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The existence, multiplicity, and properties of positive solutions for a third order nonlinear neutral delay difference equation are
discussed. Six examples are given to illustrate the results presented in this paper.

1. Introduction and Preliminaries

Recently, some researchers used the Reccati transformation
techniques, fixed point theorems, and iterative algorithms to
study the oscillation, nonoscillation, asymptotic properties,
and solvability for linear and nonlinear third order difference
equations and systems; see, for example, [1-6] and the ref-
erences therein. In particular, Saker [4], Andruch-Sobilo
and Migda [1], and Grace and Hamedani [2] discussed the
oscillation for the following third order difference equations:

A3x(n)+p(n)x(n+ 1)=0, n=x>ny,

A’ (x () = p(n) x (0 (n)) £ q () x (T (n)) = 0,

7’127’10’
A3(x(n)—x(n—r))iq(n) |x(n—o)|3sgnx(n—0) =0,

n=0.

@

Making use of the Schauder fixed point theorem, Banach
fixed point theorem, and Mann iterative schemes, Yan and
Liu [5] and Liu et al. [3], respectively, proved the existence
of a bounded nonoscillatory solution for the third order
difference equation:

A3x(n)+f(n,x(n),x(n—r)):O, n>n 2)

and the existence of positive solutions and convergence of
the Mann iterative schemes for the following third order
nonlinear neutral delay difference equation:

A’ (x () +b(n) x (n-1))
+Ah(n,x (hy (n)),x (hy (n)),...,x (h (n))

b F (L ).x (fo ) e x (o ) = < (),

n=ny.

(3)

However, the following third order nonlinear neutral
delay difference equation:

A (x(n)+bn) x (n-1) +c(n)
+ AR (n,x (b, (1),...,x (hy (n)))
+Ag(n,x(g,(),....x (g () (4)

+f(nx(fi(m),....x(fi () =d #),

n > ny,
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where 7, k, 1, € N, {c(n)}neNno, {b(n)}neNnO, and {d(n)}neNn0 are

real sequences, f, g,h € C(NX[R{k, R)and f;, g, by : Nno — N
with

Jim f; (n) = lim g,(n) = lim h; (n) = +oo,
€)
le{l,2,...,k}

has not been studied. The purpose of this paper is to study
solvability of (4). By utilizing the Krasnoselskii fixed point
theorem, Schauder fixed point theorem and some new tech-
niques, we establish the existence, multiplicity, and properties
of positive solutions of (4). Six examples are constructed to
illuminate our results.

Throughout this paper, we assume that A is the forward
difference operator defined by Ax(n) = x(n+ 1) — x(n), R =
(-00, +00), R™ = [0, +00), and N, and N denote the sets of
nonnegative integers and positive integers, respectively,

N, ={n:neNywithn>t}, teN,,

a=inf{f,(n),g (), l(m):1<l<kneN,}, (6)

B = min{|n, - 7|, a} € N.

Let I7° denote the Banach space of all real sequences x =
{X(n)}neNﬁ with norm

(1)

x|l = sup <400 forx = {x(n)}

nENﬁ

nen, €1 (7)

Let A, B, A,, B" and ¢ be positive constants, T € N,
{c(n)}neNﬁ, {A(n)}neNﬁ, and {B(n)}ngNﬁ be real sequences with

By=B+ s g =a- O en,
n n
c(n)y=c(ny), P<n<ny-—1,
|c (m)] ®
" > sup——,
neNg n
A, =A-c", B" =B+c".
Put
Q(A,,B",T)
- {x = {(x (Myen, €15 A(T) < *™ _ g, ©)
x (n)
B<n<T; An) < SB(n),nzT}.

It is easy to see that Q(A,,B",T) is a bounded closed and
convex subset of ZEO.
By a solution of (4), we mean a sequence {x(n)}neNﬁ ely

with a positive integer T' > 1, + T + o such that (4) holds for
alln >T.

The following lemmas play important roles in this paper.
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Lemma 1 (see [6]). A bounded and uniformly Cauchy subset
C c Iy’ is relatively compact.

Lemma 2 (Krasnoselskii fixed point theorem). Let X be a
Banach space, D a bounded closed convex subset of X, and
S,G: D — X mappings such that Sx + Gy € D for every pair
x,y € D. If S is a contraction and G is completely continuous,
then the equation

Sx+Gx =x (10)

has a solution in D.

Lemma 3 (Schauder fixed point theorem). Let D be a
nonempty closed convex subset of a Banach space X and T :
D — D a continuous mapping such that T(D) is a relatively
compact subset of X. Then T has at least one fixed point in D.

Lemma4. Let 7,n € N and {q(k)};cny € RY. Then
(1) Z;fl z;):nﬂ“r q(t) < z;):nﬂ’(t/‘[)q(t)’.
(i) X2 X Yoo q() < X0, (8/1)q(0);
(iii) Z;zl Zz('):n+p‘r ZS; Zzs q(t) < Ztoznw(ta/‘r)q(t)'

Proof. (i) Let [t] denote the largest integer number not
exceeding t € R". It is clear that

Y Yaw=Y (1+][==])a0
i=1 t=n+iT t=n+t
(11)
o t
< —q(t).
= t;‘r‘rq( )
(ii) It follows from (i) that
Y3 Yq=Y Y Q+t-n-ing@)
i=1 s=n+it t=s i=1 t=n+it
(12)
00 00 0o 2
<Y Y tq)< Y t—q(t).
i=1 t=n+it t=n+t1
(iii) It follows from (ii) that
>, 2 2 2am=) ) Y-i+Dq®
p=1 i=n+pt s=i t=s p=li=n+prt t=i
0 00 00 oo 3
<Y Y Yuns Y Lqo.
p=li=n+pt t=i t=n+1 T
(13)
This completes the proof. O

2. Existence of Positive Solutions

Now we discuss the existence, multiplicity, and properties
of positive solutions of (4) under various conditions on the
sequence {b(n)}neNﬁ CR.



Abstract and Applied Analysis

Theorem 5. Assume that there exist a constant b* and three
nonnegative sequences {F,},en > {Gulpen. » and {Hn}neNnO
ny ngy

satisfying

A+b'B"<B, 0<b(m)<b <l neN,, (14)

|f (nuyuy, ... ou)| < F,
|g (T’l, Uy, Uy, . ..,uk)| < Gn’

(15)
|h(?l,u1,u2,_,.,uk)| <H,

(nw) eN, x(R"\{0}), 1<I<Kk

nle Zmax {H ZG} (16)

$=1

00 CO 0O
nangO ZZZmax F,ld®)|} = 17)
1 n s=i t=s

Then

(i) equation (4) possesses a positive solution x =
{x(n)}nGNB € lzo with

lim x(n)+bm)x(n-1)+cn)

n— 00 n

€e(A+b"B",B),
(18)

A, < 11m1nfL < limsu pL < BY; (19)
n

n— 0o

(ii) equation (4) possesses uncountably many positive solu-
tions in ZEO.

Proof. (i) Let L € (A + b*B", B). It follows from (16) and (17)
that there exists T > n; + T + o satisfying

%Z{H +§G +§OZO: F +1d®)] }
i= s=i (20)

s=i t=s

<min{L-A-b"B",B-L}.
Define two mappings S; and G : Q(A,, B",T) — [’ by

nL-bnyx(n-t)-cn), n=>T,

(SLX) (n) =
p<n<T,

(21)

% (SLx) (T)

3
Zh (i, x (b, ) 5...,x (h (1))
3 g (x(019), . x(g )
(G,x) (n) = 1 +ZZZ[f(t’X(f1(t))’---’
x(fe®)-d®)],
nxT,
_%(GLx)(T), B<n<T,
(22)
for any x = {x(n)}neNﬁ € Q(A,,B",T).
Now we show that
Six+GryeQ(A,,BT), x,yeQ(A,,B"T);
(23)
ISix =Sy <b" |x-y|, xyeQ(A,,BT),
(24)
|Gyl <B, yeQ(A,,B".T). (25)

Using (14), (15), and (20)-(22), we get that for any x =
{x(Mhuen,» ¥ = ymlaen, € AA,, B, T)

(Spx) () + (Gpy) (n)

n
=L—Mx(n—1)—c(—n)
n n
+ Gy Oy @)y O )

-—Zzg(s Y(31))s (g6 (5))

PSS S U x (i 0)x (e 0) - d 0]
L, el
n
F 2 iy O ).y (5 )
+zzm& (9167 (9 5))]

lnSl



o0 00 OO

+%ZZZ |f 6y (A ®), oy (@) +1d O]
i=n s=i t=s
IC(H)I 1
—ZH iZT;GS
+%ZZZ[F +1d )]
i=T s=i t=s
|c( |y min{L-A-b'B" B L}
B+ O By asT
n
(S.x) () + (GLy) (n)

n

_n )M+ G @ _ g Ben<T

T n
(Spx) (n) + (Gpy) (n)
n
=L—Mx(n—‘r)— ¢
n

N §§h(z (B (@) y (i (D))

- —Z Zg (559> ¥ (9 ()

17151

00 0O OO

SSYf ty (i ®) sy (e ) - d (D]

i=n s=i t=s

3|>—‘

+

2L_n—rb(n)x(n—‘r) e
n

n—-t n

Y Gy Oy )y (@)

- _ZZ|g(s y(919)- ¥ (9 (5)))]

17151

00 0O OO
1

=Y I XNy (i @)y (O] +1d )]

i=n s=i t=s

Ly el
n
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%ZZZW+MW
i=T s=i t=s
> - - Wl
n

-min{L-A-b"B",B-L}

>4l
n

=AMmn), nxT,

(SLx) (n) + (GL)/) (n)
n

n (8.x)(T) +(GLy) (T)
T n

(Spx) (n) = (Spy) (n

>A(T), P<n<T,

rlx(n-1)-y(n-1)
n—t

lb()

<b'|x-y|, n>T,

(Sx) (m) = (SLy) ()

_ n|(8x) (1) = ($y) (T) ’

n T n
<b"|x-y|, B<n<T,
‘(GL)}) (n)
==%§h@y0h@) ..... y (i (i)
- —Z Zg (57(919))5 57 (9 )
£ Y [y (i Oy ()
—d(t)]
<2 [y (hy @)y (e )
—ZZ 1957 (g1 (9)) -7 (9 (9))]
£ S I (r () (e ®))
+1d ()]
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IN
~|
M8

i
N]

1256

i=T s

||M8

= I

TZZZ [F, +1d (1)]]

i=T s=i t=s
<min{L-A-b"B",B-L}<B, n>T,
G
|M=% <B, Pf<n<T,

(26)

which yield the fact that (23)-(25) hold.
Next we show that G, is completely continuous. Let y*' =
{yw(n)}neNﬂ and y = {y(m)},en, € Q(A,,B*,T) with

lim y* = y. (27)

w— 0

Using (16), (17), (27), and the continuity of f, g, and h, we
know that for given & > 0, there exist T}, T,, T; and T, € N
with T, > Ty > T, > T} > T satisfying

pouf $ e § S

i=T,+1 i=T,+1 s=i
+ ) Y Y [F+1d O]

i=T,+1 s=i t=s

(28)

T, oo T, o0 oo
> 2 Gt) Y YE
i=T s=T,+1 i=T s=T,+1 t=s

T, T, 0

335 } ‘

i=T s=i t=T3+1

—max{2|h(z (h, ()5, y* (e (D))
~h (i y (hy ) >....y (he (D))
Y Y1955 (g1 9)) 09" (96 (9)))
i=T s=i
~9(7(31 )@ (29

T, T, Ty

YNNGV (i ®)sn ¥ (S ®))

i=T s=i t=s

Ly (L ®),...y(fi (t)))l}
<%, w>T,.

Combining (15), (22), (28), and (29), we infer that
IGLy" - Gy

= su {l(GL)’w)(”)—
= sup

n

(GLy) (7’1)| ‘ne€ Nﬁ}

_ max {Sup { n [(Guy*)(T

-(Gry) (T)| .
T n P

Sn<T},

up { (GLy™) (n)n— G| NTH

(Gry (”)|

~ sup { |(GLyw)(n)n— )l NT}

Y (hy ©),. .., y* (hy (0)))

—h (i y (hy (D)) ... y (B (1))
¥ (gx ()

~9(5 (9. ()., 7 (g ()]

*%ZZZUﬁw%ﬁm) .....

=T s=i t=

¥ (fi )
~fty(A®) oy (fi )

1 ¥ w : w .
= 72 By (B ),y (e @)
i=T

~h(i,y (b (0)),..., y (e ())]

1 (o]

t > |n Gy (hy (@)

i=T+1

¥ (W ()

~h (i y (hy (@), y (b ()))]
Tl T,

+—ZZ|g $9(91(9) 59" (9 ()

1T51

-9(y(19),7(9,9) 5.y (g )))|

+ =3 Y 19557 (91553 (96 (5))

i=T s=T,+1

~9(5,7(9, ()., ¥ (g ()]



6
+ %-:TZH g 19(5:5° (9, ()2 9 (9 (9)))
-9(5:7(9,9)5- .,y (g 5))
1 TZ T3
+= ;z;v 6y (L) s 9" (f 1))
~fty(A®) oy (i @)
+ —ZTZ 2 V65 ROy (R 0)
~fty(A®) .y ()
P23 Y YU O)ey ()
i=T s=T,+1 t=
fEy(f®),..., £ )]
o5 2 IO 0) (@)
~fEy(A®), ...y (f )]
e 2 & e 2L @
) E " ?z—;HHl " E ' ?i;‘"s:%“HGs
2
? TZH ZG + 16 + _ZTZt TZHFt
2 T, oo oo
' Ti:T s:%:+1 ;Ft
+%§ ijozo:F,<e w>T,

(30)

which implies that G, is continuous in Q(A,, B*,T).
It follows from (15), (22), and (28) that for any x
{x(n)}neNﬁ € Q(A,,B",T)and t;,t, > T,

(Gy)(t)  (Gy) ()

t, t

ZZh oy (@), y (e ()
——Zh (i y (hy (). y (B ()

11t1
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- _Z Zg $1(916))>--- 7 (9 (5))

2ttzsz

4 —Z Zg $7(915))- 5y (9 (9))

11t151

o0 00 0

P Y Y [y (fi @)

2i=t, s=i t=s

y (i ) -d®)]

_llfif [f (63 (fi )y (e ) - d (1)

i=t, s=i t=s
F+|d(t)l>

which means that G, (Q(A,, B*,T)) is uniformly Cauchy,
which together with (25) and Lemma 1 yields that G, (Q(A ,,
B*,T)) is relatively compact. Hence G, is completely contin-
uous in Q(A,, B*,T). Thus (14), (24), and Lemma 2 ensure
that the mapping S; + G, has a fixed point x = {x(n)}neNﬁ,
which together with (21) and (22) implies that

M8

Y

s=i

-
Il
“

2 (e8]
i;(%¥ﬂ+zlzg+

4 i=T, s=i i

Ae

<e
(31)

x (n)

=nL-bm)x(n—-1)—c(n

+ ih (i, x (hy (1)5..., x (B (1))

(32)
5 596506 9). - (0,)
+§§§[ (tx (£ )5 x (F(0) -d ®)],

n>T;
which gives that
Alx(n)+bn)x(n—1)+c(n)
=L-h(nx(h (n),..., x (h (n)))
+2.9(5x(91 ), 2 (g6 (9))
S22 Ex(fi@) o x (e ®) -d®)],
n>T+r,
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A (x(n)+bm)x(n-1)+cn)

= —Ah(n,x (B, ()., x (b ()
- g(mx(g(m),....x (g M))
+ 3 [F (X (0 ox (fu0) = 0],
n>T+1,
A’ (x () + b (n) x (n— 1) +c (n))
= -ANh(nx(hy (),...,x (h (1))
~Ag (n,x (g, ()., x (g (m))
- [f(nx(fim),....x(f M)) - d )],
n>T+1,

(33)
that is, x = {x(n)}neN‘3 e Q(A,,B",T) is a positive solution
of (4). It follows from (15)-(17), and (32) that
x(n)+bmn)x(n—-1)+cn)

n

-L

1 (@) x (b (1))

——ZEp@thw) ----- x (91 (5))

1nsz

S WUFICRIVAD) R

1=n s=i

(fi®)) —d®)]

o0 00 0O

—ZH+ ZZG + ZZZF —0
1nsz znszts
as n — 00,

A, =A-c<a- @
n

B(n) = B L le@)
n

(34)
which yield that

o x(m+bnm)x(n—-1)+c(n
S n

=Le(A+b"B",B),

x(n) (1)

< B%;

A, <liminf < lim sup
n—oo

n— 0o

(35)
that is, (18) and (19) hold.

(ii) LetL,,L, € (A+b"B*,B)and L, # L,. Asin the proof
of (i), we infer that for each [ € {1, 2}, there exist a constant
T 2 ny + 7 + a and two mappings S; and G, : Q(A,, B",
1) — lgo satistying (20)-(22), where T, L,S; and G, are
replaced by Tj,L;,S;, and Gy, respectively, and S; + G,
possesses a fixed point x; = {x,(n)}neNﬁ, which is a positive
solution of (4); that is,

x;(m)=nL;—bm)x;(n—1)—c(n)

+Zh@xﬂhﬁn ..... x; (hy (i)

[celNee)

- Z Zg (5%, (91 ()5 %1 (gx (5)))

i=n s=i

o0 00 0O

Y S [F (i (A O) o x

i=n s=i t=$

(i ®))-d®)],

n = Tl’
(36)

Note that (16) and (17) imply that there exists T, > max{T,
T,} satisfying

o0 0
H, + Z ZGS +
which together with (15) and (36) means that for any n > T,

L8
18
gk

i=T, s=i i=T, s=i t

(37)
-ty
4

x () x,(n)
n n

L, Lz—#(xl(n T) —

X, (n-1))

# 23 (1w, (@)oo ()

~h (i, x; (hy (), %5 (B (D))

- _Z Z g(s,x, (g, )., x1 (9k (5)))

lnSl

=9(5% (91 (9)5--,%2 (9 ()]

o0 00 OO0

3 YL (@) ()

i=n s=i t=s

— X (fi @)% (fir )]



= |L1 - Lzl
- 0b) 1 (1= D) - x, (- 7)
n n-t
- TL Z Ih (i x1 (By (D)5 %1 (B (1))
i=T,
~h (i, x, (hy (1)), ..., x, (e (D))
- TL Z Z |g (S’xl (91 (S)) yeees X (gk (S)))
* =T, s=i

=9(5%, (91 (9)5--.%, (9 ()]

“7 2 2 6 (R 0) e ()
Fltxy (fi )5 (fi (t)))l
>|Ly - Ly| - b" ||x; — x,

L
F(Sne 8308 55n)

* i=T, i=T, s=i i s=i t=s
L,-L
> M b |x; - x,)
(38)
which implies that
|L1 — La|
- —_— 39
e - =l > S (39)

which yields that x; # x,. Therefore (4) possesses uncount-
ably many positive solutions in [g’. This completes the

proof. O

Theorem 6. Assume that there exist constants b, and b* and
three nonnegative sequences {F,},en > {Gulen > and {H, },en
no no no
satisfying (15)-(17) and
b*"A+(B" +c¢ )b_ <b*B+b_*_C ,

1<b,<bn)<b", neN

ny*
Then
(i) equation (4) possesses a positive solution x =
{x(M}en, € Ig* with (19) and

lim x(n)+bmn)x(n—-1)+cn)

n—o0o n

b b,A

€ (b*A+(B* +c*)b—,b*B+ b** —c*>;
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(ii) equation (4) possesses uncountably many positive solu-
tions in L.

Proof. (i)PutL € (b" A+(B*+c*)(b*/b,),b,B+b, A, [b"—c™).
Observe that

nlLr%O[b*A+< n>(B +c )I;—*]

*

=b"A+(B" +c*)l;— <L<bB+ b*b?* - (42)

*

%_C* <1+I>]
b* nll’

which yields that there exists N € N satisfying

= lim [b*B +
n—o00

b* T b*
b"A+(B"+c")— <b"A (1 —) B" +c¢") —
+( +C)b*< + +N( +c)b*

b, A
<L<bB+—"" -

b A
<bB+ 2 ",
* b* c

(43)

It follows from (16) and (17) that there exist 6 € (0,1) and
T > max{n, + T + o, N} satisfying

ezbi(u%), (44)

*

= Z {H +ZG +ZZ [F, +1d (1)]] }

zT+r s=i t=s

<min{b*B+b*i— *<1+1)—L,
N
b*L—b*A (1+l)(B*+c*} (45)
b* N
N T
<min{b*B+ c <1+—>—L,
T

b.L T  x
e . —<1+?>(B +c)}.

Define two mappings S; and G : Q(A,, B",T) — I’ by

(SLX) (n)
nL  x(n+1) c(n+71)
— b(n+‘[) b(n+T) b(n+‘[)’ nZT, (46)
%(SL'X)(T)» B<n<T,
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(GLX) (n)

Z h(i,x (hy (D),..., x (hy (1))

i=n+T

b(n+r)

b(n+T)
L]
= b(n+1)

Y SN[ x (i ©) e (£ )

i=n+t s=i t=$

i=n+1 s=i

-d@)], n=T,

;(GLx)(T), B<n<T

forany x = {x(n)},en, € (A, B*,T).
Now we show that (23), (48), and (49) below hold

ISix =Syl <0lx =yl xyeQ(4,B.T); @)

*
b*’

Using (15) and (44)-(47), we get that for any x
{x(n)}neNﬁ)y = {y(n)}neNB € Q(A*>B*>T)

(Spx) (n) + (Gpy) (n)
n

L x(n+1) B c(n+1)

“bm+r) mb(n+r) nb(n+)

Z h(iyy (hy ()., y (he ()

+
nb(n+r il

Cnb(n+T) (n +1), ;T ;g (5¥(9: )5 ¥ (9, (5))
N 1
nb(n+ 1)

oo 00 OO

Y SNy (A®) sy (f ) -d (®)]

i=n+T s=i t=s

L x(n+71) n+t

T b, B m+t)b(n+t) mnb(n+1)

'|c(n+T)| 1

n+T nb (n+ 1)

[ee] . . . 1
-2 Gy @)y U O]+

i=n+1

Z Zg(s,x(gl (©)5-+%(g¢ (5)))

yeQ(A,,B,T). (49)

o0 o0

I IR ITAC T REELC]

i=n+1 s=i t=s

L A, ¢ T 1
Sb—— +—<1+—>+

Z ZG +Tb Z ZZ [, +1d ()]

Tb

* =T+ s=i * j=T+71 s=i t=s
*
<L A*+C <1+T>
b, b* b,

+ bimin {b*B+ b*bjj* -c* (1 + 1) -1,

*

b,
L b A- (
b*

<B<Bn), n=x>T,

(Sp.x) () + (Gpy) (n
n T n

) n. (8px) (1) + (Gpy) (T)

<B(T), P<n<T,

(Spx) () + (Gpy) ()
n

3 L B x(n+1) B c(n+1)
Cb(n+1) nb(n+t) nb(n+t)

Z h(i,y (b ()., y (e ()

nb(n+r)l ~

Z Zg (5 7(319)) -0y (9 (5))

nb(n+T)l =n+T s=i

1
" nb(n+1)

2

L n+t x(n+1) n+t

b nb(n+‘r). n+t _nb(n+‘r)

S U 6y (L 0oy (o) - d (0]

it=

[\/]8

“

i=n+1

“
1l

'|C(H+T)|_ 1
n+t nb(n+ 1)
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S oy (@) y (e )]

i=n+T

ZZM@M&@ (e (5)]

nb(n+T i=n+T s=i

1
- nb(n+1)

3 S ey (o)

i=n+T s=i t=s

)] +1d ®)I]

L 1 T\ . " T
Zb_*_b_<1+_>B_b*(1+T>
(o) (o) o0 1

1 1
" Th ZHi_Tb 2 ZGS_T_b*

*i=T+T * j=T+T s=i

[celNee)

-iZZMHMW

i=T+71 s=i t=s

L 1 * %
>—*——<1+£>(B +c")

_ imin {b*B+ b*b?* —c* (1 + %) -L,

b—*L— b A- <1 + 1) (B* +c*)}
T

b*
>A>2AMn), n=>T,
(Sx) (n) + (GLy) (m) _ n. (S.x) (T) + (GLy) (T)
n T n
>A(T), B<n<T,
(Spx) () = (Spy) (n) _ n+t |x(m+7)-y(n+71)
n Cnb(n+1) n+T
<O|x-y|, n=T,
(Spx) (m) = (Spy) )] _ n (Sx) (T) = (Spp) (T)
n T n
<O|x-y|, Bsn<T,
|(GLJ’) (n)
%m+¢;f0yhm)nwwwm

”b(n+T) Z Zg $7(g15)5- ¥ (9 )))

i=n+T s=i
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1
" nb(n+ 1)

2

1
" nb(n+1)

fty(i®),...y(fi®)) -d®)]

M8
Ms

-
Il
“

i=n+T s=i

. i iy y (hy ()5 y (g ()]

i=n+1
L
nb(n+1)

o0 00

- g5y (91 9)).

i=n+1 s=i

.y (9k (9)))]

1
" nb(n+1)

o0 OO0 00

Y YNy (i ®),

sy (fe )] +1d ®)1]

i=n+1 s=i t=s
LI
< H; + G,
Tb* i=T+7 Tb* i=T+71 s=i

iZZWHMW

* j=T+T1 s=i t=s

Tb

< bimin{b*3+%—c* <1+%>—L,

*

by pa- <1+%>(B*+c*)}

b*
12**, n>T,
G Gy) (T
G O] _n|GD) _p A o g
n T d

(50)

which yield (23), (48), and (49).

Next we show that G; is completely continuous. Let y* =
{yw(n)}neNﬁ and y = {y(n)}en, € Q(A,,B*,T) with (27).
Using (16), (17), (27), (47), and the continuity of f, g, and A,
we know that for given € > 0, there exist T, T,, T5,and T, € N
with T, > T3 > T, > T} > T + 7 satisfying

1 (o9 (o] [ee)
max Z H; + Z G,
Tb* i=T,+1 i=T,+1 s=i

i [F, +1d (0)]], z Z G,

it=s i=T+1 s=T,+1

gk

»

i=T;+1

“
Il
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3 533550

i=T+1 s=T,+1 t=s i=T+7 s=i t=T3+1

(51)

~h (i, y (hy (@) ,.... y (e ()],

Zl Z 19 (5,5 (9, (9)5--» ¥ (g (9)))

i=T+7s=i

-9(5(9: ()., y (g )]
T, T, T

S SN F©)seen ™ (fe @)

i=T+Ts=it=s

—fty(L®)s oy (fi (t)))l}

< w =T,

£

16’
(52)

Combining (15), (47), (51), and (52), we infer that

IGLy* - Gyl

. { (Gy*) ) - (Guy) )] Nﬁ}

n

_max{sup{" |(GLy*) (T) = (Gpy) (T)

T " :ﬁSn<T},

sup
n

{I(Gw’”) -G m] NTH

1
SSup‘[nb(n+‘r)

5 Gy Oy )y (e 00)

i=n+T

~h (i, y (hy () 5., y (e ()]

1
+nb(n+‘r)

: i ilg(s,y"’ (91 ))>-- 7" (9 (9)))

i=n+T s=i

~9(5 (9. (), ¥ (g ()]

1

1
" nb(n+1)

o0 00 OO

Y IS Y ®)s oy (f @)

i=n+1s=it=s

~flt.y(fi®),..., y(fi )] :

neNT}

TL Z Y (hy Q)5 y™ (B (0))

~h(i,y (b ()., y (. ())))|

1 S w ; w .
Ty Y Gy (h () " (e (@))

*i=T)+1

~h (i, y (hy ()., y (h ()))]

L T,

b Y 2190 (909" (9 9)

* i=T+T1 s=i

-9(57(919) -,y (9 )]

T, 0

+TZ Y Y 1955 (91553 (96 (9))

* i=T+1 s=T,+1

~9(57(9,()) -,y (g ()]

1 (o) (o) » 3
t 2 21955 (9 9) 0 (6(5)

*i=T, +1 s=i

=9(y(919)5-» ¥ (9 9)))]

I, T, Ty

Z SN () ¥ (fe 1))

* j=T+T s=i t=s

~fty(A®) 0y (fi )

T, T, oo

b Y Y I ROy ()

* i=T+1 s=i t=T3+1

~fty(A®) oy (e )

Y S S 0) G 0)

* i=T+1 s=T,+1 t=s

~fty(A®) .y (@)
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Tb > ZZIf(t Y ®)s 0y (f )
* j=T | +1s=it=s
~f 6y (FL®) 0y ()]
e 2 X e
< Te + Th, i:;ﬂHi + 16

Tb*z;-rsTZHG +Tb Z ZG
DN

* i=T+1 s=i t=T3+1

16 Tb

T, o

v Y Y SEez- Y YO

* i=T+1 s=T,+1 t=s * =T\ +1 s=i t=s

<g, w=T,,
(53)

which implies that G, is continuous in Q(A ,, B*,T).
It follows from (47) and (51) that for any x = {x(n)}neNﬁ

Q(A,,B*,T)and t;,t, > T,

‘(GL)/) (t2) B (Gy) (1)
t

1
b+ T)

=Y By ().

i=t,+T

oy (b (@)

o
tbm+1)

) Z h (i, y (hy (i)

i=t;+T

)seeesy (i (8)))

o
t,b(n+1)

: i ig(s,y(gl ()5 ¥ (9 )))

i=t,+T s=i
s 1
tb(n+1)

: i ig(s,y(gl ()55 (9 (9))

i=t|+T s=i

1
T bt
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[F &y (fL®)-y (/) -d ®)]

agl
M8

00
i=t,+T s

o
tb(n+1)

S S Uy ©)r ey

i=t;+7 s=i t=s

2
T,b,

< Sue Y Yar ¥ ii[mu(m])

i=Ty+1 i=Ty+7 s=i i=T,+7 s=i t=s

-
Il
“

i

(fi ©))) - d (1)]

<

<g&,
(54)

which means that G;(Q(A,, B*,T)) is uniformly Cauchy,
which together with (49) and Lemma 1 yields that G (Q(A ,,
B*,T)) is relatively compact. That is, G, is completely contin-
uous in Q(A,, B*,T). Thus (44), (48), and Lemma 2 ensure
that the mapping S; + G, has a fixed point x = {x(n)}neNﬁ €

Q(A,, B*,T), which together with (46) and (47) yields that

(n) = nL  x(n+71) c(n+71)
T b)) bt bnto)
b(n+T),;Th(l % (D)o x (e (1)
1 2
_b(n+r)i:;T;g(s’x(91(S)):---)X(gk(s)))
1
"

7
i (Ex(Hi®) o x (e ®) -d )],

Ms
L +

nx=T,
(55)
which means that
x(n+t)+b(n+t)x(n)+c(n+1)
=nlL + 'Z h(i,x (hy (0),..., x (hy (i)
=2 2.9(5x(919)5 -5 x (9 ()
+ 2 22U (@) x(f®) -d®],
n>T.
(56)



Abstract and Applied Analysis

It follows from (56) that
Alx(n)+bn)x(n-r1)+c(n)

=L-h(nx(h (n),...,x(h (n))

o0

+2.9(5:%(91(9):% (9 ()% (96 (5)))

ZZ [f (x(fi (1),

S=N t=g

cux (o) -d®)],

n>T+1;
A (xn)+bm)xn-1)+cn)

= -Nh(nx(hy (),...,x (h (1))
(g (m))

x (fu ) —d ()],

-Ag(n,x(g,(n),....x

- [f(n’x(fl (”)),

n>T+1,
(57)

that is, x = {x(n)}neNﬂ € Q(A,,B",T) is a positive solution
of (4). By means of (15)-(17) and (56), we deduce that

x(n)+bm)x(n-1)+c(n)
n

-L

(h (1))

T 1%, . .
_;+Z;h(z,x(h1 @),....x

) VICHPAT RN
N %ZZZ[f(t,x(fl ®),->x(fi M) (58)

-d(1)]

S£+ ZH+ ZZG

ln lnSl
100 o0 o0
+—ZZZFt—>O as n — 00,
ni:ns:it:s

which ensures that (41) holds. The proof of (19) is similar to
that of Theorem 5 and is omitted.

13

(ii) LetL,,L, € " A+(B*+c")(b*/b,),b,B+b, A, [b" -
c*)and L; # L,. As in the proof of (i), we deduce that, for
each [ € {1,2}, there exist 6, € (0,1), T, > ny + T + «, and
two mappings S, and G, : Q(A,,B",T)) — I’ satisfying
(43)-(47), where 0, T, L, S;, and G| are replaced by 0, T}, L,
S1,»and Gy , respectively,and §; +G possesses a fixed point
X = {xl(n)}neNﬂ € Q(A,, B*, T;), which is a positive solution

of (4); that is,

X () = nL _xl(n+r)_c(n+r) 1
! S bm+t) bm+1) b+t b+t
- 2 hGx (@), x (e () - Mwﬂ

o0 (o) 1
'i;;,T ;9 (5% (g1 (5))- - % (ge (5))) + bt D)
YN x (fi @), x (@)
i=n+T1 s=i t=s

-d@®)], n=T,.
(59)

Note that (16) and (17) imply that there exists T, > max{T},
T,} satistying

(60)
L1 - Ly
TS

In view of (15), (59), and (60), we infer that for anyn > T,

X (1) x(n)
n n
_‘LI—L2 _x (n+1)-x,(n+7) 1
Cb(n+1) nb (n + 1) nb (n + 1)
) Z [h (i, xy (hy ()5, % (I ()
—h (i, xy (hy () - - 2, (B (1)))]
1

- nb(n+1)
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o0 0

' Z Z[g(s,xl (9, (9))>...

i=n+T1 s=i

EACAC))

—9(5%,(919))5- %2 (9 (9)))]

1
b+

o0 OO0 00

Y NN bx (i 0),

i=n+1 s=i t=s

% (fe )

- (5, (), )]

x;(n+71)-x,(n+7)
n+t

n+Tt
nb(n+1)

ot

»x1 (g ()

|h (i, x, (hy (D). ..

—~h (i, 5, (hy (i) - 5 (g ()]

B le ' Z Z 19 (5,1 (g1 (8))-- > %1 (9 (9)))

(5%, (91 (9%, (9 ()]

LS SN o (i 0) oo, (o 0)

* =T, +T s=i t=s

—f (6%, (1 ®)5- s, (f ()))]

L,-L 1 T
2Bl L Y -l

L,-L 1 T
| 12b>)= 2l 0 <1 + T_> 1 = x|
(61)
which implies that
L
P L N

2b* (1 +(1/b,) (1 +7/T,))

which yields that x; # x,. That is, (4) possesses uncountably
many positive solutions in lg°. This completes the proof. [
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Theorem 7. Assume that there exist constants b, and b* and
three nonnegative sequences {F,},eny > {Golnen. > and {H, }en
ng ng ng

satisfying (15)-(17) and

A<B+b B, -1<b,<bm<b" <0, nenN,.

(63)

Then

(i) equation (4) possesses a positive solution x =
{x(n)}neN‘g € lzo with (19) and

lim x(m)+bm)x(n-1)+c(n)

n— 0o n

€ (A,B+b,B");
(64)
(ii) equation (4) possesses uncountably many positive solu-
tions in L.

Proof. (i) Let L € (A, B+ b,B"). It follows from (16) and (17)
that there exists T > n + T + « satisfying

_z {H +ZG +ZZ [F +1d (0)]] } )

s=i t=s
<min{L-A,B+b,B" - L}.

Define two mappings S; and G|, :
(21) and (22).
Now we show that (23), (66) below hold:

Q(A,,B",T) — ZEO by

ISyl < ol - ], 2y e (A, BT);

Gyl <B. yeQ(A,,BT).
(66)

Using (15), (21), (22), (63), and (65), we get that for any x =

{xMhen, ¥y = When, € Q(A..B",T),
(Spx) () + (GLy) (n)
n
:L_wx(n_.[)_ ﬂ
n n

+ %Zh iy (h )>.... y (e ()))

- -Z Zg (5591957 (96 (5))

= ZZZ[f(t y(fi®)s sy (fe @) - d ®)]

l n s=i t=s
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(n-7)b(n) xm-1) |l

n n—Tt n

<L-

100
D oy (@) y ()]

+ = ZZIg(sy (91(9))5- (9 ()]

lrlSl

o0 00 0

1
£ =Y YDy (A ©)y (Fe )]+ O]
i=n s=i t=$
<L-b,B"+ ”)| ZH —ZZG
1 T s=i
T:ZT;Z [F, +|d (®)|] < L-b,B"
Ol (L -AB+b,B — L} < B+ €W
n n
=B(n), n=>T,
(S:x) M +(Gy) () _ . (Spx) (D) + (Gy) (T)

n
n T n
<B(T), B<n<T,

(S.x) () + (GLy) (n)
n

OO
n

* %Zh (i, y (hy D)oy (i (D))

- _ZZg (57(9:9)s--, ¥ (9 (9)))

lT’lSl

S 0y () - 0]
21 LS oy (0 0 )

- —ZZ |9 (5,7 (91 (9))5-- ¥ (g )]

S 1 Gy () ()] + O]

15

SL— |C(”)| _ _ZH _ _ZZG

ITSl

_ _iii F+ld )] > - <0

lTszts

“min{L-AB+b,B -1} > A <0
n

=A(n),

n>T,

(Spx) (m) + (GLy) (m) _ n (Spx) (T) + (GLy) (T)
n T n

>A(T), B<n<T,

(Spx) (m) = (Spy) (1) x(n-1)-yn-1)

= b () ==

n n—t

<lellx-yl. n>T,

(Spx) (m) = (Spy) () _n (S1x) (T) = (Spy) (T)

" T z
<lb.llx-y], Bs<n<T,
‘M
_ %ih (i y (1, (@) sy (B ()
_ _lZn;g 57 (919))5-- 5y (9¢(9)))
.l fif £ty (£ ) ooy (i ) - d )]
< %f iy (B ) y (I )]
+ ZZ |9 (5.7 (91 () (9 ()]
IS Uf (i), ey (O] + )
< —ZH + = ZTZG

+ —ZZZ [F, +1d (t)]]

lTszts



16
<min{L-A,B+b,B"-L} <B, n>T,
G
I( Ly)(n) :% SB, ﬁSI’l<T,

(67)

which yield (21) and (66). The rest of the proof is similar to
that of Theorem 5. This completes the proof. O

Theorem 8. Assume that there exist constants b, and b* and
three nonnegative sequences {Fn}neNn0> {Gn}neNno, and {Hn}neNnO
satisfying (15)-(17) and

*

* * * b*
b'B+B" +c <bA+A, - bi

<0,
(68)

b,<b(m)<b”<-1, neN,.

Then

(i) equation (4) possesses a positive solution x =
{x(n)}neNB € lzo with (19) and

lim x(n)+bm)x(n-1)+c(n)

n— 00 n
b,c”
- )

(ii) equation (4) possesses uncountably many positive solu-
tions in L.

(69)

€ (b*B+B* +c" b, A+ A,

Proof. (i)LetL € (b"B+(B"+c*),b,A+A,-b,c"/b"). Notice
that

lim [b*B +(B*+c¢") <1 + I)]
n— 00 n

*
b,c

=b"B+B " +c" <L<bA+A, - s

(70)

n— 0o b* n

which means that there exists N € N satisfying

b*B+(B* +c¢") <b"B+ (B +c*)<1 + %)

b.c* T

x 1+ — 71
= ( +N> 7D
b,c”

b*

It follows from (16) and (17) that there exist 8 € (0,1) and
T > max{N, n, + 7 + o} satistying

1 T
9= <1 _>)
b\ T

<L<bA+A, -

<bA+A, -

Abstract and Applied Analysis

! i {Hi +36+ YN (R |d<t)|]}

s=i s=it=s
. * T * *
<m1n{L—b B_<1+N>(B +c),

b*A+b A —c*<1+l>—b—L}
N

<min{L—b*B—<l+—)(B*+c )s
L, VAL T\ b
b"A+ b, -c <1+T)_b*L}'

(72)

Define two mappings S; and G| :
(46) and (47).

Now we show that (23), (25), and (48) hold. Using (15),
(46), (47), (68), and (72), we get that for any x = {x(n)}neNﬂ,
y = {y(n)}neNﬁ € Q(A,,B",T)

Q(A,,B"\T) — IEO by

(Spx) () + (Gpy) (n)
n
3 L  x(n+1) c+71) 1
T bn+1) nb(n+1) nb(n+1) nb(n+1)
1
l;”h(l)’ D)),y (e (i) ))—m
1
ZZQ(S’ (91 ), (gk(s)))+m

i=n+T1 s=i

S ¥ S o)) a0

+T s=i

~

3

1

<£_ n+T1 'x(n+r)_ n+Tt
“b* mbm+t) (m+1) nb(n+1)
.|c(n+‘r)|_ 1
n+T nb(n+1)
= 1
'i:;1|h(i’y(h1(i))>---)}’(hk(i)))|—m
ZZIg $7(919) -7 (96 ()]
a 1
nb(n+1)

S STy @)y () ¢ ]

i=n+1 s=i t=s
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£_i< +1>B*+£(1+1>
T b b T b* T

1 (o]
CTb* .:Z i Tb* Z ZG

i=T+T s=i

f ZZ[F +1d ()]

i=T+T s=i t=s

CTb*

bé_l%<l+_>(B +cY)

—imm{L—b*B—(1+%)(B*+c*),

b*
L AL T\ b
b"A+ b Cc <1 + T) ZL}

*

<B<B(n), nx>T,

(Sx) () + (Gry) (n) _ n. (S.x) (T) + (Gpy) (T)
n T n

<B(T), B<n<T,

(Spx) () + (Gry) (n)

n

3 L B x(n+1) B c(n+1) 1
T b(n+1) nb(n+1) nb(n+t) nb(n+1)

S oy (g )y (e 00)

i=n+T1

o
nb(n+1)

S S0y (09 ey (66)

i=n+Ts=i

1

+nb(n+‘r)
IOy 0)y () ~d )
n+T 'x(n+r) n+T '|c(n+‘r)|

L
2__
b

nbn+1) n+7 nb(n+1) n+Tt

Z (i y (hy ()., y (b ()]

i=n+1

nb(n+r)

1
+nb(n+‘r)

17

. i §|g(s,y(g1 ()57 (e ()))]

i=n+T s=i

1
+nb(n+r)

S ISy (R @)y ()

i=n+7 s=i t=s

+1d (1)]]

>£_A*+£<1+Z>
b b, b* T
[ee] [ee]

i O Hit e ¥ 3,

T s=i

i ZZ [F, +1d ()]

i=T+71 s=i t=s

Tb*

>A>An), n=T,

(Spx) (m) + (GLy) (m) _ n (Spx) (T) + (GLy) (T)
n T n

>A(T), B<n<T,

x(n+1)-yMm+1)
n+t

(Spx) (m) = (Sy) () . on+T
n T n |b(n+ 1)

<O|x-y|, n=T,

(SLx) (T) — (Spy) (T)
n

(S) () = (S)) )| n
n T

<O|x-y|, B<n<T,

(GLJ’) (n)
n
1
b ) - S iy (i ), y (e )
b (n+ T) 4 Z Zg (591 9)>-- 5 7(9 ()



18

1

b (n+71)
DIy (L®), y(fr ®))-d®)]
i=n+7 s=i t=s
—ml;ﬂl iy (1 @) y (e )]
nlb(n+r)| Z ZL"(S 7915y (g ()]
P S
n|b(n+1)|
2 220 6y (fiO) ey )]+ O]
1 [ee]
- le*li:;—'rHi T|b* z;r; le*
Y YR+ 1d@]]
i=T+71 s=i t=s

S—bi*mm{L b*B - (1+%>(B*+c*),

b*A+bbA* —c*<1+1>—b—L}

] T) b,
SB, T’lZT$
|(cLy><n> :;M’SB, Ben<T,
n

(73)

which yield (23), (25), and (48).

Next we show that G, is completely continuous. Let y* =
{yw(n)}neNﬁ and y = {y(n)}nENﬁ € Q(A,,B",T) with (27).
Using (16), (17), (27), and the continuity of f, g, and h, we
know that for given ¢ > 0, there exist T}, T,, T5, and T, € N
with T, > T; > T, > T; > T + 7 satisfying

o0 00 00
- max Z H; + z ZGS
T |b | i=T,+1 i=T)+1 s=i

> icwi > 3

i=T+7 s=T,+1 i=T+7 s=T,+1 t=s

BEEAl

i=T+1 s=it=T;+1
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Tl
T|1b*|max{i_;rlh(l (@), " (i (1))
~h(i,y (hy ()., y (h ())]
T, T,
Y gy (91 )s- 3 (9 (9)))
i=T+1 s=i
-9(5(9. )5,y (g 5)))]
T, T, Ty
Y Y Sy (i) y” (e ®))
i=T+1 s=i t=s
tLy(fL®),... y(fk(t)))l}
<li6, w>T,.

(74)
Combining (15), (47), and (74), we infer that
IGLy* - Gy

- {|(GL)’W)(”)—
= sup

n

(Gry) (”)l ne Nﬁ}

= max 1Sup {% . l(GLyw) (T)n_ (GLy) (T)| : ﬁ <n< T} >

(Gry (”)|

{I(GLy"’)(n)n— ) =n€NTH

1
SSup{n|b(n+r)|

sup

S Gy (U @) ey (e )

i=n+T

~h (i, y (hy ).,y (he (D))

1
b+ o)

[N ee)

=Y Y1955 (99 (96 ()

i=n+T s=i

=9(y(919)>-» ¥ (9 ()]

1
b+ o)
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o0 OO0 00

Y XX @)y ()
~fty(fL®)s..y (e )] :
ne NT]»
S le*ll_;iﬂv/l (i’yw (hl (l)) """ yw (hk (l)))
~h (i, y (hy ()., y (b (0)))]
Z 1 (i, y* (hy (D), 9 (g (0)))
1 T, +1
~h (i y (hy (D)), -.» y (e (1))
1
T
T, T,
=Y D955 (91 (9)5--5 57 (96 (9)))
i=T+1s=i
~9(57(9, () -,y (g ()]
1
T
Y Y 196 (0 9)e " (309)
i=T+1 s=T,+1
~9(5,7(9,()) -,y (g ()]
1
T
Y Y955 (90 9) 50 3 (g6 (9)))
i=T\+1 s=i
~9(y(919)s-» 7 (9 )]
1
T
T, T, T,
2 22y @)y ()
~fty (L ®)s .y ()
1
T

T, T, oo
S22 2 Iy (R®) ey (f @)
i=T+1 s=i t=T3+1

~f &y (fi®)s-sy (fe )]
, 1
T |b*|
T, 0 o
- 2 DI ey (R @) ()
i=T+7 s=T,+1 t=s
~fty(FL®),..y (fr ®))]
Lo
T |b*|
S YY)y (f )
i=T+1 s=i t=s
~fty (A ®)s oy (f®))
2 e

< T |b*|i:;1:+1H1 + T6

R

le*|i=T+Ts:T2+1 ’ T|b*|i:T1+ls:i ’

T, T,
16 T|b* 1;1;t %HF
2 O
F

" le*li:;—rszgﬂé '

le* ; ;+1;;F <o w=le

which implies that G, is continuous in Q(A ,, B*, T).
It follows from (47) and (68) that for any x = {x(n)}

Q(A,,B*,T)and t;,t, > T,

‘ Gy () (Gry) (1)
t2 tl
=l ("”),tzﬂ (6 y () y (e ()
tb(nH) 3 iy (4 @), 1, )

i=t;+1

nENﬁ

19

(75)

€
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tb(n+r) Z Zg (5¥(9:(9) 5.5y (9x (9)))
tb(n+T) Z 29 (57 (91 (5)>--> (g (9)))

i=t,+T s=i

1
" tb(n+1)

S S ey o)y () -d@)

i=t,+7 s=i t=s

1
Chb(n+T)

(o]

Z iozoz [f(ty(fi®),

i=t|+7 s=i t=s

oy (fe®))-d®)]

2
<
T, |b*|

< S+ ¥ Yo iimu(tn)

i=Ty+1 i=Ty+7 s=i

<g&,
(76)

which means that G;(Q(A,, B*,T)) is uniformly Cauchy,
which together with (25) and Lemma 1 yields that G; (Q(A ,,
B*,T)) is relatively compact. That is, G, is completely contin-
uous in Q(A,, B*,T). Thus (25), (48), and Lemma 2 ensure
that the mapping S; + G; has a fixed point x = {x(n)}neNﬁ €

Q(A,, B*,T), which together with (46) and (47) implies that

(n) = nL  x(m+71) c(n+71) 1

X bn+t) bmn+1t) bn+t) bn+1)
S 1
-i;Hh (i, x (hy ()5 ..o x (I (1)) = Yo
2 29(ox (@) x(9. )+ —

S U x(fy 0) e

T s=i t=

M8

(fir ®))-d®)],

3

i=n

prd

n>T,
(77)

That is, x = {x(n)}neNB is a positive solution of (4). The rest of

the proof is similar to that of Theorem 6 and is omitted. This
completes the proof. O
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Theorem 9. Assume that there exist three nonnegative sequen-
ces {Fn}neNno’ {Guluen, , and {Hn}neN satisfying (15),

nlgngo max {Zth, Y6 } =0, (78)

lim ~ Zt max {F,, |d (t)|} = (79)
nleréoiz lc(n+it)| =0, (80)
bn)=- neN,. (81)

Then

(i) equation (4) possesses a positive solution x =
{x(n)},,eNl3 € lgo with (19) and

lim x(n)—xn-1)+c(n) —0 (82)

n— o0 n

(ii) equation (4) possesses uncountably many positive solu-
tions in L.

Proof. (i) Let L € (A, B). It follows from (78)-(80) that there
exists T > ny + T + o satisfying

-Z|c(n+zr)|<1mm{3 L,L-A}, neNp, (83)

1 1

1S 1S 1S
i:thH, + i;tzGt + i:zf [F, +|d (1)]]

(84)
< %min{B—L,L—A}.
Define a mapping S : Q(A,,B*,T) — I’ by
(Spx) (n)
nL + ic (n+it)
i=1
=Y h(tx(hy (1), x (1))
i=1 t=n+iT
) 29tx(g®),..x(gc )
i=1 s=n+it t=s
=2 2 22 Ex(fi®).ox ()
p=1li=n+pt s=i t=s
-d(®)],
n>T,
%(SLx)(T), B<n<T,
(85)

for any x = {x(n)}neNﬁ € Q(A,,B",T).
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Now we show that

S,x€Q(A,,BT), xcQ(A,,BT); (86)

[S.x| < B, xe€Q(A,,B"T). (87)

It follows from (15), (83)-(85), and Lemma 4 that for any x =
{x(n)}nENﬁ € Q(A * B* > T)

(Spx) (n)

n

_L’

100
= —Zc (n+it)
nis

—-Z Z h(tx(hy (1),

z 1 t=n+it

P

cnx (b (1))

M8

g(t.x(g,(®),....x(gx ®))

+
S| =
M8

Il
—
-

Il

S=n+itT 1=$§

3

00 0O

Y YN x(fi®),...

p=li=n+pt s=i t=s

x (fi )

|
S| =
Mg

-d ()]

100
< =Y le(n+ir)l
=

100 00

+=3 2 hbx (i ®),...

i=1 t=n+it

x (b (1))

Z Z|g(tx g, ®),

z 1 s=n+it t=s

s x(ge )]

o0 00

) ii[lf(t,x(fla)),---

p=li=n+pt s=i t=s

x (fe )]

3

+1d ()1]

1
< Emin{B—L,L—A}

13 13, 13,
+ i;th + i;t G, + i;t [F, + |d (1)]]

<min{B-L,L-A}, n=>T,
I(SLx) (n) B L’ _|n. (Spx) (T) —L‘
n T n

<min{B-L,L-A}, B<n<T,

(88)

21
which yields that
S
Am)<A<L-min{B—LL- A} PRCEII)
n
<L+min{B-L,L-A}<B<B(n), neNl;;
(89)

that is, (86) and (87) hold.

Next we show that S; is continuous and S; (A(A ,, B*, T))
is uniformly Cauchy. Let x¥ = {xw(n)}neNﬂ and x =

{x(M}uen, € A(A,, B, T) with
llm Xw = X. (90)

w— 00

Using (15), (78), and (80) the continuity of f, g, and h, we
know that for given € > 0, there exist T, > T} > T satisfying

= . e
—Zlc(n+n')|<—, VneNp,
no 16 !

T,
% max {Zt (6,5 (y (). %" (e (1))
t=T

—h(t,x (hy (t)),....x (b (1)))],
3219 (62" (g, ()., (g5 (1))
t=T
-g(tx (g, (®),....x(gc 1))
- (91)
YEIf (6 (fi (1), x" (fi (1))
t=T

~ftx(fi®),....x(fe (t)))l}

w>T,,

%( S+ Y G ¥ 8 [Ft+|d(t)|]>

t=T,+1

Combining (15), (91), and Lemma 4, we infer that

€ Nﬁ}

n (8.x%) (T) = (Spx) (T)
T n

“Swa - SLx“

- sup ﬂ (5,2) () -

n
= max {sup {

(Spx) )| |
in

‘:ﬁ£n<T},
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(Swa) (n) - (SLx) (n) :

n

] o]

Ssup{%z > [ (0 (5 0)

i=1

~h(t,x (b @®),....x (b (1))|

(o] (o9 o0
1

£ 2 Do (9:0) 5" (9.00)

i=1 s=n+it t=s

-9 (t,x(g,®),....x (g ®))]
R %2 ip i f HERAO S
x* (fi ®))
—ftx(f,®),...
x(fe @)
ne NT}
<z Z+Tt|h (R UNG) I (NG))
“h(tx (1 (©)) 5. x (i ()]
% Zﬂf |9 (t,x" (9 (1), x" (g )))
~g(tx(g,®)>....,x (g ®))]
? Z+t |f (6 (i ) x® (e (1))
~f(Ex(fi ©),....x (fi ©))]
1
< i;ﬂh(t, X (B ()50 x° (B (1))
~h(t,x (b (). x (e (1))
N %jﬂt (85 (1 (©))- o (e )
~h (t,x (hy ()., x (e (1)))]
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Tl
2 YL |g (62 (6 0) 3 (9, )
t=T
~g(tx(g, ®),....x (g ®))]
rz Y Plgta (6, 0),x" (6,0)
t=T,+1
~g(t:x (9, (®)..., x (g (1))
1
+ o2 I (L ©), 0 (f)
t=T
~fEx(fi®),x(fi 1))
bz Y P (0 x (e 0)
t=T,+1
~f(tx(fi )5 x (fie )]
< £ + E 020: Z t G
16 Tt:T1+1 t T, +1
€ 3
T + i:TIHt Fo<e wzT,,

(92)

which implies that S, is continuousin Q(A ,, B*, T). It follows
from (80), (85), and Lemma 4 that for any x = {x(n)}neNﬁ €

Q(A,,B",T)andt, >t, > T,

(Sp2) (1) _ (S1%) (8)

ty t)

Zc (t, +it) - —Zc (t, +i1)

111 211

Z Z h(t,x (b (8),...,x (e (1))
lt 1t=t, +it

+_Z Z h(t,x (hy (6)),..., x (B (1))
21 1 t=t,+it

112 S Ya(tx(g ®)s...ox (g (1)
i=1 s=t, +it t=s
- —Z g(t x(g (), x (g (1))

21 1 s=ty+iT t=s
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LSS S e (h®)x(h@))
1 p=1i=t,+pt s=i t=s
-d(1)]
LSS S (@) x (A @)
2 p=li=t,+pt s=i t=s
—d(1)]

< —Z|c(t1 +iT)| + —Z|c (t, +i7)|

111

+ _Uztlﬂh tx(hy @®),....x (@)

+ _thtzt|h t,x (hy (1), x (b (1))

+ _”Ztlt g (£, x (91 (©)).... x (g )

+—2ttht 19(6x (g, ®) ..., x (g )]

+ —”Ztlt |f (tx(fi®),.x (fi ) —d (1)

+ —thtzt |f (6x (fi ). x (fie ) —d ()]
< %Jr ;Zt TtH + thth G,

+—Zt [F,+|d (0] <&
2t T,

(93)
which means that S;(Q(A,,B*,T)) is uniformly Cauchy,
which together with (87) and Lemma 1 yields that S; (Q(A ,,
B*,T)) isrelatively compact. It follows from Lemma 3 that the
mapping S; has a fixed point x = {x(n)}neNﬁ € Q(A,,B",T);
that is,

x (n)

o0
:nL+Zc(n+iT)

i=1

o0 00

=Y Y htx (b (®),....x (B (1))

i=1 t=n+it

23
£ ) 29tx(g®),....x (g 1)
i=1 s=n+it t=s
=2 2 22 ex (A @), x(fi®))
p=li=n+pt s=i t=s
-d@t)], n=T,
(94)
which gives that
x(n)—xn-1)
=tL-c(m)+ Y h(tx(h (1)),....x (h (1))
=2 29 (6x(90)--x (g6 1))
+ 2 22 Ex (@) x (fe @) -d @],
n>T+rT.
(95)
It is easy to verify that (95) implies that
Alx(n)—x(n—-1)+c(n)
=-h(n,x(h; (n),..., x (h (n)))
+2.9(6x(9,0)-0x (9 1)
22 6x(fi®)se 2 () -d 0],
s=ni=s
n>T+1,
A (x(n) = x(n—1) +c(n))
=-Ah(n,x(h; (n),..., x (h (n)))
—g(nx(g1(),....x(gc ()
2 U 6x(f @), ox(f®) -d@)],
n>T+rT,
(96)
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which yields that

A’ (x(n) = x(n—1) +c(n))

= -Nh(nx(h (),...,x (h (n)))

-Ag(n,x(g,),....x (g ))) (97)

= [f (mx (fim),....x (fi ) —d ()],
n>T+T,
which together with (81) gives that x = {x(n)}neNﬁ € QA,,

B*,T) is a positive solution of (4). It follows from (78), (79),
(95), and Lemma 4 that

[x(n) —x(n—1)+c(n
n
= E+1Zh(t,x(h1 ®)>....x (h (1))
h nt:n
100 [ee]
—2 Y 29(6x(91 ) x (9 1)
100 o0 O
# L 2Fex (0 x (i 0))
—-d (1)) (98)
liH + 122(}
T n onE 't ongEet
+%ZZZ H, +1d®)]]
<— —ZH+ ZtG
ﬁzﬂmwwmeo%nﬂm;

that is, (82) holds. The proof of (19) is similar to that of
Theorem 5 and is omitted.

(ii) Let L,,L, € (A,B) and L, # L,. Similarly we con-
clude that for each I € {1,2}, there exist a constant T; >
ny+7+|af and a mapping S, : Q(A,,B",T)) — I3’ satisfying
(83)-(87), where T', L, and S are replaced by T}, L;, and S ,
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respectively, and S; possesses a fixed point x; = {Xz(”)}neN €
Q(A ., B*, T;), which is a positive solution of (4); that is,

x; (n)

(o)
=nL; + Zc(n +iT)
i=1

Y Y bl ),

i=1 t=n+it

s xp (g (1))
(99)
x; (g (1))

uMg
+M8

z (t,x; (g, ().,
T t=s

S 1 (6 () (£ )

it=

M8

i

i=n+pT S

M8

T
¢

-d@®],

HZTZ

Note that (79) and (80) imply that there exists T, > max{T,
T,} satistying

1 (o] (o] (o]
= Y tH,+ Y £°G,+ Y £'F,
* \ =T, ¢=T, ¢=T,
(100)

< —lLl _L2|.
4

In view of (15), (99), (100), and Lemma 4, we infer that for any
n>T,

X (n) x5 (n)
n n
=|L, - L,

(tx; (B (0) 5. x; (e (D))

S S

1 1 t=n+it

—h(t,x, (hy @) ,.... %, (e (1)))]

_Z Z Z [9(t.x; (9: (1),

1 1 s=n+it t=s

5 x1 (g 1))

~g(tx, (g1 (1), %, (g 1))]

cO 00 00 O

_%Z Z ZZ[f(t’xl (fl (t)),

p=li=n+pt s=i t=s

s (fie ()

—f(tx, (fL @)%, (fi 1))]
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> |L, - L,|
- %Z Y | (txy (hy (1)), x, (h (1))
* j=1 t=T, +iT
~h(t,xy (hy ()., %, (g (1))
1 o0 o0 (o]
FZ Z Zlg t,x; (91 ()55 %1 (g (1))
* j=1 s=T, +itT t
-9 (t> X (gl (t)) e Xy (gk (t)))|
1 (o] (o] o0 o0
FZ Z ZZ If(t)x1 (i ®)s..sx; (fi 1))
* p=1i=T,+p1 s=i t=s
- ftx (i), x(HL0),. ..
%, (fx (t)))l
>|L, - L,|
—£<§th+ itzGt+ §t3Ft>
T, t=T, t=T, t=T,
N L, ;Lz| S0,

(101)

which yields that x; # x,. Thus (4) possesses uncountably
many positive solutions in Q(A,, B*, T). This completes the
proof. O

Theorem 10. Assume that there exist three nonnegative sequen-
ces {Fn}neNno, {Gn}neN,,o’ and {Hn}ne,\,“0 satisfying (15)-(17),
(80), and
b(n)=1, neN,. (102)
Then
(i) equation (4) possesses uncountably many positive solu-
tions x = {x(n)}neNﬁ € lgo with (19) and

lim x(n)+xn-1)+cn)

n— 00 n

(103)

€ (2A,2B);

(ii) equation (4) possesses uncountably many positive solu-
tions in I,

Proof. (i) Let L € (A, B). It follows from (15)-(17) and (80)
that there exists T > n, + T + « satisfying (83) and

—ZH + = ZZG

sTts

S S E @]

s=i t=s

‘o ! (104)

MS

U
~

l

1
< Emin{L—A,B—L}.
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Define a mapping S : Q(A,,B*,T) — I’ by

(SLx) (n)

nL + i (-Dic(n+it)
i=1

0o n+2st—1

+Z Z ht,x(hy (1),...,x

s=1 t=n+(2s-1)T

(. (1))

oo nt+2it-1 oo

_1 -y Y Yax(a ),

i=1 s=n+(2i-1)7 t=$

> x (g 1))

oo nt2pr-1 o oo

2 2l

(tx(f;®),...
p=li=n+Q2p-1)T s=i t=s

-d®)],

x(fi )

n>T,

%(SLx)(T), B<n<T

(105)

for any x = {x(n)}neNﬁ € Q(A,,B,T).

Now we show that (86) and (87) hold. It follows from (15),
(83), (104), and (105) that for any x = {x(n)}neNﬁ € Q(A,,
B* > T)

R
n

1 00 n+2st—1

=y Y h(x(h®),..x (I (1))
s=1 t=n+(2s-1)7
oo n+2it-1 oo

——Z Y Yaltx(g®),....x (g ®))

1 1 s=n+(2i—-1)7 t=s

oo n+t2pt-1 oo oo

+ = Z Y XU Ex (@) x (@)
p li=n+(Q2p-1)t s=i t=s
—d(t)]
< li lc (n+iT)|
=
loo n+2st—1
+=3 Y (b (@), x (B )]
s=1 t=n+(2s-1)7
1 oo n+2it-1 oo
=2 Y Dlatx(g ®),..x (g 0))|

i3 s=ni@i-1)r t=s
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oo nt2pt-1 oo oo

- Z Y YN hx(fi®)...

p li=n+(2p-1)t s=i t=s

x(fe )] +1d ®)]]

1
< Emin{L—A,B—L}

lii I (t, x (h, (1)), x (e (1))]

H

. %i 319 (6% (g, ©) .. x (g )

s=T t=s

. Tf i S U x (i O e )]

i=T s=i t=s

+1d ()]]

IN

1
Emin{L—A,B—L}

ZH+;ZZQ

s=T t=s

1 oo o0 0

+72 2 ) [F+1d@)]
i=T s=i t=s

<min{L-A,B-L}, n>T,

n (SLX) (T)
T n

(Spx) (m) B L‘ _

n

_4

<min{L-A,B-L}, B<n<T,

(SLx) (n)

n

“lL+ %z(—l)ic(n+ i7)

0o n+2st—1

+ 12 Z h(t,x(hy (1),..., x (h 1))

N3 tens (2s-1)7
oo n+2it—-1 oo
- —Z Y Datx(g®),....x (g ®))

1 1 s=n+(2i—1)t t=$

0 n+2p‘r 1 o0 00

+ = Z Y XY fex(fi®), . x(fi®)

Mp=t n+(2p-1)7 $=1 t=5

—d(t)]
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100
<L+-) |c(n+in)|
ni4

00 n+2st-1
S ey ©) e (5 0)
s=1t=n+(2s-1)T

oo n+2it-1 00
£ Y Ylatx(e ). x (e 0)

l 1 s=n+(2i-1)t t=$

nt2pt-1 oo oo

*- Z > Y f6x(fH®)s

P Li=n+(2p-1)7 s=i t=$
x(fe @)+ 1d @]

<L+ %min{L—A,B—L}
F 23 (e ©), o (e O))
t=T

Y9 (tx (g 1) x (g ®))]

~1|~
Mg

s=T t=s
72 Y (i O) e ()
+1d 0]

<L+1min{L—A B-L}+ liH
. 2 ’ T& !

00

10000 o0 00
+?ZZG,+TZZ=:= [E, + |d (1)]]

s=T t=s i=T s=i t=s

<L+min{L-A,B-L}<B, n=x>T,

(SLx (T) l

(SLx) (T)‘ B<n<T,

(106)

which yield that (86) and (87) hold.

Next we show that S; is continuous and S; (Q(A , B*, T))
is uniformly Cauchy. Let x¥ = {x“(n)},, and x =
{x(n)}neNﬁ € Q(A,, B*,T) with (90). Using (16), (17), (80),
and the continuity of f, g, and h, we know that for given e > 0,
there exist T}, T, Ty, and Ty € Nwith T, > T; > T, > T} >
T + 7 satistying

T,
%max{ S (R (), k()

t=T+T

“h(tx (b ©)s..orx (e ()]
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I, T,

Y Y19 (tx (g 0).. ... x" (g (1))
s=T+t t=s

~g(tx (g, ®),....x (g 1))]
T, T, Ty

> YN () x"

i=T+1 s=i t=s

(107)

(108)
T, T, oo
Y Sa+yy ¥
s=T+t t=T,+1 i=T+1 s=i t=T;+1
T,
3 % Snler
i=T+7 s=T,+1 t=s
IS emeini < £, et )
;izlcn+zr <E’ n>T,. (109)

Combining (15) and (105)-(108), we infer that

“Swa - SLXH

00 n+2st—1

s 1 t=n+(2s-1)T

B (Ex (1, ). x* (1, )

~h(t,x (hy (1),....x (h (D))

oo n+2it-1 oo

S S e (0 @) (0 )

i=1 s=n+(2i—1)t t=$

~g(t,x(g,(®),....,x (g ®))|

00 n+2p‘r 1 00 00

- Z DN A0

p li=n+Q2p-1)t s=i t=s

X" (fe®))

—f(tx(fi ®)s.x(fi )]
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T,
f Z (t,x* (hy (1)) 5...,x" (b (1))
t=T+1
~h(t,x (hy (1), x (e (1))
S I O ) ()
~h(t,x(h (1),..., x (h (1))
+z i i|g (62" (g, ()., (g (1))
-g(t:x(g,(®),....x (g 1))|
FE YD 1a(6x (9,0), 5 (9, 0)
s=T+1 t=T,+1
—g(tx (g, ®),....x (g ®))]
bz Y D (g @) (9, 0)
s=T+1 t=s
~g(tx(g,®),....x (g ®))|
T, T, Ty
+— Y OB (fi ) x (f (1))
z T+1 s=i t=s
~f(tx(fL ), x(fi @)
T, T, 0
+— Z Z Z If (&5 (fi )5 x (£ (1))
~ftx(fi®),....x(f )]
T, 0o o
S DADINN IO RRELTA®)
—f(6x(fi )5 .x (fe 1))
P Y YV IF e (0 ()
i=T\+1 s=i t=s
~ftx(fi@®),-...x(fi 1))
) e 24
) E " ?t:%;l ' 1_6 ' ?s:;-‘r t:%HGt

7 X ® T, T, oo
TZZGf+ TZZZFt

i=T+7 s=i t=T3+1
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T, [

DAY

i=T+71 s=T,+1 t=s

(o)

Z ZZFt<£’ w>T,

1T1+lszts

(110)

which implies that S is continuousin Q(A ,, B*, T). It follows
from (15), (108), and (109) that for any x = {x(n)}neNﬁ €
Q(A,,B*,T)and t,,t, > T,

(Sex) (1) (S1x) (1)
t t,
= %zl (-1 c(t, +it) - %zl (-1 c(t, +ir)

co t;+2st-1

MDY

ls 1t=t,+(2s-1)T

h(t,x (hy @®)),....x (b (1))

0o ty+2sT-1

MDY

25 1t=t,+(2s-1)T

h(t,x(hy (1),....x (h (1))

t,+2it-1 oo

ISy Seex@o).

11 1s=t,+Q2i-1)T t=s

% (g (1))

oo  bL+2it-1 oo

Z > Daltx(g®),.

2115t2 2i—1)T t=s

,x(gi (1))

co t+2pt-1 00 oo

+—Z Y 22 ex(fi®).....x(fi®))
lp Li=t,+(2p-1)T s=i t=s
-d ()]
oo L+2pT-1 00 00
Z Y YD Ex(®) . x(fi®))
ZP li=t,+(2p-1)Ts=i t=s
—d (1))
1 (o)
< =Y le(ty +ir)|
1i=1
+—Z|c(t2+z'r)|+— Z H,
2, 1 4t Ty+7
12,2
+T3 Y IYNIE+d®] <&
4i=T,+1 s=i t=s
(111)
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which means that S;(Q(A,,B*,T)) is uniformly Cauchy,
which together with (87) and Lemma 1 yields that S; (Q(A ,,
B*,T)) isrelatively compact. It follows from Lemma 3 that the
mapping S; has a fixed point x = {x(n)}neNﬁ € Q(A,,B",T);
that is,

x (n)
=nL+ i (—l)i c(n+ir)
i=1

00 n+2st—1

+Z Z h(t>x(h1(f)),...,x

s=1t=n+(2s-1)T

(e (1))

oo nt+2it-1

-y ) Zg (tx (g, ®)),.

i=1 s=n+(2i-1)T t=s

,x(gi (1))

0 n+2pt-1 0o oo

22 22l

P=li=n+(2p-1)7 =i I=$

ftx(fi®)s..x(fi®))

-d@®)],

n>T,
(112)

which gives that

x(n)+xn-1)

=Q2n-1)L-c(n)

S htx (i 0)..x

t=n

(e (1))

o0 00

-2 29(tx(g (1),

S=N t=s

L x (g (1)) (113)

o0 00 0

2 22 ex (i),

i=n s=i t=s

cox(fi®))

-d@)],
n>T+rt.
It follows from (113) that

Alx(n)+xn-1)+c(n))

=2L-h(nx(h; (n)),...,x(h (n)))

+2.9(6x (9 ©)x (9 (1)

MS
Mg

[ftx(fL®),....x(fi ) -d®)],

i
&
iy
i

S

n>T+1,
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A (x(n)+x(n—1) +c(n))
=-Ah(n,x(hy (n),...,x (h (n))

—g(nx(g: ()., x(gx (m))

eSO @) x () - d )]

n>T+r1,
(114)
which yields that
A’ (x(n) +x (n—1) +c(n)
= -Nh(n,x(h, (n),...,x(h (1))
~Ag(nx (g, (),....x (g (1)) (115)
- [f(nx(fy(),....x (fr ™)) - d ()],
n>T+1,

which together with (102) means that x = {x(n)}neNﬁ e Q(A,,
B*,T) is a positive solution of (4). In view of (15)-(17) and
(113), we get that

x(m)+xn-1)+c(n)
n

- ZLI

i _Ozo:h(tx By () x (e (1)

,x(ge 1))

_%iig(t’x(gl ), ...

S=N t=g

[ee)

+%§§Z[f(f,x(fl ®),...

i=n s=i t=s

X (fie®) (e

—d (1))

<—+lOZO:Ht+ IZZGt

n S=N t=s

00 00 OO

+%ZZZ[Ft+|d(t)|] — 0 asn— oo;

i=n s=i t=s

that is, (103) holds. Similar to the proof of Theorem 5, we
deduce that (19) holds.

(ii) Let L, L, € (A,B) and L, # L,. Similarly we obtain
that for each I € {1, 2}, there exist a constant T; > n, + 7 + «
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and two mappings Sy : Q(A,,B",T)) — I’ satisfying (83),
(104), and (105), where T, L, and S; are replaced by T}, L;,
and S , respectively, and S; possesses a fixed point x; =
{xl(n)}neNﬁ € Q(A,,B",T)), which is a positive solution of
(4); that is,

x;(n)

=nL; + OZO: (—l)ic(n +iT)

i=1

00  n+2st—1

+Y Y h(tx (@), % (B (1))
i=1 t=n+(2s-1)1
00 n+2it-1 0
=YY Daltx(g®),...x (g ®))

i=1 s=n+(2i—-1)7 t=s

0 n+2p‘r 1 o0 00

) ) 2 Ex(fim),

p=li=n+(2p-1)7 s=i t=s

coux (fir®))

—d(t)], nZTl.

117)

Note that (16) and (17) imply that there exists T, > max{T,
T,} satistying

In view of (15), (117), and (118), we infer that for anyn > T,

x, (n) ) (n)
n n
=|L,-L,

n+2st-1

+ = Z Yo [h(tx (B ). x, (e (1))
s 1t=n+Q2s-1)T
=h (i, (hy ()., %, (e (1))
oo n+2it-1 oo
——Z Y Y gtx (g, (1) x, (g 1))

1 1 s=n+(2i—1)7 t=s

~g(t:x, (g1 (1), % (g (1))]



30

00 n+2pt-1 oo oo

+- Z Yo Yt (),
= =n+(2p-1)7 s=i =5

x (f®),...,

X1 (fk (f)))
- fltx, (fL (®)5...,
%, (fi (t)))]
>|L, - L,
—Ti S (6, (0o, (e )
#t=T,+T

—h (t,x, (1 (1) %, (e (1))

L ¥ §|g<t % (61 ®), 3 (9, 0))

* s=T,+T t=
=g (t:x, (g1 1), %, (g 1))]

1 (o) [Celee)
—7 2 226X (i) x (f®))

* =T, +T s=i t=s

—f(tx, (fL (), x, (i )]
> |Ly - Ly

2 (o] [ee] o0 o0 o0 00
| X H+ Y DG+ Y YR

* t=T,+T s=T,+Tt=s i=T,+1s=it=s
Lot

2 (119)

which yields that x; # x,. Therefore (4) possesses uncount-
ably many positive solutions in [g’. This completes the
proof. O

3. Illustrative Examples

Now we suggest six examples to explain the results presented
in Section 2. Notice that none of the known results can be
applied to these examples.

Example 1. Consider the third order nonlinear neutral delay
difference equation:

A3<x(n)+nz—_nzx(n—‘r)+(—1)"n;1>

2 1 1
A ( |x<n—1>|)+A<n3+zx2<n2—n>>
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(120)

where 7 € N\ {3} is fixed. Let n, = 3,k = 1, # = min{|3 -
7,1} =1,A=3,B=12,b" =1/2,c" =3,B" = 14, A, =
and

-2 1
b ="25 el = (1)
2n
St = e I e
1 (-1)"
h(nu) = ———, din) = ———,
) = Tl R
121
hy(n)=n-1, gl(n)znz—n, (121)
1
fi(n)=n-2, Fnzg,
1 1
ani, Hn:;)
V(nu) eN, xR
Note that for any p > 2and g > 3
00 00 OO
< m{zz ZZZ}
(122)

It is easy to see that (14)-(17) are satisfied. It follows from
Theorem 5 that (120) possesses a positive solution x =
{x(n)}neNﬁ € ZEO satisfying (18) and (19). Moreover, (120)

possesses uncountably many positive solutions in lgo.

Example 2. Consider the third order nonlinear neutral delay
difference equation:

A3<x(n)+<5+i>x(n—r)+2+i)

2 1
A <n3+(n+1)x6(2n—3)>

*(arrmoraiea)
2nt + |x (n+5)| +2
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sin [n3x (nz - n)]

n® + x% (n* — n)

-1
=#, n>2,
n®+mn’ +2

(123)
where 7 € N\ {2} is fixed. Let n, = 2,k = 1, B = min{|2 -

7,1} =1,A =5 B =200,b* = 6,b, = 5,c* = 4, B* = 204,
A, =1,and

1 1
b(n)=5+—, cn)=2+—,
(n) ™ (n) ™
. 3
s1n(nu) 2
nu)= ———=, nu)= ———,
f(mu) n® + u? g(mu) 2n* + u| + 2
1 -1
h(n,u) = , dn) = —,
(. ) m+n+1)ud () b +nd+2
f1(”)=”2—”’ gy (n)=n+5,
1
hy (n) =2n -3, F,=—,
n
1 1
ang’ Hn:;’

(n,u) € N, X R.
(124)
It follows from (122) that (15)-(17) and (40) hold. Thus
Theorem 6 ensures that (123) possesses a positive solution
x = {x(n)}nENﬁ € lgo satisfying (19) and (41). Moreover, (123)
possesses uncountably many positive solutions in ZEO.

Example 3. Consider the third order nonlinear neutral delay
difference equation:

2—-n 64
x(n—1)+—)
2n 64 — 15n

+A2< dcosx (n” - 2) >

23 + |x 2n—1)|

A’ <x (n) +

A ! (125)

n® + l|x (n? + n)|x* (n? - 2n)

sin x? 2n-7)
n*+x*(3n-8)

B Vn+1-Inn
= TS amas s "2t
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where 7 € N\ {4} is fixed. Let n; = 4, k = 2, # = min{|4 -
7,1} = 1, A = 30, B = 300, b* = —1/4, b, = —-1/2,¢* = 20,
A, =10, B* = 320, and

64

b(n) = 2-n
oo’ 64 — 151

c(n) =

2
sinu
fmuwy) =g gmuy)=

1
+v 76 + AfJulvt’

4 Y, 1-1

h(n,u,v) = ﬂ, d(n) = u,

213 + |u| nd+n’+3
fin)=2n-7, f,(n)=3n-38,

2 2

g, (n)=n"+n, g, (n) =n" —2n,
hy(n)=2n-1, h, (n) =n*-2,

1 1 2
FHZE, Gn:$, H":F’

2
(nu,v) €N, xR

(126)

It follows from (122) that (15)-(17) and (63) hold. Thus
Theorem 7 ensures that (125) possesses a positive solution
X = {x(n)}nele € lgo satistying (19) and (64). Moreover, (125)
possesses uncountably many positive solutions in lzo.

Example 4. Consider the third order nonlinear neutral delay

difference equation

1-10n% - 101
A3 xn)+ —Y——"—
( ) n+n

x(n-1)+ Zn;rz)
n
A2 sinx(2n2 - 1)
nt +2|x (n? + 2n)|

1
+A< 3 )
n +|x (n+10)|° + x2 (5n — 4)

(127)

Ccos2x (n2 + 3)

n° + x? (4n? - 1)

1

= —— n>1
né +2n3 +8’ ’
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where 7 € N\ {1} = 1lisfixed. Letn, = 1,k = 2,8 =
min{|1 - 7|,1}, A = 10, B = 200, b" = -4,b, = -5,c" = 5,
A, =5,B* = 205,and
1- 101> — 101 2n+2
b) = —— " )= L
n’+n n
cos2u 3
mu,v) = ——, nu,v) = ————o7,
s ) n° + v? 9( ) w7+ |ul® + 12
ho( ) sinvy () 1
mu,v) = ——, n=———,
n* + 2 |u| n®+2n3+8
h (n) =n* +3, f, (n) = 4n’,
g (n) =n+ 10, g, (n) = 5n—4,
h, (n) = n* +2n, h, (n) =2n* -1,
1 1 1
Fn:;: Gn:i: ang)

(n,u,v) €N, x RZ.
(128)

It follows from (122) that (15)-(17) and (68) hold. Thus
Theorem 8 ensures that (127) possesses a positive solution
X = {x(n)}nENﬁ € ZEO satistying (19) and (69). Moreover, (127)
possesses uncountably many positive solutions in ZEO.

Example 5. Consider the third order nonlinear neutral delay
difference equation:

A3<x(n)—x(n—‘r)+n;31>

1 1
+A2<—>+A
n® + x2 (5n—4) n®+2x8 (m? —n+1)

sinx’ (3n-2) (—1)"+12
nd+3 04243

nx1

= 5L

(129)

where 7 € N\ {1} is fixed. Letny = 1,k =1, =1, A = 3,
B=5c¢"=2,A,=1,B"=7,and

+1
b =-1  cm)=""1,

n

sinu®

nu)= s nu)= ———2,

S w) n® +3 g(mw) n® + 2u8
1 (_l)ﬂ(n+l)/2
h(in,u) = ——, dn) = ———,
() n + u? ) n'0 41243

fin)=3n-2, gl(n):nz—n+l,
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1

hy (n) =5n—4, Fn:$>
1 1

Gn:%, Hn:;)

V(nu) €N, xR"\{0}.
(130)
It follows from (122) that (15) and (78)—(81) are satisfied. Thus
Theorem 9 ensures that (129) possesses a positive solution
x= {x(n)}neNﬁ € lzo satisfying (19) and (82). Moreover, (129)
possesses uncountably many positive solutions in ZEO.

Example 6. Consider the third order nonlinear neutral delay
difference equation:

A3<x(n)+x(n—r)+2n+4>

n3

2 1 1
A <n4+2x2(3n—4)>+A<n8+|x3(n—2)|>

sin [Sx (n2 - 3)] 1
nw+8 -

\Y
»

n+n’+5
131)

where 7 € N\ {2} is fixed. Letn, = 2,k = 1, f = 1, A = 100,
B=101,c* =1, A, =99, B* = 102, and

2 4
b =1, =",
n
_ sin (5u) 3 1
Sy = n+8’ g(n’u)_n8+|u|3’
h ) = 5> d =~ = o
() n* + 2u? ) n+n’+5
fim=r=3  gm=n-2,
1
hy (n) =3n-4, Fn=$,
1 1
Gn = ﬁ, Hn = F)

(n,u) € N, xR.

It follows from (122) that (15)-(17), (80), and (100) hold. Thus
Theorem 10 ensures that (131) possesses a positive solution
X = {x(n)}neNﬁ € lgo satistying (19) and (103). Moreover, (131)
possesses uncountably many positive solutions in lf;o.
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