Hindawi Publishing Corporation
International Journal of Differential Equations
Volume 2015, Article ID 494907, 4 pages
http://dx.doi.org/10.1155/2015/494907

Research Article

Existence for Elliptic Equation Involving Decaying
Cylindrical Potentials with Subcritical and Critical Exponent

Mohammed El Mokhtar Ould El Mokhtar

Department of Mathematics, College of Science, Qassim University, PO. Box 6644, Buraidah 51452, Saudi Arabia

Correspondence should be addressed to Mohammed El Mokhtar Ould El Mokhtar; med.mokhtar66@yahoo.fr

Received 4 July 2015; Accepted 13 October 2015

Academic Editor: Gershon Wolansky

Copyright © 2015 Mohammed El Mokhtar Ould El Mokhtar. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the

original work is properly cited.

We consider the existence of nontrivial solutions to elliptic equations with decaying cylindrical potentials and subcritical exponent.
We will obtain a local minimizer by using Ekeland’s variational principle.

1. Introduction

In this paper, we study the existence of nontrivial solutions of
the following problem:

— A= p [y = [y P (14 Ag ()
. N hu)
inR”, y#0, u>0,

where y € R¥, and let k and N be integers such that N > 3
and k belongs to {1,...,N}. 2" = 2N/(N - 2) is the critical
Sobolev exponent, y < 2%,0 < a < 1, g is a continuous
function on RY, and A and y are parameters which we will
specify later.

We denote point x in RN by the pair (y, z) € R x RN,
2% = D7 (RF\ {0}) x RN™¥), and 77, = 9,(R* \ {0}) x
IRN_k), the closure of CSO(([R{k \ {0}) x [R{N_k) with respect to
the norms

NE
||u||=(j val)
[RN
B 1/2
= ([, (9 = sy 1) )

with 4 < g, = ((k —2)/2)* for k # 2.
From the Hardy inequality, it is easy to see that the norm
||14||,4 is equivalent to [|u].

We define the weighted Sobolev space & := #, N
L'(RY, |y dx) n L*(RY,|y|dx) with b = ay, which is a
Banach space with respect to the norm defined by /(1) :=
loaly + (o 11 )7

My motivation of this study is the fact that such equations
arise in the search for solitary waves of nonlinear evolution
equations of the Schrédinger or Klein-Gordon type (cf.
[1-3]). Roughly speaking, a solitary wave is a nonsingular
solution which travels as a localized packet in such a way that
the physical quantities corresponding to the invariances of
the equation are finite and conserved in time. Accordingly, a
solitary wave preserves intrinsic properties of particles such
as the energy, the angular momentum, and the charge, whose
finiteness is strictly related to the finiteness of the L*-norm.
Owing to their particle-like behavior, solitary waves can be
regarded as a model for extended particles and they arise in
many problems of mathematical physics, such as classical and
quantum field theory, nonlinear optics, fluid mechanics, and
plasma physics (see, e.g., [4]).

Several existence and nonexistence results are available
in the case k = N, and we quote, for example, [5-7] and
the references therein. When ¢ = 0, g(x) = 1; problem
(%)) has been studied in the famous papers by Brézis and
Nirenberg [8] and Xuan [9] which consider the existence and
nonexistence of nontrivial solutions to quasilinear Brézis-
Nirenberg-type problems with singular weights.

Concerning the existence result in the case k < N, we
cite [10, 11] and the references therein. As noticed in [10], for
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¢ < 0and a = 0, Badiale and Rolando have considered the
problem (&, ,). They established the existence of nontrivial
nonnegative radial solution when 3 € (0,2) and y € (Zﬁ, 2%)
or B € (2,+00) and y € (2%, Zﬁ); in addition, if the function
f(u) = |ul"'uis odd, then (Py,,) has infinitely many radial
solutions. In [5], Badiale et al. proved the nonexistence of
nonzero classical solutions when k < N and the pair (3, )
belongs to the light gray region. That is, (3,y) € &/ = &/, U
o, U g5, where

oy ={(By) eR : fe(0,2), y¢(2p27), y22}\{(2.2)},
dy={(By)eR*: pe(2,N), y¢(2",24), y22}, 2)
oy = {(By) eR*: e [N, +00), ye[2,27]}.

Since our approach is variational, we define the functional
I), on D by

B @)= (5) I

_ <%> JRN [ [l (1+ Ag (x)) dx.

(3)

We say that u € P is a weak solution of the problem (&, ) if
it is a nontrivial nonnegative function and satisfies

<I,§,M (u), v> = JRN (Vqu —-u |y|_2 uv "
- |;V|_b [ul” > uv (1 + Ag (x))) =0, forveQ.

Throughout this work, we consider the following regions %,
R,, such that

Ry = {(2’ y) € R*: Y€ (22—2[4’2*)})

©)
Ry = {(2’ p)eR*iye(2 22—2a)}
with 2, ,, = 2N/(N - (2 - 2a)).
Concerning the perturbation g, we assume
g e L™ (RY),
(©)

gx)>0 vxeRY

In our work, we prove the existence of at least one critical
point of I , by Ekeland's variational principle in [12].
We will state our main result.

Theorem 1. Assume that2 <k < N, u < fi,, 0 < a <1, and
(G) hold.

If 2,9) € R, UR,, then there exists A* > 0 such that
the problem (9, ,) has at least one nontrivial solution for any
A> A"

This paper is organized as follows. In Section 2, we give
some preliminaries. Section 3 is devoted to the proof of
Theorem 1.
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2. Preliminaries

We list here a few integrals inequalities. The first inequality
that we need is the weighted Hardy inequality [13]

Uy, J |y|_2 Vidx < J IVv]* dx, Vv e Z (6)
RN RN

The starting point for studying (&, ,) is the Hardy-Sobolev-

Maz’ya inequality that is peculiar to the cylindrical case k < N

and that was proved by Gazzini and Musina in [14]. It states
that there exists positive constant C,, such that

2y
C, (J [v] dx) < J (|V1/|2 —u |y|_2 vz) dx, (7)
RN RN

for y = 0; equation of (£, ,) is related to a family of
inequalities given by Caffarelli et al. [15], forany v € CSO((IRk\
{0} x RN, The embedding 7, — LY(RN, |y|_bdx) is
compact, where b = ay and LY(RY, | y|®dx) is the weighted
LY space with respect to the norm

R by N o
iy = (| I 01 dx) 8)

Definition 2. Assume2 <k < N,0 <y <, and2 <y < 2",
Then, the infimum S, defined by

e (P =y ) dx
1pf 27y
ve2\{0} (J’RN ly|_h |V|y dx)

Suy = Suy (k,y) =

is achieved on # -

Lemma 3. Let (u,) € 9D be a Palais-Smale sequence ((PS);
for short) of I , such that

IA,;A (un) — 6,
Ig oy () — 0 (10)
in @' (dual of D) as n — oo,
for some § € R. Then, u,, — uin D and Iﬁ,i)t,y(“) =0.

Proof. From (10), we have

(= (1) [ 1l 0+ g s

=d8+o0,(1),

(11)

b~ [l (4 g 0 e = o, 0,

for n large,
where 0,,(1) denotes 0,(1) — 0asn — oo. Then,
1
8+0,(1)=1), (u,) - (;) <I/'3,Mt (uy,) ,un>

(12)

(2
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and (u,) is bounded in 2. Going if necessary to a subse-
quence, we can assume that there exists u € 9 such that

u, —=u in 9,
w,—u in L' (RV, [y dx), (13)
u, — u ae. in RY.

Consequently, we get, for all v € CSO((IRk \ {0}) x RNKy,

J (Vqu -u |y|_2 uv
RN

(14)
~ |y Il v (14 g () = 0,
which means that
Ipp, (W) =0. (15)
O

3. Existence Result

Firstly, we require the following lemmas.

Lemma 4. Let (u,) C D be a (PS); sequence of I , for some
0 € R. Then,

U, —u

in P (16)
and either

u, —u

n

(y-2) y/(y-2)
or § > I, (W) + ( 2 (Sw) .

Proof. We know that (u,,) is bounded in &. Up to a subse-
quence if necessary, we have that

17)

in 9

U, —u
(18)
U, — u a.e. in RY.

Denote v,, = u,, — u, and then v, — 0. As in Brézis and Lieb
[16], we have

o I = [l [t b
R R R
(19)
el = Il + el

From Lebesgue theorem and by using the assumption (G), we
obtain

tim [ 9G] ful dx
RN

n— 00

(20)
= lim J g (x) |y|_b lul? dx.
n— 0o RN

3
Then, we deduce that
1 2
I)t,y (un) = I/\,M (w) + (5) ”Vn"y
1 -
B <§> JRN ™ Il +0, 1), (20
(Bl o) = Ioall = | D Il 0, 0.
From the fact that v, — 0 in &, we can assume that
Jim ol = Jim [l a0 @
Assuming that a > 0, we have by definition of S, ,
a=8, 17, (23)
and so
ax(s,,)""7. (24)
Then, we get

-2 _
5> L, () + ((sz )) (S#’y)y/(y 2)‘ (25)

Therefore, if not, we obtain « = 0. Thatis,u, — uin2. O

Lemma 5. Suppose that 2 < k < N, u < p, and (G) hold. If
(2,7) € R UR,, then there exist A* > 0 and ¢ and v positive
constants such that, for all A > A,

(i) there exist w € RY such that I, ,(w) < 0,
Ap

(ii) we have
Dy =v>0  for |ul, =g (26)
Proof. (i) Let t, > 0 where t, is small, and ¢ € CP((R*\

{0}) x RN such that ¢ # 0. Choosing A* = [t,¢|'™", then,
if A > A” large enough,

2 Y
b io8) = (2 )10 () [ b1l

(% Rl
(2] b1 o2 o

£ . [t} _
<(B)w- () [ oo

B (t_()) JRN Y™ |6l g (x) < 0.

Y

(27)

Thus, if w = f(¢, we obtain that I ,(w) < 0.



(ii) By the Holder inequality and the definition of S, and
since y > 2, we get forallu € & \ {0}

D) = () 1

Lo oo

1 2 1 Y
= (E) leall, = (;) Suy Il (1+ |95

If A > A", then there exist v > 0 and g, > 0 small enough
such that

Dy () =v>0 for [ull, = g (29)

We also assume that £, is small enough such that [|£,¢ll,, < g,
Thus, we have

¢ = inf {IM4 (u):ue Beo} <0, 0)
where B, ={u €92, N (u) < g} .

Using Ekeland’s variational principle, for the complete metric
space B, with respect to the norm of &, we can prove that

there exists a (PC),, sequence (u,,) C Epo such that u, — u,
for some u; with A (u;) < p,.
Now, we claim thatu,, — wu,.Ifnot, by Lemma 4, we have

(y-2) /(y-2)
az=1, (uy) + ( 2 (SW)V v

—_ 2 _
>+ ( (y )) (SM)V/(V 2) >

2y

(31)

which is a contradiction.
Then, we obtain a critical point u; of I; , forall A > A
large enough satisfying

-2
G = ((V ))||u1||,§ > 0. (32)

2y

O

Proof of Theorem 1. From Lemmas 4 and 5, we can deduce
that there exists at least a nontrivial solution u; for our
problem (&) ,) with positive energy. O
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