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We have introduced and studied a new concept of f-lacunary statistical convergence, where f is an unbounded modulus. It is shown
that, under certain conditions on a modulus f, the concepts of lacunary strong convergence with respect to a modulus f and f-

lacunary statistical convergence are equivalent on bounded sequences. We further characterize those 8 for which Sg = S/, where

Sg and $’ denote the sets of all f-lacunary statistically convergent sequences and f-statistically convergent sequences, respectively.
A general description of inclusion between two arbitrary lacunary methods of f-statistical convergence is given. Finally, we give

an S(J; -analog of the Cauchy criterion for convergence and a Tauberian theorem for S(J; -convergence is also proved.

1. Introduction and Historical Background

Statistical convergence is a generalization of the usual notion
of convergence. The idea of statistical convergence was
given in the first edition (published in Warsaw in 1935)
of the monograph of Zygmund [1], who called it “almost
convergence.” Formally the concept of statistical convergence
was introduced by Fast [2] and Steinhaus [3] independently
in the year 1951 and later reintroduced by Schoenberg [4] in
the year 1959.

Although statistical convergence was introduced over
nearly the last sixty years, it has become an active area of
research in recent years. Statistical convergence has been
studied by several authors [5-14].

Let N denote the set of all natural numbers. A number
sequence x = (x;) is said to be statistically convergent to the
number [ if for each ¢ > 0 theset {k € N : |x; — I > ¢}
has natural density zero, where the natural density of a subset
K < N (chapter 11, see [15]) is defined by

d(K)=liml|{kSn:keK}|, 1)
n—?OOn
where |{k < n : k € K}| denotes the number of elements of

K not exceeding n. Obviously we have d(K) = 0 provided
that K is a finite set of positive integers. If a sequence is

statistically convergent to I, then we write itas S — lim x; =/
or x;. — I(S). The set of all statistically convergent sequences
is denoted by S.

The notion of modulus function was introduced by
Nakano [16] in 1953. Following Ruckle [17] and Maddox [18],
we recall that a modulus f is a function from [0, c0) to [0, 00)
such that

(i) f(x) =0ifand onlyifx =0,

(ii) f(x+y) < f(x)+ f(y)forx >0, y >0,
(iil) f is increasing,
(iv) f is continuous from the right at 0.

Because of (ii), | f(x) — f()| < f(Ix — yI) so that, in view of
(iv), f is continuous everywhere on [0, 00). A modulus may
be unbounded or bounded. For example, f(x) = x*, where
0 < p < 1, is unbounded, but f(x) = x/(1 + x) is bounded.

Connor [11], Oztiirk and Bilgin [19], Ghosh and Srivastava
[20], Bhardwaj and Singh [21-23], Colak [24], Altin and Et
[25], Aizpuru et al. [5], Bhardwaj and Dhawan [6], Bhardwaj
et al. [26], and some others have used a modulus function to
construct some sequence spaces.

In the year 2014, Aizpuru et al. [5] defined a new concept
of density with the help of an unbounded modulus function
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and, as a consequence, they obtained a new concept of
nonmatrix convergence, namely, f-statistical convergence,
which is intermediate between the ordinary convergence and
the statistical convergence and agrees with the statistical
convergence when the modulus function is the identity
mapping.

Quite recently, Bhardwaj and Dhawan [6] and Bhardwaj
et al. [26] have introduced and studied the concepts of f-
statistical convergence of order « and f-statistical bounded-
ness, respectively, by using the approach of Aizpuru et al. [5].

We now recall some definitions that will be needed in the
sequel.

Definition 1 (see [5]). Let f be an unbounded modulus
function. The f-density of a set A ¢ N is defined by

fik<n:keA})
fn)

d’ (4) = lim 2)

in case this limit exists. Clearly, finite sets have zero f-density
and d/(N — A) = 1 — d/(A) does not hold, in general. But if
d’(A) = 0 then d/ (N — A) = 1. Note that Aizpuru et al. [5]
have used the notation d ;(A) to denote the f-density of a set
A.

Remark 2. For any unbounded modulus f and A c N,
af(A) =0 implies that d(A) = 0. But converse need not be
true in the sense that a set having zero natural density may
have nonzero f-density with respect to some unbounded
modulus f. For example, if we take f(x) = log(x + 1) and
A={1,4,9,...}, then d(A) = 0 but d’ (A) = 1/2.

Definition 3 (see [5]). Let f be an unbounded modulus
function. A number sequence x = (x;) is said to be f-
statistically convergent to [ or S -convergent to [, if, for each
e>0,

d' (fkeN:|x —1| 2¢}) =0,

hat is, li ! k l =0 ©)
_ < : — > =0,
that 1s, lim 7 )f(l{ <n |xk l £}|)

and one writes it as ' — lim x.=lorx, — 1(S). The set of
all f-statistically convergent sequences is denoted by §’.

In view of Definition 3 and Remark 2, it follows that every
[ -statistically convergent sequence is statistically convergent,
but a statistically convergent sequence need not be f-
statistically convergent for every unbounded modulus f.

By a lacunary sequence 6 = (k,), r = 0,1,2,..., where
k, = 0, we will mean an increasing sequence of nonnegative
integers with k, — k,_;, — oo asr — oo. The intervals
determined by 6 will be denoted by I, = (k,_;, k,], and we let
h, = k,—k,_,. Theratio k,/k,_,, which also occurs frequently,
will be denoted by g,..

The space of all lacunary strongly convergent sequences,
Ny, was defined by Freedman et al. [27] as follows:
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Ny = {x = (x;) :
(4)

r— 00

lim hiz |, — 1| = 0 for some number l} .
T kel,
If x is lacunary strongly convergent to [, then we write Ny —
limx;, =1lorx;, — I(Ny).
There is a strong connection [27] between Ny and the
space w of strongly Cesaro summable sequences, which is
defined by

w= {x = (x;) :
(5)
lim lz |x, — 1| = 0 for some number l]» .

n—00
i

In the special case, where 6 = (27), we have Ny = w. In
fact, for a lacunary sequence 8, Ny = w if and only if 1 <
liminf,q, < limsup,g, < co ([27], on page 511).

Note that the space w of strongly Cesaro summable
sequences was denoted by |0, | in [27].

In the year 1986, Maddox [28] extended the concept
of strong Cesaro summability to that of strong Cesaro
summability with respect to a modulus f. A sequence x =
(x;) is said to be strongly Cesaro summable with respect to a
modulus f to [ if

lim =3 £ (|, — 1)) = o0. ©6)
k=1

n—-oopn

The space of strongly Cesaro summable sequences, with
respect to a modulus f, is denoted by w( f).

Further, in the year 1994, the notion of lacunary strong
convergence was extended to that of lacunary strong con-
vergence with respect to a modulus f by Pehlivan and
Fisher [29]. The space Ny( f) of lacunary strongly convergent
sequences with respect to a modulus f is defined as

r—»oohr kel

Ny (f) = {x= (x¢) : lim iZf(|xk—l|)

= 0 for some number l} .
If x is lacunary strongly convergent with respect to a modulus
f tol, then we write Ng(f) — lim x; or x;. — I(Ny(f)).

Remark 4. We will denote the spaces w(f) and Ny(f) by w!
and Ng throughout the paper.

Fridy and Orhan [12] introduced the concept of lacunary
statistical convergence as follows.
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Definition 5. Let 0 = (k,) be a lacunary sequence. A
number sequence x = (x;) is said to be lacunary statistically
convergent to [ or Sy-convergent to I, if, for each € > 0,

1
rILI%OE|{k€I,. |x, — 1| > ¢}| = 0. (8)
In this case, one writes Sg — lim x; = [ or x;, — [(Sy). The set
of all lacunary statistically convergent sequences is denoted
by S@.

Throughout this paper s, I, and ¢ will denote the
spaces of all, bounded, and convergent sequences of complex
numbers, respectively. Moreover, we will be concerned only
with the sequences of scalars.

Following a very recent and new approach of Aizpuru
et al. [5], we first introduced the notion of f, -density
and, consequently, obtained a new concept of nonmatrix
convergence, namely, f-statistical convergence of order « [6],
where f is an unbounded modulus function and & € (0, 1].
The f,-density of the subset A of N is defined as follows.

Definition 6. Let f be an unbounded modulus function and
let o be any real number such that 0 < « < 1. Then

flk<n:keA]
f(n%)

in case this limit exists, where |k < n : k € A| denotes the
number of elements of A not exceeding n.

dy (A) = lim_ ()

Now, in this paper we introduce a new concept of f-
lacunary statistical convergence, where f is an unbounded
modulus, as follows.

Definition 7. Let f be an unbounded modulus andlet0 = (k,)
be a lacunary sequence. A sequence x = (x;) is said to be f-
lacunary statistically convergent to [ or Sy -convergent to [, if,
for each e > 0,

g&ﬁ%ynwenw@—mnm=a (10)

In this case, one writes Sé[ —limx, =lorx, — l(Sg )

For a given lacunary sequence 6 = (k,) and an

unbounded modulus f, by Sg we denote the set of all f-
lacunary statistically convergent sequences.

Remark 8. In case f(x) = x, the concept of f-lacunary
statistical convergence reduces to that of lacunary statistical
convergence.

In the next section it is shown that the concept of f-
lacunary statistical convergence is intermediate between the
ordinary convergence and the lacunary statistical conver-
gence. It is also proved that, under certain conditions on a
modulus f, if a sequence is lacunary strongly convergent
with respect to a modulus f then it is f-lacunary statisti-
cally convergent and that the concepts of lacunary strong

convergence with respect to a modulus f and f-lacunary
statistical convergence are equivalent on bounded sequences.
In Section 3, we characterize those 0 for which 8/ = Sg , where
f is an unbounded modulus such that lim, , (f(£)/t) >
0 and there is a positive constant ¢ such that f(xy) >
cf(x)f(y), forall x > 0, y > 0. Note that it was shown by
Maddox [18] that, for any modulus f, lim, _, . (f(¢)/t) exists.
Maddox [28] also showed that there exists an unbounded
modulus f for which there is a positive constant ¢ such that
f(xy) = cf(x)f(y), forall x > 0, y > 0. In Section 4, we
first observe that it is possible for a sequence to have different
Sg -limits for different f and 0. In Theorem 24, we investigate
certain conditions under which this situation cannot occur.
In Section 5, a general description of inclusion between two
arbitrary lacunary methods of f-statistical convergence is
given. In the last section, f-lacunary statistical analog of
Cauchy criterion for convergence is established. A Tauberian

theorem for Sef -convergence is also given.

2. f-Lacunary Statistical Convergence

We begin by establishing elementary connections between
convergence, f-lacunary statistical convergence, and lacu-
nary statistical convergence.

Theorem 9. Every convergent sequence is f-lacunary statisti-

cally convergent; that is, ¢ C Sg for any unbounded modulus f
and lacunary sequence 0.

Proof. Let x = (x;) be any convergent sequence. Then, for
each e > 0, the set {k € N : |x; —I| > €} is finite. Suppose
[{k € N : |x; — I| = €}| = m,. Now, since {k € I, : |x; — | >
€} ¢ {k e N: |x; —I| > €} and f being modulus is increasing,
therefore

ke b1zl _ £m)

< . (11)
f () f ()
Taking limit as r — 00, on both sides, we get
i F{k el s |x -1 > €}]) _o,
roe f(h) (12)
as f (h,) — 00 as r — oo.
O

Remark 10. The inclusion ¢ C Sg is strict as the sequence x =
(x;) given in the necessity part of Lemma 19 is an example of

a sequence which is Sg -convergent but not convergent.

Theorem 11. Every f-lacunary statistically convergent se-
quence is lacunary statistically convergent.

Proof. Suppose x = (x;) is f-lacunary statistically conver-
gent to . Then by the definition of limit and the fact that f



being modulus is subadditive, for every p € N, there exists
t, € N such that, for v > r,, we have

1 1 _(h,
FUk e =tz ) < () < 2 pf ()
p p p
L (13)
(5)
p
and since f is increasing, we have
Llker n-1]2 ¢} <~ (14)
h, ' p
Hence, x is lacunary statistically convergent to /. O

Remark 12. 1t seems that the inclusion Sg C Sp is strict. But
right now we are not in a position to give an example of a

sequence which is Sy-convergent but not Sg -convergent. So it
is left as an open problem.

Remark 13. From Theorems 9 and 11, we can say that the
concept of f-lacunary statistical convergence is intermediate
between the usual notion of convergence and the lacunary
statistical convergence.

We now establish a relationship between f-lacunary
statistical convergence and lacunary strong convergence with
respect to a modulus f. Fridy and Orhan [12] showed that
on bounded sequences the concept of lacunary statistical
convergence is equivalent to lacunary strong convergence.
We now wish to find some condition on f, if any, so that
the concept of f-lacunary statistical convergence becomes
equivalent to lacunary strong convergence with respect to a
modulus f.

Theorem 14. Let 0 =
consider the following:

(k,) be a lacunary sequence; then

(a) For any wunbounded wmodulus f for which
lim, , (f(¢)/t) > 0 and there is a positive constant ¢
such that f(xy) > cf(x)f(y), forallx >0, y >0,

(i) x¢ — KN implies x;, — 1(S}),
(i) Néf is a proper subset ofSef.
(b) x € I, and x;, — l(Sg) imply x;, — l(Ng), for any
unbounded modulus f.

(o) Ng Nl = Sg N I, for any unbounded modulus f
for which lim, _, . ,(f(¢)/t) > 0 and there is a positive
constant ¢ such that f(xy) = cf(x) f(y) for all x > 0,
y=0.

Proof. (a) (i) For any sequence x = (x;) and € > 0, by the
definition of a modulus function (ii) and (iii) we have

1 1
h—Zf(lxk—lD = h_,f<z |xk_l|>

T kel, kel,
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1
2 f D
r kel,
|x—l|=e

> hif(|{kelr:|xk—l| > ¢}e)
> f kel -1 =€) f @

Flk e s -1 6))
T f(hr)

f(h) f ()

(15)

from where it follows that x € S(); as x € Ng and
lim, , (f(h.)/h,) > 0.

(ii) To show the strictness of inclusion, consider the
sequence x = (x;) such that x; is to be 1,2,..., [1/h,] at the
first [1/h,] integers in I,, and x; = 0 otherwise. Note that (x;)
is not bounded. Also, for every e > 0,

1 e ol sy = L
f(h,)f(l{ke Ir . ka 0| = }|) -

A N N (16)
SR T

as r — 00,

because lim, _, ., (f([\/h,]))/[Vh,]), lim, _, . (f(h,)/h,) are
positive and lim, _, . ([\/h,]/h,) = 0.

Thus, x;, — O(Sg ). On the other hand,

LY f (-0 - L L@ SR
N f(1+2+-~-+[\/h—r])

B h

T

(W] (W] +1) 12)

- h

r

>Cf([\/h—r])f(([\/h_r] +1)/2)
- h

AR

X —

[Vh]

r
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(A=) )

CGEE
IR )R

r

17)

as ¢, lim, _, o (f (VR D)/ [VR, D), lim, o (F([VR,] + 1)/2)/
([vR,] + 1)/2), and lim, _, (VR ([VR,] + 1)/2)/h,) are

positive. Hence x; -+ O(Ng).

(b) Suppose that x;, — l(Sg) and x € I ;say |x, — | < H
for all k € N. Given € > 0, we have

. Zf(|xk—l|) = Z Il =10)

T kel, r kel,
|x—ll=e
1
+ - Z F(|xe=10)
e (18)
1
h—|{keI |xe = 1| > €}| £ (H)

1
+ h—rhrf (6) .

Taking limit on both sides as r — 0o, we get
lim, _, ,(1/h,) Yier f(Ixe 1) =0, in view of Theorem 11
and the fact that f is increasing.

(c) This is an immediate consequence of (a) and (b). [J

Remark 15. The example given in part (a) of the above
theorem shows that the boundedness condition cannot be
omitted from the hypothesis of part (b).

Remark 16. 1If we take f(x) = x in Theorem 14, we obtain
Theorem 1 of Fridy and Orhan [12].

3. f-Lacunary Statistical Convergence versus
f-Statistical Convergence

In this section we study the inclusions Sg cS$ ands’ Sg
under certain restrictions on 6 and f.

Lemma 17. For any lacunary sequence 0 and unbounded
modulus f for which lim, _, (f(t)/t) > 0 and there is a
positive constant c such that f(xy) = cf (x) f(y), for all x > 0,

y 20, onehas S c Sg if and only if liminf,q, > 1
Proof.

Sufficiency. If lim inf,q, > 1, then there exists § > 0 such that

q, = 1+ 6 for sufficiently large r. Since h, = k, — k,_,, we
have

h, 8

- >

K C1+o as)

<

for sufficiently large 7. If x,, — 1(S/), then, for given e > 0
and sufficiently large r, we have

iy sk ba =1 =l
tken s zd) _ £0)
(k) f (k)
fﬂ%eflm—H24D:(f@J)
f hr
(20)
( , )(h_) f{k el : |x =1 > €}])
k f(h)
f(h)
(5) ) (33)
(ke L -1 > ef)
f(h)
This proves the sufficiency.
Necessity. Assume that liminf,q, = 1. Proceeding as in

Lemma 2.1 of [27], we can select a subsequence (k, ]-)) of 0
satisfying

j 1
ALY -
(j)-1 J
ket j @)
kr(j—l) ’

where r (j) >r(j-1)+2.

Define a bounded sequence x = (x;) by

1 1fk€Ir(] for some j=1,2,3,...;
X, = (22)

0 otherwise.

It is shown in Lemma 2.1 of [27] that x ¢ Ny but x € w.
Thus in view of Theorem 3 of [29] and Theorem 14 we have

x ¢ S(’; . On the other hand, it follows from Theorem 4 of [28]
and Corollary 4.3 of [6] that x € S/. Hence 8 ¢ Sg. But

this is a contradiction to the assumption that §' ¢ Sg . This
contradiction shows that our assumption is wrong. Hence
liminf, g, > 1. O

Remark 18. The sequence x = (x;), constructed in the
necessity part of the above lemma, is an example of f-
statistically convergent sequence which is not f-lacunary
statistically convergent.

Lemma 19. For any lacunary sequence 0 and unbounded
modulus f for which lim,_, (f(t)/t) > 0 and there is a
positive constant ¢ such that f(xy) = cf (x)f(y), for all x >

0, y =0, one has Sg c 8’ if and only if lim sup,g, < co.



Proof.

Sufficiency. If limsup, g, < oo, then there is H > 0 such
that g, < H for all r. Now, suppose that x;, — l(Sg ) and

lim, , o (f(h,)/h,) = I'. Therefore, for given € > 0, there
exists r, € N such that for all r > r,

f ()

. <I'+e

' (23)
1

f(h)

Let N, = |[{k € I, : |x; — I| = €}|. Using this notation, we have

f({k el :|x -1z ¢}]) <e

(N,)
7 (h,

Now, let M = max{f(N;), f(N,),... f(Nro)} and let n be an
integer such that k,_; < n < k,, and then we can write

<

<e Vr>r,. (24)

1 1
f(l’l)f(Hk =n: |xk _ll 2 8}|) < f(kr—l)
1

Sk o=z el]) =

+N2+---+NrO+N,o+1+---+N,)

ey ) () F (V)

+f<Nru+1) +

<

)

+Mf(Nr)h}< M
b f()"

1 [f (hry1) £ (Np,)

r,M )
) f(kr—l) ! f(klr_l)e(l +€) [hra+1 +oee

_ roM N 1
f(kr—l) f(kr—l)

roM el +e k, _ M
Ty e [f(k,_l)] Pk

e(I'+e) [k, —k, |
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’ 1 k r M '

I T __ 20 I
rel ) Fe ks Ty T

1 r M ’
M ey e R G L
NS
Flk_) Iy
(25)

from where the sufficiency follows immediately, in view of the
fact thatlim, _,  (f(k,_;)/k,_;) > 0.

Necessity. Suppose that limsup,q, = co. Following Lemma
2.2 of [27], we can select a subsequence (kr(j)) of lacunary
sequence 60 such that g,(;) > j. Define a bounded sequence

x = (x) by
Xk

1 if ky(oy < k < 2Kk,(j)-y, for some j=1,2,3,...5 (26)
0 otherwise.

It is shown in [27], on page 511, that x € Ny but x ¢ w. By
Theorem 3 of [29] and Theorem 14, we conclude that x € s/ ,

but x ¢ S/, in view of Theorem 2.1 of [10] and the fact
that every f-statistically convergent sequence is statistically

convergent. Hence Sg ¢ §/. But this is a contradiction to

the assumption that Sg c §/. This contradiction shows that
lim sup, g, < oo. O

Remark 20. The sequence x = (x;), constructed in the
necessity part of the above lemma, is an example of f-
lacunary statistically convergent sequence which is not f-
statistically convergent.

Combining Lemmas 17 and 19 we have the following.

Theorem 21. For any lacunary sequence 0 and unbounded
modulus f for which lim, , (f(t)/t) > 0 and there is a
positive constant c such that f(xy) = cf (x) f(y), for all x > 0,

y = 0, one has Sg = 8 ifand only if 1 < liminf,q, <
lim sup, g, < oo.

Theorem 22. For any lacunary sequence 0 and unbounded
modulus f for which lim, _, (f(t)/t) > 0 and there is a
positive constant ¢ such that f(xy) = cf(x) f(y), for all x > 0,
y =0, one has

= N si= U s (27)

lim inf,g,>1 lim sup,g,<oco

rq‘r>1 Sg.
g1 Sg but x ¢ S'. We
have (x;) € Sg for all @ = (k,) for which liminf,g, > 1. If

we take 6 = (2"), then, in view of Theorem 21, we have Sg =

Proof. In view of Lemma 17, we have s ¢ Miimn inf

Suppose if possible x = (x;) € (Vi inf

$" and so x € &, contrary to our assumption. Hence s =
(Miim inf,q,51 Sg . The remaining part can be proved similarly
and hence is omitted. O
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Remark 23. The sequence x = (x;) constructed in part (a) of

Theorem 14 belongs to Sg for every lacunary sequence 6, as
well as unbounded modulus f for which lim, _, . (f(t)/t) > 0
and there is a positive constant ¢ such that f(xy) > cf (x) f(y)

forall x > 0, y > 0. Hence [Ny inf,q 51 S(J; # ¢

4. Uniqueness of Sg -Limit

For any fixed 0, the Sg-limit is unique; however, Fridy and
Orhan [12] showed that it is possible for a sequence to
have different Sy-limits for different 6s. They showed that
this situation cannot occur if the sequence is statistically
convergent. We now establish a similar result in case of Sg -
convergence. First we observe that it is possible for a sequence
to have different Sg -limits for different f and 0. To illustrate
this, let us take f(x) = x, g(x) = 2x, 0, = ((2r)!), and
0, = ((2r + 1)!). Consider the sequence x given in [27],
in the proof of Theorem 2.1, for which Ny - limx, = 0
and Ny, — limx; = 1. Now, by applylng Theorem 3 of [29]
and Theorem 14 part (a), we see that S - limx; = 0and
S b, = limx, = 1.

In the next theorem we investigate certain conditions
under which this situation cannot occur.

Theorem 24. For any two lacunary sequences 0, and0,, ifx €
s n Sf and 89 N Sg then Sf -limx; =
f and g are unbounded modulusfunctzonsfor which

— lim x;, where

=f(x-),

=g(x-y), (28)
Vx>0, y=>0.

|f ()= f(»)|
lg(x)—g(»)|

To prove this theorem we need the following lemma.

Lemma 25. For any lacunary sequence 0, if x € 8/ n S!, then

Sg —limx, = 8/ —lim x;, where f is an unbounded modulus
function for which
lf@)-fD=f(x-»), vx=20, y=0. (29

Proof. Suppose s/ ~lim x, =land Sg—lim x, =1 andl #1'.
Lete > 0 be such that0 < e < |[[ = I'|/2. Using the definition
of a modulus (iii) and (ii), we have

f(|{k<n:|1-1]>2¢}))
f )

B f(fk<n:|x -1 >¢})
B fn

f(Hks n: 'xk —l'| > s}')

f @)

(30)

+

7
Taking limit as # — oo on both sides, we get
oo gy Ltz d)
n— 00 f(?l)
Besnibs-rlze)
- f snilg -l zef])
hence nleréo 7 =1.

Now consider the k,, th term of the sequence (( f (n)™* f(lk <
n:lx —1'l > €l):

1

f (k)

=k 1] 2] -

{k € Lnjlr : |xk—l" 26}
r=1

)zf&n

X — l'| > SH)

Also, in view of the choice of unbounded modulus f, we have

Zf( o) (h)f('{kEIr:|

5 ()= )+ £ () + 4 £ ()

CFl— k) flky = k) + o
+f (km - km_l)
= Pk =)+ f (- R+
£ (=K )
~F () = £ R+ 1 () = f ()] +
1 G = f ()
=P - F )+ F ()~ F () +
F ) = F () = £ (k).
Now, using (33) in (32), we have
(kb1 e])
(34)
Llfw)zf

where t, = (f(hr))_lf(l{k €l :|x; —I'| > ¢}|) — 0because

X — l'(Sg ). Since € is a lacunary sequence and f being
modulus is increasing, the term on the right hand side of (34)



is a regular weighted mean transformation of t = (t,), and
therefore it, too, tends to zero asr — oo. Thus

f(km)f('{ ' X~ 1 | ZSH) —0 (35)

as m — OQ.

Also, since (f(k,,)" f(lik < k,, : lx = Il = €}l)isa
subsequence of sequence (f(n))_lf(l{k <n:lxg - 'l > €},
we conclude that

(Fe) " f(|{ksn:|x-T|ze|)»1.  Go)

But this is a contradiction to (31). This contradiction shows
thatl =1". O

Proof of Theorem 24. By Lemma 25, we have

§' —lim X = Sg - lim x,
1 (37)

9 _ —-q9 _1i
S —hmxk—Sez—hmxk.

But, according to Corollary 2.2 of Aizpuru et al. [5], we have
s —lim x, =87 - lim x;.. (38)
Therefore, from (37) and (38) we have
Sgl - limx; = ng — lim x;.. (39)
O
If we take g = f in Theorem 24 we have the following.

Corollary 26. For any two lacunary sequences 6, and 0,, if
x €8 andx € Sgl n S(J;Z, then Sgl
where f is an unbounded modulus function such that

If )= f )l =f(x-yD),

If we take f(x) = x in Corollary 26 we obtain the
following result which contains Theorem 6 of Fridy and
Orhan [12].

- limx, = ng - lim x,

Vx>0, y>0. (40)

Corollary 27. For any two lacunary sequences 0, and 0,, if
x €Sandx € Sy NSy, then Sy —lim x;. = Sy, lim x;.

If we take 6, = 0, = 0 in Theorem 24 we have the
following.

Corollary 28. For any lacunary sequence 6, if x € §' n Sg

and $7 0 S, then Sg ~limx; = ) - lim x;, where f and g are
unbounded modulus functions for which

|f )= fF ()
lg(x)-g(y) =

= f(lx-).
g(jx-y)), vx=0, y>o.
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5. Inclusion between Two Lacunary Methods
of f-Statistical Convergence

Our first result shows that, for certain f, if 8 is a lacunary
refinement of 0, then S;; C Sef . To establish this result, we

first recall the definition of a lacunary refinement of lacunary
sequence [27].

(k:) is called a
(k,) if

Definition 29. The lacunary sequence 8 =
lacunary refinement of the lacunary sequence 6 =

(k,) < (K",

Theorem 30. If B = (k) is a lacunary refinement of 6 = (k,)
and f is an unbounded modulus such that

lf ) =fO)=f(x-y), ¥x=20, y=0, (42)

then x € Sé implies x € Sg.

Proof. Suppose each I, of O contains the points (kr I)V(r) of B
so that

!
< & kr,v(r)

k., <k, <k, = k,,
(43)
where Ir')i = (k' k:,i] .

ri—1°

Note that, for all 7, »(r) > 1 because (k,) C (k:). Let x;, —
l(Sé ). Therefore, for each € > 0, we have

—)f(Hk el a—lzef])=0. (4

A,
1<i<¥(r) f(hr,i

where h kil - ki,i_l and h:)l = k;,1 —k,_;, whence
. 1 '
1 _— kel . : -1 > =0.
e IY',,ZC:I, f(hiz)f(H €l o1l 2 SH) (45)
1<i<y(r)

For each € > 0, we have

i/ (ke eba—il 26l = 2o
- f ke |J Ii|a-1=e
lsrzziscvl(r)

= ﬁf I’zd er]r"i: |xk—l|2£}|

1<i<y(r)



Abstract and Applied Analysis

f( 3 Z f(|{ker, x-12¢f)

I CI,
1<z<v(r)

7t 2, /)

1Si£1/(r)
1 ,
— k o -1l > .
f(hi,i)f(H ¢t il SH)
(46)

Also, in view of the choice of unbounded modulus f and

using the fact that 8 = (k) is increasing, we have
> fl) = f () + £ (Ba) + o+ f ()
Lcl,
1<i<v(r)

=f(k£1 —ka)+ f (ki k)
ot f (K = k)
- f(lkh ~ka)+ f ([kra =KL
ot f (ke = K l)
- |f (k1) = f (ko)
] (k) = £ (k)| +
+1F (Ken) = F (k)|
= f (ki) = f (k) + f ()
—fln)+ot f (k)
— f (K yy1) = £ (k) = f (ko)
=|f (k) = f (k)| = f ([, = kpa])
= f(h)) = f(h,).

Using (47) in (46), we have

[k e 1, b~ 1] > e}

(48)
z I ;CI, f( rl) IZcI f( ”) o

1<1<V(r) lsigv(r)

where t,; = (f(h;i))_lf(l{k € Ir')i 2 x = I > €}]). Since
the term on the right hand side of (48) is a regular weighted
mean transformation of (¢, ;), which tends to zeroasr — oo,
therefore the term on the right hand side of (48) also tends to
zero asr — oo. Thus,

1
7oy (ke llxe =1z ef) — o0 (49)

as v — Q0.

1
mf(

Hence x € Sg . O

Our next result deals with the reverse inclusion.

Theorem 31. Let f be an unbounded modulus and 8 = (k! )
is a lacunary refinement of the lacunary sequence 0 = (k,).
Let1, = (k,_,k,J, h, =k, —k,_, v = 1,2,3,..,and I =
(k:n l,k' ], h;n = k:n - k:n_l, m = 1,2,3,.... If there exists

é > 0 such that
£ (1)
f(h)

then x € Sg implies x € §

>8 foreveryI cI, (50)

f
5

Proof. For any € > 0, and every I' , we can find I, such that
I' c I; then we have

a2l
< sy ket o126l
e YN (CRT R Rl "
—8f(h)f(|{k61 i =1 = el)
from where it follows that S} < S, O

In the next theorem we deal with a more general situation.

Theorem 32. Let f and g be any two unbounded modulus
functions such that f(x) < g(x), for all x € [0,00), and
B = (k) is a lacunary refinement of the lacunary sequence
9=(k)LetI =(kr " ,]h =k, —k_, r=123,..,

andI = (kI k1, h k'_l, m=1,2,3,... If there
exists 0 < & < 1 such that
hl
f( m) >8 foreveryI cI, (52)
g(h)
then x € S§ implies x € Si;.

Proof. For any € > 0, and every I’ , we can find I, such that
I' c I; then we have

iy e sl )
< gryo (e 112 6]
sf(;;n)g(l{kelr:ka-l|2€}|) (53)
- Ty gt <= el)
sgg(lhr)g(ukea:|xk—1|ze}|>,

from where it follows that S§ ¢ Sé . O
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In the next theorem we show that the inclusion S(J; cst
is possible even if none of 6 and f is refinement of the other.

Theorem 33. Let f be an unbounded modulus such that
If@)=fWI=Ff(x-»), vx=20, y=20. (54

Suppose 3 = (k.,) and 0 = (k,) are two lacunary sequences. Let
I =k k] h =k —k,_, r=123,..,I =k k]
W o=k -k _,m=123.,adl,, =10l rm=
1,2,3,.... If there exists § > O such that

fpm) for every r,m=1,2,3,..., (55

f ()
provided p,,, > 0, where p,,, denotes the length of the interval
I, then x € Sg implies Sg.

The proof is similar to Theorem 2 of Li [14] and hence is
omitted.

Remark 34. If the condition in Theorem 33 is replaced by
flpm) f(H.) = & foreveryr,m = 1,2,..., provided p,,, > 0,
where p,,, denotes the length of the interval I, = I. N
f

I', r,m = 1,2,3,..., it can be seen that x € Sﬁ implies
X € Sg.

Combining Remark 34 and Theorem 33, we get the
following.

Theorem 35. Let f be an unbounded modulus such that

[f = fDI=f(x=5]), vxz20, yz0.  (56)
Suppose B = (k) and 0 = (k,) are two lacunary sequences. Let
L=k _,klh =k ~k_, r=123,..,I =k kI
h:nzk;n—k' m=1,2,3,...,and1rm=IrﬂIr'n, rm =

m—1°

1,2,3,.... If there exists § > O such that

S (Prm)
f (b +h,)
provided p,,, > 0, where p,,, denotes the length of the interval

L,y then S} = S1.

>80 foreveryr,m=123,..., (57)

6. The Sg -Cauchy Criterion and a
Tauberian Theorem

We now introduce the Sg -analog of the Cauchy criterion,

which turns out to be equivalent to the Sg -convergence.

Definition 36. Let 0 = (k,) be a lacunary sequence and let f
be an unbounded modulus. The sequence x = (x;) is said to
be f-lacunary statistically Cauchy or Sef -Cauchy sequence if

there is a subsequence (x;:,)) of x such that k'(r) € I,, for
each r, lim,x;:(,) = I, and, for every € > 0,

. 1
lim ——f ([{k € I, : |x; — x| 2 €}|) =0.  (58)

oo f (k)

Abstract and Applied Analysis

Theorem 37. The sequence x is Sg -convergent if and only if x

is S(’; -Cauchy sequence, where f is an unbounded modulus and
0 = (k,) is a lacunary sequence.

The proof is similar to proof of Theorem 2 of Fridy and
Orhan [13] and hence is omitted.

Corollary 38. Every Sg -convergent sequence has a convergent
subsequence.

This result leads to the following Tauberian theorem. We
state the following result, which can be established following
the technique of Theorem 3 of Fridy and Orhan [13].

Theorem 39. IfS) - limx; = [ and lim, _, . h, max {|Ax;] :
iel}=0thenlimx, =1L
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