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We deal with discrete weighted pseudo almost automorphy which extends some classical concepts and systematically explore its
properties in Banach space including a composition result. As an application, we establish some sufficient criteria for the existence
and uniqueness of the discrete weighted pseudo almost automorphic solutions to the Volterra difference equations of convolution
type and also to nonautonomous semilinear difference equations. Some examples are presented to illustrate the main findings.

1. Introduction

The notation of (continuous) almost automorphy, intro-
duced by Bochner [1], is related to and more general than
(continuous) almost periodicity. Since then, this concept
has been attracting the attention of many researchers and
the interest in this topic still increases. There is a lager
literature on this topic. We refer to the recent books [2, 3],
where the authors gave an important overview about the
theory of (continuous) almost automorphic functions and
their applications to differential equations. Recently, a new
more general type of almost automorphy called (continuous)
weighted pseudo almost automorphy is proposed by Blot et
al. [4], which generalizes various extensions of (continuous)
almost automorphy; one can refer to [5] for more details.
Discrete almost automorphic functions, a class of func-
tions which are more general than discrete almost periodic
ones, were considered in [6] in connection with the study of
(continuous) almost automorphic bounded mild solutions of
differential equations; see also [7-9]. Similar to (continuous)
almost automorphic functions, discrete almost automorphic
functions have made important applications to differential
equations in Banach space. The range of applications of
discrete almost automorphic functions include first order
nonlinear difference equations [10], Volterra difference equa-
tions [11-13], nonautonomous difference equations [14, 15],

and nonlinear stochastic difference equations [16]. On the
other hand, recently, the concept of discrete weighted pseudo
almost automorphic functions, which generalizes the notion
of discrete almost automorphic functions, is introduced by
Abbas in [17] and some basic properties of these functions
are explored.

In this paper, we conduct further studies on discrete
weighted pseudo almost automorphic functions; the main
idea consists of enlarging the weighted ergodic space, with
the help of two weighted functions, extending some results of
[17]. We systematically explore its properties in Banach space
including completeness, translation invariance, and compo-
sition results. As an application, the existence and unique-
ness of the discrete weighted pseudo almost automorphic
solutions to the Volterra difference equations of convolution
type and nonautonomous semilinear difference equations are
investigated. To the best of our knowledge, discrete weighted
pseudo almost automorphy of Volterra difference equations
and nonautonomous semilinear difference equations are an
untreated topic and this is the main motivation of this paper.

The paper is organized as follows. In Section 2, some
notations and preliminary results are presented. In Section 3,
we propose a new class of functions called discrete weighted
pseudo almost automorphic functions with the help of two
weighted functions, explore its properties, and establish
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the composition theorem. Section 4 is divided into the
existence and uniqueness of discrete weighted pseudo almost
automorphic solutions to the Volterra difference equations of
convolution type and nonautonomous semilinear difference
equations, respectively. In Section 5, we provide some exam-
ples to illustrate our main results.

2. Preliminaries and Basic Results

Let (X,[| - Il ), (¥,] - I) be two Banach spaces and N, Z,
Z'R, R", and C stand for the set of natural numbers,
integers, nonnegative integers, real numbers, nonnegative
real numbers, and complex numbers, respectively. Let A be
bounded linear operator; 0,,(A) denotes the point spectrum
of A. B(x,d) stands for open balls with center x and radius
less than 8. Letv: Z" — Csif )20, Iv(k)| < 0o, we call that
v is a summable function.

In order to facilitate the discussion below, we further
introduce the following notations.

() S'={AeC, A =1}
(i) I(Z,X) = {x : Z — X : |xlz = sup,lxm)| <
0o}
(iii) L(X,Y): the Banach space of bounded linear opera-

tors from X to Y endowed with the operator topology.
In particular, we write L(X) when X =Y.

(iv) 46 (Zx X, X): the set of all functions f: ZxX — X
satisfying that Ve > 0, 36 > 0 such that

If (kx) = f (ky)| <& 1)

forallk € Zand x, y € X with ||x - y|| < 6.

Next, we recall the so-called Matkowski’s fixed point
theorem [18] and exponential dichotomy on Z [19, 20] which
will be used in the sequel.

Theorem 1 (Matkowski’s fixed point theorem [18]). Let (X, d)
be a complete metric space and let F : X — X be a map such
that

d(Fx,Fy)<®(d(x,y), VYx,yeX, (2)
where @ : [0,+00) — [0,+00) is a nondecreasing function

such that lim,, _, , ,®"(t) = 0 forallt > 0. Then F has a
unique fixed point z € X.

Given a sequence {A(n)},. < L(X) of invertible

operators, define

Am-1)---A(n), if m > n,
9 (m,n) =4 1Id, if m=n, (3)
Atm)--- A (n-1), ifm<n,
where Id is the identity operator in X.
For the first order difference equation
x(n+l)=An)x(n), ne2. (4)
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Definition 2 (see [19]). Equation (4) is said to have an
exponential dichotomy if there exist projections P(n) € L(X)
for all n € Z and positive constants #, v, «, f3 such that

(i) Pm)f (m,n) = o (m,n)P(n), m,n €N,
(i) | (m, n)P(n)|| < ne "™, m = n,

(iii) |/ (m, Q)| < ve "™, n>m,

where Q(n) = Id — P(n) is the complementary projection of
P(n).

Finally, we recall the concept of discrete almost automor-
phic function.

Definition 3 (see [6]). A function f € I*°(Z,X) is said to
be discrete almost automorphic if for every integer sequence
(k;), there exists a subsequence (k,,) such that lim, _,  f(k +
k,) = g(k) is well defined for each k € Z, and lim,, _, ., g(k —
k,) = f(k) foreach k € Z.

Remark 4. (i) If f is (continuous) almost automorphic
function in R, then f];, is discrete almost automorphic.(ii) If
the convergence in Definition 3 is uniform on Z, then we get
discrete almost periodicity, so discrete almost automorphy is
more general than discrete almost periodicity.(iii) Example of
discrete almost automorphic functions which are not discrete
almost periodicity was first constructed by Veech [21]. Note
that the function

1

k) = ,
flo 2 + cosk + cos V2k

keZ (5)

is discrete almost automorphic function but not discrete
almost periodic (see [10] for more details).

Throughout the paper, we denote AA ;(Z, X) the set of
discrete almost automorphic functions. Note that if f €
AA4(Z,X), then K := {f(k) : k € Z} is relative compact
in X and f is a bounded function.

Definition 5 (see [6]). A function f : Zx X — X is said
to be discrete almost automorphic in k € Z for each x € X,
if for every integer sequence (k.,), there exists a subsequence
(k,) such that lim,, _,  f(k + k,, x) := g(k, x) is well defined
foreachk € Z, x € X and lim,, _, . g(k — k,, x) = f(k, x) for
eachk € Z, x € X. We denoted by AA ;(Z x X, X) the spaces
of all discrete almost automorphic in k € Z for each x € X.

Lemma 6 (see [11]). Let f € AA(ZxX, X)NUC(Zx X, X);
then f(-h(-) € AA,(Z, X) ifh € AA4(Z, X).
3. Discrete Weighted Pseudo

Almost Automorphy

Let U denote the collection of functions (weights) p : Z —
(0,+00). ForpeUand T € Z* ={n€ Z,n > 0}, set

T
u(T,p):= Y p(k). (6)
k=T
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Denote

Uy = {peU:Tlim u (T, p) =+oo},
— +00
(7)
Ug = <|p €U, : 0 < infp (k) < supp (k) < +oo}.
kez kez

Definition 7. Let p;, p, € Uy,
(ie, py ~ py)if pi/p; € Up.

. p, is said to be equivalent to p,

« »

Itis trivial to show that “~” is a binary equivalence relation
on U,,. The equivalence class of a given weight p € U, which
is denoted by cl(p) = {0 € Uy, : p ~ o}. It is clear that U, =

Upewr, cl(p)-

For p, € U, define the weighted ergodic space [17]

WPAA, (Z, X)

= {f Z — X is bounded,
(8)

li k k) =
Jim s szuf( oy ) = }

Particularly, for p;, p, € U, define
WPAA, (Z, X)

= {f Z — X is bounded,
%)

Z If GO ps (k) = 0 }
k=-T

Clearly, when p; ~ p,, WPAA(Z,X) coincide with
WPAA,(Z, X); that is, WPAA (Z, X) = WPAA,(Z, X), this
fact suggests that WPAA ((Z, X) are more interesting when
p; and p, are not necessarily equivalent. So WPAA ,(Z, X) are
general and richer than WPAA(Z, X).

lim ——
T~>+Oo!,t , 1

Definition 8. Let p;,p, € Ug. A function f : Z — X
is called discrete weighted pseudo almost automorphic if it
can be expressed as f = g + ¢, where g € AA,(Z,X) and
@ € WPAA(Z,X). The set of such functions is denoted by
WPAA 4(Z, X).

Remark 9. If p, ~ p,, WPAA4(Z, X) coincide with the
discrete weighted pseudo almost automorphic functions
defined in [17].

Throughout the rest of the paper, we denote by V the set
of all the functions p;, p, € U, satisfying that there exists an
unbounded set Q) ¢ Z such that for allm € Z,

prlerm bl sup P2EEMI L

lim su
; NeN | ksnkea P1 (K)

|k| > +o0,keQ  P1 (k)

Zke([—T,T]\Q)Hn pz (k)

lim
u(T.pr)

T — +00

=0.

(10)

Next, we show some properties of the space WPAA ;(Z, X).

3
Similar to the proof of [22], one has the following.
Lemma 10. Let p;, p, € V, then
(i) for each m € Z, one has
T +m,
lim supM < +00. o)
T H(T:p1)

(ii) WPAA(Z, X) is translation invariant; that is, f(- +
m) € WPAAZ,X) for each m € Z if f ¢
WPAA(Z, X).

(iii) WPAA 4(Z, X) is translation invariant.

(iv) If f = g+ ¢ € WPAA 4(Z, X), where g € AA 4(Z,X),
¢ € WPAA((Z, X), then

[gn):ineZ}c{f(n):nezl. (12)

(v) WPAA 4(Z, X) is a Banach space under the supremum
norm; that is,

I£1ls = sup | f ()] (13)
kezZ

Lemmall. If A € L(X) and u € WPAA 4(Z, X), then Au €
WPAA 4(Z, X).

The proof is straightforward and is therefore omitted.
Similarly, define

WPAA, (Z x X, X)

= {f Z — X is bounded,

lim — L
T—+oou (T, p;)

T
X Z ||f(k,x)||p2(k)=0uniform in xeX]».

(14)

Definition 12. Let p;, p, € Uy,. Afunction f: Zx X — X
is said to be discrete weighted pseudo almost automorphic in
k € Z for each x € X, if it can be decomposed as f = g + ¢,
where g € AA;(ZxX, X)and ¢ € WPAA ((ZxX, X). Denote
by WPAA 4(Z x X, X) the set of such functions.

We will establish composition theorem for discrete
weighted pseudo almost automorphic functions.

Lemma 13. Let f : Z — X be bounded and p,,p, € V,
then f € WPAA (Z, X) if and only if for any € > 0,

lim ————— Py (k) =0,
T +oou (T, py) keE(T;e) ’ "

where Ef(T, e)={ke[-T.TINZ: | f(k)| > &}



Proof. Sufficiency. 1t is clear that M = sup, .| f(k)| < +oco
and u(T, p,)/u(T, p;) < +oo by Lemma 10. It follows from
(15) that Ve > 0; there exists N € N such that

! *) <

&
— P —, T>N; 16
/" (T’ Pl) keE;T,g) 2M ( )

then

k k
aTp lsz“f( )| p2 (k)

1
= — k k
(T pl)kEE;T)s) If @) p> (k)

1
1 o
T u(Top) 2 If Gl p, ()

ke([-T.TINZ)\E(T:¢)
(17)

1
<M- p, (k)
u(T.py) keE;m

1
te————= pz (k)
u(T.pr) ke([—T,T]nzZ)\Ef(T,s)
e u(Tp)
2 u(Tp)

SO

Tl_>+00‘u (T, 1 Z ”f (k)“ p, (k) = (18)

Thatis, f € WPAA((Z, X).

Necessity. Suppose the contrary, that there exists g5 > 0,
such that (1/u(T, p,)) ZkeEf(T)g) p,(k) does not converge to 0

as T — +oo0. That is, there exists § > 0, such that for each
me<Z,

)

- p2 (k) = 6,
(T p1) keE, (T,,¢)

for some T,, > m. 19)
Then

k k
M(TW ™ Z 1 @l p2 (k)

:;Z

H (Tm’ pl)kEEf(Tm,so)

—_ Y

u (T, p1) ke([~T T N2\ (Tt )

2;2

# (T, p1) ek, (Toe)

I.f W) o, ()

If GOl p2 (k)

I.f W) o, ()
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Y

2 p (k)
(T P) s T )

> Jg,,
(20)
which contradicts the fact that
e MT, ™ Z Lf )l () = &)
Thus (15) holds. O]

Remark 14. If p; = p, = 1 and X = R, the result of Lemma 13
is obtained by [23, Lemma 2.9].

Lemma 15. Let f € WPAA)(Z x X,X) and K < X be
compact; if f € UE(Z x K, X), then f(') € WPAA,(Z, X),
where

f(k) = sulg ||f (k, x)||, keZ. (22)

Proof. Since f € U6(Z x K, X), Ve > 0, there exists § > 0
such that

||f (k,u) - f (k, v)|| <e (23)
forall k € Z and u,v € K with |lu — v|| < §. Note that K is
compact; for the above § > 0, there exists x,, x,,...,x,, € K
such that

m
K c| JB(x;9). (24)

Since f € WPAA (Z x X, X), for the above & > 0, there exists
T, € N such that forall T > T,

Z If (ke x;) ”Pz(k)<_ i=1,2...,m (25)

M(T P1) i

For each x € K, there exists i € {1,2,...,m} such that

| x —x; |I< &; hence

If &0l < |f (ko) = f (ko) + | f (Ko i) 06)
cerlf(ex). kez,
which implies that

f (k) = sup |f (e, x)| < Z If (kx| +e kez. (27)
X€ i=1

Thus £ is bounded and
f(k k
m (28)
< k, k
Z(M(Tpl Z”f( Xi ”Pz())
+e<2, T> TO,
which means that f(-) € WPAA(Z, X). O
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Theorem 16. Assume that p;,p, € V., f € WPAA (Z x
X, X)NUC(Z x X, X); then f(, h( )) € WPAAd(Z X) if
h € WPAA 4(Z, X).

Proof. Let

f=g+o, h=x+y, (29)

where g € AALH(Z x X,X), ¢ € WPAA(Z x X,X), x €
AA, (Z,X) and y € WPAA(Z, X). The function f can be
decomposed as

J(nh(n) = g(n,x(n) + f (n,h(n) - g (n x(n))
=g x @)+ f(nhn) - f(nx() (30)
+¢(n,x(n).
Set
F(n) = g(nx»),
G(n) = f(nh(m) - f (n,x(n), (31)
Hm) =¢nx(m), necZ

By Lemma 10, {g(n) : n € Z} ¢ {f(n):neZ}, itis
not difficult to see that g € %6 (Z x X, X); hence F(:) €
AA, (Z,X) by Lemma 6.

We claim that G(-) € WPAA((Z, X). In fact, since f €
UEC(Z x X, X), Ve > 0,36 > 0 such that

IGM)I = | f (nh(n) - f(nxn)| <e (32)
foralln € Z and ||y(n)|| = |h(n) — x(n)|| < &; hence
Eg(ne) CE,(n, 9). (33)

Since y € WPAA (Z, X), by Lemma 13, one has

lim ——— p, (k) =0,
T"*""l‘(T pl)keEZTS) ’ (34)

which implies that

lim —— p, (k) = 0.
T—+oopt (T, P1)keE§T,g) ? (35)

By Lemma 13, G(-) € WPAA ((Z, X).
Since f € U6(Z x X, X), then ¢ € UE(Z x X, X). Let
K = {x(n) : n € Z}; by Lemma 15, one has

im E su (k,z (k) = (36)
T—>+oopt (T, P1 k= Tzep ”90 " P2
SO
lim E (k, x (k)) (k)
o [/l( ) & "(P “ P2

T

< lim —— ) su (k,2)| py (k) =0
T k:Z_TZeIg lo (. 2)] o>

That is H(:) € WPAA,(Z,X). Then F(-) € AA(Z,X),
G() + H() € WPAA)(Z,X). Hence f(,h(:) e
WPAA ,(Z, X). O

Corollary 17. Let p;,p, € V., f € WPAA (Z x X, X) and
satisfies the Lipschitz condition

If o) = f (k)| <Lypllu—vll, VkeZ uveX,

(38)

then f(-h()) € WPAA ,(Z, X) ifh € WPAA 4(Z, X).
The following Lemma is the essential property to study
the existence of WPAA 4(Z, X) solutions of Volterra differ-

ence equations of convolution type.

7" — C be a summable function; if
V., then A(-) € WPAA 4(Z, X),

Lemma 18. Let v :
u € WPAA ,(Z,X), p;, p, €
where

k
Y vk=Dlu),

A(k) = keZ. (39)
Proof. Note that
1A (R < zlv(l)l l[ee (k = DIl < fJully - 2 [v()] < 005 (40)
hence A is bounded.

Let u = wu; + u,, where y,
WPAA ,(Z, X); then

€ AAZ,X), u, €

A=A, +A,, (41)

where

k
MK =Y vk-Dlu 0,

e (42)
k
Ay (k)= ) vk=Dlu, @),

I=—00

keZ.

The almost automorphy of A ; follows from [10].
Next, we show that A, € WPAA ((Z, X). In fact,

—_ A, (k k
7 2 Il

1 T Kk
< — _1 l )
”(T’Pl)k;m;oolv( ) [, O] p2 (k)

T

(43)

I k-1 k
M(Tpl)k leo|v(>|||u2( )| p2 (k)

Z|v(l)|( Z uay (e - l)||Pz(k))
=0 M( k=-T

> 1



Since u, € WPAA(Z, X), u,(- —1) € WPAA(Z, X) for each
I € Z by Lemma 10, then

TLW(T’ P kZT“”z k=Dl k) =0 (44)

by Lebesgue dominated convergence theorem, one has

Jfim T )kZ [A, ()] s (k)

< i DIl —— k-1 o) o
TLmOOhZOW()|<M(T,pl)k=ZT”u2( ) p2 ( ))

(45)
which implies that A, € WPAA (Z,X). The proof is
completed. O

Remark 19. If p, ~ p,, the results of Corollary 17 and
Lemma 18 are obtained by [17, Theorem 2.8] and [17, Theorem
2.9], respectively.

4. Applications in Difference Equations

As an application, the main goal of this section is to establish
some sufficient criteria for the existence and uniqueness of
WPAA ; solution to the Volterra difference equations and
nonautonomous semilinear difference equations.

4.1. Volterra Difference Equation. This subsection is devoted
to establish some sufficient criteria for the existence and
uniqueness of WPAA ; solutions of (46).

Consider the Volterra difference equations of convolution

type

u(n+1)=/\ia

j==co

necsz,

(n=j)u(j)+ f (n Au(n)),
(46)

where A € C, a(-) is a summable function; A € L(X) and
f € WPAA ,(Z x X, X). Its associated homogeneous linear
equation is given by

u(n+1)=/\ia

j==00

m-ju(j)+fm), nez (47

where A € C, a(-) is a summable function.
For a given A € C, let s(A, k) € C be the solution of the
difference equation

k
shk+1) =AY a(k-j)s(Aj), k=012,
j=0 (48)
s(A,0)=1.
In this case, s(A, k) is called the fundamental solution to (47)
generated by a(-). We define the set

= {/\ €Clls )y = Y Is(A k)| < oo} . (49)

k=0
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By [13], if A € Q,, the solution of (47) is given by

n

umn+1) = Zs()t,n—k)f(k). (50)

k=—c0

To establish our results, we introduce the following
condition.

(H) A eQ, A e L(X).
(H,) f € WPAA (Z x X, X), p1, py € V..
(Hj;) There exists a constant L ; > 0 such that

||f(k,u)—f(k,v)|| <Lglu-vl, VkeZ, u, veX

(51)

(Hj,) There exists a linear nondecreasing function ®
[0,00) — [0,00) and f satisfies

||f(k,u)—f(k,v)||§(I>(||u—v||), VkeZ, u, veX.

(52)

Theorem 20. Assume that (H,), (H,), and (Hj,) hold and
Lf||A|||s(A, )y < 1; then (46) has a unique solution u(n) €
WPAA ;,(Z, X) which is given by

n

Y sn—k) f(kAu(k).  (53)

k=-00

un+1)=

Proof. Similar to the proof of [13], it can be shown that a

solution of (53) is the solution of (46).
Define the operator F

WPAA 4(Z, X) by

WPAALZ,X) —

n-1

Y sAn-1-k) f(kAu(k).  (54)

k=—00

Since u € WPAA,(Z,X) and (Hs;) holds, f(-, Au(-)) €
WPAA ;(Z,X) by Lemma 11, Corollary 17. By Lemma 18,
Fu € WPAA (Z, X). Hence F is well-defined.

For u,v € WPAA 4(Z, X),

(Fu) (n) =

|Fu-Fvl,

< sup Z Is(\,n—1-k)| | f (k, Au (k) - f (k, Av (k)]

Nne€Z f—_o

< Ly [ Al sup Z Is (A, n =1 =k flu(k) - v ()

nez k=—00
n—1
<Ly JAl = vigsup ) Is(n—1-k)|
nez k=—00

S Ll Alls Al llu = vl
(55)

By the Banach contraction mapping principle, & has a unique
fixed point u € WPAA ;(Z, X), which is the unique WPAA ;
solution to (46). O
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Theorem 21. Assume that (H,), (H,), and (H;,) hold; then
(46) has a unique solution u(n) € WPAAHZ,X) if
(I1Alls(A, ), @)*(t) — 0asn — oo for each t > 0.

Proof. Define the operator & as in (54), so F is well defined.
For u,v € WPAA 4(Z, X), one has

I(Fu) () = (Fv) ()]

n—1
< Y Ishn—1-RI|f (k Au (k) - f (k Av (k)]
k=—c0

n-1
< Y Isn—1-k)|® (|Au (k) - Av(R)])
k=—00
< I Allfs (A )1, @ (flu (k) = v (D -
(56)

Since (| Allls(A, )|, ®)"*(f) — O0asn — oo foreacht > 0, by
Matkowski fixed point theorem (Theorem 1), # has a unique
fixed point u € WPAA ;(Z, X), which is the unique WPAA 4
solution to (46). O

4.2. Nonautonomous Semilinear Difference Equations. In this
subsection, consider the following nonautonomous semilin-
ear difference equations

um+1l)=Amum) + f (n,u(n), ne. (57)

Its associated homogeneous linear difference equation is
given by

umn+1l)=Amuln), nel. (58)

To establish our results, we introduce the following
condition.

(A)) Ae AA(Z, X).
(A,) f e WPAA (Z x X, X), p1> P € Voo
(A;) There exists a constant L F>0 such that

Hf(k,u)—f(k,v)“ <Lglu-vl, Vk e Z,u, veX.
(59)

(A,) Equation (58) admits an exponential dichotomy on Z
with positive constants #, v, «, f.

Theorem 22. Assume that (A,)-(A,) hold and (n/(1 —e ) +
ve PJ(1 - e_ﬁ))Lf < 1; then (57) has a unique solution u(n) €
WPAA 4(Z, X) which is given by

n-1

u()= Y, o (mj+1)P(j+1)f(ju(j)

j=—00

(69

=Y (mj+)QG+1) f(ju(j), nez

J=n

(60)

Proof. Similar to the proof of [14, 15], it can be shown that ()
given by (60) is the solution of (57).

Define an operator I' : WPAA ;(Z,X) — WPAA (Z, X)
as follows:

n—1

(Tw) (m):= . o (m j+ 1) P(j+ 1) £ (o ()

j=—0o

(o)

Nt (nj+1)Q(+1) f(u(j), nez

J=n

(61)

Since u € WPAA 4(Z, X) and (A;) holds, ¥(-) = f(-,u(-)) €
WPAA ;(Z, X) by Corollary 17. Let ¥ = ¥, + \¥,, where ¥, €
AA 4 (Z,X), Y, e WPAA (Z, X); then

(Tu) (n) := (Lyu) (n) + (Lu) (1), (62)

where

n-1

(Tyu) (n) = Z o (nj+1)P(j+1)¥ (j)

j=—00

(o)

_Zﬂ(n,]# Q@ +1)¥ (j)»
= (63)

() = 3 ot (0] + )P+ 1) %)

()

=Y (nj+1)Q+ 1) % ()

j=n

Similar to the proof of [14, 15], T,u € AA ;,(Z, X).
Next, we show that T,u € WPAA (Z, X). In fact, let

(l"zu) (n) = (F21”) (n) + (1"2214) (n), (64)

where

n—-1

(Tyu) (n) = Z A (nj+1)P(j+1)¥(j),

(65)
(Cpu) (m) = Y o (n, j+ 1) Q(j+1) %, (j).

j=n

Then,

1 T
S PALSRIC U
P k=-1
k-1
o (k, j+ 1) P(j+1)¥, (j)

j=—c0

1 T

2

- k
U (T’ pl)k:_T P2




T k-1

1
u (T, pr) kz

=-T j=—00

ne 5TV, ()] p, (k)

(T P1)kz Zﬂe “ ”\PZ (k -1- ” P2 (k)
T j=0

2 ( T, ZH% -ﬁmmmﬂ.

(66)

Since ¥, € WPAA ((Z,X), ¥,(- — 1 - j) e WPAA(Z, X) for
each j € Z by Lemma 10; then

o A
k=-T

~1-jpk)=0;  (67)

Taoo!,{ > P1

by Lebesgue dominated convergence theorem, one has

JQ;MﬁIkZJIh@mNmM)

S 3,

=0

-ﬁmm&o

(68)

hence I';;u € WPAA(Z, X). Similarly, one can prove I',,u €
WPAA(Z, X). So T is well defined.

For u,v € WPAA ;(Z, X), by the exponential dichotomy
and Lipschitz condition, one has

1(Tw) () = (Tv) (Wl

nil A (nj+1)P(ji+1)[f(u(f)) -

je=co

fGvI

(o)

—Zd(n,j+l)Q(j+l)

A= 7G|
< 3 0L () - )

+00 )
# Y UL () -
j=n

v (i)
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<L ¢l - v||dZe_“] + 9L fllu ~ v||dZe Fi

j=1
-B
nL ¢ VL se
< Tl e+ gl vl
-B
- " ve L

(69)

hence I is a contraction. By the Banach contraction mapping
principle, T has a unique fixed point u € WPAA,(Z, X),
which is the unique WPAA ; solution to (57). The proof is
completed. O

5. Examples

In this section, we provide some examples to illustrate our
main results.

Example 1. For a(k) = pk, where |p| < 1, after a calculation

using in (48) the unilateral-Z transform, that s(A, k) = A(A +
p)k_l, k > 1, and define
D(-p,1):={z € C:|z+p| <1} c Q. (70)
Consider the following difference equation:
um+1) =LY pfuk)+xg(Ruk), nez, (71

k=—00
where [p| < 1, A € D(-p,1), g € WPAA (Z,X). 1t is easy
to see that (H,), (H,), and (Hs,) hold with Lf = |xllgll;. By

Theorem 20, if [A|[k] || gllz Ypoo IA + plk_1 < 1, then (71) has
a unique solution u(n) € WPAA 4(Z, X).

Example 2. Consider the system

uk+1)=Au(k)+h(k)gw), keZ, (72)

where A is a nonsingular #nx#n matrix such that O‘P(A) ns' =g,

h € WPAA 4(Z,R"), and there exists a constant L §>0 such
that

g @) —g)| SLyllu—vl, uveR" (73)

Since ap(A) NSS! =0, the system

ulk+1) = Au(k), keZ (74)

admits an exponential dichotomy with positive constants
7, v, « f3 [19] and (A;) holds with Lf = Lgllhlld. By
Theorem 22, If we suppose that (/(1 — e™*) + v i1 -

e )L g||h||d < 1, then (72) has a unique discrete weighted
pseudo almost automorphic solution.

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.



Journal of Applied Mathematics

Acknowledgment

This material is based upon work funded by Zhejiang Provin-
cial Natural Science Foundation of China under Grant no.
LQI13A010015.

References

[1] S.Bochner, “A new approach to almost periodicity;” Proceedings
of the National Academy of Sciences of the United States of
America, vol. 48, pp. 2039-2043, 1962.

[2] G. M. N'Guerekata, Almost Automorphic and Almost Periodic
Functions in Abstract Spaces, Kluwer Academic/Plenum Pub-
lishers, New York, NY, USA, 2001.

[3] G. M. N°Guérékata, Topics in Almost Automorphy, Springer,
New York, NY, USA, 2005.

[4] J. Blot, G. M. Mophou, G. M. N’Guérékata, and D. Pennequin,
“Weighted pseudo almost automorphic functions and appli-
cations to abstract differential equations,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 71, no. 3-4, pp. 903-909,
20009.

[5] Z. Xia and M. Fan, “Weighted Stepanov-like pseudo almost
automorphy and applications;,” Nonlinear Analysis: Theory,
Methods & Applications, vol. 75, no. 4, pp. 2378-2397, 2012.

[6] N. Van Minh, T. Naito, and G. Nguerekata, “A spectral count-
ability condition for almost automorphy of solutions of dif-
ferential equations,” Proceedings of the American Mathematical
Society, vol. 134, no. 11, pp. 3257-3266, 2006.

[7] W. Dimbour, “Almost automorphic solutions for differential
equations with piecewise constant argument in a Banach space;”
Nonlinear Analysis: Theory, Methods & Applications, vol. 74, no.
6, pp. 23512357, 2011.

[8] N. V. Minh and T. T. Dat, “On the almost automorphy of
bounded solutions of differential equations with piecewise
constant argument,” Journal of Mathematical Analysis and
Applications, vol. 326, no. 1, pp. 165-178, 2007.

[9] S. Fatajou, N. V. Minh, G. M. N'Guérékata, and A.
Pankov, “Stepanov-like almost automorphic solutions for
nonautonomous evolution equations,” Electronic Journal of
Differential Equations, vol. 2007, no. 121, pp. 1-11, 2007.

[10] D. Araya, R. Castro, and C. Lizama, “Almost automorphic solu-
tions of difference equations,” Advances in Difference Equations,
vol. 2009, Article ID 591380, 15 pages, 2009.

[11] R. P. Agarwal, C. Cuevas, and F. Dantas, “Almost automorphy
profile of solutions for difference equations of Volterra type,”
Journal of Applied Mathematics and Computing, vol. 42, no. 1-
2, pp. 1-18, 2013.

[12] A. Castro, C. Cuevas, E. Dantas, and H. Soto, “About the behav-
ior of solutions for Volterra difference equations with infinite
delay;” Journal of Computational and Applied Mathematics, vol.
255, pp. 44-59, 2014.

[13] C.Cuevas, H. R. Henriquez, and C. Lizama, “On the existence of
almost automorphic solutions of Volterra difference equations,”
Journal of Difference Equations and Applications, vol. 18, no. 11,
pp. 1931-1946, 2012.

[14] T. Diagana, “Existence of globally attracting almost automor-
phic solutions to some nonautonomous higher-order difference
equations,” Applied Mathematics and Computation, vol. 219, no.
12, pp. 6510-6519, 2013.

[15] C.Lizama and]. G. Mesquita, “Almost automorphic solutions of
non-autonomous difference equations,” Journal of Mathemati-
cal Analysis and Applications, vol. 407, no. 2, pp. 339-349, 2013.

[16] P. H. Bezandry, “On the existence of almost automorphic
solutions of nonlinear stochastic Volterra difference equations,’
African Diaspora Journal of Mathematics, vol. 15, no. 1, pp. 14-
24, 2013.

(17] S. Abbas, “Weighted pseudo almost automorphic sequences and
their applications,” Electronic Journal of Differential Equations,
vol. 2010, no. 121, pp. 1-14, 2010.

[18] J. Matkowski, “Integrable solutions of functional equations,”
Dissertationes Mathematicae, vol. 127, pp. 1-68, 1975.

[19] R. P. Agarwal, Difference Equations and Inequalities: Theory,
Methods, and Applications, vol. 155, Marcel Dekker, New York,
NY, USA, 1992.

[20] Y. Li and C. Wang, “Almost periodic solutions to dynamic
equations on time scales and applications,” Journal of Applied
Mathematics, vol. 2012, Article ID 463913, 19 pages, 2012.

[21] W. A. Veech, “Almost automorphic functions,” Proceedings of the
National Academy of Sciences of the United States of America, vol.
49, pp. 462464, 1963.

[22] H.-S. Ding, G. M. N'Guérékata, and J. J. Nieto, “Weighted
pseudo almost periodic solutions for a class of discrete
hematopoiesis model,” Revista Matemdtica Complutense, vol.
26, no. 2, pp. 427-443, 2013.

[23] H.-S. Ding, J.-D. Fu, and G. M. N'Guérékata, “Positive almost
periodic type solutions to a class of nonlinear difference equa-
tions,” Electronic Journal of Qualitative Theory of Differential
Equations, vol. 25, pp. 1-16, 2011.



