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Necessary and sufficient conditions for output reachability and null output controllability of positive linear discrete systems with
delays in state, input, and output are established. It is also shown that output reachability and null output controllability together

imply output controllability.

1. Introduction

The research devoted to controllability was started by Kalman
in the 1960s [1] and refers to linear dynamical systems. Con-
trollability is one of the fundamental concepts in the mod-
ern mathematical control theory ([2-4],...) and continually
appears as a necessary condition for the existence of solutions
to many control problems, for example, stabilization of
unstable system by feedback and optimal control. Basically
a system is controllable if it is possible to transfer it around
its entire configuration space using only certain admissible
controls. There exist many definitions of controllability that
depends on the framework or the class of models applied.
The following are examples of variations of controllability
notions which have been introduced in the control literature:
asymptotic controllability [5], relative controllability [6],
constrained controllability [7], complete controllability [8],
approximate controllability [9], small controllability [10],
output controllability [11, 12], and so on.

In most engineering applications, it is needed to direct the
output toward some desired value. In fact, having control over
the output of the system has a significant importance if not
more than the states. For example, the control of a multilink
cable-driven manipulator, where the task is typically defined
in terms of end effector pose, rather than the joint positions
and velocities which can define the system’s state [13], also,
controlling the output of fixed-speed wind turbines in the

electrical network, which can directly affect the behavior
of power systems [14]. Output controllability is a property
of the impulse response matrix of a linear invariant-time
system which reflects the dominant ability of an external
input to move the output from any initial condition to any
final condition in a finite time [2]. In general, the output
controllability means that the system’s output can be directed
regardless of its state [15]. The necessary and sufficient
criterion for output controllability of linear time-invariant
systems is addressed in, for example, [12].

Positive systems are a wide class of systems in which state
variables and outputs are constrained to be positive, or at least
nonnegative for all time whenever the initial conditions and
inputs are nonnegative. Since the state variables and outputs
of many real-world processes represent quantities that may
not have meaning unless they are nonnegative because they
measure concentrations, numbers, populations, and so on,
positive systems arise frequently in mathematical modeling
of engineering problems, management sciences, economics,
social sciences, chemistry, biology, ecology, pharmacology,
medicine, and so forth.

An excellent survey of positive systems with an emphasis
on their applications in the areas of management and social
sciences is given by Luenberger in [16]. The more recent
monographs by Farina and Rinaldi in [17] and Kaczorek in
[18] are devoted entirely to positive linear systems and some
of their applications. Since positive systems are confined
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within a cone located in the positive orthant rather than in
the whole space [19, 20], their analysis and synthesis are more
complicated and more challenging.

The state controllability of positive linear discrete systems
is largely studied by several authors since late 1980s [21-26],
the problem of controllability of linear positive discrete
systems with delays in state or control was discussed in
[27]. The problem of output reachability of positive linear
discrete systems is addressed in [28]. The output reachability
of positive discrete linear systems with state delay has been
studied in [29].

In this paper we examine the issue of output reachability,
null output controllability, and output controllability for
positive linear systems with multiple delays in state, input,
and output. These concepts are equivalent for unconstrained
systems. The output reachability of discrete positive linear
systems are characterized and proven by a simple algebraic
proof. The criteria for the null output controllability will be
established. We show that these properties are not equivalent
for positive systems. In addition we prove that the positive
system is output controllable only if it is output reachable and
null output controllable.

The structure of the paper is as follows. In the next
section some mathematical preliminaries of positive linear
discrete systems with delays are presented. We investigate the
output reachability and null output controllability of positive
linear discrete systems with delays in state, input, and output,
respectively, in Sections 3 and 4. In Section 5, necessary
and sufficient conditions for the output controllability of
positive delay systems are provided. Numerical examples will
be presented in Section 6.

2. Preliminaries

First we introduce some notations. N is the set of nonnegative
integers, N, the set of positive integers, af ={s,s+1,...,k}
the finite subset of N with s < k, R” the set of real vectors
with n components, and R’} the set of vectors in R" with
nonnegative components; that is,

RY = {x = (x;.%5..0x,) €R":x,20,iedl}, ()

where T denotes the transpose, R the set of real matrices
of order n x m (R" = R™"), I the identity matrix in R™",
and A”' the inverse of A € R™™",

In this work, we consider the discrete linear delay system

p q
Xiy = Zij,-,j + ZBju,-,j, ieN,
j=0 j=0

2)

u_jelR for j € o7,
x_;€R" for jeol
_] b
with the output equation

1 v
y; = ZCJ‘XH + ZDjui,j, ieN, withl<p, v<gq, (3)
=0 =
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where x; € R" is the system state, u; € R is the input (or
control), y; € R, A; € R™ (j € ol) are the matrices
of the state, B; € R™™ (j € o) are the matrices of the
input, C; € R™ (j € aé) are the matrices of the output

and D; € R™™ (j € oy) are the matrices of the feedthrough
(or feedforward), and p, g and v, and [ are the nonnegative
integer maximal values of delays on state, input, and output,
respectively.

Definition 1. The system modeled by (2) and (3) is said to be
positive if the state x; € R” and the output y; € R, i € N, for

any initial states x_; € RY (j € ol) and for any initial inputs
u_j € R} (j € of)and all inputs u; € R, i € N.

The mathematical theory of positive linear systems is
based on the theory of nonnegative matrix developed by
Perron and Frobenius (see [16, 30]).

Definition 2. A matrix A = (a;) in R™™ is said to be
nonnegative and denoted by A € R, if all of its elements
are nonnegative; that s, a;; > 0 for alli € o7, j € o7".

Remark 3. A € RT™" if and only if Ax € R’} for all x € R
Indeed, suppose one of the elements of A, a;;, is negative.

Then, for the nonnegative vector x = (0,...,0,1,0,..., 0)' €
R’ with the one in the jth component, the ith component of
Ax would be a;;, which is negative. It is also easy to verify the
converse.

The following proposition provides a necessary and suffi-
cient conditions for positivity of system (2) and (3).

Proposition 4. System (2) and (3) is positive if and only if

AjeRY" (jed)),

nxm . q (4)
Bj € IR+ (] € O~0) >
oo
C;eR" (jeay),
rXm . v (5)
D; € R (jeay).
Proof.
Sufficiency. If the condition (4) is satisfied, then
P q
x;=YAx ;+YBu ;eR}, (6)
=0 =0

since x_; € R" (j.e 0(‘?) andu_; € RY (e ag). Assume that
x; € R for k € ¢]. From (2) we have

p q
Xiy1 = Ziji—j + ZBjui—j € RY, ™)
=0 =0

since (4) holds and Xi_j € RY (j e ag), u_; € RY (j e 0?),
and u; € RY, i € N. Hence x; € R foranyi € N.
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Consequently, if condition (5) is satisfied, we get that y; € R’
for everyi € Nsince x_; € R} (j € o(l)), u_j € RY (j € 07),

andu; e R, i e N.

Necessity. Assuming that system (2) and (3) is positive, let

uj; =0 for j € 00 Then from (2) and (3), fori = 0, we
have
P —_—
X, =Y Aix_ ;=A%) € R},
=0
(8)
Yo = Zij_j =Cx, € R’,
=0
with
T_ (AO Al o AP) c Rnxn(p+l),
C=(Cy C, -~ C) e R™"HD,
. (9)
Xy = (xo,x_l,...,x_p) € R™PHY
X, = (xo,x_l,...,x_l)T e RV,
Hence by Remark 3, we have A ¢ R} P+ that s, A e

R7" (j € of) and C € RV thatis, C; € R (j € ‘70)

+1
since x,, € [R{Z(P Jandx X, € IRZ(Z+1 are arbitrary. Now, assume

thatx_; = 0 for j € ol and for i = 0, we obtain

q
x, = Y Bju_; =B, € R,

=0
, (10)
yo =Y Dju_;=Du, € R,
=0
with
_ (BO B, - q) c Rnxm(qﬂ)
D _ (D() D1 Dy) c IRTXTH(V+1),
: 1
Uy = (uo,u bee s U q) € R™atY)
i, = Uty u,) € R™D,

which implies that B € fom(qﬂ); that is, B; € RY™ (j € 00)
and D € RY™*D that is, D; € RY™ (j € oy) since i, €

IRT(qH) and u; € RT(V”) are arbitrary. This completes the
proof. O

In all the sequel, we assume that system (2) and (3) is
positive.

In the next proposition, we will present the explicit
solution of system (2).

3
Proposition 5. The general solution to (2) is given by
p pj+l
% = Gxo + Z Z GikAk-14j%-j
=1 k=1
4 4-j+l (12)
+ z Z Gz kBk 1+]Ll_] + Z ZGz 1-j- kBku]’
j=1 k=1 j=0 k=0

ieN,

where the transition matrix G; € R™" (i € N) is determined
by the recurrence relation

I, fori=0,
G=1{2 (13)
Y AG . forieN,,
k=0
with the assumption
G, =0 fori<O. (14)
Proof. The proof is given in [31]. O
We pose H; = G;, and then
I, fori=0,
p
YAH! , forieN,, (15)
=0
0 fori<o,
and, for all i € N, , we pose
p—j+l
0 ;
H] = Z H (Akavjp J € a7,
k=1
(16)
q-j+1
0 .
= Z Hi (Bi1ijp J€ o,
k=1
with H/ = L) = 0 fori < 0.
Moreover, for i € N, we pose
)
K, = Y H By, 17)

k=0

with K; = 0, fori < 0.
Clearly by (15), (16), and (17), the solution of (2) is given
by the following new formula:

i-1

x—HxO+ZHJx +ZLJu +ZK1111’
j=1 j=1 (18)

ieN.

In the following and without loss of generality, we assume
that [ = v. Indeed, for example, if [ > v we can set D ;=0 for

. )
J € 0v+1



Now, we introduce the matrices sequence as follows:

a!l=YCH,, jedal, icN,
k=0
1

ZL1=YClLl,, jeol, ieN,

k=0 19)
1

Hi=YCKiy ieN,
k=0

= S
Hi=K;+D;,, i€o, .

For 0 < i < [, the output equation (3) can be rewritten as

i I i
i = chxifk + Z CrXig + ZDkuifk
k=0 k=0

k=i+1
1
+ Z Dyu;
k=i+1

i i P
_ 0 j
= Y CH xo+ Y G Y HY \x_;

k=0 k=0 j=1

i q . ) 1
+ ZCkZL';*ku_j + Z Ck.xi_k + Z Dkui_k

k=0  j=1 k=i+1 k=i+1
i i—k—1 i
+ ch Z Ki_k_l_juj + ZDkui_k
k=0 j=0 k=0

1 1 )4 .
= ZCkHiO—kxO + ZCkZHijka_j
k=0 k=0 j=1

I q ! 1
+YCY L+ Y Cexpp+ Y Dyt g

k=0 j=1 k=i+1 k=i+1
i-1 i—k—1 i

+ ch Z Ki_k_l_juj + Dk”i—k
k=0 j=0 k=0

1 P ! )
= <ZCkH?—k) Xo + Z (ZCkHi]—k> Xj
j=1 \k=0

k=0

i-1
+ ZDi_juj + Dyu;
j=0
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P q I-i
. . .
=, x, + Z%fx_j + fo{u_j + ZC,-+jx_j
Jj=1 j=1 j=1

+ ZDH;'“—]' + Z (%i_j_l + D,._j) u;j + Doy
‘ i

i j
j=1 j=l-i+1
1-i q
J
+Z($z +D,-+j)u,1+ Z Qlu,]
j=1 j=l-i+1

=0
(20)
Hence
= i+1
Vi = Qi %o+ Rty (21)
with
X(n(p+1)+mgq)
Qi = (Mi+1 Oi+1) € IR: mprm, (22)
where
M;,
=(# H!+Cpy HP4Crpy - X C HT D)
€ R:xn(pﬂ))
O = (gzl + Dy oo gfii*'Dl 357”1 3?) € Rixmq’
Xo
X1
X = x_ c |Rn(p+—1)+rr|q)
0 P + (23)
U,

Ri = (‘%i—l Hiy o Hy Hy Do) e RO,

Uy
Uy
i+l (i+1)m
u, = eR} .
u
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For i > [, we have Then, we get the linear algebraic equation
Vi = Qi1 Xy + Ry (25)
ch i_1Xo T ZCkZH i i+1%0 i+1Ug
k=0 = with
i—-k-1 @HI:(%O %1 %P gl gq)

+ ZCkZL: K-t ch Z Kik-1-j4; S b 1 (26)
k=0 j=0

k=0 j=1 c R:x(n(p+1)+mq))

l ‘%Hl:(%i—l HKio 0 K §1—1 %0 Do)

+ ZDkuifk (27)
k=0 rx(i+1)m
e R}
] p /1 A . . .
_ (Z C, H?k) %o + Z (Z C.H i]_k> X The following lemmas will be needed in the sequel.
k=0 =1 \ k=0

Lemma 6. Foranyi € N, we have

q 1 .
+ Z (ZCkL;k> u-j H;] Z 1k Ak (28)

=1 \k=
-1 /1 Proof. First, for i = 1, we have Hf =A, = Zf;o HEkAk and

+ Z <ZCsz]1k> uj (28) holds. Secondly, suppose that (28) holds for k € o}. We
j=0 \k=0 prove that it holds for k =i + 1.

Fori € af, we have

j=i-1 \ k=0 =0 1+1 ZAkH k= ZAkH1 Kt A
k=0 k=0
l 0 L j i-1 P
= CcH. . | xy+ CH,_, |x_; 0
k;) ik | %o ; k; e (24) = zAk<ZHi—k—1—jAj>+Ai
k=0 =0
: : j 1 i—k—1
" Cl . Ju S SN
;(I;) ¢ l_k> ! < Z H, _jA; |+A4; (29)
k=0 =0
(S )3 iy
+ CkK-_ <_1_k>u- + Dl/l'_- _ s 0
j=0 \ k=0 1] ! j=0 Y = Z Z AHi Aj+A;
=0 \ k=0
=Hxy+ Y Hx_; i+ Ll + Y H, 1Y T 0 S0 &0
Z Z it Z i=j= :ZHi_jAj+Ai:ZHi_jAj:ZH_
!
+ZD'M' , Fori > p + 1, we have
i-j
0 £ 0 £ o 10
i1 H, = ZAkHi—k = ZAk ZHifkflfjAj
= 7/ X + Z% X_;+ ZZI u_j+ Z Hij1tj k=0 k=0 j=0 30)

p
i-1 - Z (ZAkHI j-1 k> ZHO JAJ
=0

s Thus, (28) is satisfied in step i + 1. Hence, (28) holds for
i-1-1 anyi € N,. O
=7/x0+z%’x +Zgl uj+ Y Hi
=1 =1 =0 Lemma 7. Foralli € N, we have
i_l— Hz]+1_Hij+1+Hi0Aj’ ]EO-(I)7 1’
+ Z FHi_juj + Dou;. . (31)
st »
j=i-l Hj,, =H; A
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LJ;+1 L{:H + HiOBj, jeol” ' Proof. Leti < I. For j = 0, we have
(32)
Lq . HOB . i+l
" t z+1 ch i+1-k — ch i+1-k
Proof. Fori = 0, we have
= ch ik T Cin
j+1 0 j p-1
Hy" +HgA;=A;=H], jeoaj ,
0 , = (41)
HyA,=A,=H. _ch( et HY L Ag) +Ciyy
Leti € N,. For j = 0, we have i i
' = Y C.H, CeHY, | A+ C
= K2t Z kg | Ao+ G
k=0 k=0
p P
1 0 0 0 0
H; +Hj A = I(Z:Hikak +H; Ay = kZHikak; (34) = %1 + %OAO +Cip»
=1 =0
forj e 0‘10_1, we have
then by Lemma 6, we get
! i
Hin = ZCkHiJH—k = ZCkHiJH—k
HIJr1 = H +H A,. (35) k=0 k=0
(42)
i
— jtl 0 _ gpjtl 0
For j € J{H,we have - kzck (Hi—k + Hi—kAJ') =X +HA
=0
p-jil and, for j = p, we have
+1
Hz]+1 HJ Z Hz+1 kAk 1+j ZH kAk+] i i
k=1 k=1 - P _ 0 -0
(36) =Y CH! = (chHik> A=A, (43)
k=0 k=0
= Y H A H A, =HA, -
kz;‘) ke Z ke T Fori > I, with j € o', we have
s j+1 0
And for j = p, we have xl, = ch ek = ch (Hi_k + Hi_kAj)
(44)
0 ="+ XA
z+1 ZHHI kAk 1+p = Hi Ap- (37) ! !
k=t and, for j = p, we have
Similarly, we prove that (32) holds. ] ! !
_ p _ 0 _ o0
=YCH, = Y CH |A,=%]A, (45
Lemma 8. We have k=0 k=0
Similarly, we prove that (40) holds. O
K =H)+ I Ay +Cryyy i<,
(38) .1:
Hi =+ Ay i1 3. Output Reachability
In this section we will present necessary and sufficient
And for alli € N, we have conditions for output reachability of system (2) and (3).
By generalization of definition given in [29] we obtain the
following definitions.
j+1 0 1
Hl, = x" v HA, jedl
(39)  Definition 9. The system modeled by (2) and (3) is said to be
H fH H ?A output reachable in N € N, steps if, for any nonnegative final
output y, € R, there exists a nonnegative input sequence
j+1 . -1
gfﬂ =2+ %?B]" jeal, u; € RT, i€ aé\H, which steers the output of the system
P _ 8 40 from x_j=0,j¢€ ol to ypwithu_; = 0for j € of; that s,

i+l g J’f—)’N 1
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Definition 10. The system modeled by (2) and (3) is said to be
output reachable if there exists a positive integer N € N, such
that the system is output reachable in N steps.

Now, we present a class of nonnegative matrices, called
the monomial matrices [18, 30]. The utility of such a matrix
will be highlighted in the study of the output reachability of
positive linear systems.

A vector v € R’} with exactly one of its components being
nonzero and all the others being zero is called monomial
vector or i-monomial if the nonzero component is in the ith
position.

Definition 11. A square matrix A € RT” is said to be
monomial if it contains # linearly independent monomial
columns.

An important property of monomial matrices is given by
the following result.

Lemma 12 (see [18]). Let A € RP™ Then A™' exists
and is nonnegative if and only if A is a monomial matrix.
Furthermore, A™" is also a monomial matrix.

The characterization of the output reachability is given by
the following proposition.

Proposition 13. The system modeled by (2) and (3) is output
reachable if and only if, for some N € N,, the output
reachability matrix Ry includes a monomial submatrix of
orderr X r (r < Nm).

Proof.

Sufficiency. Let y; € R’ be the final output to be reached.
From (21) or (25), we have

Yno1 = OnFy + Rl - (46)
With X, = 0, this gives
IN-17 ‘%NMON' (47)

The matrix % includes a monomial submatrix of order
r x r, and without loss of generality, we can assume that

RN = (Rl Rz) (48)

such that R, € R7” is a monomial matrix and R, €

R>N™) Hence, by Lemma 12, we have R, € R”". Thus,
for

R
u = ( loyf> e RY™, (49)
we get
R"ly
-1 = (Ry Rz)( 10 f>:yf§ (50)

that is, system (2) and (3) is output reachable.

Necessity. Assume that system (2) and (3) is output reachable
for some N € N,. Thus, for every z € R, there exists an input
uN e [R{fj " such that

z=Rpu, (51)
. N .

with Zy = (rj)icor jeovn and u™ = (u;) jcgnm. In particular,
for z = e,, with e; being the first column of I, we have

Nm

D=1, (52)

=1
and for i € o), we have

Nm

=1

Nm

So by (52), there exists k € o, " such that u; # 0, and
consequently by equation (53) we have r;, = 0 foralli € o;.
Hence, if 7y, # 0, then the kth column of % is monomial.
If r,; = 0, then the kth column of R is null, which implies
that

Nm
Zrljuj =1, j#k
=1
(54)

Nm
Zrijuj =0, j+k i€o.
=1

The same reasoning gives the existence of a I-monomial
column or another null column of % ;. Since the columns of
Ry are not all null, then % has at least one 1-monomial
column.

The same reasoning for z = e;, i € 0, leads to the
existence of a i-monomial column. Hence by Definition 11,
the matrix %, contains a monomial submatrix of order  xr.
The proposition is proved. O

Remark 14. 1f system (2) and (3) is output reachable and

+ >

R (R RT) " e Y™ (55)

then the nonnegative input u) € RY™ which steers the
output of the system from x_; = 0, j € ol, to any desired

nonnegative final output y, € R, withu_; = 0 for j € o,
can be computed by the formula

Y = AL (ANTL) " vy (56)

4. Null Output Controllability

By generalization of definition given in [11] the precise
definitions of the null output controllability of system (2) and
(3) are given as follows.

Definition 15. The system modeled by (2) and (3) is said to
be null output controllable in N € N, steps if, for any



nonnegative initial state sequence x_; € R (j € ol) and
any nonnegative initial input sequence u_; € R’ (j € o),
there exists a nonnegative input sequence u; € R, i € aé\r -
which steers the output of the system from x_; to zero; that

is, yn-1 = 0.

Definition 16. The system modeled by (2) and (3) is said to
be null output controllable if there exists a positive integer
N e N, such that the system is null output controllable in N
steps.

The characterization of the null output controllability is
given by the following proposition.

Proposition 17. The system modeled by (2) and (3) is null
output controllable if and only if, for some N € N,, the null
output controllability matrix Qy is null.

Proof.
Sufficiency. From (21) or (25), at the step i = N — 1, we have

Yn-1 = OnXy + %N“(I)\]§ (57)

since @y = 0, then, for u) = 0, we have yy_, = 0; that is,
system (2) and (3) is null output controllable.

Necessity. If system (2) and (3) is null output controllable,
then, for some N € N_, there exists an input ué\] € Rfj ™ such
that

QnXy + Bpuy) = 0. (58)

Since Zyuy € R’ and GyX, € R’, then OyX, = 0,
which ensures that @y = 0 because X, € [R{f(p +ima by

Definition 15, is arbitrary. This finishes the proof. O

System (2) and (3) describes the evolution of the state and
output of a system in the nonnegative orthant with delays
in the state, input, and output. However, we can rewrite this
system in such a way that these delays disappear from the state
equation. Let (x;);cy be the solution of (2) and define a new

state variable %, € R"?"™V"™ for j ¢ N by

Ei = xi,p . (59)

It is readily verified that the state X; satisfies
Xiyp = AX;+Bu;, ieN,

o) (60)

X, € RYPTVTM
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and the output y; satisfies

y; = CX; + Dyu;, i €N, (61)
where
A
Ay A - - Ap By v e oeee Bq
L, 0 - - 0 0 -ov cov wen 0
0
0 0 I, 0 0 v oo oo 0
= [ O 0 v vov enn 0 >
Im
0
(62)
0 v eeeoeen 0 0 01, 0
B,
0
0 (
B = cR n(p+1)+mq)><m’
I, N
0
0
C:(Cu C12)>
where
C=(Cy G -+ G 0 -+ 0) e RPMP,
(63)
Cho=(Dy -+ D; 0 -+ 0) e RT™.

Then we have the following result.

Proposition 18. The system modeled by (2) and (3) is null
output controllable if and only if there exists N € N, such that
CAN™' = 0. In particular, if A is nilpotent, then system (2) and
(3) is null output controllable.

Proof.
Sufficiency. The general solution of (60) is given by
i-1

X = Aifo + ZA’;J;IBMJ-, ieN. (64)
j=0
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. N-1 = N-l-= .
Foru;, = 0,1 € o, ', we have Xy, = A" "X, this

implies that

Yn_y = CXn_y + Dytin_y = CANT'Z, + Dyup_, = 0; (65)

since CAN™! = 0. Hence system (2) and (3) is null output
controllable.

Necessity. System (2) and (3) is null output controllable,
according to Proposition 17, @y = 0 for some N € N,. For

ull = 0, we have
Va1 = OnXo + Ryt =0 VX, € RIPT™ (66)

On the other hand, we have yy_, = CAN"'X, = 0; then
CAN™! = 0 since X, is arbitrary. This completes the proof. [

In the remainder of this section and without loss of
generality, we assume that p > q. Indeed, if p < g we can
setA;=0for jeoy,,.

Lemma 19. For alli > p, we have

Hi0 Hi1 H;P L% L‘if

0 1 p 1 q

H_, H_, - Hi—l L Li—l

i_ 0 1 P 1 q
Al = HY, H, - H' L, -1l | (67)

0 () 0 --- 0

0 B 1) 0O --- 0

Proof. Letu; = 0 for i € N. Then, according to (64), we have
%, = A'%,, ieN. (68)

On the other hand, from (18), for all i > p we have

Xi
Xi-1
X = Xi—p
0
0
0 1 P 1 q (69)
H' H' - H Ly - L X,
0 1 P 1
Hi_, H_, --- H_ Li; - L?l X1
= 0 U & /4 [
Hi—p Hi—p Hi— Lz p Lx -p x*P
0 0 0 0 Uy
0 0 0 0 u_,

Hence by identification between (68) and (69), we get that
(67) holds. O

Proposition 20. If, for some s € aé, C, is injective, that is,
rank C, = n, then system (2) and (3) is null output controllable
implying that A is a nilpotent matrix.

Proof. System (2) and (3) is null output controllable; then by
Proposition 17, for some N € N, we have @ = 0.If N <,
then 7}, , = 0, j € of,C, = 0, k € o\ and Z%, | =

0, keaf,D =0, ]eoNThenseaNlandCHIJ\”sz

0, C LIE\] . = 0.Since C, is injective, then C! C, is invertible,
which implies that H/ =0and LIE\, 1—s = 0. By Lemma 7,

fori € of we get H/ _1_s; = O0and L’;, 1—s+; = 0. According

to Lemma 19, we have AV ™'"**F = 0, that is, A is nilpotent.
Similarly, we prove that A is nilpotentif N > 1+/. This finishes
the proof. O

5. Output Controllability

By generalization of definition given in [11] we shall formulate
the fundamental definitions for output controllability of
system (2) and (3) as follows.

Definition 21. The system modeled by (2) and (3) is said to be
output controllable in N € N, steps if for any nonnegative
initial state sequence x_; € R’} ( j € of) and any nonnegative

initial input sequence u_; € R (j € o), there exists a

]
nonnegative input sequence u; € R, i € aé\r !, which steers
the output of the system from x_; to any desired nonnegative

final output y; € R}, ie,, yn_1 = yy-

Definition 22. The system modeled by (2) and (3) is said to be
output controllable if there exists a positive integer N € N,
such that the system is output controllable in N steps.

The characterization of the output controllability is given
by the following proposition.

Proposition 23. The system modeled by (2) and (3) is output
controllable if and only if it is output reachable and null output
controllable.

Proof.

Necessity. It is evident.

Sufficiency. Since system (2) and (3) is output reachable,
then, according to Proposition 13, %, for some N; € N,
includes a monomial submatrix of order 7 x 7. On the other
hand, system (2) and (3) is null output controllable; hence,
according to Proposition 17, @y, = 0 for some N, € N,.
Then, for N = max{N,, N,}, the matrix

N=(Z 2y) (70)

contains a monomial submatrix of order r x r, with # €
Rrx(N N™ Hence, by proof of Proposition 13, for any y; €
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R’, there exists a nonnegative input uy € RN such
that

Y= (%NuON. (71)

And by Lemma 8, we have @ = 0. Then for every X, €

RZ(P DI e get that

In-1 = OnEo + Ryly = Y (72)

that is, system (2) and (3) is output controllable. The propo-
sition is proved. O

6. Numerical Examples

Example 1 (output reachability). Suppose that we are given
system (2) and (3) with p = g = I = 2 and matrices

Ay =

o o O

0
0
0

-0 O

B

Il
o
o
o

o
—
[«]

jos}
(=]
Il
N N N
o ~= o
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(73)

The conditions of Proposition 13 are satisfied because the
output reachability matrix in five steps

_ 00201
Rs=(Hy Hy H, Hy Dy) = Looo0o) @

contains a monomial submatrix of order 2 x 2.
By simple calculation, we get

0
0
e R, (75)

+

0

1
0
T T\7!
R (RsRs) =| 040
0
020

Then the nonnegative input sequence that permitted to
transfer the output from the zero initial conditions to the final

output y, = (1 0.5)" according to (56) is
put ys g

w = AT (RsAT) " ;= (05 0 04 0 02)".  (76)

Table 1 gives the values of the output at each step. We see that
the final output has been reached within a number of steps of
the input data sequence greater than»n + 1 = 4.

This comes up to be a particularity of discrete delay
systems. This is not satisfied in the case of discrete systems
without delay where the steps to reach the final output y are
always less than or equal to rn+ 1. This results from the Cayley-
Hamilton theorem.

The next two examples study, respectively, the conditions
of the null output controllability and output controllability.

Example 2 (null output controllability). Consider the system
modeled by (2) and (3) with matrices
000
Ag=|000 |,
100
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1

TABLE 1: Values of the outputs in the transfer steps.

N 1 2

3

S
(&}

0.5 0.5
YN-1
0 0

) (s

300
C, = ,
001
100
C, = ,
100
200
C, = .
000

(77)

System (2) and (3) is null output controllable because the null
output controllability matrix in four steps

Q= (73 7, 7> &y Z7%) (78)

is null.

System (2), (3) in this example is null output controllable
forany C, € IR:X3 (k € o*é) because the matrix A is nilpotent
with index k = 6; that is, A1 £ 0and A* = 0.

Example 3 (output controllability). Consider the system
modeled by (2) and (3) with matrices

000
Ag={100|,
100
000
A1<000 ,
110
000
A2<OOO :
101
00
BO<1O,
00

00
B1<1 2),
00
00
13

D, =
(79)

System (2) and (3) is output reachable because the output
reachability matrix in tree steps

o 021114
Py = (H, Ho Do) = 110103) &

contains a monomial submatrix of order 2 x 2.
The conditions of Proposition 17 are satisfied because the
null output controllability matrix in four steps

Q.= (% 7, %5 &y L3) (81)

is null, so by proof of Proposition 23, the system is output
controllable in four steps.

7. Conclusion

The output controllability of positive discrete linear systems
with delays in state, control, and output has been consid-
ered. Necessary and sufficient conditions for the positivity
of discrete systems have been established (Proposition 4).
Criteria for output reachability (Proposition 13) and null
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output controllability (Proposition 17) of the positive discrete
systems have been also proved. It has been shown that output
reachability and null output controllability together imply
output controllability (Proposition 23). Numerical examples
were given to illustrate the results.

We think that the techniques used in this paper can be
useful to investigate the output reachability, null output con-
trollability, and output controllability problems for different
positive dynamical systems such as switched systems, frac-
tional systems with different orders, and fractional switched
systems.
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