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This paper deals with matrix transformations that preserve the (p, g)-convexity of sequences. The main result gives the necessary
and sufficient conditions for a nonnegative infinite matrix A to preserve the (p, g)-convexity of sequences. Further, we give examples

of such matrices for different values of p and g.

1. Introduction

If p > 0,q > 0, then the sequence {x,,} of real numbers is said
to be (p, q)-convex if

Ap,q ('xn) =X~ (P + q) Xp-1 T P4X, o 2 0 €]

for n > 2. The operator A, generates the second-order

difference A*> when p = q = 1. Several authors [1-3] have
proved various results on the convex sequences defined by
Azxn > 0. Other authors [4, 5] have studied the classes
of sequences satisfying A, (x,) > 0. Also, the necessary
and sufficient conditions for a sequence to be a (p, g)-convex
sequence can be found in [6]. Moreover, some inequalities on
(p> q)-convex sequences are given in [7, 8].

In [9-11], the authors discuss the matrix transformations
that preserve (p,q)-convexity of sequences in the case of
a lower triangular matrix with a particular type of matrix
transformation. But the question of a general infinite matrix
preserving (p,q)-convexity has not been considered any-
where in the literature. This paper deals with the necessary
and sufficient conditions for a nonnegative infinite matrix to
preserve (p,q)-convexity in both settings when p # g and

p=q

2. Preliminaries

For any given sequence {x,}, we can find a corresponding
sequence {¢.} such that

G = Xo
(2)
a=x-(p+49¢
and, for k > 2,
o ki g ki ki
G=x,-y (P +p g pd T ) e )
i=0
which implies that {x,,} can be represented by
X0 = Q>
(4)
X =6 +(p+q)
and, forn > 2,
Xn = Cn+(p+q)cn—1 + (p2+Pq+q2)Cn—2 T
+(p”+11)"’1q+...+pq”’1 +q”)c0 %)

B

=¢,+> (P +p g+ +pgd" +q )¢

1

I
—_

As a consequence, we get the following lemma. A variation of
this lemma can be found in [6].
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Lemma 1. If the sequence {x,} is given by representation (5),
then A, (x,) = ¢,. Thus, the sequence {x,} is (p, q)-convex if
and only ifc, > 0 forn > 2.

Proof. It suffices to show that A , . (x,) = x,, = (p + @)x,_; +
pax,_, = ¢, for n > 2. Using (5),

A pg () = (Cn t(pra)e + (P +pa+d’) ey

o (§re)s) ol

+(p+a) e+ (P +pa+q ) s+ 6)

+ (2?"“61") ) +P61< ot (P+a)6,
+(PP+pa+q) eyt (nip”'k_zqk>co>-

On the right side, we see that the coefficient of ¢, = 1, and the
coefficient of ¢,_, = 0 forr = 1,2,...,n. Thus,

A,q(x,)=¢ forn=2 (7)

Hence, we have the previous lemma.
Also, in (5), the representation of x,, in terms of ¢, can be
written as follows:

if p#gq

n—i+1 n—i+1
: +z<1’ K )
i=0
n-1

cn+Z(n—i+1)p”7"ci, ifp=q ¥
S

n—i+1 n—i+1

(& (P —g ) .
—_— |G if p+
S( pra

Z(n—i+1)p”_ici if p=gq.
Li=0

Now, we give below some definitions. Let A = [a,;] be a
nonnegative infinite matrix defining a sequence to sequence
transformation by

(Ax)n = Zan,kxk' (9)

k=0
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Then, we define the matrices [e, ;] and [B,;] as

00
_ j—k _ 2
Kk = Zp Ap,j = Op T PO T P Gppaa t s
j=k

(o)

k—i 2
[;n,i = q Ok =0 tq0% 1 +q &yipt 0 (10)
k=i

_ iqk_i < i pj_kan’j> '
k=i j=k

Interchanging the order of summation, we get, for each n =

0,1,2,...,andi=0,1,2,...,
v ] k—i _j—k
[;n,i:z<zq lp] )an]
j=i \k=i

_ Z (pj—i " qufm " quj—i—z .
7 1)

pj—i+1 _ qj—i+1 ) )
—)a,;, ifp#
( pP-q ! 1

(] —i+ 1) pjiian,p

™8 T8

itp=q.

J=t

Furthermore, for n > 2,

Ap,q (ﬁn,i) = ﬁn,i - (P + q) ﬁn—l,i + Pqﬁn—Z,i
00 pj—i+1 _ qj—i+1 ) .
F(PZNy (a), it
— b ,
ji( r-q R (12)

Z(j—i+1)pj_iAp’q(an,j), if p=gq.
j=i

In order for the matrix [f3,;] to be well-defined, we need the
matrix [a, ;] to satisfy certain conditions which will depend
on the values of p and q.

(I) When p # g, due to symmetry of p and q in the definition
of B, it is sufficient to consider the following cases:

() 0<pg<l1
(by 0<p<l,g=1
(© p>1,9=1 (13)

d p>1,0<g<1
@ paq>1

Case (a). For 0 < p,q < 1, we require the matrix A to satisfy
that, for each n,

Zkan,k < 00. (14)
k=1
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Thus, using (11) and p, g < 1, we have

Bui=2 (¢ rap” "+

=i

<Z(]_l+1)an] Z(]

j—i
+q )an)j

15
an]+Zan]<oo )
]1

by (14).
Thus, f3,,; is well-defined.

Case (b). For 0 < p < 1, q = 1, we require the matrix A to
satisfy that, for each n,

o0
Zan)k < 00. (16)
k=0

Then using (11), we have

0 /1 _ pi-itl
ﬁn,i:Z(L)an,j

=N

= L((1 _p)anz

L - Paw)

(@y; + Gpipy +-++), since 0 < p< 1

<oo by (16).
Thus, f3,,; is well-defined.

For the cases (c), (d), and (e), we require the matrix A to
satisty that, for each n,

Y pra, < co. (18)

k=0

Case (c). When p > 1, q = 1, we have, as in the case (b),

00 pj—i+1 -1
ﬁn,i = Z <—)an,‘
FEANY A '

_ P Oo(j—i )a < P oo iy,
— - a, hi (19
p_1; P ) p—1;‘” i (19
spf_’Ipr <oo by (18)
j=i

Thus, f3,,; is well-defined.

Case (d). When p > 1, 0 < g < 1, from (11),

[ee)

B = ﬁz (P -4 a,,. (20)
j=i

Sinceq < p, using (18), we have ¥, q"a,; < o pa,; <
00. Therefore,

] i
Bui = ZP Ay, j

Thus B, ; is well-defined.

- qa < 00. 21
Pq]1 n,j (21)

Case (e). When p,q > 1, we can assume without loss of
generality that p > g.

Proceeding as in case (d), we see that 3, ; is well-defined
in this case also.

(II) When p = g, we consider the following cases:

() 0<p<l1
() p=1 (22)
(h) p>1

Case (f). For 0 < p < 1, we require the matrix A to satisty
that, for each n,

Zkan,k < 00. (23)
k=1

Then, using (11), we have

:Z(j—i+l)pj_ian,j < Z(j—i+1)an,].
j=i j=i
(24)
= Z(j—i)an,j +Z“n,j <o0o by (23).

j=i J=
Thus, f3,,; is well-defined.

Case (g). When p = 1, A
well-known second-order convexity A%, which has been
investigated in detail in [3].

pq-convexity reduces to the

Case (h). For p > 1, we require the matrix A to satisfy that,
for each n,

kakan)k < 00. (25)
k=1

Then, using (11), we have

ﬁn,i = Z (] - l + 1)pj_ian,j
] (26)

<Z(] i) p'~ 'an1+2p a,; <00 by (25).

Jj=i Jj=i

Thus, f3,,; is well-defined. O



3. Main Results

In this section, we prove the necessary and sufficient condi-
tions for a nonnegative infinite matrix A to transforma (p, q)-
convex sequence into a (p, q)-convex sequence showing that
each column of the corresponding matrix [, ;] is a (p, q)-
convex sequence.

First, we consider the values of p and g, where p # g
results in the cases listed in (13).

Theorem 2. For p + q, a nonnegative infinite matrix A
satisfying (14), (16), or (18), corresponding to the cases listed in
(13), preserves (p, q)-convexity of sequences if and only if, for
n=2734,..,

() A pg(Brg) =0
(i) A g (By) = 0

(iii) A o (Bi) = 0 fori =2

where the matrix [f,;] is defined by

j-i+l
) an,j' (27)

0 j-itl
Bu=Y (P—q

=i p-q

Proof. First, we prove a result on the transformed sequence
of any (p, q)-convex sequence {x,}. Now, we have, from (8),

n n i+1 n—i+1
Z( 1 )c,-, (28)

i=0 p q

where ¢; > 0 for i > 2 by Lemma 1. Then, the nth term of the
transformed sequence is

k i+1 k—i+1
(Ax), = Zankxk = Z“m«Z( 4 )Ci. (29)

=| i=0 p q

Interchanging the order of summation,

k—i+l _ k i+1

(Ax), Zc ZP Ay
i=0 k=i
0o, k+1 k+1 oo Lk k
p q P —4q
=g e a, (30)
kgo P_ k 1];1 P_q nk
00 00 Pk—i+1 k—i+1
+ C; a
1222 1];1' p-q n,k
From (11), we have
(Ax)n = COﬁn,O + Clﬁn,l + Zciﬁn,i' (31)
i=2
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Then, forn > 2,

Ap,q (Ax)n = (Ax)n - (p + q) (Ax)n—l + Pq (Ax)n—Z

(COﬁn,O +¢ B + ZQ‘ﬁn,i)
i=2

_(P+‘1)<Coﬁn 10+ 6P 11+Z B 11>

°° (32)
+pq| oPp-zot1Puar + Zciﬂn—z,i

o [Buo = (P + ) Buoro + PABu-20]
+ ¢ [Bui = (P +9) Baera + P21 ]

+ ZC,- [Bn,i - (
i=2
Thus, for any (p, g)-convex sequence {x,,},

Ap,q (Ax)n = COAp,q (ﬂn,O) + CIA

o0
+ ZCiAp,q (ﬁn,i) .
i=2

p+q) Br-1; + PaBu2] -

9 (ﬂn,l)
(33)

Now, to prove the sufficiency of the conditions given in the
theorem, assume that (i), (ii), and (iii) are true. Then, by (33),

A, (Ax), 2 0. (34)

Thus, the sequence (Ax),, is also (p, g)-convex.

Conversely, assume that the matrix A preserves (p, q)-
convexity of the sequences. Suppose that the condition (i)
fails to hold. Then there exists an integer N > 2 such that

A, (Bno) =L #0. (35)

Consider the following sequence:
(22 (33
u:{—L, (v q)L (v q)L,...]». (36)

pP—q pP—-q
Then {u,} is a (p, g)-convex sequence because, using (2) and
Lemma 1,

C():uO:_La
(37)
aq=u-(p+q)g=0
and, fori > 2,
G=A4,, (w;) = u; = (p+q) ui_y + pqu;_,
i+1 i+l i i
-(p" -4™") (P -d)
- S——— -—L
-4 +(p+q) g (38)
(Pi—l_qz 1)
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Thus, from (33), for the transformed sequence {(Au), },

Ap,q (Au)N = COAp,q (ﬁN,O) + ClAp,q (ﬁN,l)

e ) (39)
+ zCiAp,q (Bni) =-L" <0,
i=2

which contradicts that the transformed sequence {(Au),}
must be (p, g)-convex.

Next, suppose that the condition (ii) is not true. This
case can be settled by a similar argument by considering the
following sequence:

_ 2_ 2 _ 3_ 3
v={0,—L, (p q)L, (p q)L,...}, (40)

P-9q P-4
which implies that
6 =0,
¢ =-L, (41)
=0 fori>2.

Now, suppose that the condition (iii) is not true. Then there
exists an integer j > 2 such that the jth column-sequence of
the matrix [f, ;] is not (p, q)-convex. That is, for some N > 2,

Apa(Byj)=L<o0. (42)

Now, consider the following sequence:

2_ 2 3_ 3
x= 0,...,0,1,p—q,p—q,...}.
p-q’ p-q (43)
Lol

Then, {x,} is a (p, q)-convex sequence, because, using (2) and
Lemma 1, we get

=0 for0<i<j-1;
Cj= 1; (44)
Cio1 = Xj — (P +q) x;+ pgx;y = 0;
and, fori > j +2,
G=0,,(x;)=0 asin (38). (45)

But, from (33),

Ap,q (Ax)y = COAp,q (ﬁN,o) + ClAp,q (/5N,1)
+ ZQA pa (BN) = 6B g (/3N,j) =L (46)
iz

<0,

which again contradicts that {Ax} is a (p, g)-convex sequence.
This completes the proof. O

Theorem 2 generalizes the necessary and sufficient con-
ditions given in [9, Theorem 2, p. 8] in the case of p = 1 and
q > 0withg # 1.

Next, we consider the values of p and g where p = g
results in the cases listed in (22).

Theorem 3. For p = g, a nonnegative infinite matrix A
satisfying (23) or (25), corresponding to the cases listed in (22),
preserves (p, q)-convexity of sequences if and only if, for n =
2,3,4,...,

(1) Ap,p(ﬁn,o) =0

(ii) A, p(Bu1) =0
(iii) A, ,(B,;) 2 0 fori =2,3,...,
where the matrix [f,;] is defined by

(o)

/jn,i = z (] —i+ 1) pj_ian,j' (47)

=i

Proof. First we prove a result on the transformed sequence of
any (p, p)-convex sequence {x,,}. Now, we have, from (8),

X, = Z n—i+1) p"ﬁici, (48)
i=0

where ¢; > 0 for i > 2 by Lemma 1. Then, the nth term of the
transformed sequence is

o) 0 k
(Ax), = D Xy, = Y ayy (Z (k-i+1) pk"c,.>. (49)
k=0 k=0 i=0

Interchanging the order of summation,

(Ax), = Y6 (k=i +1) pa,

i=0 k=i
= COZ (k + 1) pkan,k + Clzkpk_lan,k (50)
k=0 k=1

(k-i+1)p"a,.

P
™8

+ )¢
i=2 k=i
From (11), we have
(Ax)n = C()ﬁn,o + Clﬁn,l + Zciﬁn,i' (51)
i=2

Then, forn > 2,

A, , (Ax), = (Ax), = 2p (Ax), , + p’ (AX), ,

= <C()ﬁn,0 + Cl/‘gn,l + Zciﬁn,i>
i=2

o (52)
-2p (Coﬂn—l,o +o Pyt Zciﬁn—l,i>
iz

+ P2 <‘:0ﬁn—2,0 +6Buar t Zciﬁn—z,i> .
i=



Thus, for any (p, p)-convex sequence {x,,},

Ap,p (Ax)n = COAp,p (:Bn,O) + ClAp,p (Bn,l)

Z pp(/3n1

Now, to prove the sufficiency of the conditions given in the
theorem, assume that (i), (ii), and (iii) are true. Then by (53),

A,,(Ax), > 0. (54)

(53)

Thus, the sequence (Ax),, is also (p, p)-convex.

Conversely, assume that the matrix A preserves (p, p)-
convexity of sequences.

Suppose that the condition (i) fails to hold. Then there
exists an integer N > 2 such that

A,,(Bno)=L#0. (55)
Consider the following sequence:
u={-L-2pL,-3p’L,...}. (56)

It is easy to see, using (2) and Lemma 1, that u is a (p, p)-
convex sequence with

¢ =u,=-L,

(57)
=0 forix>1l.
Thus, from (53), for the transformed sequence {(Au),,},
Ap,p (Au)y = COAp,p (ﬁN,O) + ClAp,p (ﬂN,l)
(58)

Z pp(ﬁNz _L2 <0,

which contradicts that {(Au),,} must be (p, p)-convex.

Next, suppose that the condition (ii) is not true. This
case can be settled by a similar argument by considering the
following sequence:

={0,-L,-2pL,-3p’L,...}, (59)
which implies that
=0
¢ =-L, (60)

=0 fori>2.

Now, suppose that the condition (iii) is not true. Then there
exists an integer j > 2 such that the jth column-sequence of
the matrix [, ] is not (p, p)-convex. That is, for some N > 2,

A,,(By,)=L<0. (61)
Consider the (p, p)-convex sequence:
x=10,...,0,1,2p,3p%,...}.
Lo (©2

Xo  XjXjXjy
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We see that, as in the proof of Theorem 2,
Ay, (Ax)y =L <0, (63)

which contradicts that {Ax} is a (p, p)-convex sequence.

We see that the result on the convexity of sequences given
in [3, p. 331] is a particular case of Theorem 3 when p = g =
1. Also, this theorem generalizes the necessary and sufficient
conditions for a triangular matrix given in [9, p. 4]. O

4. Examples

We give below examples of ( p, q)-convexity preserving matri-
ces for each of the cases (a) through (h) given in (13) and (22).

Example for Case (a). Considering 0 < p,q < 1,and p # g,
we can assume, without loss of generality, that p < g. Let the

matrix A = [a, ;] be defined by
P, if k=0,
an’k = n _k (64)
P kq , ifk>1.

Then, for each n,

Yka, =Y p'd-=p" (%
k=1 k=1

_q) < 00. (65)

Thus, by (14), B,; is well-defined for n = 0,1,2,... and
i =0,1,2,.... The matrix A satisfies the three conditions of
Theorem 2 because, for n > 2, using (12),

jitl ] i+1
ﬁnz) Z(P )Ap,q (an,j)’ (66)

] 1 P q
in which
Apg (“n,j) =a,; = (p+q)a, 1 ;+ pqa, »;
~(p+q) p" +pap"> if j =0,
B qJ n n—1 n—2 . (67)
7(17 ~(p+q) P +pap"?), ifj=1
=0.

Therefore, the matrix A preserves (p, q)-convexity of sequen-
ces.

Example for Case (b). Considering 0 < p < 1, q = 1, let the
matrix A = [a, ;] be defined by

an)k = Pk. (68)

Then, for each n,

00 00 .
Z Apj = Z p =
k=0 k=0

(69)
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Thus, by (16), B,; is well-defined for n = 0,1,2,... and
i =0,1,2,.... The matrix A satisfies the three conditions of
Theorem 2 because, for n > 2, using (12),

o) Pj—i+1 -1
Ay (Bui) = Z (ﬁ) Ayy (an,j) > (70)
j=i
in which

Ay (an,j) =a,;~ (p+1) ap1,j t POy,
(71)

j+1

pP-(p+1)p'+p

Therefore, the matrix A preserves (p, 1)-convexity of sequen-
ces.

Example for Case (c). Considering p > 1, g = 1, let matrix
A = [a, ;] be defined by

1
an, = e (72)
k pzk
Then, for each n,
1 1
a, — < 0. (73)
ZP k= kZSP 1-1/p

Thus, by (18), f3,,; is well-defined for n = 0,1,2,... and
i =0,1,2,.... The matrix A satisfies the three conditions of
Theorem 2 because, for n > 2, as in the previous example (b),

SCHELS

-(p+1) 1, T POysj
1 1 (74)
:F_(p-’-l)ﬁ-’- IEZO

Therefore, the matrix A preserves (p,1)-convexity of
sequences.

Example for Case (d). Considering p > 1, 0 < g < 1, let
matrix A = [a, ;] be defined by
g = 9 79)

Then, for each #,

ipka = ipn—k _ P
0 k0 p-1
Thus, by (18), f3,,; is well-defined for n = 0,1,2,... and

i =0,1,2,.... The matrix A satisfies the three conditions of
Theorem 2 because, for n > 2, using (12),

j-itl ] i+1
ﬁnz) Z(p )Ap,q (an,j)’ (77)
j=i

< 00. (76)

in which
Apg (an,j) =

1, ., .
=ﬁ(p ~(p+q)p""

an] - (P + q) anfl,j + P‘]anfz,j
(78)
+pap"”) =

Therefore, the matrix A preserves (p, q)-convexity of sequen-
ces.

Example for Case (e). Considering p,q > 1 and p # g, we can
assume, without loss of generality, that p > g. Let the matrix
A = [a, ;] be defined by

a, =P (79)

Then, for each n,

S ttou-r3 (1) - L

Thus, by (18), f8,,; is well-defined for n = 0,1,2,... and
i =0,1,2,.... The matrix A satisfies the three conditions of
Theorem 2 because, for n > 2, as in the previous example (d),

n+1

— < 00. (80)
P—-q

Apq (%‘) =y = (P+q) @y j + P9,

4 ;. o (81)
= p(p -(p+q)p

Therefore, the matrix A preserves (p, q)-convexity of sequen-
ces.

pap”?) =

Example for Case (f). Considering 0 < p = q < 1, let the

matrix A = [a, ;] be defined by
P if k=0,
an,k = n+k (82)
LS

Then, for each n,
© ok <k 1
Yka =Y p=p"y pF=p" (
k=1 k=1 k=1

Thus, by (23), B,,; is well-defined for n = 0,1,2,... and

i =0,1,2,.... The matrix A satisfies the three conditions of
Theorem 3 because, for n > 2, using (12),

1

o0

Ap,p (ﬁn,i) = Z (] —i+ 1) PjiiAp,p

=i

(au;),  (84)

in which

Ap,p (an)j) =a,; -2pa,_ Lt p a,_

P =2pp" P if j=0, (85)
= p] =0.
(Pt -2ppt ), i j21
J

Therefore, the matrix A preserves (p, p)-convexity of sequen-
ces.

Examples for Case (g). They can be found in (3], since A ; is
the same as the second-order convexity A”.



Example for Case (h). Considering p = g > 1, let the matrix
A = [a,;] be defined by

p'(n+2)), if k=0,
Ay y = n—2k (86)
Prntd) s
Therefore, for each n,
k
ka g = Zp” Km+2)=p (n+2)z<
k=1 (87)
=n+2) P < 0.
p-1

Thus, by (23), B,,; is well-defined for n = 0,1,2,... and
i =0,1,2,.... The matrix A satisfies the three conditions of
Theorem 3 because, for n > 2, using (12),

(o)

App (By) = Z (j-i+ 1)pj_iAp,p (an,]-), (88)
Jj=i
in which
App (a,,,j) =Gy = 2pa, ;i + P a,_
Pr(n+2)=2p"(n+ 1)+ p'n if j =0,
- i 2 o2 (89)
(n+2).p _2(n+1).p A o1,
J ] ]
=0.

Therefore, the matrix A preserves the convexity of sequences.

We conclude this paper by giving an example of an
infinite matrix which does not preserve (p, g)-convexity of
sequences.

It is interesting to notice that the Borel matrix preserves
the (1, 1)-convexity of sequences [3, p. 336], but it does not
preserve (p, p)-convexity when p # 1.

The Borel matrix B = [b, ;] is defined by

n
b .= . (90)
mk " enkl
Then, for each n,
o) k-1
n n
Zkb :_”g‘(k—l)! =n< 00, 91)

-1
ka b = ”P)Z(k_ 5 (Zf)e"f’ <o (92)

Thus, for each of the cases, 0 < p < 1 and p > 1, we see that
(23) and (25) are satisfied and hence 3, ; is well-defined for
n=0,1,2,...andi =0,1,2....

From (11),

=2.(i-i+1)ph,; (93)
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Therefore,

ﬁnO‘Z(]"'

e”]'
< ZJ(P”)] i(p@f) (o)

1 _
== (pnef” + ") = "7V (pn+1),
e

which implies that

Ay (Buo) = Buo = 2PBu-ro + Pzﬁn—z,o

_ en(p—l) (pn T 1) _ zpe(”—l)(P—l) (P n-1)+ 1)

+ pZe(n—Z)(p—l) (p (1’1 — 2) + 1) (95)

= (o) (@ pe))

>0,

pe)2 + 2pze (ef -

since e’ — pe > 0 when p # 1. Thus, the condition (i) of
Theorem 3 fails in the case of Borel matrix.
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