

The expansion on polynomial basis of the vector w is
related to the polynomial basis associated wih each random
variable &; in the case of independent variables. This relation
is clarified and the correspondence is clearly established
herein. The procedure allowing clarifying the inner product
used in the differential system (14) is established and an
explicit simple procedure is given, in the next subsection.

Firstly, this procedure is established in the next para-
graphs for independent random variables, based on the



relationships between the random variables &; and random
vector w. Secondly, new variables are introduced that are not
necessarily independent and the procedure is established for
general cases.

2.1.2. Condensed Formulation. In order to formulate the
considered problem in a condensed form, the following
mathematical developments will be used. As the variables
(&, 0 <i < n) are assumed to be pairwise independent, the
joint distribution function f is then given by

flw) = ﬁfk (&) (15)
k=0

where f;, k = 0 to n are functions of marginal distributions
associated with each variable &,.

The general polynomial chaos associated with each vari-
able &, is denoted by {¢;, j > 0}. These polynomials coincide
with the orthogonal polynomials associated with the inner
product defined in L_ka (R) with respect to the weight function

fe
L ®) - {h : jR 1 (%) f, (x) dx < +oo} (16)

with the associated inner product given by

(h,g), = JR h(x) g (x) fi (x)dx. 17)

The set of orthogonal polynomials satisfies the orthogonal
conditions:

<¢ki> ¢kj>k = ‘Xf‘sz‘p (18)
where

o = (g Gri)ye - (19)

In order to make a correspondence between the set of
polynomial chaos associated with each variable &; and that
associated with the random vector w, the following total order
is introduced on the set N"*! by

Y ((igs-- i) > G- jn)) € NTEX N
(igs---rip) = (oo -0 jin) &
ik = Jo
Vk € [0,n]
(igs---s1y) < (Ggse- s i)

n n
i i< )i
k=0 k=0

(20)

n n
orif Yig=)j
k=0 k=0

Al e [o,n],

(igs--vsiir) = (oo oo jion) s B> jie
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This order allows considering a bijection y,, from N**! to
N, defined by

V’n . Nn+1 5N
(21
(igs-- i) ¥ Wy (i - - »iy) = i

This bijection relates each element (i, . ..,7,) in N**! by
its order i defined in (20). Let L be a nonzero integer; the
integer N used in the decomposition (12) is taken as

N =1, (0,0,...,0,L). (22)

The choice of N allows decomposing the solution in a set of
polynomial chaos associated with the vector w of degree less
than or equal to L. So, for all integers k between 0 and N, there
is a single (k. ..,k,) € N""' such that

k=, (kp....k,), (23)

ij <L. (24)

This one-to-one correspondence allows writing the mul-
tidimensional polynomial chaos associated with the random
vector w as a function of the one-dimensional polynomial
chaos corresponding to each variable &; by

¢ (@) = [ [$ar,, Vke[0,N], (25)
d=0

where (k,...,k,) is the multi-index associated with the
integer k, introduced by (23).
For all integers i and & between 0 and » the square matrix

B™ of order L + 1 is defined by

B U+ 1,k+1) = (E'¢pdn), VK e[0,L]". (26)

Let ;; = R[], the set of polynomials of degree less
than or equal to L. Then, the set of the classical polynomial
chaos BY, = {¢y, k € [0,L]}isan orthogonal basis of @, ; for
the inner product defined by (17). Let BCL’ =1{L¢§,..., EiL} be
the canonical basis of g;; and P} be the passage matrix from
the canonical basis Bg to the chaos basis Bé’%,. This matrix
can be obtained in a standard way, using the Gram-Schmidt
procedure or a recursive method.

Let the vectors

vl = {1, L8

i T
nga = {¢i0""’¢iL} .

(27)

Then, one has
il iT il
Ve = (P)) V¢ (28)

For h € Nandibetween 0 and n, the moment m;;, of order
h of the random variable &; is defined by

my, = E(E') = fm X", (x) dx. (29)

The square matrices of order (L + 1), B?L, are defined by

B+ Lk+1) =mygpy V0K e[0,L]’.  (30)
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This gives explicitly matrix /3”’ by

. -T .
g"=pl B.P. 3D

Let k and I be two integers between 0 and N. From (23) we
have, respectively, unique elements (k,, . .., k,) and (I, ..., 1,)
in N"*! such that k = y,(ky,...,k,) and I = v, (,,...,1).
Rewriting ¢, using expression (26), the following expression
is explicitly obtained:

<]_[ (&)™ ¢l’¢k>

d=0

p
[T(B™ 1+ 1,k +1))

d=0
(32)

: ]‘[ (B (1 + 1, kg +1)).

d=p+1

The expression in the right-hand side of (14) is thus given

((a0; +a1€;) i)

= (ag;B”° (Lkj+1) +ay;p" (Lk; +1))
(33)

n

T (kg +1)).

d=0
d#j

For independent random variables, a relationship be-
tween the multidimensional and associated one-dimensional
generalized polynomials is established. This leads to explicit
and closed forms of the used scalar product and needed
terms to be numerically computed. Using these relationships
resulted in the following deterministic differential system:

m N 4 p o n 40 diUl (t)
>y al TT(B™ (ly+ kg +1)) TT (B™ (ly+ L kg +1)) "
i20 10 520 Ja=s  \ d=0 d=p+1 t
" " (34)
= Y (a;B” (Lk;+1)+a,;p" (Lkj+1)) [T (B (1.kg+1)) g;(8) .
j=p+1 d=0
d#j

For a compact formulation and using notation (26), the
square matrices T* of order (N + 1) and the time-dependent

vector D of dimension (N + 1) are introduced for all integers
k,1 € [0,N] by

T'(+1L,k+1)= Z Y d (H( W (1 + 1,k +1)) ]‘[ (ﬁdo(ld+1,kd+1))>, (35)

s=0 |a|=s d=0

n

Dy () =
j=p+1

Using these notations, differential system (34) is rewritten
in the following closed form system:

m N i
Y YTk 1) LIRS NTY
=0 1=0 dt (37)

k=0,...,N.

Using the presented methodological approach, the trun-
cated solution (12) can be numerically obtained. Its mean and
variance are given by

my (t) = U, (8),

N (38)
Vi () = Y e Up (8).
k=1

d=p+1

n

5 (a8 (1 1) v (ks 1)) [T (5° 1k 1) 0,0, -

d=0
d#j

Equation (14) is usually given for Hermite polynomials
when random variables are Gaussian. This kind of projection
is classically done and many authors follow this procedure.

In this paper, the random variables §; may follow various
types of laws. The presented generalized formalism allows
one to handle multilaws by using the canonical basis and the
orthogonalization principle with respect to a scalar product
associated with the distribution function of the random
vector. Explicit and closed forms of the used scalar products
and needed terms to be numerically computed are given.

It should to be noted that the major problem of this
classical decomposition into polynomials chaos expansion
is that the number of unknowns to estimate increases very
rapidly when the degree of the polynomial chaos and the
number of random parameters increase. More clearly, for n
random variables, the number of unknown coefficients in the
polynomial chaos of orders less than or equal to L is ("fL).



Table 1 presents the numbers of the needed unknown terms
for various L and n. This very fast growth of dimensionality is
the main limitation of this classical approach.

To overcome this drawback, a concept of internal ran-
dom coefficients is introduced herein. This allows reducing
drastically the number of random variables, especially if the
initially considered number of random variables is large.

2.2. Internal Random Coefficients Method (IRCM). Let us
recall that m is the derivative order of the random operator
& and p is the number of the random variables defining Z.

If p < m, then better use the methodological approach
presented in the previous sections.

If m < p, then the coefficients C; will be considered as
the new random variables and called here internal random
coefficients. In fact, the following procedure will be of big
interest when the number p of random variables §; is too large
with respect to the differential order m. A large reduction will
result based on the procedures developed herein.

Let us consider the worst case: m < p. The coeflicients
(C})o<i<m and the random vector w, can be gathered in a new
random vector:

Y'=(Cp,Cpy... s Cppoy) s (39)

which depends on the initial random vector w = (w;, w,). It
has to be noted that the coeflicients C; are not independent of
each other but independent of w,.

In this section, it is assumed that the distribution function
f of the random vector w is a continuous function in R™*' and
has a compact support denoted by K;.

This hypothesis ensures the quadratic convergence of the
series formed by polynomials chaos to the solution [20, 21].
Further, we assume that there exists a diffeomorphism 4 from
K, to K, = h(K,), defined by

h:K, — K,
(40)
wr— h(w).
Such that, for all i between 0 and m, one has
h; (w) = C; (41)
and, for all i between p + 1 and n, one has
I (@) = &, (42)

The other components of 4, from m + 1 to p, are chosen
from the components of w, to complete the construction of
h.

LetusputY = h(w). The random vector Y, so defined, has
a distribution function with respect to the Lebesgue measure,
denoted by g. This function is given over the distribution
function associated with the random vector w by

9() = F (M 0)) ey (43)

where |Jj-1(,| is the determinant of the Jacobean matrix of
h(y).

Journal of Applied Mathematics

Let g' be the distribution function related to the consid-
ered Lebesgue measure of the random vector Y' given by

g ()= JRM 9() Y1 -y, (44)

where y' = (yp,... , ¥,) is an observation of the

> Yo Yp1o -+ -
random vector Y.
For normalized parameters, the following reduced vari-

ables are introduced:

C, - E(C;
X}:’—(') For 0 <i<m, (45)
0;
where 0; = 0(C;) and
x! = (Xll,a)z); XM= (X(l),,X:n) (46)

Then, for, all integers i between 0 and m, one has
C; = E(C)+0.X]. (47)

Using these new expressions, the main random equation
(1) is reduced to the following simplified random differential
equation:

d'U (t,x")
dt'

Mz

. (E(Ci) +0,X])

1

1]
o

(48)

n

= Y (a; +a€;) g; ).

j=p+1

It has to be noted here that the number of random vari-
ables is reduced and the resulting random differential equa-
tion is thus easier to handle.

Recall that the coeflicients and the random variables, used
in the right-hand side of (48), are independent of each other
as well as of X . This is due to the fact that the random vector
X"! depends only on the random vector w;. X' and w, are
then independent.

Let g'' and g'* be, respectively, the distribution functions
of the random vectors X'! and w, with respect to the asso-
ciated Lebesgue measures. Taking into account the indepen-
dence of random variables (§;) ,,<;<, one has

912 (xp+1’---’xn) = H fie () - (49)
k=p+1

The decomposition of the solution U (¢, X ) of the random
equation (48), according to the multidimensional polynomial
chaos basis, is given by

U(t,Xl) = Z‘I’Ilc (Xl)uk(t). (50)
k>0

Using M™ first terms of the series (50), the process
U(t, X') can be approximated by

M
Up (6:X") = Y W (X )y (). (51)
k=0
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TABLE 1: Number of needed unknown terms in the polynomial chaos.

L
n
5 10 20 30
5 252 3,003 53,130 32,4632
10 3,003 184,756 30,045,015 847,660,528
20 53,130 30,045,015 137,846,528,820 47,129,212,243,960
30 324,632 847,660,528 47,129,212,243,960 11,826,458,156,4861,424

Inserting these expressions in (48), the following random
differential equation resulted:

d'u (1)
dar'

NS
Mz

> (E(Ci)+0,X;) ¥, (X')

a_
i
(=}
o
[=}

(52)

n

= 2 (a+ ;)0

j=p+1

Projecting this equation with respect to ¥} for I = 0, M
leads to

M m

Y Y (ECi)+0/ X)) ¥ ¥)) d uk (t)

k=0 i=0

- i <(“0 + a8 )\I'z>g](f)

j=p+1

(53)

Let {‘I’}l, j € N} be polynomial chaos associated with the
random vector X''.

Using bijection (21),
Nn—p+m+1 (ko

there exist two elements in
»kpim—p) and (lo,.. Lism—p)> such that (k,,

Knimp) = Vitmp s oo bmep) = Wty (D) for all
integers k, [ and

kl =V (kO""’km)’
(54)

=y, (Ips....1,).

The multidimensional polynomial chaos ¥} associated
with the random vector X' can be expressed by the poly-
nomial chaos associated with the random vector X'' and
the polynomial chaos associated with the random variables
(§;» p+ 1< j<mn)using the notations (23) and (54) by

¥ (X)) =¥ (X)) 1 ok, (&) 69)

g=p+1

Inserting this relationship into (53), the following random
differential equation resulted:

>3 (e

k=0i=0

)eolx) ¥l () [T g, (5).

g=p+1

n di

() [T b, (6) ) 2
q=p+1

(56)

Z (a0]+a1] ) ! ( 11) l_[ Pty

j=p+1 q=p+1

: (fh)> g; ).

Based on the independence of the random vector X'! and
the random variables (§;, p+1 < j < n), the inner products
in (56) are rearranged as

<(E (C) +0X})
1T 0, 54 [ 0w, ()

q=p+1 g=p+1

:( <‘I'k“‘l’llll> *o <X \Pk“‘yll‘l>11>

n
q
. « 1) )
H ( kq+mfp qu”,Pl,ﬁm,P

g=p+1 (57)
11
(o) 08 T 4., (5))
g=p+1
n

= 6011 H 601q+m7p (a0j801j+m—p

q=p+1

q*j
+ a1j5j+1+m—plj+m,},) >

where 8, is the Kronecker symbol.



Let B, be the canonical basis of R[X, ..
can be ordered in the following form:

.»X,,]. This basis

m
B, = {H (X)) where ap = g, 0 < gy
k=0

(58)

<o, Oy =05 qEN}.

The orthogonalization of the basis B, gives the polyno-
mial chaos {‘I’,il, k € N} associated with the random vec-

tor X''. This orthogonalization is performed using a clas-
sical method such as the Gram-Schmidt procedure in
R[X,,...,X,,] and the following inner product:

HK) = [ HE@K@" @dx
(59)

V(H,K) € (R[x"])"

Let B be the tensor defined for all « € N, o = (g .-+
«,,) by

B'(@)=E <ﬁ (Xk)"‘k>

- J []0)™ g" (x)dx.
Rm+1 k=0

This integral can be computed using the distribution
function of the vector w, and the diffeomorphism h by

B' ((x)=J

RP+!

ﬁ (M)f (@) dwy.  (6D)

k=0 Ok

The integer M, considered in decomposition (51), is cho-
sen such that the considered polynomials have the degree less
than or equal to L and expressed by

M = Ypim_p (0,0,...,0,L) VL eN. (62)

Let B, be the canonical basis of R; [X,, ..., X,,], then

m
B = {H (Xk)(ak_“kﬂ) : where o = g, 0 < 0y,
k=0

(63)

<oy, o, =0, g€N, qsL]».

Let us denote by P* the passage matrix from the canonical
basis B, to the polynomial chaos basis associated with the
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vector X' of degree less than or equal to L. Using the following
notations,

NL =y, (0,0,...,0,L),

Q= H (Xi)li
i=0

where (Iy,...,1,,) =, (I) for 0 <1< NL, (64)
Vil = [QO""’QNL]T’
11 [yll 11T
Ver = [ ¥
one gets
11 1\T 11
Ve = (P') VI (65)

The matrices Y, T and D, defined for all integers k and |
between 0 and NL, are introduced for 0 < i < m, by

Y(k+1L1+1) = () = 'y (66)
i _ Ia!! @ll
T (k+1,1+1) = (X)W, ¥} >H (67)
D(k+1,1+1)=B"(y,' k) +v,' ()
(68)
for0<k<NL,0<!l<NL.
Let (€;)y<jcpm> (m + 1) elements in N1 such that
e; = (1,0,...,0);
e, =(0,1,...,0);
(69)

e, = (0,0,...,1).

The matrices D' of order (NL+1) for 0 < i < mare defined
by

D' (k+1,1+1)=B' (v, (k) + v, () +e;)

(70)
for 0 <k <NL, 0<I<NL.
This allows defining the matrices Y and T' by
Y=p'D(p'),
(71)

T = p'D (p!)".
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The random differential system (52) is thus reduced to the
following deterministic one:

38 (EC)Y (K + 11 +1)

k=0i=0

+a/T (k1 + LI+ 1))

- d'w (t)
' H (“qunfp 8k‘i*""Pl'1+m‘P ) d i
g=p+1 t (72)

n

H 801q+m7p (a0j801j+mfp

g=p+1
9#]j

= Z 6011

j=p+1

+ alj8j+1+m—plj+m_P) gj (t) >

where k' and I' are integers related to k and I and introduced
in (54).

Finally, the last differential system is rewritten in the fol-
lowing condensed matrix form:

i (1 1 d'u (1)
Y Y H (K + 1,1 +1) bt IONEN D)

k=0i=0
where

H (k1 + L1+ 1) = (E(C,-)Y(k1 +1,+ 1)
n 74
+o;T (K + 1,1 +1)) [ (“Z S ) 7

st gim—p  Rgrm-plgrm-p
E (t) = Z o H 601q+m,1,

j=p+1 ngl (75)

‘ (“oj‘(soljm,}, + alj8j+1+m—plj+m_P> g; ()

Based on the presented mathematical procedures, the
truncated solution (51) can be numerically obtained.

An equivalent form of (73) has been introduced in (37)
based on original random variables. These two equations give
the approximate solution of U. The coefficients of these two
equations are given, respectively, by the inner products in (57)
for (73) and (32)-(33) for (37).

It should be noted, on one hand, that these coefficients
are hard to be determined for (37) but easier for (73). On the
other hand, the number of the random variables used in (73)
is largely reduced. This reduces the number of unknowns
used to determine the solution U and greatly simplifies the
required numerical computation.

Note that when uncertainties come from random param-
eters of the system parameters, they can be efficiently handled
by the previous mathematical procedures. When the right-
hand side excitation depends on many random variables,
the previous internal coefficients procedure can be largely
improved by the so-called superposition method.

2.3. Superposition Method. Thanks to the linear behavior of
the considered system, the superposition principle can be
applied to the standard random differential equation (13) and
to the resulting equation from the internal random coefti-
cients procedure (52). In both cases, the considered random
right-hand side function F(t) depends linearly on (n — p)
random variables &;. The superposition method consists of
solving (n — p) differential equations with elementary right-
hand sides given by

Z-U(tw) = (ay; +ay & g; (@)
(OJ 1j J) j (76)
for j=p+1,...,n

where & may be the left-hand side differential operator of (13)
or (52). In fact, this superposition is adding only one random
variable §; to the system and the resulting random vectors are
(wy, €j) for (13) and (X, Ej) for (52) for each j.

As the internal random coefficient procedure leads to
a reduced number of random variables, the superposition
principle is applied to (52). Our focus is then on the resulting
random differential equation:

m d'U (¢, x'
(E(C)+0/X}) #
i=0 dt’
(77)
n
= 2 (a;+a)g o,
jEpt
with the deterministic initials conditions given by
dU.(t) =uf) for0<i<m-1. (78)
dt' |-

The polynomial chaos associated with the random vector
w, is considered and denoted by {¢;; k € N}. The solution
U is in this case a process that depends on ¢, on the random
vector X'!, and on the random vector w,. The solution is then
written in the following form:

U(LX)=U(tXx"w,). (79)

Since random vectors X'! and w, are independent, the
factorization by the polynomial chaos associated with the
random vector w, is used in the decomposition (50). The
solution can be rewritten as follows:

U(LX"w) = YU (6X") ¢r (@), (0)
k>0

The insertion of this decomposition in the differential
equation (77) and the projection of the equation and of the
initial conditions over each polynomial chaos ¢; for I > 0
lead to the following simplified system of random differential
equations:
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Fork =0,
m d'u, (t, x" "
Z (E (C)+ oilXil) % = Z a;g; ()
i=0 j=p+1
d'U, (t,x") i (81a)
t=0
for0<i<m-1.
Forl <k<n-p,
m d'u, (¢, x"
Z(E(C)+6 X; )—Oc(iti ) = Apikd (t)
i=0
dU (6 x")| . (81b)
dt’ o
for0<i<m-1.
Fork>n-p+1,
m dt , 11
Y (E(C)+0/X] )M =0
i=0 dr'
dU, (x")| . (81c)

dar'

t=0

for0<i<m-1.

It has to be noted that the case k > n — p + 1 leads to null
initial conditions and null right-hand side. In this case, the
solution is then null.

The solution given in (80) is then reduced to

n—p
U(6X"Nw,) = Y ¢ () U (6 XM). (82)
k=0

For 0 < k < n — p and considering the decomposition

of the solution Uy (t, X'!) according to the polynomials chaos
associated with the random vector X'!, one gets

NL

k\b 1) = Uka .

U (6X") = Y e ()2 (XM) (83)
d=0

Based on this decomposition, the differential equations
(81a)-(8lc) are then reduced to the following:

Fork =0,
m NL
$ S W (E(C) + ol x!) L0 ®
i=0 d=0 dt
= ) dyg; (1) (84a)
j=p+1

d'uy, (t, Xn)

07 for0<i<m-1.
t

g
= Upg
t=0
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Forl1 <k<n-p,

m NL
Y Y (E(C)+alX )dukd(t)
i=0 d=0 d '

= Aip+kIprk (t) (84b)

d'uy (t, X“)

07 =0 forO0<i<m-1.
t

t=0

Projecting this expression over each polynomial chaos
‘I’}Zl for g = 0 to NL, one gets

E

<11(E(C)+ ) 11>d”od(t)

™

Il
o

i=0 d.

Il
(=1

(85)
= 0o < Y. ;9 (t)>
j=p+1
and,for1 <k <n-p,
m NL i
> Y (H (B(C) +olx)) wpty Tt
i=0 d=0 dt (86)

= 6kq“1p+kgp+k (t)

Using the matrices Y and T introduced in (71), the last
equations become the following.
Forgq =0to NL,

NI

=

INgE

(E (C,-)Y(d1 +1,9" + 1)

Il
o

d=

(=]

1)) Lt (1) (87)

1mni 1 1
+o0. T (d +1,9 +
! ( 1 dt'

=50q< Y. d0;9; (f)>
Sp

and,for1 <k <n-p,

NL
(E (C,-)Y(d1 +1,q + 1)

NgE

Il
o

i=0 d=

(=}

d'uy, (t) (88)

Trpi [ 41 1
+o0,T(d +1,g +1 -

1 ( q )) dtl
= 8kqa1p+kgp+k ),

where the integers d' and q' are related to d and g by nota-
tions (54).

These deterministic systems are then rewritten in the fol-
lowing compact matrix form.
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Forg=0to NL,

&

F (dl +1,q4" + 1) d'ttoa (1) uOd.(t)
0 dt'

s

Il
(=]

T

d

= 50q< Y ;g (t)> (89)

jope1
diuod (t, Xll )

7 :ugd for0<i<m-1

t=0
and, for1 <k <n-p,

m NL

i diukd (t)
Z ZF (dl + l,ql + l) i = A1pikd g () Ogq
i=0 d=0
diukd (t,Xll) -0 (90)
dr'
t=0
for0<i<m-1,
where
F=E(C)Y+0T. (91)
The final truncated solution is then given by
n—p NL
U@ =) ¢ (o) Yy 05 (XM). (92a)
k=0 =0
Its mean and variance are given:
my () =t (£),
SRR ST (92b)
Ve @ =D Y aglup, () + Y agug, (t).
k=1d=0 d=1

This solution is the main approximate solution of the
random initial value problem (1) elaborated herein. Following
(89) and (90), one has to solve NL(n — p + 1) simple initial
values differential systems. These systems can be solved by
standard methods such as the Runge-Kutta method.

The main advantages of this methodological approach are
as follows:

(i) The deterministic differential systems have the same
left-hand side that is built only once and in a compact
matrix form.

(ii) Simple right-hand sides are obtained for an arbitrary
number of random variables defining the excitation.

(iii) A large reduction of the number of unknowns based
on polynomial chaos can result.

(iv) The CPU time and memory needed can be largely
reduced.

(v) The numerical solution can be done in parallel man-
ner and particularly for a large number of uncertain
parameters.

1

2.4. Conditional Expectation Method. For the sake of com-
parison, a methodological approach based on the conditional
expectation method is also elaborated here to solve (1).
Remember that the solution U of (1) is a stochastic process
that depends on the random vectors w, and w, and time ¢.
Let wy, = (w;g, w,) be an observation of the random vector
w = (w;,w,). The conditional expectation of U such that
w = wy, noted by E(U | w = wy), is the solution of the
deterministic equation:

Fou(t,wy) = F (t,wy)» (93)
where £, is a deterministic operator defined by

m di
& = Zci (wyo) o (94)
i=0

Like in the first section, the random vector w is assumed
to have a density function relative to the Lebesgue measure
denoted by f. The moments of order p (p € N*) of the
solution of (1) are then given by the Bayes formulas:

my (6) = j (EUI0=w)) f(w)de,.  (95)

R7+

The numerical computation of the integral (95) needs the
solution of (93) for any observation vector w,. The analytical
solution can be obtained in general cases. Assume that w, €
Q, where Q is a bounded domain in R™*',

The integral can be approximated by the Gauss-Legendre
quadrature method. Let the sets {w;, 1 <i<g}and{p; 1<
i < q} be Gauss points and associated Gauss weights. The
moments m,(t) can be approximated by

1
m, (1) = ;ﬁi (EUw=ap))" f(w5).  (96)

The main advantage of this method is that it allows
obtaining a general solution that is considered here as a
reference solution as well as the obtained one based on the
Monte-Carlo method. But, the inconvenience of these two
methods is that a very large CPU time is needed for accurate
numerical solutions.

3. Applications

For the sake of clarity, the developed methodological
approaches are explicitly presented for the most standard
initial value problem. Let us consider the following second-
order differential equation modeling the dynamical forced
behavior of Euler-Bernoulli beams with the following uncer-
tain parameters: thickness h, mass density p, and Young
modulus E:

CU ) +C,U ) +CyU (t) = F(t),
U (0) = Up, (97)

U (0) = U,
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where
C, =ph
C, =aC, + C, (98a)
Co = ¢Eh + ¢, ER’
F(t) = Z (ag; + ay;&;) sin (6;t), (98b)

i=3

in which ¢, ¢, &, B, ay;» ay;» 6;, Uy, and U, are deterministic
constants. The considered physical random variables p, h, and
E are written in the following forms:

P =pot&op
h=hy+&h (98¢)
E = Ey+&,E,,

where (§;, 0 < i < n) are random variables with zero
means and one variance, two by two independent, and
possessing distribution functions relative to the Lebesgue
measure, respectively, denoted by f;, 0 <i < n.

It has to be noted that the internal random coefficients C,,,
C,,and C, depend nonlinearly on the random variables &, £,
and &, and # is an arbitrary integer. For a clear presentation,
the three methodological approaches, elaborated here, are
developed for the solution of (97).

3.1. Generalized Polynomial Chaos Method. The random vec-
tor w;, w; = (&,,&,,&,), the order of linear random operator
& is m = 2, and the internal coefficients in this case are
Cow;), Ci(w;), C,(w,). Note that these coeflicients depend
nonlinearly on &y, £, and &, and the order of nonlinearity is 2
for C, and 4 for C, and C,. Based on the notations of the first
section, these coefficients can be expanded as follows:

Co (1) = Goo + Go10€1 + Gonéa + Gonolt + oui&i&e
+ Gaobi + il + u 618

Cy (1) = G0 + Glooo + Gor0€1 + Go0r&2 + ool
+ o0&t + onr&rEa + zobs + o &1
+ G

Cy (1) = Goo + Gaofo + Gor0€1 + Grobons

where these coefficients are given by

0 3
Gooo = GEoho + c1Eghgs

0 2
10 = ©Eohy + 3¢, Eghgh,

0 3
o1 = GE1hy + ¢ E hg,
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ngo = 3CIE0hOh§’

ot = QEh, + 3’51E1h§h1’
Cgos = CIEOhi"

C(())Zl = 351E1hohf’

0 3
31 = G Ehys

Cgoo = poho
C1200 = pihy,
Cgm = pohy>
C1210 = pihy

1 2 0
Goo = (“Cooo + /3C000) >
1 2
C100 = XCyp>
1 (.2 0
C10 = (“5010 + .85010) >
1 _ 50
Goo1 = Bcoor>
1 2
C10 = &Cq100
1 50
Con0 = Benao»
1 _ 50
ou = Beoirs
1 0
G003 = Beoos»
1 0
o1 = Boar>

1 0
G031 = Peosr-
(100)

Let k and I = 0 to N, and, using the notation (23), one
gets (kg ..., k,) = v,' (k) and (ly,...,1,) = v (I), where
(kg ... k,)and (I, ...,1 ) are in N"*!,

The matrices T' for i = 0 to 2, introduced in (35), are then
given by the following.

Fork,1=0: N,

TO(+ 1,k + 1) = oo [ [ (B (1g+1,ky + 1))
d=0

+ooB (b1 kg + 1) [T (B (1y+1,ky + 1))
d+1

n

+ 6o B (b1 ky + 1) [T (B (1g+1,ky + 1))
d=0

+ 6B (1 ky + 1) [T (B (1y+1,ky +1))

d=0
d#1
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+e B (1L, ky +1) B2 (L+1,k, + 1)

n

T (B 1,k + 1))

da=0
d#1,2

n

+ B (L+1,k, +1) H (ﬁdo (Iy+1,ky + 1))

d=0
d+1

+ c821/312 (L+1,ky + l)ﬁ21 (L+1,k, +1)

n

. H (ﬁdo (I+1,k, + 1))

d=0
d+1,2

+ e B (L+1,ky +1) B2 (+1,k, + 1)

n

T (B (l+1.k, + 1))

d=0
d#1,2

T2+ 1Lk +1) = oo [ [ (B (1y+1,ky + 1))
d=0

n

+ciooB” (L kg + 1) [T (B (Iyt1. kg + 1))
d=1

n

+ 0B (L kg + 1) [T (B (1y+1,ky + 1))
d=0
d+

+ B (L1, ky +1) B (L+1, Ky + 1)

]‘[ (B (141, k, +1)),

d=2
T = o1 + BT°.
(101)
The variable vector D of dimension (N + 1), introduced

in (36), is given by the following.
Fork=0to N,

Dk+1 (t)

n

(aojﬁjo (l,kj +1)+ aljﬁjl (l,kj +1))
3 (102)

T (B (ks +1))sin(6)t).

0
i

J

N

QUL

;

The passage from the index for 0 < [ < N to the multi-
indices (Iy, 1, . ..,1,), used for the determination the matrices
T°, T, and T? needs the bijection v,,. This bijection is given
with Algorithm 1.

The determination of T% T*, and T?, in this case, needs
the computation of the inner products (£/¢, ¢;) for p < 3,
by (32).

13

Read L and n

L non null integer

t=0.

Forly=0:Ll, =0:1;L,=0:1;...51,=0:1,_,.
v, (o -1,0L -0, . L -1, L) =t+1;
t=t+1;

end.

ALGORITHM 1

If the random coefficients ; are not identically distributed
then (Ef ¢ ¢;) have to be computed for each i = 0 to n.
Otherwise, these scalar products have to be computed only
once. This difficulty as well as the number of unknowns can
be largely reduced by using the internal random coefficients
method.

3.2. Internal Random Coefficients Method. Based on this
method, the internal coeflicients of (97) are rewritten in the
following form:

Co (@) = E(Cy) + 0y X,
C, (w)) = E(Cy) + 0, X, (103)

C (0)) = aCy (@) + BC, (w;) -

The random vector X', introduced by this method, is
then given by

X" = (X5, X3). (104)

The number of random variables used here is (n — 1)
variables, two variables for the coefficients C »and (n - 3)
variables for the right-hand side.

For k, | = 0,...,NL; and let k', I' be the integers
associated with integers k, I, introduced by the notations
(23)-(54); one has

(Ko kuer) = W1y ()
(g1, 1)
k' =, (ko ky),

' =y, (Ip,,).

= 1//;_11 (l) >
(105)

The matrices H', introduced in (74), are given in this case

by

H® (K1) = (E(Co) Y (K" + 1,1 +1)

—

n—

+0,T° (k1 + 1,0+ 1)) (ﬁdo (I+1,ky + 1))

i
[
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H (K1) = (E(C) Y (K +1,1' +1)

BN
—_

+0,T (k1 + 1,0+ 1)) (ﬁdo (I+1,ky + 1)),

QU
Il
()

H' = aH’ + pH*
(106)

and the variable vector E of dimension (NL + 1), introduced
in (75), is given by

E (t) = Z Son

j=3

n
[ 1%, (“o]"sozjfl + “u‘sﬂjfl)
q=3

q+j

(107)

+sin(6;t) 1=1,NL+1.

The number of random variables, , is arbitrary consid-
ered. For more clarity about the needed operations, let us
consider n = 5. Based on the classical polynomial chaos and if
the decomposition of the solution into the polynomials chaos
of degree less than or equal to seven is considered then the
needed unknowns to be determined are of number () =
1716, while the internal random coefficient method requires
() = 792 unknowns to be determined. The number
unknowns of is thus diminished by half. In addition the deter-
mination of the tensors T°, T', T* needs the computation of
the scalar products (Hg:o(fgd)tpk, y;) where ZZ:O a; < g
and g; is the degree of a random polynomial coefficient C;(w, )
given by relationship (10), while the tensors H O H', H? need
only the calculation of the inner products ((Xl.1 Pyl ‘I’ll) for
p = 0 or L. This demonstrates an extra reduction in the com-
putation effort. For more reduction in the CPU time, the
internal random coeflicient method is coupled with the
superposition method.

3.3. Superposition Method. Here, (97) is replaced with an
equivalent system with (1 — 2) equations; each equation is a
random equation depending on the random vector X'! intro-
duced in (46). These equations are given by

2 i 11 n
. w)dUO (t’.X ) (108a)

= Z ay; sin (Gjt)

i=0 dtl j=3

with the initial conditions given by (dU,(t, X“)/dl‘)lt:0 =
ity. Up(0, XY = uy,
And,forl1 <k <n-2,

;C,’ (w, 07 = ay(34%) SN (0,41) (108b)
with the initial conditions given by
e (109)
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The associated matrices, introduced in (91), are given by
F = E(C,)Y +0,T°

F =E(C,)Y +0,T, (110)

F' = aF’ + F.

These matrices are replaced with their expressions in
systems (108a) and (108b). In this case, the determination
of the tensors F°, F', F* needs the determination of inner
products (X" )P¥!, ¥} for p = 0 or 1 where k' and 1" are
the integers associated with integers k and [ given by notation
(54). In this case, the polynomial chaos W,! associated
with the random vector X'! is simple. The solution of the
deterministic system defined by (86)-(87) determines an
approximate solution U of the initial random equation (97).

This system largely reduces the number of unknowns to
be determined for the approximate solution U and makes
the use of polynomial chaos possible even when the classical
projection method is unable to determine the solution. The
CPU time and memory required to solve this problem by
classical projection methods are significantly reduced by this
method.

It is well known that, for a stochastic excitation and with
Karhunen-Loéve expansion, the classical projection methods
are limited to a small number of random variables used in the
decomposition. This will affect the accuracy of the obtained
solution. This kind of problems is completely solved the by
the presented method.

4. Numerical Results

The dynamical system defined in (97) is considered. To
analyze the effect of the uncertain parameters, the free system
(F(t) = 0) is first considered. For free systems, two variants
of the internal random coefficients method are used. The first
one consists of using two random coefficients CO and C2
called here IRCM2; the second one consists of dividing by
C2 and then using only one random coeflicient (C2/CO0). This
variant is referred to here as IRCMI.

4.1. Free Dynamics Response. For numerical analysis, the
following values are used:

Py = 7800,
P1 = X% Po>

hy=5%10",

h, = o, hy,
E, =21%10", (111)
E, = o,E,,

a =001,

B = 0.001.
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The random variables &, &;, &, are assumed to follow
various laws and o, «;, and «, are the ratios of the standard
deviation and the mean of the random variables p, h, and E.

Figures 1(a) and 1(b) present the standard deviation
and mean of the random solution U, where &; are random
variables with normalized truncated exponential laws in
[0,10], with 5% of standard deviation for parameters (¢, =
a, = a, = 5%). The solution U(t) is computed using the chaos
methods associated with the random variables ;, the IRCMI,
IRCM2, the conditional expectation method, and the Monte-
Carlo method with 1000 simples.

In the case of the classical chaos method, solution U
is expanded in the polynomial chaos of degree less than
or equal to 7 and these polynomials are dependent on the
three random variables ; for i = 0, 1, and 2. For the first
internal random coefficient method, IRCM], the coefficients
of the random equation (97) are divided by the random
variables C(w,) and the random equation depends only on
one new random variable ## = C,(w;)/Cy(w;). The solution
U is then expanded into the polynomials chaos associated
with the random variable # of degree less than or equal
to 12. For the second internal random coefficient method
(IRCM2), the random equation depends on the random
variables C,(w,),C,(w,). Solution Uis here expanded into
the polynomials chaos associated with these two random
variables of degree less than or equal to 2 and also less than 7.
The number of unknowns used by the classical chaos method
is 120 variables for degrees < 7. The ICRM2 needs 6 unknowns
for degrees < 2 and 36 unknowns for degrees < 7 while the
IRCMI needs only 13 unknowns for degrees < 12 as presented
in Table 2. This simple case demonstrates clearly how the
IRCM reduces the number of unknowns.

The mean and standard deviation of the solution U
obtained by IRCM1, IRCM2, chaos, conditional expectation,
and Monte-Carlo methods, presented in Figures 1(a) and
1(b), demonstrate a good accuracy between the predictions
obtained by these methods.

Figures 2(a) and 2(b) present the standard deviation
and mean of the solution U, when the random variables &;
are uniform in [—-4, 4] with 5% standard deviation for each
parameter (¢, = «; = a, = 5%). Solution U is computed
using the previous methods. For the case of chaos method, the
solution U is expanded into polynomials chaos of degree less
than or equal to seven and these polynomials are dependent
on the three random variables &; for i = 0, 1, and 2. For the
ICRM]L, solution U is expanded into the polynomial chaos
associated with the random variable # of degree less than or
equal to 12. For ICRM2, solution U is expanded into the poly-
nomial chaos associated with two random variables of degree
less than or equal to 7.

For large standard deviations, these methods are also
tested. Figures 3(a) and 3(b) present the standard deviation
and mean of the solution U, when the random variables &;
are uniform in [—4, 4] with 20% standard deviation (&, =
a, = o, = 20%). For the case of chaos method, solution
U is expanded in polynomial chaos of degree less than or
equal to 7 and these polynomials are dependent on the three
random variables &; for i = 0, 1, and 2. ICRMI and ICRM2
are also used with polynomial of degree < 7. The number
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of coefficients to compute is presented in Table 3. Results
obtained by the conditional expectation and Monte-Carlo
methods are also presented. It is observed that, even for large
standard deviation, 20%, a good agreement is observed be-
tween the predictions obtained by these methods.

Figures 4(a) and 4(b) present the standard deviation and
mean of solution U, where the random variables &; follow
a truncated exponential law in [0, 10] with 20% standard
deviation (« = &; = a, = 20%). The degree of the used poly-
nomials is <7 for chaos, <12 for IRCMI, and <2 and <7
for IRCM2 and the number of coefficients to compute is
presented in Table 4. It is demonstrated that, for the mean
value, all the methods agree with each other but there are
some discrepancies for the standard deviation. The IRCM2
is better than IRCM1 and particularly for large standard
deviations. The division procedure, used in IRCMI, reduces
the number of random parameters by one but introduces
additional nonlinear random effect. This effect affects the
accuracy of the IRCMI, as clearly presented in Figure 3.

4.2. Dynamical System with a Random Excitation. To test
the flexibility of the presented methodological approach to
handle dynamical systems with random variables following
different laws, (97) is considered with a random excitation
given by F(t) = (a, + a,&3) sin(w,t). ay, a,, and w, are con-
sidered deterministic. The random coefficients &, §;, £,, and
&, are assumed here to follow different laws.

Figures 5(a) and 5(b) present the mean and standard
deviation of U(#) obtained by the presented methods. &, and
&, are truncated normal variables in [-4,4],§; is a uniform
variable in [-1, 1], and &, is a truncated exponential variable
in [0, 10] with 5% of standard deviations.

The presented results are obtained by the chaos method
where solution U is expanded in the polynomials chaos of
degree less than or equal to 2 and 5 and these polynomials
depend on the four random variables &, for i = 0, 1, 2, and
3. For internal random coefficients method, solution U is
expanded in polynomial chaos associated with the two ran-
dom variables Cj(w,),C,(w,) of degree less than or equal to
2 and 5. The results predicted by the IRCM are better than
those obtained by the chaos method. In addition, the number
of unknowns used by the chaos method is 15 for polynomial
chaos of degrees < 2 and 126 for polynomial chaos of degree <
5 while by the IRCM combined to the superposition method
we have to solve a system with two differential equations and
each one with 6 unknowns for expansion into polynomials
of degrees < 2 and 21 unknowns for expansion into the
polynomial of degree < 7 as presented in Table 5.

To analyze the standard deviation effect on the obtained
results, the parameters of the system and of the excitation are
random variables with 20% standard deviations. The obtained
results are given in Figures 6(a) and 6(b) for mean and
standard deviation. It is shown that chaos of degree < 2 does
not predict good results in comparison with reference results,
obtained by conditional expectation and Monte-Carlo 2000
methods. The IRCM with degree < 2 predicts better results
than chaos with degree < 5 and IRCM with degree < 5
coincides perfectly with the reference results. The random
coefficients &;, &;, &,, and &; are assumed here to follow
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TABLE 2: Number of coefficients to compute for IRCM1-IRCM2 and PC at the considered degrees.
Method IRCM1 IRCM2 IRCM2 Chaos
Degree 12 7 7
Unknowns 13 36 120
1 ><10_3' ' ' ' ' ' ' ' ' p %1073
09 1 5t
= 08 f | & . 4
207} |} .;lg i A - 3
E IR
o I I e
IR It
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% 021} .; ! e 1
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O 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 045 0.5

times

--- Monte Carlo
IRCM2 degr’ 2
-- IRCM2 degr’ 7

~=- IRCMI degr” 12
<<<<<< Chaos degr’ 7
Conditional method

()

-5 \ \ \ .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

times

-~ IRCM1 degr’ 12
—— Chaos degr’ 7
- -~ Conditional method

(b)

Monte Carlo 1000
- - IRCM2 degr’ 2

FIGURE 1: (a) Standard deviation of U when ; follow the truncated exponential law in [0, 10] and o; = 5%. (b) Means of U when &, follow the

truncated exponential law in [0, 10] and 0; = 5%.

TABLE 3: Number of coeflicients to compute for IRCM1-IRCM2 and
PC at degree 7 for the considered number of variables.

Method IRCM1 IRCM2 Chaos
Degree 7 7 7
Unknowns 8 36 120

different laws. The required CPU time for the used methods
is presented in Table 6. These results demonstrate clearly the
efficiency and accuracy of the proposed IRCM.

The error between the used methods is clearly demon-
strated in Figures 7, 8, and 9. It is clearly seen that the error
is lower for IRCM than for PC related to the conditional
solution assumed to be the reference solution.

5. Conclusion

Methodological approaches based on generalized polynomial
chaos for random differential equation with an arbitrary
number of random parameters following different types of
distribution laws are developed. These random parameters
can be linear or nonlinear. The conditional expectation
method for the considered random differential equations is
well clarified. The obtained results based on this method are
considered to be exact results and used as reference results as
well as those obtained by the Monte-Carlo method.

A procedure to build a new polynomial chaos basis and
a connection between the one-dimensional and multidimen-
sional polynomials is well-established. Firstly, this procedure
is given for independent variables and then generalized for
variables that may be dependent. This procedure permits

considering a basis given by the general polynomial chaos
associated with the considered parameters and the solution
is expanded into this new basis. A new methodological
approach called internal random coefficient method is devel-
oped. Compact matrix representations are elaborated and the
required matrices, vectors, and scalar products are explicitly
given. These projection methods, combined with the super-
position method, lead to large CPU time and memory space
reductions required for the solution. It is demonstrated that
the developed methods are efficient and accurate and these
methods may lead to spectacular memory space and CPU
time reductions and particularly when a large number of
random parameters are considered.

Appendix

For the sake of clarity about the used indices, let us consider
the case of two random variables, n = 1. The canonical basis
of the polynomial space generated by the random variables
(§,,¢,) can be ordered in the given following form:

B={1,§,5,6.66.8.8.86.68,8,8,68,88,
EIE;, ... etc} .

(A1)

For this order, the function v, given in (21) is defined by

v, : N> — N
(A.2)
(igs 1) ¥ Wy (igsy) = i.
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FIGURE 2: (a) Standard deviation of U when &; follow the uniform law in [-4, 4] and ¢; = 5%. (b) Means of U when ¢; follow the uniform law

in [-4,4] and 0; = 5%.
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FIGURE 3: (a) Standard deviation of U when ¢, follow the uniform law in [-4, 4] and ¢; = 20%. (b) Means of U when &; follow the uniform law

in [-4,4] and 0; = 20%.
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FIGURE 4: (a) Standard deviation of U when &; follow the truncated exponential law in [0, 10] and o; = 20%. (b) Means of U when &; follow

the truncated exponential law in [0, 10] and o; = 20%.
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TaBLE 4: Number of coefficients to compute for IRCMI-IRCM2 and PC at different degrees.

Method IRCM1 IRCM2 IRCM2 Chaos
Degree 12 2 7 7
Unknowns 13 6 36 120
0.1
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times times
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—— Conditional metho d + IRCM degr’ 2 —— Conditional method + IRCM degr’ 2
Monte Carlo 2000 - IRCM degr® 5 —— Monte Carlo 2000 - IRCM degr’ 5

(a) (b)

FIGURE 5: (a) Standard deviation of solution where &, and &, are truncated normal variables in [-4, 4], &, is a uniform variable in [-1, 1], and
&, is a truncated exponential variable in [0, 10] and g; = 5%. (b) Means of solution where &, and &, are truncated normal variables in [—4, 4],
&, is a uniform variable in [-1, 1], and &, is a truncated exponential variable in [0, 10] and g; = 5%.
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FIGURE 6: (a) Standard deviation of solution where &, and &, are truncated normal variables in [-4, 4], £, is a uniform variable in [-1, 1], and

&, is a truncated exponential variable in [0, 10] and 0; = 20%. (b) Means of solution where &, and &, are truncated normal variables in [—4, 4],
&, is a uniform variable in [-1, 1], and &, is a truncated exponential variable in [0, 10] and g; = 20%.

TABLE 5: Number of coefficients to compute for IRCM and PC at degrees 2 and 5.

Method IRCM IRCM Chaos Chaos
Degree 2 5 2 5
Unknowns 12 42 15 126

TaBLE 6: CPU times to compute for IRCM, PC at degrees 12, MC (2000), and conditional method.

Method IRCM d° 12 PCd 12 Conditional MC (2000)
CPUT 6.52 1.47e + 002 2.98¢e + 003 36.43
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The explicit expression of v, is thus given by

v, (0,0) =0,
v, (1,0) = 1,
v (0,1) =2
v, (2,0) =3,
v =4 (a3)
¥, (0,2) =5
¥, (3,0)=6
etc.

This bijection can be easily condensed in the following
form:

2
vy (igo1)) = < . ) +i -1 (A4)
ig+ip +1

The orthogonalization of the canonical basis, using the
scalar product defined by (6), coincides with the classical
chaos polynomial defined in the literature.

For the two random variables case, the relationship
between the indices and the construction of the used basis
is straightforward. Three independent random variables are
more instructive. For this aim, let us consider the simple
random differential equation with three random variables
defined by

U+CyU+C,U=0, (A.5)
where C; and C, are random variables given by
Co = Coo *+ Cor&o»
(A.6)

C,=(Cy+C1&) (Cy +Cy&,),s

in which &,, £, and &, are independent random variables
having the same distribution function f and

E(&)=E(&)=E() =0,
o(§)=0()=0(5)=1

The procedure giving the polynomial chaos associated
with the random vector (&,,&;,&,) is first given. The order
defined by (20) is considered and the canonical basis associ-
ated with polynomial spaced generated by the random vector
(&, &,,8,) is considered. In this case, the basis is explicitly
given by

B ={1,&,8, 6, 8,68 .68, 6. 8,6,8,6,68, 88,
G0 80816, 608, 8, 818, 6.8, 65,60, 638, B06,, 8287, as)
66, 88, o8 BT, B8 8,685, B 86,88,
£,8, 8 ect.. ).

(A7)
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Assuming that the random variables &; follow the normal
law, the orthogonalization procedure leads to the following
classical polynomial chaos of degree less than 4:

(180,80, 6, & — LEEL 665, & - 1LEE,E - LE)
=38, 58 — £, 88 - £, 6,8 - E, 885,68
— & - 38, 58 - 5,68 —£,5 - 38,5
68 + 3,68, = 35,8, 6E, - 35,6, 68 - &
—E LR -85, 68 -8 -5 + LEE
= 38,5, EgETE, — £y £ 6 — £ EE
- 386, 8 - 68 + 3,868 - 355,88 -6 - &

FLEE - 358, E - 68 +3].

It is then demonstrated that, in this case, these polyno-
mials chaos coincide with the classical Hermit polynomial
chaos.

The connection between the 1D and multi-D polynomial
chaos is given by the bijection y,. To make this connection
explicit, let us consider the index (0, 2, 2). Using Algorithm 1,
one gets

(A9)

¥,(0,2,2) = 32,
0 . ) (A.10)
¢35 (£o>51’£2) = ¢o (fo) ¢, (51) ¢, (fz) >
where
¢35, (50,61.8,) = Effé - f? - E§ +1,
¢ (&) = 1,
(A1)
6 E)=&-1,

¢ E) =51

Based on this algorithm, the 1D and multi-D indices
connection can be easily established.

It should be noted that there are two procedures to build
the multi-D polynomial chaos. The first one is to use a
numerical method to orthogonalize base B defined above. It
is well known that this procedure is numerically expensive
and particularly when a large number of random variables
are considered.

The second one, elaborated in this paper, consists of
determining the 1D polynomial chaos associated with each
random variable &;,0 < k < 2 and using the bijection vy, to
build the 3D polynomial chaos related to the random vector
(&), &1, &,). As presented in Section 2.1, this procedure can be
easily generalized to multivariables following different laws.

Response U of the considered random differential equa-
tion is developed into the multi-D polynomial chaos associ-
ated with the random vector (§,, &, &,) and given by

N
U= Yu (1) 0 (§,6,,8,), (A12)
k=0
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where integer N is defined such that this expansion is to be
considered for the polynomial chaos of degree less than a
given integer L. Thus, N can be written as follows:

N =1, (0,0,L) (A13)

This expansion can be given in the following form:

U= Y kb otk (B0 &1052)
0<kqy+k,+k,<L

(A.14)

Based on the relationship between the 1D and the multi-D
polynomial chaos, this expression is given by

v- 3

0<ky+k,+k,<L

@ (&)

Uy, o ky) () Py (80) P, (&1)
(A.15)

Introducing this expansion in the first random deferential
equation, one gets

Ny ek (O D, (80) @, (8) @ (82)

0<ky+k,+k,<L

)

0<ky+k,+k,<L

- @y, (&) + z

0<ky+k, +k,<L

’ (Dkl (51) (Dk2 (52) =0.

Uy ko) () C1 @, (§9) @ (1)
(A.16)

Uy, (kp ey ky) () C2 P (%)

Projecting this random differential equation with
respect to the polynomial chaos of degree less than L,
D, 0,180 §18,) where 0 < Iy +1; + 1, < L, and using
the relation between 1D and the multi-D polynomial chaos

and the square matrix ” defed by (26), the following
deterministic differential system resulted:

X%Uw’vlz) ®) “21“111 “122 + Xu/z(ll]all)lz) (t) Coo"‘z"‘zl1 0‘122
+ Xy a0 @) Coaf” (Iy + 1,1, +2) ocllloclzz
+ Xy ity 8 Con B (o + L1y + 1) o o

+ Xy -1y B Cor B (oo Ty + 1) ey 0

+ Xy, @) () Cloczooczocll1 oclz2 + Xy o0 ) ()

~C11C200¢,(:)/311 (L+L0L+ l)oclz2

11
+X ) (1) CuCzooc,(:),B (L+1,1+2) oc,zz

Y, (lply +1L,1,
0 pll 2
+ Xy, -1) () Cnczo“zoﬁ (L +1) «,

0 1 p21
+ Xy, 1oy () CroCoreq 09 B (I + 1,1, +11)

21

21
+X w1 (0) Cloczl‘xzo‘lllﬁ (L+ 1,1, +2)

Vool
+ Xy 100,0,-1) () CIOCZI“;Z‘XIII B (1,1, +1)

+ Xy o1t () C”CZIocZ[S“ (I, +1,1,+1)
B+ L+ 1)+ Xy e ()
CuCyal B (4 + 1L +1) B (I + 1,0, +2)
+ Xy, -1 () CnCzlocff,ﬁ“ (L+1,L+1)
B (L 1) + Xy oy -11,) ()
'C11C210‘1?,/3H (Ll + 1) (L + L +1)

+ Xy, o, -1.+1) (D)

'C11Cz1“z?)ﬁu (I, + 1)ﬁ21 (L+11L+2)

+ Xy, ot -15-1) () Cnczlo‘iﬁn (L +1)
Bl Ly + 1) + Xy g1 ()
-CHCZI(XZ/}H (L, + LL +2) B (L + 1,1, + 1)
+ Xy, (o, +1.5+1) (D)

CuCoal B (L + LG +2) B (L + 1,1, +2)
+ Xy, 0, +1.,-1) (D) C11C21“2,ﬁ11 (h+11+2)
B (L, +1)=0.

(A17)

In this last expression if some indices are nonpositive then
the term vanishes.

In this case that the expansion of the response of response
U of the differential equation defined above is considered,
this random vector is expanded using the polynomial chaos
associated with the random vector defined by the IRCM
method; for this, the given random variables are introduced:

_G-E(C)

0;

X!

1

Fori=0 or 1. (A.18)

Let the canonical basis associated with the polynomial space

spanned by these new random variables X] this canonical be
defined by:

B ={1,X3, X}, (X3)", Xo X1, (x1), (xa) (%)

XX (X)L () (x0) (k) xE (xD) (A19)
)
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The orthogonalization of this basis gives the polynomial
chaos {‘I’,lc, k € N} associated with these new random vari-

ables X; the solution is expanded into this new polynomial
chaos and for this the following expression is obtained:

U= Y w (0¥ (X0 X)),
0<k<N

(A.20)

where N is choosing that the polynomial chaos must be of
degree less than a given integer L. Then N is choosing that

N =1, (0,L). (A.21)

Introducing this expression in differential equation
defined by (A.5), then the following differential equation is
given:

Y i O+ Y iy (H)C\Y
0<k<N 0<k<N
(A.22)

+ Y (1) C ¥y =0.
0<k<N

Using the bijection y, defined by (21), then deterministic dif-
ferential system is obtained:

Y dhykok) O Yy ok
0<ky+k, <L

. 1
D k) O Y gk
0<kq+k, <L

(A.23)
1

D k) ) Gy s = 0

0<ky+k, <L

Projecting this equation with respect to the polynomial
chaos \P;/I(lo’ll) for 0 < Iy + I, < L and using the orthog-

onalization properties of the polynomial chaos ¥ and
y1(oly)
the matrix introduced in (67), then the deterministic system

resulted:
iy, (ko) (D) @y i ) Ty (ko) @y k) Co0

+ ’;‘wl(ko,kl)TO (w1 (koo Ky) + 1,9y (Koo k) + 1)
-Cyy + u%(ko,kl)TO (v, (ko + 1,ky)
+ Ly, (koo ky) +1) Cyy
+ uwl(ko,kl)TO (w1 (ko = Lky) + 1,9 (koo Ky ) (A24)
+ 1) Cop + thy, (k. k) (1) E(C1) “nl//l(ko,kl) .
+ ”u/l(ko,kl)TO (v (ko kp) + Ly, (koo ky) + 1) 0y
+ ”%(ko,kl)TO (v (ko + Lky) + Ly (koo k)

+1)0, + ”wl(ko,kl)To (v (ko — 1K)

+ Ly, (ko ky) +1) 0y = 0.

Journal of Applied Mathematics

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This project was funded by the CNRST and the Moroccan
Ministry of High Education and Scientific Research with
Project PPR2 coordinated by Pr. Azrar and the Deanship
of Scientific Research (DSR) at King Abdulaziz University,
Jeddah, Saudi Arabia. The authors, therefore, acknowledge
thankfully the DSR-KAU and PPR2 financial supports.

References

[1] M. Shinozuka, “Monte Carlo solution of structural dynamics,”
Computers & Structures, vol. 2, no. 5-6, pp. 855-874, 1972.

[2] S. Weinzierl, “Introduction to Monte Carlo methods,” Tech.
Rep. NIKHEF-00-012, NIKHEE, TheoryGroup, The Nether-
lands, 2000.

[3] A. Saltelli, K. Chan, and E. M. Scott, Sensitivity Analysis, Wiley,
2000.

[4] R. Ghanem and P. Spanos, Stochastic Finite Elements: A Spectral
Approach, Springer, New York, NY, USA, 1991.

[5] D.Xiu, Numerical Methods for Stochastic Computations: A Spec-
tral Method Approach, Princeton University Press, 2010.

[6] N. Wiener, “The homogeneous chaos,” American Journal of
Mathematics, vol. 60, no. 4, pp. 897-936, 1938.

[7] H. G. Matthies, C. E. Brenner, C. G. Bucher, and C. G. Soares,
“Uncertainties in probabilistic numerical analysis of structures
and solids - Stochastic finite elements,” Structural Safety, vol. 19,
no. 3, pp. 283-336, 1997.

[8] D. Xiu and G. E. Karniadakis, “The wiener-askey polynomial
chaos for stochastic differential equations,” SIAM Journal on
Scientific Computing, vol. 24, no. 2, pp. 619-644, 2002.

[9] G.Stefanou, “The stochastic finite element method: past, present
and future;” Computer Methods Applied Mechanics and Engi-
neering, vol. 198, no. 9-12, pp. 1031-1051, 2009.

[10] G. L. Schuéller and H. J. Pradlwarter, “Uncertain linear sys-
tems in dynamics: Retrospective and recent developments by
stochastic approaches,” Engineering Structures, vol. 31, no. 11, pp.
2507-2517, 2009.

[11] T. Banek, “Chaos expansion for the solutions of stochastic dif-
ferential equations,” Systems & Control Letters, vol. 36, no. 5, pp.
351-358, 1999.

[12] R. Ghanem and P. D. Spanos, “A stochastic Galerkin expansion
for nonlinear random vibration analysis,” Probabilistic Engineer-
ing Mechanics, vol. 8, no. 3-4, pp. 255-264, 1993.

(13] R.Liand R. Ghanem, “Adaptive polynomial chaos expansions
applied to statistics of extremes in nonlinear random vibration,”
Probabilistic Engineering Mechanics, vol. 13, no. 2, pp. 125-136,
1998.

[14] H. G. Matthies, C. Brenner, C. Bucher, and C. Soares, “Uncer-
tainties in probabilistic numerical analysis of structures and
solids - Stochastic finite elements,” Structural Safety, vol. 19, no.
3, pp. 283-336, 1997,

[15] J. Zhang and B. Ellingwood, “Orthogonal series expansions
of random fields in reliability analysis,” Journal of Engineering
Mechanics, vol. 120, no. 12, pp. 2660-2677, 1994.



Journal of Applied Mathematics

(16]

(17]

(20]

(21]

(22]

R. Ghanem, S. Masri, M. Pellissetti, and R. Wolfe, “Identification
and prediction of stochastic dynamical systems in a polynomial
chaos basis,” Computer Methods Applied Mechanics and Engi-
neering, vol. 194, no. 12-16, pp. 1641-1654, 2005.

C. Soize, “Identification of high-dimension polynomial chaos
expansions with random coefficients for non-Gaussian tensor-
valued random fields using partial and limited experimental
data,” Computer Methods Applied Mechanics and Engineering,
vol. 199, no. 33-36, pp. 2150-2164, 2010.

M. Trcala, “Spectral stochastic modeling of uncertainties in
nonlinear diffusion problems of moisture transfer in wood,”
Applied Mathematical Modelling, vol. 39, no. 5-6, pp. 1740-1748,
2015.

R. V. Field Jr. and M. Grigoriu, “On the accuracy of the polyno-
mial chaos approximation,” Probabilistic Engineering Mechanics,
vol. 19, no. 1, pp. 65-80, 2004.

A. Dvurecenskij, P. Lahti, and K. Ylinen, The Uniqueness Ques-
tion in The Multididimensional Moment Problem with Appli-
cations to Phase Space Observables, Bratislava preprint series,
Mathematical Institute Slovak Academy of Sciences, 2001.

O. G. Ernst, A. Mugler, H.-J. Starkloff, and E. Ullmann, “On the
convergence of generalized polynomial chaos expansions,”
ESAIM: Mathematical Modelling and Numerical Analysis, vol.
46, no. 2, pp. 317-339, 2012.

D. Sarsri, L. Azrar, A. Jebbouri, and A. El Hami, “Component
mode synthesis and polynomial chaos expansions for stochastic
frequency functions of large linear FE models,” Computers &
Structures, vol. 89, no. 3-4, pp. 346-356, 2011.

D. Sarsri and L. Azrar, “Time response of structures with uncer-
tain parameters under stochastic inputs based on coupled poly-
nomial chaos expansion and component mode synthesis meth-
ods,” Mechanics of Advanced Materials and Structures, vol. 23,
no. 5, pp. 596-606, 2016.

D. Sarsri and L. Azrar, “Dynamic analysis of large structures
with uncertain parameters based on coupling component mode
synthesis and perturbation method,” Ain Shams Engineering
Journal, vol. 7, no. 1, pp. 371-38l, 2016.

R. G. Jaimez and M. J. V. Bonnet, “On the Karhunen-Loeve ex-
pansion for transformed processes,” Trabajos de Estadistica, vol.
2, no. 2, pp. 81-90, 1987.

23



