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We consider two families of multilinear Hilbert-type operators for which we give exact relations between the parameters so that
they are bounded. We also find the exact norm of these operators.

1. Introduction

Let 1 < p < 00, and let t be a real number. We denote
by LY((0,00)) or simply L? the weighted Lebesgue space
L?((0,00), y'dy). When t = 0, we simply write L? for the
corresponding space. We will be using the notation

= ([T rorys)” o

and we recall that f € L‘f ((0,00)) if and only if the above
quantity is finite. For t = 0, we simply write | f]| » for | £l 0"

All over the text, for 1 < p < co we denote by p' its conjugate
exponent, that is, the unique extended real number satisfying

1=1/p+1/p'.
We recall that the Hilbert operator is defined by
©f()
H = dy. 2
re= | @

The boundedness of this operator has been heavily studied in
the literature; in particular people have been very interested
in the norm estimate of this operator and its siblings (see,
e.g., the following and the references therein [1-6]). In [7],
we considered a more general family of this operator for
which we provided boundedness criteria and some sharp
norm estimates. More precisely, for f3, y real parameters we

considered the family of operators Hg , defined for compactly
supported functions by

ot = [ L <

This family as shown in [7] can be related to Bergman-type
projections. This family can be extended in two different
ways into m-linear operators on (0, c0)™. For the first family,
we let Bi,..., By V15 - - -» Vi De real parameters and put y =

GiseosPp) and B = (Broeos B)- Put F = (Frsevvs fo)s
where f;, j = 1,...,m, are compactly supported functions
on (0, 00). Consider the operators Tfi? defined by

Ty (F) 0
_ J fi ) L) fon )
(

000y (x+ )" (x4 3,)" -+ (x + )

I ()
- ybndy,dy, - dy,,

Following the idea in [7], one can also relate this family
to multilinear Bergman projections. To define the second
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family, we let f3,,..., ,,, y be real parameters and put B =
(Bi>-- > B,)- We define the operators Sz, as follows:

Sgy (F) )

_ hi (J’l)fz (J’z)"'fm (J’m) B B,
- J‘(0,00)"‘ (x +y et ym))’ N (5)

dy,dy, -~ dy,,.
This last family appears in [8] in the study of the Laplace
representation of some mixed norm Bergman spaces in
relation to the question of the boundedness of the Bergman
projection in tube domains over symmetric cones. Many
authors have provided the norm of the operators S3  in some
particular cases and some variations [9-14]. The fact is that,
in these papers, the relations between the parameters are
directly given without indicating how they are obtained and
the authors are only interested in finding the exact norm of
the operators or proving the corresponding Hardy-Hilbert
inequality.

We aim in this note to provide exact relations between
the parameters so that the above operators are bounded from

LY x - x L™ to LY when 1 < py,..., p,, < 00, 1,05ty t
being real numbers with
1 1 1
— t+ — = — (6)
P1 pm P
t L t
ST /A (7)
b1 Pm P

We also find the exact norm of these operators, extending the
results in [9, 12]. Note that, in the above relations, we allow
some (not all) of the exponents p;s to be infinite, a situation
which has not been considered before as far as we know.

2. Statement of the Results

We give in this section all our results. We denote, by B(x;, y),
the Beta-function of x and y to be defined in the next section.
We start by the following.

Theorem1. Let 3,,..., B, Vi>---» Vm be real numbers. Let 1 <
Pi>evs P <00, 1 < p<oo,letty,...,t,,t be real numbers,

and assume that (6) and (7) hold. Then the following conditions
are equivalent.

(i) The operator TBJ' is bounded from Lfll((O, 00)) X +++ X
L7((0, 00)) to L7 ((0, 00)).

(ii) The parameters satisfy

2vi= ) pirm (8)
i=1 =1
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~pi(vj=Bi=1) <t;+ 1< p;(B;+1),

j=L...,m

In this case, if we denote by "TB the operator

3 m L Pj
,y"(nj:lLtj)—mfm
norm of T » then

“ By (]_[;."ZILI;J)HL{’

ﬁB(ﬁ ) ti+1 g1 tj+1)
= i+1- , Yi—Bi—1+ .
o j p; PP P

J

(10)

It is easy to see that condition (9) provides that, for any

jeil,...,m},
;> 0; (1)
hence
Zyj > 0. (12)
j=1

As—p;(y;—Bj—1) <t;+1,j=1,...,m, wealso have that

m m t.+1
ZVJ->Z</3;+1— ’p, ) (13)

j=1 j=1 j

Now observing that (8) can be written as

mom ti+1 1
ZVJZZ(ﬁj“_ ]P' )+% (14)

j=1 j=1 j

we conclude that £ + 1 > 0 or equivalently that t > —1.
We also obtain the following result.

Theorem 2. Let f3,,...,p,,y be real numbers. Let 1 <
DPisr--or P < 00,1 < p <00, letty,...,t,,t be real numbers,
and assume that (6) and (7) hold. Then the following conditions
are equivalent.

(i) The operator Sp, 18 bounded from Lfll((o, 00)) X -+ X
L2"((0, 00)) to LE((0, 00)).

(ii) The parameters satisfy
O<y=)pj+m, t>-1,
j=1 (15)

ti+1<p(Bj+1), j=1,...,m
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In this case, if we denote by "SBy” Piy_,pom the operator
5 ) hnd

(H;'n:ILtJ
norm ofSZ; > then

S || _
" Pyl ih-r

(ITr (8, + 1 (6,4 1) p )T (@ 1 /p)

T'(y)

We note that the norm of the operator S for B=0and
y = m was computed in [9] for the unweighted case and [12]
for the weighted case.

If in relation (6) we allow only some (but not all) of the
exponents to be finite while all the other exponents are equal
to infinity, then we obtain a kind of mixed endpoints version
of the previous results.

Theorem 3. Let By,..., B Vis---» Y, be real numbers. Let
1 < pphe.pp <00, 1<l <m1< p<oo,andassume
that 1/p, +---+ 1/p; = 1/p. Let t,,...,t;,t be real numbers
and assume that t,/p, + -+ + t;/ p; = t/p. Then the following
conditions are equivalent.

(i) The operator TB)T' is bounded from Lfll((O, 00)) X +++ X
LY((0,00)) x (L2((0, 00)))™" to LE((0, 00)).
(ii) The parameters satisfy

In this case, if we denote by "TB e the

&"(HﬁzlLi’j)x(m
operator norm of T > then

" By (H;:lij_)x(Lo")m”aLf

We also obtain the following result.

Theorem 4. Let fBy,..., B, V1>--->Vm be real numbers. Let
1 <pph..,pp<00,1<l<ml< p< oo, and assume
that 1/p, + -+ 1/p, = 1/p. Let t,,...,t;,t be real numbers
and assume that t,/p, +--- + t;/ p; = t/p. Then the following
conditions are equivalent.

(i) The operator SB’V is bounded from L‘fll((O, 00)) X -++ X

L2((0,00)) x (L¥((0,00)))™" 10 L{((0, 00)).
(ii) The parameters satisfy

m
0<y:2[3j+m, t>-1;
j=1

U
“ By (Hlj:]Lf;)x(Lm)m*uLf

T(y)

S =SB 4 m: . (19)
FZIVJ ;/”J”Lm’ ti+1<pi(Bj+1), forj=1,...1,
>=1, forj=Il+1,...,m.
b (v =Bj=1) <t;+ 1< p; (B +1), (17) Py Jor j
for j=1,...,1, In this case, if we denote by ”SB,V"(H’v L@y 1P the
y;>Bj+1>0, forj=1l+1,....m. operator norm ofSB)y, then
I
(B +1—(t;+1)/p.))T(t+1)/ m
_ (H] 1 (ﬁ] (J ) P])) ( P) Hr(ﬁj+ 1) ) (20)

We are essentially motivated by the need of explaining
the right relations between the parameters that make these
operators bounded and the generalization of the previous
results on the norm estimates of these operators. In the
proofs of the necessary parts, we appeal to duality and use
appropriate local test functions. Note that as our operators are
m-linear, each of them has m adjoints. For the computation
of the norm of each operator, to simplify our presentation,
we give an upper estimate and a lower estimate. The proof of
the lower estimate appeals to a clever choice of test functions,
a good decomposition of multiple integrals to find the right
lower bound.

3. Some Useful Tools

We recall that the Beta-function of the cone (0, 0co) is defined
by

00 m—1
B(m,n) = B(n,m) = L (I:‘Wdu. (1)

We note that this integral converges if and only if m,n > 0.
Recall that

_T(mTI )

B(m,n) = Tam)’ (22)



where T’ is the classical Gamma-function. The following can
be obtained by induction (see, e.g., [10, Lemma 5.1]):

my—1 mg_—1

ul i us—l d d
) ZS - ul... us
(0,00) 1(1+M1+"'+M$_1) =177
(23)
S

_ szlr(”"j)

F(Zj-zlmj)
wherem; >0,j=1,...,s

4. The Norm of Tﬁ,? and SBJ/

4.1. The Norm of Tpy We have the following upper estimate
of the norm of T

Lemma5. Let 3,,...,
Pisees P < 00,1

Pt <LOO |T3»? (/) (x)|P xtdx>1/p < [

_ * i=1 I.fl (u X)| /3;
] [ [ ( [ 2. o) (H )du -
| (nﬁ> iyt -,

B Vis - - > Vi be real numbers. Let 1 <
< p < o0, and let t,,...,t,,t be real

"Tiw (} )
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numbers and assume that relations (6) and (7) hold. Assume
that

m m
D= Bi+m
=

j=1
ﬁj—1)<t +1<p](ﬁj+1),

j=1...,m

(24)
Wi (

Then the operator TB,? is bounded from L‘f:((O, 00)) X -+- X
Lf:: ((0, 00)) to Lf((O, 00)). Moreover,

r% _
" iy lLfJ{)—mf

m tj+1 tj+1 (25)
<||B(Bj+1- » ¥ =B 1+ .
j=1

P Pj

Proof. For f; € L‘Z",i = 1,...

} = (f1>--+» f,n). Using an easy change of variables and
Minkowski’s inequality, we obtain

,M, we write again

© r 1/p
Jo (JOm %(H%'>d)’ld)’z -dy )xtdx:|

P 1/p m
dx < J' (J-oo [T |fz (”ix)|th
“Joeor \ o TTE, (1 +u)"

1/p
dx)

H uﬁt co m l/p

i=1

Using (6), (7), and Holder’s inequality, we easily obtain that

JOOO ﬁ |f: ()P x'dx

i=1

< ﬁ (JOOO FACES]S xt"dx>P/Pi (27)

m
H —(P/P,)(t+1) "f”p
1
i=1
It follows that

fris (P, < (The,., )

Hm uﬁi—(ti*'l)/Pi
J(O,oo)’"

Ldu1du2 co.du

[TZ (1+ u;)"

(26)
m m oo /3; (t;+1)/p;
IR
(11 ||ﬁ||P,,,,,.)
i=1
+1
B -1+ .
<H (ﬁl B Pi >>
(28)
The proof is complete. 0

We also have the following result.

Lemma 6. Let f3,..., B, V1> >V, be real numbers. Let 1 <
Pis--s P <00, 1 <l <m, 1< p < oo,andassumethatl/p,+
<+ 1/p; = 1/p. Let t,, ..., t;,t be real numbers and assume
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that t,/p, + .-+ + t;/p; = t/p. Suppose that the parameters

satisfy

2vi= 2B+ ms

=1 =
—pi(y;=Bj—1) <tj+1<p;(B;+1),

(29)
for j=1,...,1,

y;>Bj+1>0,

for j=1+1,...,m

Then the operator Ty, is bounded from Lf:((O, 00)) X +-+ X
LI (0, 00)) X (L*((0, 00)))™ " to LY((0, 00)). In this case, if we

B;

) [T5u;
e, = (f L),
: (™) ()
(H " ]"p] ]> j (0,00)™ Hi:l (1 + ui)Yi du

1
'<H3<ﬁi+1‘ti+1>
i=1 pi

The proof is complete. O

t.
Yt_ﬁi_l"' :
P

Let us now prove the lower bound for the norm of T+ 5

Lemma?7. Let ..., By Vi>- - > Vim be real numbers. Let 1 <
Pir--osPm < 00,1 < p < 00, and let t,...,t,,t be real
numbers and assume that relations (6) and (7) hold. Suppose
that the parameters satisfy

ZVJ Zﬁ; tm,

j=1

(32)
ti+1 ‘
—(yj—ﬁj—1)< ' <Bj+l, j=L...m
j
Then
"Tﬁ,?"(n;":lij )-LP
m t;+ 1 £+ 1 (33)
2HB Bj+1- » ¥ - B 1+ .
j=1 Pj pj
Proof. For simplicity, let us put
K= ||TB>T’H(H;.11L}:;)—>L{’ ’
(34)

m t.+1 t.+1
&M=FW(@+1‘]p.’W‘@‘1+]p )
J J

ﬂ'<£nj

denote by || || mt_ the operator norm ofTE »
t

(H 1L /)><(L°°)
then

" ﬁVH(H L’ Yx (LYt L

) tj+1
T ) (30)
Ql

Proof. For f; € Lfi",i =1,...,Land fi,q,..., f,, € L™, we

write again ? = (fi>---» fn)- Proceeding as at the beginning
of the proof of the previous lemma, we obtain

) [Qg(ﬂj

j=l+1

X[fﬁB(ﬁf*Liﬁ‘ﬁj‘

i=1

1/p
nmwix)wdx) an -ana= 11111,

j=l+1

aun=( F1 1, )(H I,.,)

1du, - (31)

+1>>X<_ﬁ3(ﬁi+l) Yi_ﬁi_1)>'

i=l+1

For any vector f = (fis-- s fo)s f; € ijj((0,00)),j =

L,...,m (for p; = oo, replace ij((O, 00)) by L((0, c0))),
we have

(35)

(Ml )=l

hence for any g € Lf’((O, 00)) (with Lf,((O, 00)) replaced by
L*((0,00)) if p = 1),

(36)

K<H ||fj||pj,tj> > U‘ (X) T* (?) (-x)xtdx )

Let0 < &< min{pj(ﬂj+1)—(tj+1) : j=1,...,m}and define

0 ifo<x<1
(x) =
fj( ) GO/ G >1,
(37)
0 ifo<x<1
g (x) = '
KPS > 1.



Then

171,

e”Pf

1
9l =z

Substituting these into (36), we obtain

(38)

Bi—(t;+1+8)/p;

o] R

-‘dym> x'dx.

Observing that LOO = IOOO -

L:= J
(Loo)™
B J(O,oo)"‘

)

k,1#0,k+l=m

1
jo , we obtain that

Hm yﬁj—(tj+l+E)/pj
j=17j

[T5% (x + yj)yj

l—lm ﬁj_(tj+1+£)/Pj
j=17j

[T (x+ yj)yj

(-1)' LiL,

dyldym

dyldym

Hm Bi—(t;+1+8)/p;
i=17j

+=D J(o,nm ]‘[;":

1(x+)’j)yj

m
> JOO /] J Hi=1yj d
> ; 7,
1 oo T2, (x+y;)"

—dy, -

N1
(39)

(40)

dy,,

- (x—ZjL(t,-+1+E)/pj>Bm Y DL,

k,1#0,k+l=m

Hm ) /:;j_(tj“'l‘*'f)/l’j
J J

[T (x + yj)yj

N j dy
o,n)™

where

ko Bt +1+8)/pj
Hs . jsj J i

Lk = - dy]l

(0,00)F Hf:1 (x + yjs)y“

1 B —(t; +1+8)/p;,

L B HSZI jsJ J: J: dy

1= I v Wi
o0 T, (x+ ;)"

We have that

1 "dym’

dyjk ’
(41)

dyjk.

0 <Ly = (x T n T B2 G0 g (), (42)
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where
B (§)
k t,+1+& t,+1\ (43)
:=HB Bj+l-———,y, -B;, -1+ ,
=1 A pj,
0<L,
s=1Vjs ﬁls () +148)/pjq e .
: (X )J(Ol)Z (H )dyh dy]k
(44)
( -3 )(ﬁ 1 )
= (x~ &= Vi
w1 B +1-(t, +1+8)/p;
— (_x— lezl Yis ) Cl (E) .
Let us write
m B~ +1+8)/p;
H 1 '/ 7 J
LO = J / J 7; d)/l e dym (45)
o T (x+ ;)
Then
0<Ly<(x XHM)C, @ (46)
with
n 1
C,, (&) = : (47)
: gﬁj“‘(tﬁ“f)/ﬂ
It follows that if 71 is an even integer, then
L> (x* Z:'n:1((tj+1+f)/l’j)) Bm
(48)

x‘kak () Cypiy (§)

-2

k#0,k+2l+1=m

where o = — Z;":l i+ Z’:zl ﬁjs +k- Zle((tjs +1+ E)/pjs);

and if m is an odd number, then

L> (x—Z}'LI((tj+1+€)/pj)) B
m

-

k#0,k+2l+1=m

x% By (§) Cyyyy (§) (49)

L, ©).

_x7
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Taking (48) into (39), we obtain that if m is even, then

K o I_ym
E > B, J KR/ =T (14D p)) g o
1

- Z Bk (E) C2l-f—1 (E) j Xt_(t+l+f)/P,+“kdx
1

k#0,k+2l+1=m

=B, j dx— Y B(®Cy (©) (50)
1 k#0,k+21+1=m

. J © I -, 190,16 g _ B
1

~ Z By (§) Cypyy (§)
kb0t 1mm Yo (ﬁjs +1- (tjs +1+ 5) /Pjs) +§

Thus
K=>B,
~y £B; (§) Gyt () 1)

k#0,k+21+1= mZ”“ (ﬂjs +1- (tjs +1+ E) /pjs) +E.

Taking (49) into (39) and doing the same type of calculations
as above, we obtain that if 7 is an odd integer, then

K>B

-y §By (§) Cypi (§)
k#0k+21+1= mZZZ“ (ﬁjs +1- (tjs +1+ E) /Pjs) +& (52)

€, ® |
E+ X (B4 1= (t;+1+8)/p))

o O, = () ks
: L°°< ...
(s
W<J:° i 'f’ff‘fu'mv

" Bi
11u

-

(x)| X dx

< Y)
z 1 |f1 (l/l X)l

1+u1

'x+y1 i=1

IN
—

J(o ooy (1+uy +-++u,,)

7
Letting & — 0 in (51) or (52) we obtain that K > B,,. That is,
T .
" ﬁ’Y||(]'[;.":1LfJ’_)—>L’,’
m ti+1 t;+1 (53)
ZHB Bj+1- » Y= Bj—1+ .
=1 Pj pj
The proof is complete. O

4.2. The Norm of S,
for the norm of S5 .

. Letus prove the following upper bound

Lemma 8. Let f,,...,[3,,y be real numbers. Let 1 <
Pire-osPm < 00,1 < p < 00, and let t,,...,t,,t be real
numbers, and assume that relations (6) and (7) hold. Assume
that

m
0<y:Zﬁj+m,
=1

54
t>-1, (54)
ti+1 <pj(ﬁj+ 1), j=1...,m
Then the operator SB’Y is bounded from Lf:((O, 00)) X -+ X

Lp’”((O 00)) to LP((O, 00)). In this case, if we denote by

IISMII a LPJ) m the operator norm OfSB,y> then

S || _
“ Prilary -1t

B (T (B + 1= (t+1) /p;))T (£ + 1) /p)
) I'(y) '

Proof. The proof is essentially the same as above. Let us give
it here for completeness. For f; € L‘Z", i =1,...,m, we

write again }' = (fi»---» fn)- We remark that ¢ > -1 and
y =2 (Bi+1=(t;+1)/p;)+ (t+1)/p. Using an easy change
of variables and Minkowski’s inequality, Holder’s inequality,
and equality (23), we obtain

(55)

m p 1p
i= ll.fl yl)l < ylﬁx>dy1dy2dym> xtdx]

P 1/p
u ‘)dulduz---dum> xtdx]
xtdx) (Hu i
i=1

1/p
(J H|fl u;x |thdx> du,du, -

>du1du2 - du,,

o< (T, )
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[T ( (T (B 1= 6+ 1) /p) T (¢ + 1) [p)
. ydudu, -+ du,, = H”fl"p N
0o (1 +uy + -+ +u,) ; T (y)
(56)
The proof is complete. O ti+1<p; (ﬁ] + 1), for j=1,...,1,
Let us prove the following result. B;>-1, forj=1+1,...,m
(57)

Lemma9. Let 3,,..., B Vis---» Vi be real numbers. Let 1 <
P> p <00, 1 <l<m, 1< p < oo,andassumethatl/p,+
-+ 1/p; = 1/p. Let t,,...,t;,t be real numbers and assume ) o
that t,/p, + -+ + t,/p, = t]p. Suppose that the parameters Then the operator Spy 18 bounded from Ly ((0,00)) x -+ X
satisfy Lp’((O 00)) % (L®((0, 00)))"™ " to LY((0, 00)). In this case, if we
denote by IS the operator norm of Siyp

m Bl Loy oL
0<y:Zﬁj+m, t>-1 then

Mo r(B+1-(t;+1) /p))T(t+1)/p) |
1O A

Proof. For f; € L‘Z", i=1,...,Land fi.;,.... f,, € L, we  We proceed as in the proof of Lemma 8; we use a change of
write again jc = (fis--+» f,,). We observe that t > —1 and variables and Minkowski’s inequality, Holder’s inequality, and

y = Y B+ 1— (G + D/p) + S (B + 1) + (¢ + 1)/p, (2 toobtain

7 B [ uP oo ! p
/) pe” <,£+[1 "fj"“’) J( — y <~[0 L“f" (”ix)lpxtdx> duyduy -+~ duy,

000" (L+uy +-+-+u,

[ ") (T
(Pt ) (1), MITe) -, -

(T +uy +-+u,)

sz, (

_ (H:=1r(/5i +1-(t+1) /Pz’)) (IL5 T (B +1))T(t+ 1) /p) y
T (y)

f 1oL, ) (10, ).

j=l+1

The proof is complete. O Then

We next obtain a lower bound of the norm of SB,V( ). "S 5 V“(l’[ LP])—»LP
Lemma 10. Let f3,,...,[,,y be real numbers. Let 1 < (61)
Proeeos P < 00,1 < p < 00, and let ty,...,t,,t be real . (H;ilr(ﬁj +1- (tj + 1)/pj))1"((t+ 1)/p)
numbers with t > —1 and assume that relations (6) and (7) = T(y) :

hold. Suppose that the parameters satisfy
Proof. Let us put

O0<y= Z,Bj +m,
j=1
t> -1, (60)

~(r-pB-1) <=

Sl e
By (H;"ZIL??)AL};

1 Bl el 5 (szll"(ﬁj+1—(tj+1)/pj))l"((t+1)/p)'
pj T'(y)

(62)
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Then for any vector ? =(fo-- fmh fj € Lf;(((), 00)), j =
1,...,m (for p; = co, replace L}Zj((O, 00)) by L*((0, 00))),

; (63)
pit

A NG

hence for any g € Lf,((O, 00)) (with Lf’ ((0, 00)) replaced by
L((0,00)) if p = 1),

. (64)

(F116l,, ) 2| 50053, (s
=1 7t

Let0 < &< min{pj(ﬁj+l)—(tj+1) : j=1,...,m}and define

Then

1
17, = 2k

1
loly. =

Substituting these into (64), we obtain

m  Bi—(t;+1+8)/p;
K J )y J [T-17; dy
2 1
& h oo (x+y +-+ )

~dy, > x'dx.
Hm ﬁj*(tj+1+f)/17j

L(x) = J S

ooy (x+y; +-+y,)

Put

Then
0 if0<x<1 H’,”_l Ej*(tj+1*f)/Pj
fi(x) = L(x):J =) Sdy, - dy,,
! x GO x> 1, 000" (X + yp 2+ Y,)
(65) I m
-1)'L “1)" Ly (x),
0 if0<x<1 +kl¢ozk;rl—m( ) Ly (%) + (=1)" Ly (x)
g(x) = , 140, 1=
KGO i x> . where
HWL ﬁj_(tj"'l‘*'f)/Pj
v
Lo(x) ;=J 1Y dyydyy
o™ (X + Y+ 0+ P)
kBt +1+8)/p; 1 B~ +148)/p;,
L ( ) J (HSZijS] J J; ) (Hs=1yis )d d d d

X) = . ) i 1

K (0,00)% J(0,1)! (x Y+t ym)y Vi Vi Wi, Y

We have ) (li[ . )
0<L0(x)Sx_yﬁ 1 szlﬁis"'l_(tz +€+1)/Pz
B +1-(t;+E+1)/p;
(1 st
= X_YA s=1yjs
m?> . . }/ dy]l ...dyjk
I B o/ (0,00) (x+yj1+...+yjk)
i~ (tig +148) [ pig
Lii G = (J(O b (Hyis >d)’z‘1 "‘d)’iz> B |
) =t < (x P+ Eea (B +1 (tfs“*‘f)/l’fs))Aszl,
(Hk yﬁjs—(tj5+1+£)/pjs)
s=1/j
. J- ) Js 7 dy]l dy]k
(©.c0) (x+yjl+m+yjk) where

(66)

(67)

(68)

(69)

(71)
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a1

s=1 3 ,-+1—(t +€+1)/p1

(72)
B, = (]_[lel"(ﬁjs +1- (tjs +&+ 1)/pjs))1“((t +1+8)/p+ Zizl (ﬁ,»s +1- (tis +&+ 1)/pis))‘
’ T (y)
It follows that, for m even, Thus for m odd,
L(x)> xfzﬁl(tj+1+£)/pj3m EA
K =>B,, - L

y+&+(t+1+8)/p

x-y+z’;:1<ﬁ,-5+1—(zjs+1+£)/pjs>) (73)

#0,J 2L+ 1=m - ) AuuBi (78)
k#0,k+2l+1=m
' A21+1Bk,zl+1

and, for m odd, . ; d .
L(x) > Il E+ 2o (ﬁis +1- (tis +&+ 1) /Pis)

Lettin 0in (76) or (78) we obtain that K > B, ; that is,
VP Ee (B 1=t +148) ) ) g&— (76) or (78) w »

- (74)
k#0k+2+1=m || S " N
, Ayl L-1
“Ag By —x A, (79)
m
Taking (73) into (67), we obtain that if m is even, then o (Hj=1r (ﬁ] +1- (tj + 1) /Pj)) T ((t+1)/p)
B I(y) ’
K © Y
z > B, J x o - Z A1 B .
1 ke#0,k+21+1=m The proof is complete. O
& ESL B D, B .
: J x P fdx = - 5. Necessity for Boundedness of Ty and S By
1 s :
75
_ Z AyiBioin 73) 5.1. Necessity for Boundedness of Tg;
k#0,k+21+1=
e Lemmall. Let f3,..., B, V1>---> Vi e real numbers. Let 1 <
] 1 PireeosP < 00,1 < p < 00, and let t,,...,t,,t be real
E+ Yo B +1- (l‘i +E&+ 1) /pi numbers and assume that relations (6) and (7) hold. If the
- ) ) * opemtor 5 is bounded from Lpl ((0,00)) x - -+ x LE"((0, 00))
us "
to L‘f ((o, oo)), then the parameters satisfy
K=B, - Z A Bran
k+0,k+2l+1=m m m
(76) 27y = DBy +m. (80)
§ =1 =1

. l )

S+ 2B+l (tis +E+ l) /i, Proof. For simplicity, weputy = Y2, y;and f = ¥, B;. Let

Taking (74) into (67), we obtain that if # is odd, then R > 0be a real number. Given a function f, we denote, by f,

K © o LBl the function defined by fr(x) = f(Rx). One easily checks
T 2 Bn L x o tdx- Ay, L x dx that, for f € L',

- z A1 Brai “(f;) " RDIP "fJ” (81)

k#0,k+2l+1=m

) JOO o E T Bt D By g B, For a vector j‘ = (fi>---» fin)> We write ?R = (Mr--»
1 i3 (77) (f,)r)- Using some easy changes of variables, we obtain
A, L (7 y=p-mmp
- Z Ag1Bran Tﬁ)? (fR) (x) =R T (f) (Rx). (82)

y+&+t+1+8)/p k#0,k+21+1=m
It comes that

TZ?,T/ (}R)“p,t = (Ry_ﬁ_m—(t+l)/p)

1
E+Y (B +1-(t, +E+1)/p,)

By (} )

(83)

pt
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Recall that the boundedness of T~ means that there exists a

constant C > 0 such that, for any f] € ij,j =1,...,m,

s Goll, <UL, o

It follows using (81) and (83) that

( Rv—ﬁ—m—(tﬂ)/p) ||Ti3,? ( ]r)

m N (85)
<C (R7 ijl((t/'“)/[)j)) H "fJ" t
i Pt
or equivalently,
(RV*ﬁfm—(tH)/P*z?n:l((tj+1)/pj)) ”T/? (})
7
(86)

m
<[,

As (86) holds for any f; € L‘fll, coosfm € L‘Z’: and any real
number R > 0, we necessarily have that

t+1 otjtl
~B-m-— Z — - (87)
which combined with (7) gives that
ZVJ Zﬁ] +m. (88)
j=1 |

Lemmal2. Letf3;,..., By Vis- - > Vim e real numbers. Let 1 <
Pire-osPm < 00,1 < p < 00, and let ty,...,t,,t be real
numbers and assume that relations (6) and (7) hold. Then if the
operator 5 is bounded from LP‘((O 00)) X - Lf;"((O, 00))

to L‘: (o, oo)) then the parameters satisfy

ﬂ]—1)<t +1<pj(ﬁj+1),

j=1...,m.

_PJ(

Proof. Assume that T~ ; is bounded from LP 1((0,00)) x « -+ X
Lf;”((o, 00)) to Lf((O, oo)). Then its j-th adjoint Tg’j defined

» GO s fe ) [ (90)
= ﬁ’ J J(Ooo)m l—mkkxt< l—[ yfkdyk>dx,

[T (e + 7)™ 1=k#j

1

where }j = (fir--0>
L ((0,00)) %

fi-1>9> fjx1>+-+> fin)> is bounded from
XLY7((0,00))xLE (0, 00)) X LY (0, 00)) X
- x L2"((0,00)) to L7'((0, 00)). Let us take g(x) = xj;.5/(x)
and fi(y) = xp.2(»), j # k € {1,...,m}. We observe that, for

X Y € [1,2], (x + )™ = 1 while (x + yj)"f = (1+ yj)”f. It
follows for this choice of functions that, for any y; € (0, c0),

yﬁJ j
*,j . - ]
T30 (F5) (7)) = Gy ) (o1)
j
It follows from the boundedness of T/i; _] that there is a constant
C > 0 such that

[t =), e o

From the properties of the Beta-function, we know that this
implies thatp}(/)’j—tj)+tj+1 >0 andyjp;—p;(ﬁj—tj)—tj—l >
0. These two inequalities are equivalent to
—pj(yj—ﬁj—1)<tj+1<pj(/3j+1). (93)
The proof is complete. 0

The proof of the following result follows the same steps as
in the proof of the above lemma.

Lemma 13. Let fB,..., B, V15>V be real numbers. Let
1 < prseees P < 00, and let t,...,t,,t be real numbers
and assume that relations (6) and (7) hold with p = 1. If the
opemtor 5 is bounded from LPl ((0,00)) x - Lf::((O, 00))

to L}((0, oo)) then the parameters satisfy

1)<tj+1<pj(ﬁj+1),

j=1...,m

‘Pj(Yj‘ﬁj‘

5.2. Necessity for Boundedness OfSZ;,y

Lemma 14. Let f31,..., B, V1>--->Vm be real numbers. Let
1 < prevspy < 00,1 < p < o00,andlett),... t,,t be
real numbers and assume that relations (6) and (7) hold. If the
operator SB,y is bounded from Lfll ((0,00)) x -+ x Lf::((O, 00))

to Lf ((0, 00)), then the parameters satisfy

y=) B +m. (95)

Proof. This is obtained exactly the same way as in the proof
of Lemma 11. We leave it to the interested reader. O

Lemmal5. Let 3y,..., By Vis-- > Vi be real numbers. Let 1 <
Pire-sPm < 00,1 < p < 00, and let ty,...,t,,t be real
numbers and assume that relations (6) and (7) hold. If the
operator SB,V is bounded from Lfll ((0,00)) x -+ x Lf:((O, 00))

to L‘f((O, ©0)), thent > -1 andy > 0.
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Proof. Let us take fi(y) = xp(0), k € {l,...,m} We
observe that, for y;,...,5,, € [L2L, (x + y; + -+ y,)} =
(1 + x)”. It follows for this choice of functions that, for any
x € (0, 00),

4y () () = o (96)

It follows from the boundedness of S By that there is a constant
C > 0 such that

J:o (1 +xx)”P dx = "SB)Y (-_f) ot <C. (97)

Clearly, this is only possible if t > —1 and y > 0. The proof is
complete. O

sTF)0)=]

I.sf_tfg (x) x*
o0 (x+ Y72 7))

where again }j = (fi--s fj-1>9 fjr1>-+ > fn) is bounded

from L{((0,00)) x -+ x LI/((0,00)) x L ((0,00)) x
Lf}{‘:((o, 00)) x -+ x LE"((0,00)) to Lf;((O, 00)). Let us take
glx) = X[1,2](x) and fi.(y) = X[1,2](}’)’j + ke {l,...,m}
We observe that, for x,y, € [1,2], ] # k € {1,...,m},
(x+y+-+y) = A+ yj)y. It follows for this choice
of functions that, for any y; € (0, 00),
Bi~t;
. ¥
*,] - ]

S[;,y (f]) (yj) - (1 + ')V’

Vi

(100)

It follows from the boundedness of Sg; that there is a constant
C > 0 such that

Pi(Bi=t))

“Ji £ *j (7
———y/dy, = S ( f: |l <C. (101)
L (Ley)™ 7 wUl,
This as in the proof of Lemma 12 implies that
—pi(y=Bj-1)<t;+1<p;(B;+1).  (102)
The proof is complete. O

The following is obtained as above.

Lemma 17. Let fB,..., B, V1>---»> Y be real numbers. Let
1 < prseeos Py < 00, and let t,...,t,,,t be real numbers
and assume that relations (6) and (7) hold with p = 1. If the
operator Siz,y is bounded from Lfll ((0,00)) x -+ x L‘f;"((O, 00))

to th((O, 00)), then the parameters satisfy and

~pi(y=B;—1) <t;+1<p;(B+1),

j=L...,m

(103)
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Lemma 16. Let f,..., B, V1>--->V,, be real numbers. Let
1 < piyeesPpy < 00,1 < p < 00, andletty,... t,,t be
real numbers and assume that relations (6) and (7) hold. If the

operator SZ?:V is bounded from Lfll ((0,00)) x -+ x L‘Z':((O, 00))

to L‘f ((0,00)), then the parameters satisfy
~pj(y=Bj=1) <t;+1<p;(B;+1),

j=L...,m

Proof. Assume that SB’V is bounded from Lfll ((0,00)) x -++ x
Lf: ((0, 00)) to Lf ((0,00)), Then its j-th adjoint S/;)]} is defined
by ’

[T 754 (n)) dy,--dy;dyj - dy,dx, (99)
1=k#j

5.3. Necessity for the Other Cases. Let us start by proving the
following

Lemmal8. Let ..., B Vis-- > Vi be real numbers. Let 1 <
Pir--spp <00, 1 <1 <m 1 < p < oo, and assume that
1/py+ -+ 1/p, = 1/p. Let t,,...,t;,t be real numbers and

assume that t|[p, + -+ + t;/p; = t/p. If the operator Ty is
bounded from Lfll ((0, 00)) x- - -><Lfl’((0, 00))x(L®((0, 00)))™

to L((0, 00)), then the parameters satisfy

—pi(vy=Bj—1) <t;+ 1< p;(B+1),
j=1,...,1, (104)

y;>Bi+1>0, j=Il+1,....m

Proof. Suppose that TB,? is bounded from Lfll ((0,00)) x -+ - %
LY((0,00))x L™ ((0, go))"‘—l to LP((0,00)). Thenfor 1 < j <1,
the j-th adjoint, Tg; , of Ty is defined as in the proof of
Lemmas 12 and 13. Hence the proof of the first inequalities

follows from the proof of Lemmas 12 and 13. To prove the
second inequalities, we observe that, for j > I, j-th adjoint,

Tg; ,of Tpy; is defined by

Tp; (} j) (yj)

Bj g i fc ) [ s

=i dy, | (105)
]J@@m T, (x + y )™ II% Yk

1=k#j

t
- x dx,
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where ?j =(f1>-->fj-1>9 fjs1>-- > fn) is Dounded from

1
<]_[L‘Z,f (©0, oo))) x (L™ ((0,00)))" ™!
k=1 (106)

x L' ((0,00)) x (L™ ((0, 00)))™”

to L'((0,00)). Hence the second inequality can now be
established similarly as in the proof of Lemma 12. O

Let us finish with the following.

Lemmal9. Let3,..., B Vis- - > Vim e real numbers. Let 1 <
Pis--spp <00, 1 <1 <m 1 < p < oo, and assume that
1/py+ -+ 1/p, = 1/p. Let t,,...,t;,t be real numbers and
assume that t|[p, + --- + t;/p; = t/p. If the operator g, 18

*j (7 _ ﬁj xtg (x) _
S5, (1) () =, J<o,oo>*" (x+ 22 )" <

where again }j = (fi-- s fj=19> fijs1>-- > fn) is bounded
from

l .
(HL&’: (©0, oo))) x (L% ((0,00))) ™"

k=1 (109)

x L' ((0,00)) x (L™ ((0, 00)))™”

to L'((0,00)). Hence the second inequality can now be
established similarly as in the proof of Lemma 16. O

6. Proof of the Results

Theorem 1 follows from Lemmas 5, 7, 11, 12, and 13. Theorem 2
follows from Lemmas 8, 10, 14, 15, 16, and 17. Theorem 3
follows from Lemmas 6, 7, 11, and 18. Theorem 4 follows from
Lemmas 9, 10, 14, 15, and 19. The proof is complete.
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