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We investigate global dynamics of the following systems of difference equations x,,,; = x,/(A; + B,x,, + C,,), Ypu1 = V-/(A, +
B,x, +C,y),n=0,1,..., where the parameters A, A,, B,, B,, C,, and C, are positive numbers and the initial conditions x, and
y, are arbitrary nonnegative numbers. This system is a version of the Leslie-Gower competition model for two species. We show
that this system has rich dynamics which depends on the part of parametric space.

1. Introduction

In this paper we study the global dynamics of the following
rational system of difference equations:

‘xn
Xn+1 = A—’
1+ Bix, +Cyy,
2
Yn 1
yn+1 = ( )

A, + Byx, + Cy 2’
n=0,1,...,

where the parameters A, A,, By, B,, C;, and C, are positive
numbers and initial conditions x, and y, are arbitrary
nonnegative numbers.

System (1) is a competitive system, and our results are
based on recent results about competitive systems in the
plane; see [1]. System (1) can be used as a mathematical model
for competition in population dynamics. System (1) is related
to Leslie-Gower competition model

X, .= Xn
" A +Bx,+Cy,

s = Vn )
" A, + Byx, +C,y,

n=0,1,...,

where the parameters A, A,, B, B,, C;, and C, are positive
numbers and initial conditions x, and y, are arbitrary
nonnegative numbers, considered in [2]. System (2) globally
exhibits three dynamic scenarios in five parametric regions
which are competitive exclusion, competitive coexistence,
and existence of an infinite number of equilibrium solutions;
see [1-3]. System (2) does not exhibit the Allee effect, which is
desirable from modeling point of view. The simplest variation
of system (2) which exhibits the Allee effect is probably
system

2

xﬂ
X, 4 =—
AL+ Bix2+C,y,
_ i (3)
yn+1 -

A, +Byx, +Cyy2’
n=0,1,...,

where the parameters A, A,, By, B,, C;, and C, are positive
numbers and initial conditions x, and y, are arbitrary non-
negative numbers, considered in [4]. System (3) has between 1
and 9 equilibrium points and exhibits nine dynamics scenar-
ios part of each is the Allee effect. In the case of the dynamic
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scenario with nine equilibrium points system (3) exhibits
both competitive exclusion and competitive coexistence as
well as the Allee effect. Another system with quadratic terms
is

2

xi’l

Xny1 =

2 2’
Byx, +Cyy,

v (4)
A, + Byx2+C,y2 ’

Yn+1 =

n=0,1,...,

where the parameters A,, B, B,, C;, and C, are positive
numbers and initial conditions x, and y, are arbitrary
nonnegative numbers such that x, + y, > 0, considered
in [5]. System (4) exhibits seven scenarios part of each is
singular Allee’s effect, which means that the origin as the
singular point of this system still has some basin of attraction.
First systematic study for a system with quadratic terms was
performed in [6] for system

xn
Xnt1 = A 42
1+yn

I 5
Yni1 = A+ )

n=0,1,...

which exhibits nine dynamic scenarios and whose dynamics
is very similar to the corresponding system without quadratic
terms considered in [7].

In general, it seems that an introduction of quadratic
terms in equations of the Leslie-Gower model (2) generates
the Allee effect. We will test this hypothesis in this paper by
introducing the quadratic terms only in the second equation.
System (1) can be considered as the competitive version of the
decoupled system

oI ©)
il A, +Cyy} ’

n=0,1,...,

where the parameters A, A,, B, and C, are positive
numbers and initial conditions x, and y, are arbitrary non-
negative numbers, whose dynamics can be directly obtained
from two separate equations. Unlike system (2) which has
five regions of parameters with distinct local behavior system
(1) has eighteen regions of parameters with distinct local
behavior, which is caused by the geometry of the problem,
that is, by the geometry of equilibrium curves. More precisely,
the equilibrium curves of system (2) are lines while the
equilibrium curves of system (1) are a line and a parabola. In
the case when A, > 1, all equilibrium points are hyperbolic
and all solutions are attracted to the three equilibrium
points on the y-axis and we can describe this situation as
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competitive exclusion case. When A, = 1, the equilibrium
point E; is nonhyperbolic and dynamics is analogous to
the case when A, > 1. In both cases the Allee effect is
present. When A, < 1, there exist 11 regions of parameters
with different global dynamics. In nine of these regions
the global dynamics is in competitive exclusion case, which
means that all solutions converge to one of the equilibrium
points on the axes and in only two situations we have
competitive coexistence case, which means that the interior
equilibrium points have substantial basin of attraction. In all
11 cases, the zero equilibrium has some basin of attraction
which is a part of y-axis so we can say that in these cases
system (1) exhibits weak Allee’s effect. Figure 3 gives the
bifurcation diagram showing the transition from different
global dynamics situations when A, < 1, since the cases
A, > 1are simple and do not need graphical interpretation.

The paper is organized as follows. Section 2 contains
some necessary results on competitive systems in the plane.
Section 3 provides some basic information about the number
of equilibrium points. Section 4 contains local stability
analysis of all equilibrium solutions. Section 5 contains some
global results on injectivity of the map associated with system
(1). Section 6 gives global dynamics of system (1) in all regions
of the parameters.

2. Preliminaries
A first-order system of difference equations
Xn+1 = f (xn’ yn) >

Yn+1 = g(xn’ yn) > (7)
n=01,...,

where & ¢ R? (f,g) : & — &, f, g are continuous
functions is competitive if f(x, y) is nondecreasing in x and
nonincreasing in y, and g(x, y) is nonincreasing in x and
nondecreasing in y. If both f and g are nondecreasing in x
and y, system (7) is cooperative. Competitive and cooperative
maps are defined similarly. Strongly competitive systems of
difference equations or strongly competitive maps are those
for which the functions f and g are coordinate-wise strictly
monotone.

Competitive and cooperative systems have been investi-
gated by many authors; see [1-3, 7-16]. Special attention to
discrete competitive and cooperative systems in the plane
was given in [I-3, 16, 17]. One of the reasons for paying
special attention to two-dimensional discrete competitive
and cooperative systems is their applicability and the fact
that many examples of mathematical models in biology
and economy which involve competition or cooperation are
models which involve two species. Another reason is that the
theory of two-dimensional discrete competitive and coop-
erative systems is very well developed, unlike such theory
for three-dimensional and higher systems. Part of the reason
for this situation is de Mottoni-Schiaffino theorem given
below, which provides relatively simple scenarios for possible
behavior of many two-dimensional discrete competitive and
cooperative systems. However, this does not mean that one
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can not encounter chaos in such systems as has been shown
by Smith; see [16].

Ifv = (u,v) € R% we denote with Q,(v), € € {1,2,3,4},
the four quadrants in R? relative to v, that is, @ V) ={(x, y) €
R? : x > u, y = v} Q,(v) = {(x,y) € R? : x <
u, ¥y = v}, and so on. Define the South-East partial order
<. on R? by (x, y) <, (s,t) if and only if x < sand y > t.
Similarly, we define the North-East partial order <, on R* by
(%, ¥) %o (s,t) if and only if x < sand y < t. For &/ ¢ R?
and x € R?, define the distance from x to of as dist(x, o) =
inf{llx — yll : y € &}. By int & we denote the interior of a set
.

It is easy to show that a map F is competitive if it is
nondecreasing with respect to the South-East partial order,
that is, if the following holds:

Xl xz

y y

Xl x2
F y <. F )

For standard definitions of attracting fixed point, saddle
point, stable manifold, and related notions see [10].

We now state three results for competitive maps in the
plane. The following definition is from [16].

Definition 1. Let & bea nonempty subset of R*. A competitive
mapT : & — §issaid to satisfy condition (O+) if for every x,
yin &, T(x) =, T(y) implies x <. ¥, and T is said to satisfy
condition (O-) if for every x, y in &, T(x) <,. T(y) implies
y 5ne X.

ne

The following theorem was proved by de Mottoni-
Schiaffino [17] for the Poincaré map of a periodic competitive
Lotka-Volterra system of differential equations. Smith gener-
alized the proof to competitive and cooperative maps [13, 14].

Theorem 2. Let § be a nonempty subset of R*. If T is a
competitive map for which (O+) holds then for all x € &,
{T"(x)} is eventually componentwise monotone. If the orbit of
x has compact closure, then it converges to a fixed point of T.
Ifinstead (O-) holds, then for all x € 8, {T*"(x)} is eventually
componentwise monotone. If the orbit of x has compact closure
in &8, then its omega limit set is either a period-two orbit or a

fixed point.

The following result is from [16], with the domain of the
map specialized to be the Cartesian product of intervals of
real numbers. It gives a sufficient condition for conditions
(O+) and (O-).

Theorem 3. Let & C R? be the Cartesian product of two
intervals in R. Let T : R — R be a C' competitive map. If
T is injective and det J:(x) > 0 for all x € R then T satisfies
(O+). If T is injective and det Jp(x) < 0 for all x € R then T
satisfies (O-).

The following result is a direct consequence of the Tri-
chotomy Theorem of Dancer and Hess (see [18]) and is helpful
for determining the basins of attraction of the equilibrium
points.

Corollary 4. If the nonnegative cone of < is a generalized
quadrant in R", and if T has no fixed points in [u,, u,] other
than u, and u,, then the interior of [u,, u,] is either a subset of
the basin of attraction of u, or a subset of the basin of attraction

of u,.

Next result is well known global attractivity result which
holds in partially ordered Banach spaces as well; see [18].

Theorem 5. Let T be a monotone map on a closed and
bounded rectangular region R C R*. Suppose that T has a
unique fixed point € in R. Then € is a global attractor of T on

The following theorems were proved by Kulenovi¢ and
Merino [1] for competitive systems in the plane, when one
of the eigenvalues of the linearized system at an equilibrium
(hyperbolic or nonhyperbolic) is by absolute value smaller
than 1 while the other has an arbitrary value. These results
are useful for determining basins of attraction of fixed points
of competitive maps.

Theorem 6. Let T be a competitive map on a rectangular
region R ¢ R% Let X € R be a fixed point of T such that
A = ZNint(Q,(x) U O5(x)) is nonempty (i.e., X is not the NW
or SE vertex of R), and T is strongly competitive on A. Suppose
that the following statements are true:

(a) The map T has a C' extension to a neighborhood of X.

(b) The Jacobian J;(x) of T at X has real eigenvalues A, p
suchthat0 < |A| < p, where |A| < 1, and the eigenspace
E* associated with ) is not a coordinate axis.

Then there exists a curve € C R through X that is invariant
and a subset of the basin of attraction of X, such that € is
tangential to the eigenspace E* at X, and € is the graph of a
strictly increasing continuous function of the first coordinate on
an interval. Any endpoints of € in the interior of R are either
fixed points or minimal period-two points. In the latter case,
the set of endpoints of € is a minimal period-two orbit of T.

The situation where the endpoints of € are boundary
points of & is of interest. The following result gives a sufficient
condition for this case.

Theorem 7. For the curve € of Theorem 6 to have endpoints in
0R, it is sufficient that at least one of the following conditions
is satisfied
(i) The map T has no fixed points or periodic points of
minimal period-two in A.
(ii) The map T has no fixed points in A, det J(x) > 0, and
T(x) = x has no solutions x € A.
(iil) The map T has no points of minimal period-two in A,
det J;(x) < 0, and T(x) = x has no solutions x € A.



The next result is useful for determining basins of attrac-
tion of fixed points of competitive maps.

Theorem 8. (A) Assume the hypotheses of Theorem 6, and let
€ be the curve whose existence is guaranteed by Theorem 6. If
the endpoints of € belong to 0R, then € separates R into two
connected components, namely,

={x € R\ €:3Iy € € with x=,, y},

v/
9)
W, ={xeR\€:3y € € with y=<,x},

such that the following statements are true:

(i) 7' _ is invariant, and dist(T"(x), @,(x)) — 0 asn —
co for every x € W'_.

(il) 7, is invariant, and dist(T"(x), Q4(x)) — 0 asn —
oo for every x € W ..

(B) If, in addition to the hypotheses of part (A), X is an
interior point of R and T is C* and strongly competitive in
a neighborhood of %, then T has no periodic points in the
boundary of @Q,(x) U Q5(X) except for X, and the following
statements are true:

(ili) Foreveryx € W _ there existsn, € Nsuch thatT"(x) €
int @, (x) for n > ny,.

(iv) Foreveryx € W', there existsn, € N such that T"(x) €
int @, (%) for n > n,,.

If T is a map on a set # and if x is a fixed point of T, the
stable set W (x) of x is the set {x € % : T"(x) — x} and
unstable set W™ (x) of x is the set

{x € R : there exists {xn}o:_

n

o C R st. T(x,)
(10)
=X, Xg =X, nli{nmxn = E} .

When T is noninvertible, the set 77" (x) may not be connected
and made up of infinitely many curves, or 7™ (x) may not be a
manifold. The following result gives a description of the stable
and unstable sets of a saddle point of a competitive map. If the
map is a diffecomorphism on &, the sets #”°(x) and 7#* (x) are
the stable and unstable manifolds of x.

Theorem 9. In addition to the hypotheses of part (B) of
Theorem 8, suppose that yu > 1 and that the eigenspace E*
associated with y is not a coordinate axis. If the curve € of
Theorem 6 has endpoints in OR, then € is the stable set W (x)
of X, and the unstable set W™ (x) of X is a curve in R that is
tangential to E¥ at X and such that it is the graph of a strictly
decreasing function of the first coordinate on an interval. Any
endpoints of W™ (x) in R are fixed points of T.
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3. Number of Equilibria

In this section we give some basic facts which are used later.
Let T be the map associated with system (1) given by

T(xy)=(f(x).9(xy))

) x yz 11)
T\ A +Bx+Cy Ay +Bx+Cyy2 )

Let # = RZ. The equilibrium points (x,y) of system (1)
satisfy equations

% = }a
A, +Bx+C)y
B (12)
S A
A, +Bx+C, )
For x = 0 we have
—_ 2 - =3
Y=y -Ay-Cy (13)
from which we obtain three equilibrium points
El = (O) 0) >
1-+/A
E2 = 0) ! >
2C, (14)
1++/A
E3 = 0’ ! >
2C,

where A| =1-4A,C,.
Assume that x # 0. Then, from the first equation of
system (12) we have

y= c, (15)
By substituting this into the second equation we obtain
A +Bx-1=0 (16)
or
7 (x) = B’C,x*
+x(B; (2(A,-1)C, +C,) + B,C) 17)

+(A, -1 Cy+ (A, -1)C, +A,C* =0,



Abstract and Applied Analysis

from which we obtain the other three equilibrium points

(1—A1 >
E4: )0 >
Bl

Es

>

_(~24:B,C, - B,C? - B,C, +2B,C, + C,+/A,
2BIC,

B, + B,C, - x/A2>

2B,C,

Eg

>

-2A,B,C, - B,C? - B,C, + 2B,C, - C; /A,
2BIC,

B, + B,C, + \/A2>

2B,C,
where
A, = (B, +B,C,)* —4B, (A,B, - (A, -1)B,)C,. (19)
Lemma 10. The following hold:

(i) The equilibrium points E, and E; exist if and only if
A, >0and E, = E; ifand only if A| = 0.
(ii) The equilibrium point E, exists if and only if A} < 1
and E, = E, ifand only if A, = 1.
(iil) Assume that A, > 0. The equilibrium point E; exists if
andonly if A, < 1 and

Cl < (I_AI)BI ;
(1-A,)B, +2A,B,
: (20)
C. < (B,C, + By)
2o 4B, (A,B, +(1-A})B,)
or
1-A,)B
¢ o -A)B
(1-A,)B, +2A,B,
(21)

C < C1 (1 _Al _AZCI)
T (-4

(iv) Assume that A, > 0. The equilibrium point E4 exists if
andonly if A, < 1 and

C < (1_A1)Bl
"7 (1-A,)B, +24,B,’

C1 (1 _Al _AZCI)
(1-4,)

<G, (22)

< (BZCI +Bl)2
4B, (A,B, +(1-A))B,)

Proof. The proof of the statements (i) and (ii) is trivial and we
skip it. Now we prove the statement (iii). In view of Descartes’
rule of signs we obtain that (17) has no positive solutions if
A, = 1. Now, we suppose that A; < 1. One can see that
¥s > 0 for all values of parameters. We consider two cases:

(1) Assume that

~2A,B,C, - B,C} - B,C, +2B,C, > 0, (23)

which is equivalent to

C, (B,C, + B))

C, > . 24
T 2(1-A))B 24)
Since
Ay 20
(B,C, + 31)2 (25)
27 4B, (A,B, +(1-A))B,)

we have that X5 > 0 if and only if

C, (B,C, + By) < (B,C, + B1)2 (26)

2(1-A))B, 2 4B, (AZBI+(1_A1)BZ)’

2
(B,C, + By) G (B,C, + By)
4B, (A,B,- (A, -1)B,) 2(1-A})B,

(B,C; +B,)((1-A,)B,C, + B, (2A4,C, + A, - 1)) (27)
4(1-A,)B, (A,B, +(1-A,)B,)

>0

which is equivalent to

(1 _Al)Bl

< . 28
2A,B,+(1-A,)B, 28)

¢

From (27) and (28) it follows x5 > 0 if and only if

C, < (1_A1)Bl ,
2A,B,+(1-A))B,

(29)
C, (B,C, + B))

2(1-A,)B,

< < (B,C, +B1)2
T 4B, (A,B; +(1 _AI)BZ).

(2) Assume that

~2A,B,C, - B,C} ~ B,C, +2B,C, < 0 (30)

which is equivalent to

C, (B,C, + B))

C, < .
>7 2(1-A))B

(31)
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() A, =1

G (iii) A; > 1

G

FIGURE 1: Parameter regions in the (C,, C,)-plane. The curves &,,, C,,, and %, are defined as part of the parabola C, = C,(1-A,-A,C,)/(1-
A,)* and the curves 5, and &5, are defined as part of the parabola C, = (B,C, + B,)*/(4B,(A,B, + (1 - A|)B,)).

Then X5 > 0 if and only if
2
Asz - (_B1 2(A,-1)C,+C)) - Bch)
= -4B.C, (A, - 1)’ C, +C, (A,C, + 4, - 1)) (32)
>0,
which is equivalent to

_Ci(-AC -4, +1)
B (1-4,)

(33)

Ay20 &=

C. < (BZCI + 31)2 (34)
27 4B, (A,B, +(1 _AI)BZ)'
Since

(B,C, + 31)2 B
4B, (A,B, - (A, - 1) By)

Ci(-AC -4, +1)
(1-4,)°

_ ((1-A,)B,C, + B, (-24,C, — A + 1))2 >0
4(1- A1)2 B, (A,B, +(1-A))B,)

(35)

then from (33) and A, > 0 we have

< Cl (1 - A2C1 _Al)
T (1-4)

(36)

Since
C (1-A,C - A)) G (B,C, + By)
(1-A,) 2(1-A,)B,
_ _Cl (1-A))B,C, + B, (24,C, + A, - 1))
2(4,-1)B,

(37)

we have that (31) and (36) are equivalent to
(1-A,)B

C, > >
2A,B,+(1-A))B,
(38)
C, < Cl(l_Azcl _Al)
2= 2
(1-4))
or
“1=3a 121;81)]1341 )B,
21 1 2 (39)

C, (B,C, + B))

’ 2(1-A))B,

Now, the proof of the statement (iii) follows from (28), (38),
and (39). The proof of the statement (iv) is similar and we skip
it. O

We now introduce the following notation for regions in
parameter space (C,, C,) (see Figure 1):

Ry = {(CI,CZ) 1A <1, A >0, C

(1 _AI)BI
(1-A,)B, +2A,B,’

G (1 -A - AZCI)
(1-4,)

(B,C, + Bl)z }

<G, <

4B, (AZBI + (1 - AI)BZ)

Ry = {(CI,CZ) tA; <1, A >0, G,

G- 4, - 4,C)
-4y T

Ry = {(CI,CZ) tA <1, A >0, G,

(BZCI +Bl)2 }
4B, (A,B, +(1-A))B,)
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Rys = {(CI,CZ) tA <1, A >0,

(1 _Al)Bl
(1-A,)B, +2A,B,’

G (1 -A - A2C1)
(1-4,)

<G, <

(B,C, +B1)2 }
4B, (A,B, +(1-A})B,)

L7 {(CI,CZ) tA <1, A >0, C

N 1-A, C(1-A,-4,C)
24, (1_A1)2

(BZCI +B1)2 }
4B, (A,B, +(1-A))B,)

<G,

%, ={(C,Cy): A, <1, A, <0},
G5, = {(CI,CZ) tA <1, A >0, C

(1-4,)B,
(1-A,)B, +2A,B,’

_ (B,C, +Bl)2
4B, (A,B, +(1-A))B,) ’

2

1-A
Gy = {(CI,CZ):AI <1, A, >0, 2A21 > C,
> (I_AI)BI
(1-A,)B,+24,B, *
_ (BZC1+BI)2 }
4B, (AzB1 +(1—A1)Bz)

G, = {(CI,CZ) tA <1, A >0, C
(I_AI)BI
(1-A,)B, +2A,B,’

_ Cl(l_Al _Azcl)]>
C (1-4y) ’

2

1- A,

2

%”22=<[(C1,C2):A1<1, Ay >0, > C

o (1-4)B,
(1-A,)B, +2A,B,’

_CI(I—AI—Azcl)}
(-4 ’

2

G, = {(cl,cz) tA <1, A >0, C

1-A, _C(1-A,-A,C)
24, (1-A4,)

1-A
€, = {(CI,CZ) tA <1, A =0, C, > 2A21}’

1-A
%12:{(c1,cz):A1<1,A1=o, C, < 1},
24,

1-A, 1

@1:{(C1,C2):A1<1, Cl:—zA 5 C2:
2

P, = {(CI,CZ) A <1, C
_ (-4
(1-A,)B, +2A,B,’

_ B, (AZBI - (Al B I)Bz)}
(A, -1)B,-24,B, |

2

P31 ={(C1,Cy) 1 A =1, A <0},

€ =

{
Ry, ={(C,Cy) A, =1, A, >0},

{(C,Cy)): A, =1, A, =0},
R ={(C;,Cy): A; > 1, A, <0},
Ry =1{(C;,Cy): Ay > 1, Ay >0},

@, ={(C,C,)): A, > 1, A, =0}.

Figure 1 gives a graphical representation of above sets. The
following result gives a complete classification for the number

of equilibrium solutions of system (1).

Proposition11. Let A, A,, B, B,, C,, and C, be positive real
numbers. Then, the number of positive equilibrium solutions of
system (1) with parameters A,, A,, By, B,, C,, and C, can be

from 1to 6. The different cases are given in Table 1.

Proof. The proof follows from Lemma 10.

4. Linearized Stability Analysis

The Jacobian matrix of the map T has the form

It

A, +yC, B xC,
(A; +xB; + J’Cl)2 (A; +xBy + )’C1)2
_ y’B, 2y (A, +xB,)
(Ay +xB, + )’2C2)2 (Ay+xBy + )’Zcz)2

44,

b
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TABLE 1: The criteria for the existence of the equilibrium points.
Case Equilibria Region The criteria for the existence
1-A,)B
A <LLA,>0,C, < a Eq B I)ZIA R
; —44)b, + 24,5,
@ Ey» By, By By Bs, B P Ca-4,-AC) . . (B,C, + B,)?
(1-A))? > " 4B(A,B, +(1-A,)B,)
1-A))B
A, <1,A, >0,C, < a E“B 1)21A 5
. - +
(i) E\,E,, E5, By, Es = E @y i B,C +BY
> 4B,(A,B, +(1-A))B,)
Ci(1-A,-AC
(iii) E,,E,,E;, E,, Es Ry A <LLA, >0,C, < GU-4, - 4,6)
(1-A4A,)?
B,C, +B))’
A <1,A,>0,C, > (B,C, + B)) or
4B,(A,B, + (1 - A,)B,)
1-A 1-A,)B
(iv) E,,E,,E,;,E, Ry URys UE, A <L A, >0, L>C, > ( VB, ,
24, (1-A,)B, +2A,B,
C,(1-A,-A,C) B (B,C, + B,)*
(1-A))? >~ 4B,(A,B, +(1-A,)B,)
1-A
A <LA>0,6> — L,
E,E, E;, E R 2
) P Ee T » C(1-A, - 4,C) (B,C, +B,)?
(1-A))? >~ 4B,(A,B, +(1-A,)B,)
1-A))B Ci(1-A,-AC
(vi) E,E,,E; = E,E,, Es €y A <LA, >0,C, < ( VB, ,C, = il 1~ A4:C)
(1-A,)B, +2A,B, (1-A,))?
. (1-A,)B, C,(1-A,-AC)
E,E,,E,=E;=EE P A <LA;>0,C, = ,C, =
(vii) 1 E2> L3 5 6“4 2 1 1 1 (1- A,)B, +2A,B, 2 (1-A,)
1-A 1-A))B
A<LA >0, — L>C, > a EA)B I)ZIAB ,
- 2 —A,)b; + 24,5,
(viii) E,,E,,E; =E.,E, €, . C(l-A,-AC)
2 (1-A)>
_ 1-A C,(1-A, - A,C)
(ix) E,E;,E, = Es, E, G A/ <1,A,>0,C, > 2A21,c2: 1 (l—lAl)22 1
1-A C,(1-A, -A,C)
(x) E,E,=E, =EE, P, A <LLA, =0,C, = 2A21,C2= ! (1—1Al)22 !
, 1-A,
(xi) E,,E, = E,,E, G, UGy, A <1,A, =0,C, #
24,
(xii) E,,E, R, A <1,A, <0
(xiii) E, = E,,E,,E, R, A =1,A, >0
(xiv) E,=E,E,=E, @, A =1,A, =0
(xv) E, =E, R A =1,A <0
(xvi) E,,E, E, Ry A, >1,A, >0
(xvii) E,E, = E, @, A, >1,A, =0
(xviii) E, Ry A >1,A, <0

The determinant of (41) at the equilibrium point is given by

detJ; (%, )

_ V(2A, (A, + B,X) + ¥ (2A, + B,X) C))

and the trace of (41) at the equilibrium point is given by
A +)C,

(A, +B,%+C3)
2y (A, + B,)x)

tr)r (%y) =

(42) (43)

(A, + B +C3) (4, + Bx+ Gy

(4,+Bx+C5)
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The characteristic equation has the form
Az
Y A, +yC, 2y (A, + B,X)
(A, +BE+CY)] (A, +Bx+Cy) ) (44)

7(2A, (A, + B,X) + y (24, + B,x) C)) _
(A, + B +C3) (4, + BX+ C,7°)

Lemma 12. The following statements hold:

(a) E, is locally asymptotically stable if A, > 1.

(b) E, is a saddle point if A, < 1.

(c) E, is a nonhyperbolic equilibrium point if A| = 1.
Proof. We have that, for the equilibrium point E,, tr J-(E;) =
1/A, and det J(E,) = 0. The characteristic equation of (50)

at E, has the form A* - (1/A,)A = 0, from which the proof
follows. O

Lemma 13. The following statements hold:

(a) E, is locally asymptotically stable if A; < 1.
(b) E, is a nonhyperbolic equilibrium point if A; = 1.

Proof. We have that, for the equilibrium point E, tr J(E,) =
A, and det J;(E,) = 0. The characteristic equation of (50) at
E, has the form A*> — A, A = 0, from which the proof follows.

O

The equilibrium points E; and Eg4 are intersection points
of the curves

_1-A,- Cl)’
Xg (y) = B,
e (45)
Y 2~ W)
xg ()/) - B2

LetX(y) = xf(y)—xg(y) for y € [(1-+/1 -44,C,)/2C,, (1+
V1 -4A,C,)/2C,].

Lemma 14. Let T = (f, g) be the map defined by (11). Then
foEs) < 1, f(Eg) <1, g,(Eg) < 1. Let

f(J’) = Blczy2 - (B,C, +By) y+ A,B,
(46)
+B,(1-4,).

Then, ys and 'y are zeros off(y) and sign(x(y)) = sign(f(y))
fory e [(1 —+/1-4A,C,)/2C,, (1 + /1 - 4A,C,)/2C,].

Proof. The first derivative of x ((y,) is given by

;o fI(Ei) C,
xf(yi):#m:_lg_l <0,

i=5,6. (47)

Since f}',(Ei) <0,i=5,6,weget f/(E,) < 1,i = 5,6.Similarly,
one can see that

- 9; (Es)

9. (Ee)

2
\/(BZCI +B,)" —4B,C, (A,B, - (A, - 1) B,) + B,C, (48)
BB,

x; () =

<0.
Since g;(Es) < 0, we get g;(E6) < 1. Further,

1-A, Cl)’ y—Ay - Cz}’z

) =—% 5,
B 1C,9* = (By,C, +B,) y+ A,B, — A,B, + B, (49)
B BB,
W)
BB,’
from which the proof follows. O

Lemma 15. Let T be the map associated with system (1) and

a b
Jr(x,7;) = ( > (50)
G d;

be the Jacobian matrix of T at fixed point E;(i = 5,6). Then the
Jacobian matrix (50) has real and distinct eigenvalues A, and
A, such that 0 < A, < A,. Furthermore, the following hold:

51gn( '(y6)) (1 —)t(;)), A9 <, (51)

1-25) (1

Proof. Implicit differentiation of the equations defining Cy
and C, at E; gives

51gn( X (ys)) = sign( - /\(25)). (52)

1, (E)
0= ey

9, (E) -
xg(yi)—T

Characteristic equations associated with the Jacobian matrix
of T at E; are given by

pA)=A"- [f; (E;) + g;, (Ez)] A
+ [f; (E;) 9; (E;) _f;,; (E) g. (El)] (54)
=N (@ +d;) A+ (ad; - be).



10

Since the map T is competitive, then the eigenvalues of the
Jacobian matrix of the map T, at the equilibrium E;, are real
and distinct and furthermore 0 < /\(1') < )L(Z’). By (53), we have

% (57) = (5,) = x, ()

_ f}’;(Ez) B 1_9;(151‘)
1-f} (E;) I (E;)
b 1-4,
C1-g G (55)
1+ (g +d) - (ad; -bg)  -p(1)
Ci(l_ai) _Ci(l_ai)
) (1-29)(1-29)
G (a; - 1)

In view of Lemma 14 and from tr J;(E¢) = ag +dg = f.(E¢) +
g'y(E6) = A(ls) + A(;) < 2 we get /\(16) < 1. The map T is
competitive, which implies ¢ = g.(E¢) < 0. In view of
Lemma 14 we get ag = f.(Es) < 1 from which it follows
(51). Similarly, from ¢; = g;(ES) <O0andas = f;(ES) <1we
obtain (52). O

The following lemma describes the local stability of the
equilibrium points E; and Eg.

Lemma 16. Assume that A, < 1 and A, > 0. Then the
following hold:

(i) If A, > 0 and Eq exists then it is locally asymptotically
stable.
(ii) If A, > 0 and E5 exists then it is a saddle point.

(iii) If A, = 0 then E5 = Eq. Furthermore, if E; = Eg
exists then it is nonhyperbolic equilibrium point. The
eigenvalues of J(Es = Eg) are given by A, = 1 and
A, <L

Proof. Assuming that A, > 0, then y, and y, are zeros of
multiplicity one of

JT(J’) = Blcz)’2 —(B,C, +B,) y+ A,B,
+B,(1-A))

(56)

and ¥, > ¥, > 0. From this we have f(y) > 0 for y € (0,7,)U

(¥¢> +00) and f(y) <0fory € (ys, ¥5).
By Lemmas 6 and 7 from [19] the equilibrium curves
x¢(y) and x,(y) intersect transversally at E5 and Eg, that is,

%'(y,) # 0i = 5,6. By this and Lemma 14 and by continuity
of function X(y) there exists a neighborhood Ug_) of y, such
that X'(y) > 0 for y € U;, and % (y) <0fory e U%). This

implies that ¥ (3) > 0 and & (¥,) < 0. By Lemma 15 we have
that E is locally asymptotically stable and Ej is a saddle point
whenever equilibrium points E5 and E exist.
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Assume that A, = 0. Then y; = ¥, is zero of f(y) of
multiplicity two. In view of Lemmas 6 and 7 from [19] we
have that ¥’ (¥5) = 0. The rest of the proof follows from the
proof of Lemma 15. O

Lemma 17. Assume that A, > 0. The following statements are
true:
(a) E, is a saddle point if Ay > 0, and A} > 1or A, <1
and C; > (1 - A)(1++/1 -4A,C,)/24A,.
(b) E, isarepellerif A, >0,A; < 1,andC, < (1-A)(1+
\J1-4A,C,)/24A,.

(c) E, is a nonhyperbolic equilibrium point if A = 0 or

Ay >0,
A <1,
(57)
c - (1-A))(1++1-4A,C,)
= .

24,

If A, = 0 then the eigenvalues of J(E,) are given by

. | (58)
2T 2A,C + A,
with corresponding eigenvectors

vy =(0,1",
59
o 240G+ A, -1 1T (59)
*\B,(24,C, + A))’ '
If (57) holds then the eigenvalues of J(E,) are given by
A =1,

Ay =1++/1-44A,C, > 1

with corresponding eigenvectors

( VI—14A4,C, )T
Vl = —)1 >

B,

(60)

(61)
v, =(0,1)".

Proof. One can see that
1 +detJ; (E,) — tr ;- (E,)

~2(1-A,)yT-4A,C,C, + C, (1 -4A,C, - \[T-4A,C,)
- 24,C, + C, (1 - T-44,C,) ’
(62)

1 - detJ; (E,)

C,(1-+1-44,C,) +2C, (A, - 1 -1 -4A,C,)
2A,C, +C, (1 - \T-4A,C,) ’
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(a) Since det J(E,) > 0 and tr J(E,) > 0, the equilib-
rium E, is a saddle point if and only if 1 +det J-(E,) -
trJp(E,) < 0.If A, > 1 itis obvious that 1 +
det J;(E,) — tr J;(E,) < 0. Assume that A; < 1. Then
1 + det J(E,) — tr J7(E,) < 0 if and only if

c 2(1-A,)C,\/1-4A,C,
"7 4A,C, - 1+ 1-44A,C,

(63)
_(1-A)(V1-4A,C, +1)
- 24, ’
from which the proof of the statement follows.
(b) Since detJ;(E,) > 0 and trJ;(E,) > 0, the

equilibrium E, is repeller ifand only if 1+det J(E,) -
tr Jp(E,) > 0 and 1 — det J-(E,) < 0. The proof of the
statement follows from the facts

1-det];(E,) <0

C - 2C, (\/1-4A,C, - A, +1)

! 1-1-4A4,C,
2(1-A,)C,\/1-4A,C,
4A,C, - 1++/1-4A,C, (64)
2C, (\1-4A,C, - A, +1)
1-+/1-44,C,
. —4AC +\1-4A,C,+11 <0
N 24,

(c) Since det J;(E,) > 0 and tr J;(E,) > 0, the equilib-
rium E, is nonhyperbolic if and only if 1 +det J(E,) -
tr Jp(E,) = 0 or detJp(E,) = 1 and tr Jp(E,) < 2.
From the proof of the statements (a) and (b) if

A, =0
or Ay >0,

A <1, (65)

_(1-4)(V1-4A,C, +1)
B 2A

2

¢

we obtain 1 +det J.(E,) — tr J;(E,) = 0. Now, assume
that A; > 0and

detJ; (E)) =1 &
2C,(VT-4A,C, - A, +1)  (66)
- 1-+/1-4A,C, '

This implies trJp(E,) — 2 = (1 - 4A,C,)/
(y/1-4A,C, + 1) > 0. The rest of the proof follows
from the fact that if A; = 0 then

O

1
— 0

]T(E2)=<A1+2A2C1 > (67)
0 1

1

and if (57) holds then

1 0
]T(Ez):<0 m+1)- (68)

O

Lemma 18. Assume that A, > 0. The following statements are
true:
(a) E; islocally asymptotically stable if A > 0,and A, > 1
orA; <landC; > (1 -A))(1-+/1-44,C,)/24A,.
(b) E5 is a saddle point if A, > 0, and A, < 1, C; <
(1-A)1-+1-4A,C,)/2A,.

(c) E5 is a nonhyperbolic equilibrium point if A = 0 or

Ay >0,
A <1,
(69)
o (-4)(- 1)
| = .
24,
If A| = 0 then the eigenvalues of J(E;) are given by
A =1,
1 (70)
Ay= ———
2A,C, + A,
with corresponding eigenvectors
vi=01",
o (2AC+A -1 71)
2\ B, (24,C, + A)) '
If (57) holds then the eigenvalues of J(E;) are given by
A=1,
(72)
A, =1-4/1-4A,C, <1
with corresponding eigenvectors
( VI—144,C, 1)T
v =(-——7>—=,
‘ B, (73)

v, =(0,1)".
Proof. Since the proof of this lemma is similar to the proof of

Lemma 17, it is omitted. O]

We summarize results about local stability in the follow-
ing theorem.

Theorem 19. Let A,, A,, B,, B,, C,, and C, be positive real
numbers. Then, local stability of the equilibrium points for
different parameter regions is given by Table 2.

Proof. The proof follows from Theorem 8 and Lemmas 17 and
18. O

Figure 2 illustrates visually local stability of all equilib-
rium points of system (1).
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TaBLE 2: The local stability of the equilibrium points.

Case The local stability Parameter region
1-A,)B

A <1L,A, >0,C, < ( L ,

n Saddle: E,, E;, E5; LAS: E,, Eg; (1-A)B, +24,B,
repeller: E, C(A-A,-AC) <C. < (B,C, +By)
(1-A))7 " 4B,(A,B, +(1-A))B,)
Saddle: EI’ES; LAS: E4; 1-A.)B B.C. +B 2

(ii) nonhyperbolic: E5 = Eg; A <LA, >0,C, < ( VB, (B,C, )

—— 1=
repeller: E, (1-A})B, +24,B, 4B,(A,B, + (1 - A})B,y)

Saddle: E,, E5; LAS: E;, E;

C,(1-A, -A,C))

(i) repeller: E, Ar<LA;>0.C, < (1-A,)?
B B))’
A <LA,>0,C,> (B,C, + By) orA, <1LA, >0,
4B,(A,B, + (1 - A))B,)
(iv) Saddle: E, E;; LAS: E;; 1-A4, SC > (1-A))B,
repeller: E, 24, "7 (1-A4))B,+2A,B,’
C-4,-4,C) . _ (B,C, +B,)’
(1-A)) >~ 4B (A,B, +(1- A))B,)
1-4A, C,(1-A,-A,C)) (B,C, + B,)*
: ;LAS: A <1,A;>0,C, > L L= < T
(V) Saddle E1>E2) LAS: E3,E4 1 1 1 2A2 (1 _ A1)2 2 4Bl(AZBl n (1 _ Al)BZ)
(1-A)B,
Saddle: E,, E; LAS: E; A <LA >0,C < (=AB, + 24,5,
(vi) repeller: E,
Nonhyperbolic: E; = Eg; C, = C,1-4,-4,C)
’ (1-4,)?
) Saddle: E;; LAS: E,; repeller: ~ (1-A,)B, CC(1-A, - AC)
(vii) E A <1LA; >0,C, = ,C, =
2 (1-A))B, +2A,B, (1-A4A,)?
Nonhyperbolic: E; = E; = E;
Saddle: E;; LAS: E,; repeller: 1- 1-A)B 1-A —A
(viii) 1 E ) A <LA, >0, Lsg, > ( VB ,C, = Cy( 1 ,Ch)
. 5 (1-A))B, +2A,B, (1-A))?
Nonhyperbolic: E; = E
1-A,
- Saddle: E; LAS: B, E; Ar<b A >0.6> =7
x nonhyperbolic: E, = E C. = C(1-4A,-AC)
: (1-A))
x) Saddle: E;; LAS: E; A <1 A =0C = 1-4, C. = C(1-4,-AC)
nonhyperbolic: E, = E; = E ! ! ! 24, 2 (1-A,)?
. Saddle: E;; LAS: E; 3 1-A,
(xi) nonhyperbolic: E, = E; Ar<L A, =06 # 24,
(xii) Saddle: E;; LAS: E, A <LLA <0
Saddle: E,; LAS: E; B
(xi) nonhyperbolic: E, = E, Ar=1LA4,>0
(xiv) Nonhyperbolic: E, = E,, A =LA =0
E,=E,
(xv) Nonhyperbolic: E, = E, A =1A, <0
(xvi) Saddle: E,, E5; LAS: E,; A >1LA, >0
(xvii) LAS: E,;; nonhyperbolic: A >LA, =0
E, =E;

(xviii) LAS: E, A/ >1L,A <0
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FIGURE 2: Equilibria in different parameter regions for the number of equilibria of system (1) when A,, A,, B;, and B, are fixed positive real
numbers, as given by Proposition 11. Each circle in the parameters (C,, C,)-plane indicates the existence of an isolated equilibrium point of
system (1) in the nonnegative quadrant of the xy-plane. Local stability character of equilibria as given in Theorem 19 is indicated as follows: e,
locally asymptotically stable equilibrium; e, saddle; O, repelling equilibrium point: two-colored circle, semistable nonhyperbolic equilibrium.

5. Injectivity and Convergence to Equation (74) is equivalent to
Equilibrium Points

In this section we prove some global properties of the map T
such as injectivity and (O+) property and give global behavior
on the coordinate axes.

Axy — A, —Cixop +Cix, = 0, (75)

2 2 2 2
Ay "+ Byxyy” = Ayyy” = Byxyy,” = 0. (76)
Lemma 20. The map T is injective.

Proof. Assume that T'(x,, ;) = T(x5, ¥,). Then, we have Equation (75) implies

( Ayxy — Ayx, = Cixyp + Cixy y,y

A, +B;x, +C A, +Bx, +C,v,)
( 1 1%1 1)’1)( 1 1%2 1)’2) Ax, +Cixy 9,

X, = (77)
A’ + By’ — Ay’ — Byxiyy’ > (74) ' A +Cyyy
(A + Byx; + Cyp1%) (Ay + Byxy + Crpy?)
=(0,0). By substituting this into (76) we obtain
(1 =) (AlAz)’l +A By + A1Ayy, + AByxy yy + AyCryys + ByCixo yiys + Azcl)’zz) ~0o (78)
A +Cryy ’
from which it follows that y;, = y,. From (77) we have x, = (i) If Ay < 0 and (x,, y,) = T"(0, y,) then x,, = 0 and
x,, which complete the proof. O (x> ¥,) = E, for y, € (0,00).

The global behavior of T on the coordinate axes is
described with the following result.

(iii) If A, < 1and (x),y!) = T"(x,,0) then y, = 0 and
(xl,,y,'l) — E, for x, € (0,00).
Lemma 21. The following statements hold:

A IfA, = 0and (x,y,) = T"0,y,) then x, = 0 (iv) Iff‘l ,2 1and (x,,y,) = T"(x,,0) then y,, = 0 and
and (x,,y,) — E; for y, € (1 — \/1-4A,C,)/ (x> ¥,) = Ey for x, € (0,00).

2C,,00) and (x,,y,) — E, for y, € (0,(1 +
V1 -4A,C,)/[2C,). (v) T([0, 00) x [0,00)) c [0,1/B;] x [0,1/C,].
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Proof.
(i) From (11) it is easy to see that if x, = 0 then x,, = 0 for
n > 0. Since
2
70 (Caxg — 0+ Ay)
T (0, - (0, =(0,—- 79
(0,30) - (0.30) ( T 79
we obtain that
(0’ yO) 556 T (0’ yO)
1-+1-4A 1+4/1-4A
for y, € <0, 2C2>U( * 2C2,00>,
26, 2,
(80)
T (0’ yO) ﬁse (O> yO)

for y, € (1— \/1—4A2C2, 1+ \/1—4A2C2>'
2C, 2C,
Take y, > (1 + 4/1-4A,C,)/2C,. Then T"(0,
Vo) 2 "0, y9) 24 E5. Since T"(0, y) ¢ E3 <o
E, <. E, we obtain T"(0,y,) — E; asn — oo.
Similarly, if y, € (1 - +/1-4A,C,)/2C,,
(1 + \1-44,C,)/2C,) then E; =, T"(0, y,) <.
T"(0, ¥y) 24 E; <4 E; which implies T"(0, y,) — E;
asn — oo. If y, < (1 - +/1-4A,C,)/2C, then
E3 <4 By < T"(0, y9) 2o T"'(0, ) 2 E,  which
implies T"(0, y,) — E; asn — oo.

(ii) If A; < 0 then T has only equilibrium E, on y-
axis and T(0, y,) <. (0, y,) for all y, > 0. Since T is
monotone map we get T"(0, o) <.. T"" (0, ) <. E;
which implies T"(0, y,) — E, as n — oo from which
the proof follows.

(iii) The proof of the statements (iii) and (iv) is similar to
the proof of statements (i) and (ii) and follows from
the fact that

A, +B -1
T(xo,o>—(xo,o>=(—’“°(AlH;’jj ),o) o
1 10

and will be omitted.

(v) The proof follows from the facts that f(x, y) < 1/B,
and g(x, y) < 1/C,.

O
Lemma 22. Let M(t) = (t,(1 - A, — B;t)/C,). Then M(x¢) =
Eq, M(x5) = Es, and M(x,) = E, and the following hold:

(D) If A, = 0 then M(t) <, T(M(t)) fort € (0,x4) U
(x5, %4) and T(M(t)) L, M(t) for t € (X, X5).

(ii) If A, < 0 then M(t) <, T(M(t)) fort € (0,%,) and
T(M(t)) =5, M(t) fort € (X, Xs5).

se

Proof. The proof follows from the fact
T (M () - M (¢)
_ (o (A, +Bit—1)G(x) ) (82)
"CI(Ay+ Byt) +C,Cy (A + Byt —1)° )

where g(x) is given by (17) and g(x5) = g(xs) = 0 and X, =
(1-A,)/B,.

O
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Theorem 23. Every solution of system (1) converges to an
equilibrium point.

Proof. The map T associated with the system is injective.
Relation (42) implies that determinant of Jacobian (41) is
positive for all x € [0,00) x [0,00). By using Lemma 20
we have that condition (O+) of Theorem 3 is satisfied for the
map T (T is competitive). Theorem 2 implies that T"(x) is
eventually componentwise monotone for all x € [0, 00). The
statement (v) of Lemma 21 implies that every solution enters
in compact set [0,1/B;] x [0,1/C,], from which the proof
follows. O

Remark 24. In view of Theorem 23 the main objective in
determining the global dynamics of system (1) is to charac-
terize the basins of attractions of all equilibrium points. As
we will see in Theorem 25 the boundaries of these basins
of attractions will be the global stable manifolds of the
saddle or nonhyperbolic equilibrium points, whose existence
is guaranteed by Theorems 7, 8, and 9.

6. Global Behavior

In this section we give results which precisely describe global
dynamics of system (1) including precise characterization of
basins of attraction of different equilibrium points. The main
result of this paper is the following.

Theorem 25. The global behavior of system (1) is given
by Table 3. See Figure 3 for visual illustration of dynamic
scenarios.

Proof. We will prove statements (i)-(x) listed in the second
column of Table 3 in the given order. The proof of other
statements is similar. Let & = [0, co) X [0, c0).

(i) Suppose (C,,C,) € R,,. By Proposition 11, in Q, (0, 0)
there exist six equilibria E,, E,, E;, E,, E;, and
E¢. By Theorem 19 equilibria E, and E; are locally
asymptotically stable; E;, E,, and E; are the saddle
points and E, is repeller. In view of (41) the map
T is competitive on & and strongly competitive on
int(%). It follows from the Perron-Frobenius Theo-
rem and a change of variables [16] that, at each point,
the Jacobian matrix of a strongly competitive map has
two real and distinct eigenvalues, the larger one in
absolute value being positive, and that corresponding
eigenvectors may be chosen to point in the direction
of the second and first quadrant, respectively. Also,
one can show that if the map is strongly competitive
then no eigenvector is aligned with a coordinate axis.
Hence, all conditions of Theorems 7, 8, and 9 are
satisfied, which yields the existence of the global stable
manifold 7°°(E;), with endpoint at point E,, which is
graph of an increasing function. Let %7~ = {(x, y) |
(%, ¥) 2. (Xg, ¥,) for some (X, ¥,) € #*°(Es)} and
W ={(x,y) | (X}, 7,) 2 (x, ¥) for some (X, y;) €
W (Es)}. By Lemma 21 and uniqueness of the global
stable manifold we have #°(E;) = {(0,y) : 0 <
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TaBLE 3: The global behavior of system (1).

Case Parameter region

Global behavior

Ryt A <1L,A; >0,

1-A,)B

C, < ( L ,

(1-A))B, +2A,B,

0) G -4, -A4C)
(1-A4,)?

(B,C, + B,)*

4B,(A,B, +(1-A))B,)

There exist six equilibrium points E,, E,, E;, E,, Es, and E, where E,
and E; are locally asymptotically stable, E,, E,, and E, are saddle
points, and E, is repeller. The stable manifold 7°(E) of the saddle
point Eg is an increasing separatrix with endpoint at E,, and solutions
with initial point above the %" (E,) converge to E;, while solutions
with initial point below the 7°*(E) converge to E,. All orbits that
start on 7/ (E) are attracted to E. The basins of attraction of E, and
E, are, respectively,

B(E) ={(0,y): 0<y < (1-+1-4A,C,)/(24,)} and

B(E;) = {(0.y) : y > (1= VI - 44,C,)/(24,)}

G5 :A <LA, >0,
(1-A))B,

There exist five equilibrium points E,, E,, E;, E,, and E; = E,, where
E, is locally asymptotically stable, E, and E, are saddle points, E, is
repeller, and E; = E is nonhyperbolic. There exists a continuous
increasing curve % with endpoint at E,, which is a subset of the basin

(ii) i< (1-A,)B, +2A,B,’ of attraction of E; = E. All solutions with initial point above &
(B,C, + B,)’ converge to E; = Eg, while solutions with initial point below &
27y B,(A,B, + (1-A,)B,) converge to E,. The basins of attraction of E, and E; are, respectively,
B(E) ={0,y):0<y<(1-+1-4A,C,)/(2A,)} and
B(E,) = ((0,7) : y > (1 - T=44,C,)/24,)}
There exist five equilibrium points E,, E,, E;, E,, and Es, where E,
and E, are locally asymptotically stable, E, and E are saddle points,
and E, is repeller. The stable manifold %" (E;) of the saddle point E
Ryt A <1,A >0, . . . o . . .
(i) C(l-A, —A,C) is an increasing separ?trlx with endpoint at E23 and so}utlons_ w1.th‘ ‘
C<———— initial point above %7 (E;) converge to E, while solutions with initial
(-4, point below 7°(E;) converge to E,. All orbits that start on 7%"(E;)
are attracted to E. The basin of attraction of E, is
B(E;) ={0,y): 0< y <(1-+1-4A,C,)/(2A,)}
Ry UR,sUE, 0 AL <1,A >0,
2
> (B,C, + B,) orA, <1, . L . .
4B,(A,B, + (1-A))B,) There exist four equilibrium points E;, E,, E,, and E,, where E, is
Ay >0, globally asymptotically stable, E; and E; are saddle points, and E, is a
(iv) 1-4, SC > (1-A)B, i repeller. The basins of attraction of E,, E;, and E, are, respectively,
24, "7 (1-A))B,+2A,B, B(E;) ={(0,y): 0 < y < (1-+1-44,C,)/2A,)},
Cl(l -A - AZCI) <C. < gg(Eg) ={(0o, }’) Yy > (1- V1- 4A,C,)/(2A,)}, and
(1-A,)? 2 B(E,) = (0,00) x [0, 00).
(B,C, + By’
4B,(A,B; +(1-A,)B,)
Ry A <1LA >0, There exist four equilibrium points E;, E,, E;, and E,, where E, and
S (1-A)B E, are locally asymptotically stable and E, and E, are saddle points.
"7 (1-A))B,+2A,B,’ The stable manifold 7°(E,) of the saddle point E, is an increasing
() C,(1-A,-AC) <C. < separatrix, and solutions with initial point above 7*(E,) converge to
(1-A,)? 2 E,, while solutions with initial point below %°(E,) converge to E,. All
(B,C, + B,)’ orbits that start on 7 (E,) are attracted to E,. The basin of attraction
4B, (A,B, + (1 - A))B) of E, is given by B(E,) = {(0, y) : 0 < y < (1 — \/1 —4A4,C,)/(2A,)}.
There exist five equilibrium points E,, E,, E; = E, E,, and E, where
E, is locally asymptotically stable, E, and E; are saddle points,
€y :A <LLA, >0, E, = E, is nonhyperbolic, and E, is a repeller. The stable manifold
C < (1-A)B, W (Es) of the saddle point E is an increasing separatrix with
(vi) T a- A|)B, +2A,B,’ endpoint at E,, and solutions with initial point above %" (E;)
C. = C(1-A,-A,C) converge to E; = E, while solutions with initial point below %" (Es)
2T (1-A4,)? converge to E,. All orbits that start on % (E;) are attracted to E. The
basin of attraction of E, is given by
B(E,) ={(0,y): 0< y < (1 - +1-4A,C,)/(2A,)}.
There exist four equilibrium points E,, E,, E; = E5 = E¢, and E,,
PA <LA, >0 where E, is locally asymptotically stable, E, is a saddle point,
1(1 _ :‘\1)131 ’ E, = E; = E, is nonhyperbolic, and E, is a repeller. There exists a
(vii) C = (1= A)B, + 24,8, strictly increasing curve € with .endpomt at E; = E; = Eg, whlch is
C1-A - A,C) th.e Sljlb.SG.tt of the basin of attraction of E; = E; = E. All §olutlogs
O e with initial point above & converge to E; = E; = E, while solutions

(1-A))?

with initial point below & converge to E,. The basin of attraction of
E, is given by B(E,) = {(0, y) : 0 < y < (1 — /1 —4A4,C,)/(2A,)}.
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TaBLE 3: Continued.

Case

Parameter region

Global behavior

(viii)

1-A,

Gyp:A <LA, >0,

C
2 (1-A4))7

c1-A,-A

2C)

>

(1-A))B,

>C, >

24, (1-A,)B, +2A,B,

There exist five equilibrium points E,, E,, E; = E5, and E,, where E,
is locally asymptotically stable, E, is a saddle point, E; = E is
nonhyperbolic, and E, is a repeller. The basins of attraction of E; and
E, are given by B(E,;) = {(0,y) : 0 < y < (1 — /1 - 4A,C,)/(2A,)}
and B(E;) =1{(0,y) : y > (1 - /1 -4A,C,)/(2A,)} and the basin of
attraction of E, is B(E,) = {(x, y) : x > 0, y > 0}.

(ix)

€y AL <1LA >0,
_C(1-A,-A)C) 1-A,

(1-A))?

24,

There exist four equilibrium points E,, E;, E, = E;, and E,, where E,
and E, are locally asymptotically stable, E, is a saddle point, and

E, = E; is nonhyperbolic. There exist continuous increasing curves
%, and €, with endpoint at E, = E;, which are the subsets of the
basin of attraction of E, = E. Further, all solutions with initial point
above €, converge to E; and all solutions with initial point above &,
and below &, converge to E,, while solutions with initial point below
€, converge to E,. The basin of attraction of E, is

B(E,) =1{(0,y): 0 < y < (1 - T=44,C,)/(2A,)}.

(x)

A <1,A,=0,C, #

1-A,
24,

There exist three equilibrium points E,, E, = E;, and E,, where E, is
locally asymptotically stable, E, is a saddle point, and E, = E; is
nonhyperbolic. There exists a continuous increasing curve & with
endpoint at E, = E; which is a subset of the basin of attraction of

E, = E;. All solutions with initial point above & converge to E, = E;,
while solutions with initial point below & converge to E,. The basin
of attraction of E, is given by

BE,) = {(0,y): 0 < y < (1 - yT-44,C,)/(24,)}.

(xi)

A <1LA <O

There exist two equilibrium points E,, which is a saddle point, and E,,
which is globally asymptotically stable, where
RB(E,) = (0,00) x [0,00) and B(E;) = {(0, y) : y > 0}.

(xii)

A, =1,A,>0

There exist three equilibrium points E, = E,, E,, and E;, where

E, = E, is nonhyperbolic, E; is locally asymptotically stable, and E, is
a saddle point. The stable manifold 7°°(E,) of the saddle point E, is
an increasing separatrix with endpoint at E,, and solutions with
initial point above % (E,) converge to E,, while solutions with initial
point below 7 (E,) converge to E,. All orbits that start on 7*(E,)
are attracted to E,. The basin of attraction of E, is given by

PB(E,) ={(0,y): 0< y < (1-+/1-44A,C,)/(2A,)}.

(xiii)

There exist two equilibrium points E, = E, and E, = E; which are
nonhyperbolic. There exists a continuous increasing curve € with
endpoint at E, = E; which is a subset of the basin of attraction of

E, = E;. All solutions with initial point above & converge to E, = E;,
while solutions with initial point below & converge to E; = E,.

(xiv)

A =1A;<0

There exists one equilibrium point E; = E, which is nonhyperbolic
and global attractor. The basin of attraction of E, is
B(E,) = [0,00) x [0, 00)

(xv)

A >1LA; >0

There exist three equilibrium points E,, E,, and E;, where E, and E;
are locally asymptotically stable and E, is a saddle point. The stable
manifold 77 (E,) of the saddle point E, is an increasing separatrix
with endpoint at E,, and solutions with initial point above %°*(E,)
converge to E;, while solutions with initial point below %" (E,)
converge to E;. All orbits that start on 7°*(E,) are attracted to E,.

(xvi)

A >1,A, <0

There exists one equilibrium point E; which is globally asymptotically
stable. The basin of attraction of E, is B(E,) = [0, 00) X [0, c0)

(xvii)

A >1LA, =0

There exist two equilibrium points E, and E, = E;, where E, is locally
asymptotically stable and E, = E; is nonhyperbolic. There exists a
continuous increasing curve € with endpoint at E, = E; whichisa
subset of the basin of attraction of E, = E;. All solutions with initial
point above & converge to E, = E;, while solutions with initial point
below % converge to E, .
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1A <1

FIGURE 3: Parameter regions in terms of parameters C, and C, and corresponding dynamic scenarios for system (1) if A, < 1.

y < (1 - /1-4A,C,)/(2A,)} and ZF(E;) =
{0,y) : y > (1 - +1-4A,C,)/(2A,)}. Take
(x> ¥9) € 7~ n int(Q,(0,0)). By Theorem 8 and
Lemma 21 we have that there exists n, > 0 such
that T"(xq, ¥,) € int(Qu(E;) N Q,(Es)), n > ny.
In view of Corollary 4 [[E,,E¢]] < %B(E¢) and
[[E¢, Es]] < B(Eg). Since T is competitive, this
implies int(Q,(E;) N Q,(E5)) = [[E;, Es]] € RB(Eq).
Take (x4, y,) € Z" N int(Q,(0,0)). By Theorem 8
and Lemma 21 we have that there exists n(') > 0 such
that T"(xy, yy) € int(Q4(Es) N Q,(E,)), n > ny. Since
T is competitive, in view of Corollary 4 int(Q4(E;) N
Q,(E,) = [[Es, E4]] < B(E,). This completes the
proof of statement (i).

(ii) Suppose (C,,C,) € €5,. By Proposition 11, in Q, (0, 0)

there exist five equilibria E,, E,, E5, E,, and E5 = E,.
By Theorem 19 E; and E; are the saddle points, E,
is repeller, and E; = E; is nonhyperbolic. Similarly

as in the proof of the statement (i), all conditions of
Theorems 7, 8, and 9 are satisfied, which yields the
existence of the invariant curve € with one endpoint
at E, and which is passing through E; = E,, and it is
graph of an increasing function. Let 7™~ = {(x, y) |
(%, ¥) 24 (%o, ¥) for some (X,, ¥) € €} and 7" =
{(x,9) | (X1,9) 2 (x, p) for some (X, ;) € 6}
By Lemma 21 and uniqueness of the global stable
manifold we have 7#*(E;) = {(0,y) : 0 < y <
(1 - 4/1-4A,C,)/(2A,)} and #*(E;) = {(0,y) :
y>(1-4/1-4A,C,)/(2A,)}. Take (xy, ¥y) € #™ N
int(Q, (0, 0)). By Theorem 8 we have that there exists
n, > 0 such that T"(x,, y,) € int(Q,(E;) N Q,(Es =
Eg)), n > ngy. In view of Corollary 4 int(Q,(E;) N
Q,(Es = Eq) = [[E\,Es = E¢ll € B(Es = Ey).
Take (x,, o) € Z" N int(Q,(0,0)). By Theorem 8
and Lemma 21 we have that there exists r; > 0 such
that T"(xy, ) € int(Q4(Es) N Q,(E,)), n > n. Since



T is competitive, in view of Corollary 4 int(Q,(E5) N
Q,(E,) = [[Es, E4]] € B(E,). This completes the
proof of statement (ii)
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E; <, T"(M(ty)) <o T" (M(t})) < E, we have that
T"(M(ty)) — E,. Since T"(ty,0) — E, we obtain
T"(xy, yo) — E,. This implies int(Q,(E;)) € B(E,),

(iii) The proof is similar to the proof of case (i) and we skip which completes the proof.

it. (ix) Suppose (C,,C,) € ©,5. By Proposition 11, there
(iv) Suppose (C;,C,) € Ry U R,s U Gy By Propo- exist four equilibrium points E;, E, = Es, E;, and

sition 11, in Q;(0,0) there exist four equilibria Ej,
E,, E;, and E,. By Theorem 19 E, and E, are saddle
points; E, is repeller; E, is locally asymptotically
stable. By Lemma 21 and uniqueness of the global
stable manifold we have %(E,) = #*(E,) = {(0, y) :
0 <y < (1-+1-4A,C,))/(2A,)} and RB(E;) =
W (E;) = {(0,y) : y > (1 - \1-44A,C,)/(2A,)}.
Since, by Theorem 23, every solution of system (1)
converges to an equilibrium point, we have that
B(E,) = (0,00) x [0, 00).

(v) Suppose (C,,C,) € R,;. By Proposition 11, in Q, (0, 0)

there exist four equilibrium points E,, E,, E;, and E,.
By Theorem 19 E, and E, are the saddle points; E,
and E, are locally asymptotically stable. By Lemma 21
and uniqueness of the global stable manifold we
have B(E)) = W) = {(0,y) : 0 < y <
(1 - V1-4A,C,)/(2A,)} and {(0, ) = y > (1 -
\J1-4A,C,)/(2A,)} € B(E;) and {(x,0) : x > 0} C
PB(E,). Similarly as in the proof of case (i), all condi-
tions of Theorems 7, 8, and 9 are satisfied, which yields
the existence of the global stable manifold 7°(E,),
which is a graph of an increasing function. The rest
of the proof follows from the facts that 7"~ = {(x, y) |
(%, ¥) 2. (%o, ¥,) for some (X, ¥,) € #*°(E,)} and
W ={(x,y) | (X}, 7,) 2 (x, ) for some (X, ;) €
W*(E,)} are invariant sets, E, € W, E; € W™,
uniqueness of the global stable manifold %*(E,) and
Theorem 23.

(vi) The proofis similar to the proof of case (i) and we skip

it.

(vii) The proofis the same as the proof of case (viii) and we

skip it.

(viii) Suppose (C;,C,) € €, By Proposition 11, in

Q,(0,0) there exist four equilibrium points E;, E; =
E;, E,, and E,. By Theorem 19 we have that E, is
locally asymptotically stable; E; is a saddle point;
E,; = E; is nonhyperbolic; and E, is repeller.
By Lemma 21 and uniqueness of the global stable
manifold we have B(E,) = #*(E;) = {(0,y) :
0 < y < (1-+/1-4A,C,)/(2A,)}. In view of
Lemma 18, for E; = E; we have that the eigenspace
Ej associated with A, is a coordinate axis, so we
can not use Theorem 6. By Lemma 21 we obtain
{(0,y) : y > (1 -+/1-44A,C,)/(2A,)} € B(E; =
E;). Similarly as in the proof of Theorem 8 (see
[1] for more details) one can prove that for every
x € int(Q,(E;)) there exists n, € N such that
T"(x) € int(Q(E;)) for n > n, By Lemmas 21
and 22 for (xy, y,) € int(Q,(E;)), there exists t(') and
ty such that E; <, M(t;) <. (Xo, ¥o) Zee (g > 0). Since

E,. By Theorem 19 we have that E; and E, are locally
asymptotically stable; E, is a saddle point; E, = E; is
nonhyperbolic. By Lemma 21 and uniqueness of the
global stable manifold we have B(E,) = #*(E,) =
{(0,y) : 0 <y < (1-+/1-4A,C,)/(2A,)}. In view
of Lemma 18, for E;, we have that A, = land A, > 1,
so we can not use Theorem 6. By Lemmas 21 and
22 for (xg, yy) € int(Q,(E;)), there exists ; and t;
such that Ej <, M(t)) <. (o, ) Zce (g, 0). Since
E; <, TM(M(t)) 2o T" (M(t})) < E, we have that
T"(M(t('))) — E,. Since T”(t(')',O) — E, we obtain
T"(xy, ¥y) — E,. This implies int(Q4(E;)) € B(E,).
Let €, denote the boundary of %B(E,) considered
as a subset of int(Q,(E,)) and let €, denote the
boundary of ZB(E;) considered as a subset of
int(Q, (E,)). It is easy to see by using Lemmas 21 and
22 that E, € €, N €,. Since T(int(X)) C int(%),
following the proof of Claims 1 and 2 [20], one can
see that T(%;) € €, and T"(xy, y,) — E, € G, for
(x9> ¥o) € €, fori = 1,2. Further, €, are graphs of the
continuous strictly increasing functions. If (x,, y;)
is point above the curve €, and below the curve 4,
then there exists (x('), y(')) € ¥, and (x(')', y(',') € 6,
such that  (xg, ¥)) < (X0» o) Ze (x> o). Since
Tn(x(l)”y(’),) ﬁse Tn(x0>y0) 5se Tn(x(’)’y(l)) and
T"(x(')',y(')') — E, and T"(x('),y(')) — E, asn — 0o we
have T"(x,, ¥,) — E, asn — co.

(x) Suppose (C,,C,) € €,3. By Proposition 11, in Q, (0, 0)

there exist three equilibrium points E,, E, = Ej,
and E,. By Theorem 19 E, = E; is nonhyperbolic,
E, is a saddle point, and E, is locally asymptotically
stable. By Lemma 21 and uniqueness of the global
stable manifold we have %B(E;) = #*(E;) = {(0, y) :
0 < y < (1 - +1-4A,C,)/(2A,)}. In view of
Lemma 18 we have that A, = land A, < 1ifC; >
(1-A)/Q2A,)and A, > 1ifC; < (1 - A))/(2A,),
so we can use Theorem 6 if C; > (1 — A,)/(24,). In
this case there exists strictly increasing curve € with
endpoint at E, = E;. The rest of the proof follows
from Theorems 7, 8, and 9 and Lemma 21. Now, we
assume that C; < (1 — A,)/(2A,). By Lemmas 21
and 22 for (xg, y,) € int(Q,(E;)), there exists t(', and
té’ such that E; <, M (t(’)) Ze (X0> Vo) Zee (t:)', 0). Since
E; <. T”(M(t('))) Zee T”“(M(t('))) < E, we have that
T"(M(té)) — E,. Since T”(t(')',O) — E, we obtain
T"(xy, yo) — E,. This implies int(Q,(E;)) € B(E,).
Let € denote the boundary of %B(E,) considered as
a subset of Q, (E;). It is easy to see by using Lemmas
21 and 22 that E; € €. Since T(int(%)) c int(%),
following the proof of Claims 1 and 2 [20], one can
see that T(®) < 6. Further, € is graph of strictly
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increasing function. By Theorem 23 if (x,, y,) € €
then T"(xy, y,) — E; € . If (x,,y,) is point
above the curve & then there exists (x;,y,) and
Yo > ¥, such that (0, y ) <. (o, ¥) Ze (x5, ¥5)- Since
Tn(()’ y(,),) 586 Tn(xO’ yO) 586 T?l(xé, y(’))’ Tn(o’ y(,),) -
E;, and T"(x;,y,) — E; asn — 0o we have
T"(xy, ¥y) — E; asn — oo.

O

Based on a series of numerical simulations we propose the
following conjectures.

Conjecture 26. Suppose that all assumptions of the statement
(ix) of Theorem 25 are satisfied; then the following holds:

B(E,) =€, =6, (83)

Conjecture 27. Assume that C{,C, € P,. There exist three
equilibrium points E,, E; = E, = E., and E,, where E, is
locally asymptotically stable; E, is a saddle point; and E; =
E, = E; is nonhyperbolic. The basins of attraction of E, and
E; = E, = E; are given by B(E,) = {(0,y) : 0 <
¥ < (1 - VI=34,C,)/2A,)} and B(Es) = {(0,y) : y >
(1 -+/1-4A,C,)/(2A,)} and the basin of attraction of E, is
B(E,) ={(x,y) : x>0, y=>0}.
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