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Let 0 < p < 00, let =2 < g < 00, and let ¢ be an analytic self-map of D and g € H(D). The boundedness and compactness of

generalized composition operators (Cg fz) = IOZ f ' (&)g

are investigated.

1. Introduction and Preliminaries

Let ¢ be an analytic self-map of the open unit disc D of
the complex plane C. Let H(D) be the space of all analytic
functions in D and g € H(D). If X is a Banach space, then we
denote the unit ball in X by Bx.For0 < r < 1,Q, ={z e D:
lp(2)| > r}.

A positive continuous function y on the interval [0, 1) is
called normal if there exist three constants 0 < § < 1 and
0 < a < b such that

(1“_(?)“ is decreasing on [§,1), rh_{nl(l//l _(1;,))a =Y
#(r)b is increasing on [4,1), lim pt(r)b =
(1-7) =)

€]
A function f € H(D) belongs to the Bloch type space 95’”
if
Ifls, = If @+ swpu@|f' @[ <0 ()
F4S

where p is normal and radial and p(|z|) = u(z). The space B,
is a Banach space with the norm || - || %,

The little Bloch type space %, consists of all f € 3B,
such that

Jim (2D |1 @] = 0. 3)

(é)d¢, z € D, f € H(D), from B, (B0) spaces to Qg ,(p, q) spaces

Fora > 0, u(|z]) = (1 - 1z|%)%, %’H is the a-Bloch space %%
for o = 1, B% is the classical Bloch space; for example, see [1].

For0 < p<o00,-2<gqg<o00,a¢€D,K:[000) —
[0, 0c0) is a nondecreasing function, and w : (0,1] — (0, c0)
is a given reasonable function. An analytic function f on D
is said to belong to Qg ,,(p,q) in [2] if

I loc.ea
_ P (1 ey gD v
{0 SR e <o
(4)
and an analytic function f € Qg ,o(p,q) if
. ! p 2 qK (g (Z> a)) _
lim | |F @ (1-1P) iR @ =0 ©)

where dA denotes the normalized Lebesgue area measure on
D, g(z,a) = log(1/|¢,(2)]) is a green function, and ¢,(z) =
(a-2)/(1 -az).

Qk (P> q) classes are more general than many classes of
analytic functions and have attracted a lot of attention in
recent years. When w = 1, Qg ,(p,q) = Qg(p,q). When
p=q=20w) =tK(@) =tf,and Qg,(p,q) = Q, When
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w =1, K(t) =t and Qg (p,q) = F(p,g,s). Moreover, the
following results hold:

(1) QK,w(p, q) C Bgﬁz)/P;
(2) Qu(p-9) = BY™'? if and only if

Jl K(logl) mdr < 00, (6)

0 r

where

B {f e HO): |l

7)
(1—1zD* |
i 9] <o <o,

The composition operator is defined by C,f(z) =
f(@(z)), f € H(D). This operator has been studied for many
years. The first setting was in the Hardy space H?, the space
of functions analytic on D (see [3]). Madigan and Matheson
(see [1]) gave a characterization of the compact composition
operators on the Bloch space 98. For more details, see [4-
12]. In [13], Li and Stevi¢ defined the generalized composition
operator as follows:

(Cof) (2 = rf' (9(§) g dE, zeD, feH(D).
O (8)

The operator Cg induces many known operators. When g =
¢', the operator Cg is essentially (up to a constant) the
composition operator C,,. When ¢(z) = z, the operator C‘gJ
coincides with the operator I, defined by

(Igf)<z)=jzf’<c>g<c>dc, (eD, feHD). ()
0

So the generalized composition operator Cg can be consid-
ered as a generalization of the composition operator C, and
the operator I,,.

A fundamental problem in the study of generalized com-
position operators Cg is to investigate the relations between
function theoretic properties of ¢ and g and operator the-
oretic properties of the restriction of Cg to various Banach
spaces of analytic functions. A lot of attentions have been
attracted to study the problem on many Banach spaces of
analytic functions in recent years. In [9], the authors studied
composition operators from Bloch type spaces into Qg (p, q)
spaces. In [14], the authors characterized the bounded-
ness and compactness of generalized composition operators
on Qg (p,q) spaces. In [15], Rezaei and Mahyar studied
generalized composition operators from logarithmic Bloch
type spaces to Qg type spaces. In [16], essential norms of
generalized composition operators from Bloch type spaces
to Qg type spaces were given. In [17], generalized compo-
sition operators from F(p, g, s) spaces to Bloch-type spaces
were characterized. In [18], Stevi¢ investigated generalized
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composition operators between mixed-norm space and some
weighted spaces and from logarithmic Bloch spaces to mixed-
norm spaces. In [3], Zhang and Liu studied generalized
composition operators from Bloch type spaces to Qg type
spaces. In [19], generalized composition operator acting
from Bloch-type spaces to mixed-norm space was studied.
In [12], generalized composition operators from general-
ized weighted Bergman spaces to Bloch type spaces were
investigated. In [20], generalized composition operators and
Volterra composition operators on Bloch spaces on the unit
ball were studied. This paper is devoted to investigating the
boundedness and compactness of generalized composition
operators C;Z from B, (%,,,) spaces to Qg ,(p,q) spaces.
Throughout this paper, constants are denoted by C; they are
positive and may differ from one occurrence to the other.

2. Main Results and Their Proofs

To derive our results, we need the following lemmas.

Lemma 1. Assume that 0 < p < 00, =2 < q < 00,
K is a nonnegative nondecreasing function on [0,00), and
w : (0,1] — (0,00) is a given reasonable function. Assume
that y is a normal function, ¢ is an analytic self-map of D,
and g € H(D). Then CJ : B,(B,o) — Qiu(p.q) is
compact if and only if, for every bounded sequence {f} in
B (B,0) which converges to 0 uniformly on compact subsets

D, 1 Cg =
of B limy . oo (Pfk”QK,w(P’q)

Lemma 1 can be proved in a standard way of Theorem 3.11
in [4].

The following lemma is similar to Lemma 2.2 in [5, 7],
using the results for the Hadamard gap series and following

a technique used before in the Bloch space in [5, 7]. Specific
details can be seen in [9].

Lemma 2. Let p : [0,1) — [0, 00) be a nonincreasing radial
weight function and normal on the interval [0, 1). Then there
exist two functions f,, f, € B, such that, for each z € D,

C
u(lzl)

1 @] +|f: 2)] 2 (10)

Theorem 3. Assume that 0 < p < 00, =2 < q < 00, @ is an
analytic self-map of D, p is a normal function, K is nonnegative
and nondecreasing in [0,00), and w : (0,1] — (0,00) isa
given reasonable function. Then the following statements are
equivalent:

(a) Cg 1 By — Qxo(p.q) is bounded;
(b) CE‘Z : Buo — Qrw(p>q) is bounded;
(c)

P(1 122\ Kk
J g (2)| (1 |z ) (g(z’a))dA(z)<OO- (11)
aeD JD

ut (¢ (2)]) wP (1 - I2)
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Proof. (a) = (b) Since ‘%;/w C %w then (a) implies (b).

(b) = (c) Suppose (b) holds; then IICgfIIQ (00

||Cg||||f||% for all f € 9B, . For any given f ’93’,,, the

function f,(z) = f(tz), 0 < t < 1, belongs to %, and

"f’”% < | fllg - Let f1, f, be the functions from Lemma 2
u

and we get

P 1- 2 qK ,
W J lg @ (1-121°)'K (g (2,)) A
ach Jo P (t]e (2)]) w? (1 - |2])

<2?|calf (Ifulls, + 1515

<2?|cal” (105, + 1£:15,) -

Then (11) holds with Fatou’s Lemma.
(c) = (a) For f € &,

(12)

(A7 i

J I 0@ lg @ (1~ 12P)'K (9 (z. )

wP (1 - z])

= sup
aeD

dA (z)

lg @I (1-121*)'K (9 (2. 2))
u? ([o (2)]) wP (1 - |2])

dA (z).
(13

Theorem 4. Assume that 0 < p < 00, =2 < g < 00, ¢ is an
analytic self-map of D, u is a normal function, K is nonnegative
and nondecreasing in [0,00), and w : (0,1] — (0,00) is a
given reasonable function. Then the following statements are
equivalent:

p
< Il sp |

(a) Cg : By — Qo(p,q) is compact;

(b) CJ : By — Qiu(p>q) is compact;
()
9 @I"(1-12P)'K (g (z,))
M | wP (112 e <o
(14)
P(1 122K ’
limsu J |g(2)| ( | ) (9(z a))dA(z) =0. (15
r=laep Jo,  uP (o (2)]) wP (1-2])

Proof. (a) = (b) Since B C B, then (a) implies (b).
(b) = (c) Assume that (b) holds; then we have (14), Let

ZVl

nu (1= (1/n)’
Then {f,},en is bounded in %, and f, — 0 uniformly on

fa(2) = zeD. (16)

the compact subsets of D as n — ©00. Since Cg t Buo —
Qk o(p>q) is compact, then by Lemma 1
i g -

nlgr(!o“c@f”"QKyw(p,q) =0. (17)

This means, for any given & > 0, there exists N € N such that
n > N implies

sup | o )"
veb Jo P (1= (1/m) wP (1 - [2]) (18)

X |g(z)|P(1 - |z|2)qK (g(z,a))dA(z) < e.

Hence, for0 < r < 1,
eh wF (1= (1/N))

§ J P @ lg @I (1 - 1217) K (g (2. @)
D wP (1-1z|)

dA (z)

1
=S A -(1/N)

. J e @[ )9 @7 (1 - 1217) 'K (g (2. @)
a wP (1~ |2])

dA(z)

v

r(N—l)p

2 e ——
W (1 (1/N))

j lg@)|P(1 - 12P)'K (9 (z,2))
X sup
Q,

o Fa-Ey e
(19)
Choosing r such that ¥ /4P (1 - (1/N)) > 1, then
9@ (1-121")'K (g (z. @) ,
0
ilelg Lr o (=12 dA(z) <e. (20)

For f € 95’%0, let f,(z) = f(tz) for 0 < t < 1. Then
fi € Bpand f; — f uniformly on compact subsets of D as

i 9 ; e
t — 1.Since CJ is compact, then [|CZ f C‘Pf”QK,w(p,q) —
ast — 1. Then for every € > 0 there exists t, € (0,1) such

that

I, ((

file@) - p@)| 9@
x (1- |z|2)qK (9(z,a)) ) (21)

x (wf (1 - |z|))_1)dA(z) <e.



By the triangle inequality, then

If 0@ g @ (1-12P)K (9 (= @)
supJ
aeD JQ,

wP (1 - 1z])

dA (z)

f@@)-f (@) g

< ((
x (1-121°)'K (g (2 @)) )
x (f (1- |z|))‘1) dA (2)

2] (1@ s of

x (1-12°)'K (g9 (z @) )
x (@f (1-[2D) ") dA (2)

< 2Ps+2P“ft;|'Pm

PO 122K
XI lg @I (1-12) (g(Zﬂ))dA(z)
Q

wP (1 -z])

<2 (1+]fifon) e
(22)

which means, for any & > 0and f € By, there exists § =
O(e, f) > O such that forr € [§,1)

J 1/ (0 @) |9 @I (1~ 12P)'K (g (z.a))

w? (1 - |zl)

sup dA (z) < e.

aeD JQ

(23)

Since CY is compact, C?(B, ) is relatively compact in
¢ [ w0
Qko(p>q); then there are finite functions f, f,,..., f,, €
By such that, for any ¢ > 0 and f € By , we can find
wo w0

f(1 < k < m) satisfying
swp [ ((If (9 ) - filo@[lo @

X (1 - Izlz)qK (g9 (z, a))) (24)

x (0P (1- |z|))‘1)dA (2) < e.

Take § = maxlsjsm(?(e, fj). Then for r € [§,1)

J 1L (9 @)[ |9 @|"(1-12P)'K (9 (z,a))
Q,

b w? (1= 2] e <
(25)
Then
1 (0@)||g @[ (1-12)'K (g (z. @)
w ), @ (112D <z
(26)
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Hence, we have shown that for any € > 0 there exists § €
[0,1) such that forall f € B%’,m

sup dA (z) < 2e.

aeD

J If (0 @)[ 19 @I (1-12P)'K (9 (z.a))
Q, wP (1 -|z])
(27)

Let f;,j = 1,2, be the functions in Lemma 2; then, for
0 < t < 1, the functions fjt(z) = fj(tz) are included in 93%0.
Thus by Lemma 2 and Fatou’s Lemma, we get (15).

(c) = (a) Assume that (14) and (15) hold. Assume that
{fu}.en 1s @ bounded sequence in 9B, such that f, — 0
uniformly on compact subsets of D. Assume || f, || @, < 1; by

(15), for any given € > 0, there exists r € [0, 1) such that

dA(z) <e. (28)

I lg @I (1-12P)'K (9 (2,)
acb Jo,  p? (jo(@)]) wf (1~ |zl)

Since f, — 0 uniformly on compact subsets of D, then
f1 — 0 uniformly on compact subsets of D. Then for above
&, there exists N € N such that n > N implies | frfl < ¢ for
|z| < r. Thus,

J 19 @) 19 @I (1~ 12P)'K (9 (z.a)) he)
D

wP (1 - zl)

= “ *JD\Q } (I @@ 19 @I
x (1-12P)'K (g (z.a) )
x (wp (1- |Z|))_1)dA (2) (29)

19 @) (1 - 1217)'K (9 (z,))

p A
Sk, | @A
lg (@)|"(1-121*)'K (g (z, a))

p
e JD WP (1- [2]) A ()

<e+ef M.

Hence, ||CY
I q’fn ”QK,W(Pﬂ)

B, — Qko(p>q) is compact. O

Dasn — oo.ThusCi:

Remark 5. For a > 0, u(|z]) = (1 - |z[H)%, B, is the a-Bloch
space B%. Let u(|z]) = (1 - |z|*)* and @ = 1 in Theorems 3
and 4; we easily obtain the following results in [3].

Corollary 6. Assume that 0 < p < 00, -2 < q <
0o, « > 0, ¢ is an analytic self-map of D, and K is
a nonnegative nondecreasing function on [0,00). Then the
following statements are equivalent:

(a) CE‘Z : B — Q(p,q) is bounded;
(b) Cg : By — Qp(p,q) is bounded;
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(o)

19| (1~ 12P)'K (9 (2. )
supJ‘ S pa
acd JD (1 ~ o (2] )

Corollary 7. Assume that 0 < p < 00, =2 < q <
00, « > 0, ¢ is an analytic self-map of D, and K is
a nonnegative nondecreasing function on [0,00). Then the
following statements are equivalent:

(a) C(gp :
(b) C(gp : By — Qg(p,q) is compact;
(c)

dA(z) < co.  (30)

B — Qx(p,q) is compact;

supj lg @[ (1~ 1217)'K (9 (2, a)) dA (2) < oo,
aeD JD

9@ (1~ 12P)'K (g (2 a)) Gy

(1- |<P(z)|2)m

limsup J dA (z) = 0.

rHlaED Q

Remark 8. As g = ¢', the operator C(gp is essentially the
composition operator C,, since the difference Cg - C, is
constant. Moreover, w = 1; Qg,(p,q) = Qg(p,q). Let
g = ¢'and @ = 1 in Theorems 3 and 4; we easily obtain the
following results in [9].

Corollary 9. Assume that 0 < p < 00, =2 < g < 00, @ is
an analytic self-map of D, y is a normal function, and K is
nonnegative and nondecreasing in [0, 00). Then the following
statements are equivalent:

(a) Cy: %# — Qg(p,q) is bounded;

(b) Cp: By = Qk(p,q) is bounded;

(c)

o' @ (1 - 121*)'K (g (2, @)
),

dA . (32)
e (9] (2) < o0

aeD

Corollary 10. Assume that 0 < p < 00, =2 < q < 00, @
is an analytic self-map of D, u is a normal function, and K is
nonnegative and nondecreasing in [0, 00). Then the following
statements are equivalent:

(a) Cy: 95# — Q(p,q) is compact;

(b) C,: 93%0 — Qg(p,q) is compact;

(c) ¢ € Qx(p,q) and

J o' @ (1 - 121?)'K (g (z. @)
, u* (lo (2)])

lim su dA(z) =0. (33)

r—»laeD Q

Problem 11. Can the boundedness and compactness of the
generalized composition operator CJ : Qg (p:9) — %,
be characterized by use of function theoretic properties of ¢
and g?
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