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This paper addresses the finite-time bounded control problem of linear stochastic systems with state, control input, and external
disturbance-dependent noise ((x, u, v)-dependent noise for short). The notion of finite-time boundedness of linear stochastic
systems is first introduced. Then a different quadratic function approach is proposed to give a sufficient condition for finite-time
boundedness of such a class of systems, and its superiority to common quadratic approach is shown. Moreover, the finite-time
bounded controller design problem is studied and two sufficient conditions for the existence of state and output feedback controllers
are presented in terms of nonlinear matrix inequalities. An algorithm is given for solving the obtained nonlinear matrix inequalities.
Finally, an example is employed to illustrate the effectiveness of our obtained results.

1. Introduction

It is well known that finite-time control has become one of the
important robust control methods, which has been studied
extensively both in theory and practical applications; see
linear systems [1-9], nonlinear systems [10-12], and the in-
press book [13]. Recently, based on analysis on some practical
problems, [14] introduced a new finite-time stability for linear
stochastic Itd systems with state and control-dependent noise.
Roughly speaking, a stochastic It6 system is said to be finite-
time stable if, given a bound on the initial state of the system,
its state trajectories do not exceed an upper bound ¢, and are
not less than a lower bound ¢; (¢; < ¢,) in the mean square
sense during a specific time interval.

On the other hand, the model of stochastic It6 sys-
tems with state, control input, and external disturbance
dependent-noise ((x, u, v)-dependent noise for short) is more
general than stochastic Itd systems with state and control
input-dependent noise ((x,u)-dependent noise for short).
For this class of model, some results have been obtained.

For example, [15, 16] studied the finite/infinite horizon mixed
H,/H_, control problem for the Itd-type nonlinear stochastic
systems with (x, u, v)-dependent noise, respectively.
Motivated by aforementioned discussions, we extend
the results in [14] to stochastic It6 systems with (x,u,v)-
dependent noise. Here, we consider finite-time stochastic
boundedness and finite-time bounded control problems for
such class of systems. More precisely, a system is said to be
finite-time bounded if, given a bound both on the initial state
of the system and the disturbance input, the state trajectories
of the system do not exceed an upper bound ¢, and are not
less than a lower bound ¢ (¢, < ¢,) in the mean square
sense during a prespecified time interval for all admissible
disturbances. By stochastic analysis technology, Gronwall’s
inequality, and matrix transformation, a finite-time stochastic
boundedness criterion and some sufficient conditions for the
existence of finite-time bounded controller are derived. The
contributions of this paper lie in the following two aspects: (1)
a new concept of finite-time stochastic boundedness is intro-
duced, which generalizes the finite time stochastic stability in
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[14] to stochastic Itd systems with (x, u, v)-dependent noise
and (2) a different quadratic function approach is introduced
and its superiority to common quadratic function approach
is shown. By different quadratic function approach, two new
conditions for the existence of state and output feedback
finite-time bounded controller are obtained.

The paper is organized as follows. In Section 2, a concept
of finite-time stochastic boundedness and some preliminaries
are presented. Section 3 provides a sufficient condition for
finite-time stochastic boundedness. In Section 4, state and
output finite-time bounded controllers are given, respec-
tively. Section 5 employs an example to illustrate the results
of the paper. Section 6 gives the conclusion.

Notation. AT
A>0(A >

symmetric matrix. La(R o R) is a space of nonanticipative

is a transpose of a matrix or vector A.
0): Ais positive definite (positive semidefinite)

stochastic process y(t) € R’ with respect to an increasing o-
algebra & ,(t > 0) satisfying E f;o ||y(t)||2dt < 00. E[] stands
for the mathematical expectation operator with respect to the
given probability measure. I, is 1 X n identity matrix. tr(A)
is trace of a matrix A. A, (A)(A,;,(A)) is the maximum
(minimum) eigenvalue of a real matrix A.

2. Preliminaries and Problem Statement

Consider the following linear time-invariant stochastic Ito
system with (x, u, v)-dependent noise:

dx (t) = (Ax (t) + Bu(t) + Gv (t)) dt
+(Ax(t)+Bu(t)+Gyvt)dwt), (1)

y(t)=Cx(),

where x(t) € R", u(t) € R™, v(t) € R}, and y(t) € R are
called the system state, control input, exogenous disturbance,
and measurement output, respectively. A, A, € R”", B, B, €
R™™, G, G, € R™, and C € RP" are constant matrices.
X, is the initial state. Without loss of generality, throughout
this paper, we assume w(t) to be one-dimensional standard
Wiener process defined on the probability space (Q, #, F,,
P) with #,=c{w(s): 0 < s < t}.

To illustrate clearly the concept of finite-time stochastic
boundedness presented below, we first introduce finite-time
stochastic stability from [14].

x(0) = x, € R,

Definition 1. Given positive real scalars ¢, ¢,, ¢;, ¢;, T with
0 < ¢ <6 <¢ <6, anda positive definite matrix R, the
following linear stochastic system

dx (t) = Ax (t) dt + A, x (t) dw ()
(2)
X (0) = -x()a
is said to be finite-time stochastically stable with respect to
(Cl’ G G35 Gy T, R), if

g <E [xT (0) Rx (0)] <¢

(3)
=g <E[x"®Rx(t)] <c VEte[0,T].
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Based on Definition1, a new concept of finite-time
stochastic boundedness for linear stochastic It systems is
introduced.

Definition 2. Given some positive scalars ¢, ¢, ¢, ¢,
Twith0 < ¢ < 6 < ¢ < ¢, a positive definite matrix
R, and a class of exogenous signals 7/, the following linear
stochastic system

dx(t) = (Ax(t) + Gv (t)) dt
+(Ax () + Gy (1) dw (t) (4)
x(0) = x,

is said to be finite-time stochastically bounded with respect
to (¢, 6 6 ¢ W, T, R), if

g <E [xT (0) Rx (0)] <¢g
(5)
= <E[x"(ORx(t)] <, Vte[0,T],

forallv(:) e 7.

Remark 3. Definition 2 is more general than Definition 1,
which concerns the behavior of the state in the presence of
both given initial conditions and external disturbance.

Remark 4. Tt is clear that finite-time stochastic boundedness
implies finite-time stochastic stability, but the converse is not
true.

In the next assumption, we characterize a class of signals
W considered in this paper.

Assumption 5. The class 7 is defined as follows:
W ={v(t):dv(t) = Hv(t)dt + Hyv (t) dw (1) ,

v(0) = vy € R, vy Ryvy < hy, E [V (1) Ryv(8)] < B},
(6)

where H, H;, and R, > 0 are constant matrices and h and h,
are any given positive scalars.

Remark 6. In Assumption 5, h and h, are any given positive
scalars, so 7" actually includes a big class of signals.

Before proceeding further, we give some lemmas which
will be used in the next section.

Lemma 7 (Ito-type formula). For given V(x) € C*(R"),
associated with the following stochastic system

dx(t) = f(x)dt+g(x)dw(t), (7)
the infinitesimal generator operator is defined by

azv (x)

e 7Y 9. ®

2V (x) = f(x)+
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Lemma 8 (Gronwall Inequality). Let 0(t) be a nonnegative
function such that

6(t)§a+bjt9(s)ds, 0<t<T )
0

for some constants a, b > 0; then one has

0(t)<a exp(bt), 0<t<T. (10)
Lemma 9 (see [14]). Let 0(t) be a nonnegative function such
that

0(t)2a+bjt6(s)ds, 0<t<T )
0

for some constants a, b > 0; then one has

O(t)=aexp(bt), 0<t<T. (12)

3. Finite-Time Stochastic Boundedness

This section is dedicated to proposing a different quadratic
function approach to the finite-time stochastic boundedness
problem of the system (4). The comparison on different
quadratic function approach and common quadratic func-
tion approach is first given.

In [14], the key approach of obtaining main results is as
follows. Let V() be a positive quadratic function; then by
the following inequalities

Zv (Sstate (t)) <aV (Sstate (t)) > (13)

gv (Sstate (t)) > ﬁv (Sstate (t)) 4 (14)

the main results are derived. We call the above approach to be
common quadratic function approach, because the quadratic
functions in (13) and (14) are the same. But we find that
V (Sqate (1)) satisfying (13) may not satisfy (14), which results
in the a relatively small range of the option of V(Sy,.(1)).
So the main results obtained by common quadratic function
approach are of conservativeness.

The key idea of different quadratic function approach
is as follows. Let V| (Syqe(t)) and V,(Sy()) be a positive
quadratic function; then by the following inequalities

gVI (Sstate (t)) < (XVI (Sstate (t)) > (15)

‘SZVZ (Sstate (t)) > ﬁVZ (Sstate (t)) > (16)

the main results of this paper will be derived. Because the
quadratic functions V; (S, (£)) in (15) and V, (Syee () in (16)
are not the same, the main results obtained by this approach
are of less conservativeness than the results obtained by
common quadratic function approach.

Theorem 10. If there exist o« > 0, 3 > 0, symmetric positive
definite matrices Q; € R, Q, € R™ Q; € R™ and some

scalars A; > 0,1 = 1,2,3 such that the following inequalities
hold

[QA" +AQ -aQ, G QA]]
* I'-aQ, Gf <0, 17)
L * * _Q1 i
[BQ -QA"-AQ, G QA]]
* BQ; -T G~1T <0, (18)
L * * _Ql J
—aT
[AZ}‘I _*026 :/E] <0, (19)
[h)‘3*_ “ Y/E] <0, (20)
MI<Q,<I, 0<Q,<Al (21)
0 < Q5 < A5, (22)

then system (4) is finite-time stochastically bounded with
respect to (¢, ¢y, 3, ¢y W, T, R), where Q, = R"l/leR_l/z,

Q = RPQR% Q, = RPQR/% T = H'Q, + Q,H +

H'Q,H,, T=H'Q, + Q;H + H'Q;H,.
Proof.

Step 1. E[x” (0)Rx(0)] < ¢, = E[x" (t)Rx(t)] < c,.
Take a quadratic function

Vi (x (), v() = x" (1) Q' x (1) + v (1)) Qv (t),  (23)

where Q, = R?Q,R%, Q, = R{*?Q,R}”* with Q, > 0,
Q, > 0 being solutions (17)-(22). Applying It6 formula for
Vi (x(t), v(t)) along the trajectory of the following system

2] 1o ] o)

[ Gl o

ol ] ex

it follows
LV (x(t),v (1)
= (Ax (1) + Gv (1)) Q' x (1)
+x" () Q" (Ax (t) + Gv (1))
— (25)
+(Ax®)+Gv() Q) (Ax(t) +Gv(D))
+ (Hv (1) Quv (1) +v! (t) Q,Hv (t)

+ (Hyv(®) QH,v (1),



which leads to
LV (x(t),v () —aV (x(t),v (1))
=x" ()[ATQ' +Q'A+ ATQ A, - aQ; | x (1)
+x" ()[Q;'G+AIQ'G,| v (1)
_ _ (26)

+vV () [G"Q +G{Q'A, | x (1)
+v7 () [GITQ?GI +H'Q,+Q,H

+H{Q,H, - oc(jz] v(t).

Pre- and postmultiplying (17) by diag{Q," I Q;'}, according
to Schur complement, it is easy to obtain that (17) is equivalent
to

0+ATq'A, QG+ AT@IIGI] <0, (@)

% Q+GIQ'G,
where O = ATQ' + Q['A - aQ;', Q = H'Q, + Q,H +
H/Q,H, - aQ,.
By (26) and (27), we obtain

LV (x(t),v(t) <aVy(x(t),v(t)). (28)

Integrating both sides of (28) from 0 to ¢t with t € [0, T]
and then taking mathematical expectation, it yields

EVy (x(t),v(t)) < EV; (x(0),v(0))

t (29)
+« J EV; (x(s),v(s))ds.
0
By Lemma 9, we conclude that
EV, (x (t),v(t)) < EV, (x (0), v (0)) e*. (30)

By given conditions, it follows
EV; (x(0),v(0)) e
=E [x" (0)Q;"x(0) + v" (0) Qv (0)]
= [x" (0) R*Q"R"*x (0)
+v" (0) R?Q,R}*v (0)]

<E [/\max (QII) G+ /\max (QZ) hl] eDCT
1 o
) [ Amin (QI)C4 " Amax (QZ) hl] ‘ )

1 «
< [/\—lc4+)tzh1] e,
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EVy (x(@),v ()
=E[x" 0Q'x®) +v () Qv (1)]

=E [x" () RPQ'Rx (t) +v" (t) RY* QR v (1)]

[
[

E [Amin (Q1") X7 () Rx (£) + A i (Qy) vV (1) Ryv (8)]

\%

1
-F - (Ql)xT (£) Rx (t) + Ao (Q) V" () Rlv(t)]
> E [x" (t) Rx ()] .
(31)
According to (30) and (31),
E [xT (t) Rx (t)] < (%CAI + A2h1> e‘xT. (32)
1
From (19), we have
(ic4 A > T < e, (33)
Ay
From (32) and (33), it is easy to obtain
E[x" () Rx ()] <o, (34)

Step 2. ¢; < E[x" (0)Rx(0)] = ¢ < E[x” (t)Rx(t)].
Take a quadratic function different from V; (x(¢), v(t))

V,(x(),v@®) =x" OQ ' x®) +v (1) Qv (t), (39
where Q, = R2Q,R%, Q, = R?Q,RI? with Q, > 0,
Qs > 0 being solutions (17)-(22). Applying It6 formula for

V,(x(t), v(t)) along the trajectory of the system of (24), it
follows

LV, (x(t),v(t)
= (Ax(t) + Gv(£)'Q;'x ()
+x7 (1) Q" (Ax (t) + Gv (1))
— (36)
+ (A x () +Gv(®) Q, (Ax(t) +Gv (1))
+ (Hv (1)) Qv (t) +v' (t) Q;Hv (t)
+ (Hyv () QHyv (1),
which leads to
BV, (x(@t),v(t) = LV, (x(t),v (1))

=x'O[BY - ATQ - Q' A-ATQ A x (1)
-x" (1) [Q'G+AIQ'G, | v (1)
-V () [G'Q +G{Q'A, | x ()
+v (0 [pQ - GIQ,'G, - H'Q,

~Q,H - H{QH, | v(t).
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Pre- and postmultiplying (18) by diag{@[1 I 6;1}, by Schur
complement, it is easily obtained that (18) is equivalent to
T+AIQ'A, Q'G+ATQ'G,

s <0, 38
* > +GIQ'G, (38)

where Y = [36;1 —ATGII —GIIA, 3= ﬁ63 —HT63 —63H—
H'Q,H,.
Considering (37) and (38), we obtain

LV, (x(1),v (1) > BV, (x (), v (D). (39)

Integrating both sides of (39) from 0 to ¢ with ¢ € [0,T] and
then taking the mathematical expectation, it yields

EV, (x (t),v(t)) > EV, (x(0),v(0))

t (40)
] EANCRIENE
0
By Lemma 9, we conclude that
EV, (x (1), v (t)) > EV, (x(0),v(0)) e (41)

By given conditions, it follows
EV, (x (0),v(0)) e
= [x"(0)Q;"x (0) + v" (0) Qv (0)]
= [x" () R*Q'R"*x (0)
+v" (0) R*Q;Ry*v (0)]

G > G,

>A. (0 e = _
) e (Ql )03 /\max (Ql)
EV, (x (), v (1))

=E[x" Q' 'x(®) +v' (1) Qv (®)]

=E [x" () RPQ'Rx (t) +v" (t) RY*QsR, v (1)]

IN

E [Amax (Q11) %" () Rx (1) + Aoy (Q3) v () Ry (8)]

1
=F mxT (&) Rx (t) + A (Q3)VT )R (1)

< ZE [0 Re(0)] + A5h
1

A
(42)
By (41) and (42),
6 < /\i[E [x" () Rx ()] + A3h. (43)
1
From (20), we have
€ —GAy +hAZA, <05 (44)

5
that is,
¢ < [ = Ash] Ay (45)
From (43) and (45), it is easy to obtain
o <E[x" () Rx(1)]. (46)
Therefore, the proof of the theorem is completed. O

Remark 11. Theorem 10 can be employed for testing finite-
time stochastic boundedness of system (1).

4. Finite-Time Stochastic Bounded
Controller Design

In this section, we use different quadratic function approach
to design state and output feedback finite-time bounded
controller such that the closed-loop system of system (1) is
finite-time stochastically bounded over a finite-time interval
[0, T, respectively.

4.1. State Feedback Finite-Time Bounded Controller Design.
For system (1), we first consider a state feedback controller

u(t) = Kx(t); (47)
then the closed-loop system of (1) is as follows:

dx (£) = [(A + BK) x (£) + Gv (£)] dt
(48)
+[(A; + BiK) x () + Gyv ()] dw (¢) .

Next, a sufficient condition of the existence for state feedback
finite-time bounded controller is presented by Theorem 10.

Theorem 12. If there exist « > 0, B > 0, positive definite
matrices Q, € R™, Q, € R™, Q, € R™, and a matrix
M € R™" and some scalars A; > 0,i = 1,2,3 such that
(19)-(22) and the following inequalities hold

Ay G QAT +M'B]]
| * _Ql J
(A, G QAT+M'B[]
x PQy-T G, <0, (50)
L * * _Q1 J

then system (48) is finite-time stochastically bounded with
respect to (¢, ¢, C3, ¢ W5 Ty R), where Q, = R™?QR7'/?,
Q, = R}/ZQZR}/Z) Q = Ri/2Q3R}/2) Ay = QA" + AQ, +
MTBT +BM -aQ,, A, = fQ,-Q,AT - AQ, -M"B" - BM.
In this case, a desired controller gain is given by K = MQ; .



Proof. We can replace Aby A+ BK and A, by A, + B;K in
Theorem 10. As a result, conditions (17) and (18)

—A*l G Qi (A, +BlK)T
x [—aQ, e <0, (51)
| * * —Q1
_AZ G QA+ BlK)T
x PQy-T Gl <0 (52)
* * -Q,

hold, where A% = —aQ, + Q,(A +BK)" + (A + BK)Q,, A%, =
BQ, - Q,(A + BK)' - (A + BK)Q,. Letting M = KQ,, it
can be seen that (49) and (50) are derived from (51) and (52),
respectively. This completes the proof. O

4.2. Dynamic Output Feedback Finite-Time Bounded Con-
troller Design. When the system states are not completely
accessible, state feedback controllers may become invalid.
This motivates us to propose an output-feedback controller.
Without loss of generality, we can assume the following.

Assumption 13. There exists a state feedback controller
u(t) = Kx(t) which has been designed using the results of
Theorem 12.

We choose, as usual, a finite-dimensional observer-based
controller as follows:

dx (t) = [AR (t) + Bu(t) + L (y (t) - Cx (t))] dt
+[A X)) +Bu@)+L(y@#)-Cx®)]dw(t),

u(t)=Kx(t), x(0)=% eR",

(53)

where X(t) € R" is the the estimate of the state of x(¢) and
L is the estimator gain matrix with appropriate dimensions,
which is to be determined.

Let e(t) = x(t) — X(t); then we obtain the error system
de(t) =[(A-LC)e(t) + Gv(t)] dt
(54)
+[(A, - LC)e(t) + Gyv(t)] dw (¢).
In practice, we hope the error e(t) is as small as possible.
As usual, it is required to satisfy Ele’(H)Re()] < 1, t € [0, T].
Let z(t) = [x'(t) el (r) vI'(#)]T; then the resulting
argument system becomes

dz (t) = Az(t)dt + A,z (t) dw (1),
. (55)
2(0) =[x e V] erR™,

where

0 A-LC G
0 0 H

Z:

>

lA+BK -BK G

(56)

A +BK -BK G,
0 A -IC G

0 0 H

A =
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Now, on the basis of Assumption 13, the following theo-
rem gives a sufficient condition of the existence of L.

Theorem 14. If there exist « > 0, f > 0, positive matrices
Qi (k = 1,...,5), a matrix N, and positive scalars A; (i =
1,...,7), such that the following inequalities hold

I, - aQ I, _ 1113
* I,, - aQ, II,; + ATQ,-C'NT | <0, (57)
* * 33 - Q - aQs
BQs = Fun TFn F13
* BQ, — _TF23 <0, (58)
* * BQs = F33
A <Qu <M, 0<Qy, <A, 0<Qs<A0,  (59)
gl < Q, < Asl, (60)
0<Q;5 <A, (61)
Mgy + A, + Ashy < g exp (—aT) Ay, (62)
qAs—GAg+ A, +Ah <0, (63)

then the closed-loop system (55) is finite-time stochastically
bounded with respect to (¢;, ¢, ¢, ¢, #, T, R). In this case,
L= (j;lN, where
3, = R2QR?, @, = RQ,R, @, - R}/2Q3R}/2
64 = R1/2Q4R1/2> 55 = R}/zQsR}/z’
I, = (A+ BK)'Q, +Q, (A + BK)
T~
+(A; +BK) Q (A, + BiK)),
T~ —_—
I, = (A1 + BIK) Q,B,K + Q,BK,
— T~
M5 =QG+ (A, + BK) QG,,

I,, = K'B[Q,B,K+A'Q, +Q,A-C'N -N'C,
I,; = -K' B|Q,G, + Q,G, + A'Q,G, -C'N'G,,
My, = H'Q; + QH + H{Q;H, + G| Q,G,

Fir = (A+BK)'Q, + Q, (A +BK)

T~
+ (A, +BK) Q, (A, + BiK;),
T~ —_—
Fi2 = (A + BiK) QB,K + Q,BK,
— T~

Fi3 = QG+ (A + BK) QG
Fn=K'BIQBK+A'Q,+Q,A-C'N-N'C,
F2s = K'B[Q,G, + Q,G, + A"Q,G, -C'N"G,,

F33 = HTGS + GSH + HTGSHI + G?64G1-
(64)
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Proof.

Step 1. E[xT(0)Rx(0)] < ¢, = E[x(t)"Rx(t)] < c,.
Let P = diag{Q,,Q,, Q;} withQ, > 0,Q, > 0,Q; > 0

being solutions to (57)-(63), and z(t) = xT @) e'(r) vT(t)]T;
we have

Vi (z(1) = 2" (t) Pz (t)
=x" () Qx(t) +e’ () Quet) +v (1) Qv (t)
= x" () R"*QRx (1) + e (1) RV*Q,Re (1)

+v" () RPQRV*v (1)

(65)

Applying It6 formula for V;(z(t)) along with the state trajec-
tory of (55), we obtain

ZVs (2 (1))
= [(A+ BK) x (t) - BKe (t) + Gv (1)]"Q, x (¢)
+x" (t)Q, [(A + BK) x (t) - BKe (t) + Gv (t)]
+[(A, + B,K) x (t) - BiKe (t) + G,v(1)] ' Q,
x [(A, + BiK) x (t) - BiKe (t) + G,v (1)]
+[(A-LOYe () + Gy (D] Qe (1)
+e' ()Q, [(A-LC)e(t) + Gyv(t)] (00
+[(4, - 1C)e® + G (]'Q,
x [(A, - LC)e(t) + G,v(t)]
+vI () HTQuv (1) + v (1) Qs Hv (£)

+v" (t) HI Q;H,v (t)

= [0 " @) Z[x0) et) v,

where

Iy I, I
Z=| % Ep Enp
* * =33

8, =K'BIQB,K+A"Q, +Q,A-C'L"Q, - Q,LC,
8, = -K'BIQ,G, + Q,G, + A"Q,G, - C"L"Q,G,
+(A-LC)'Q, (A~ LO),

sy, = H'Q, + Q;H + H' Q;H, + G Q,G,.
(67)

According to Schur complement, by letting N = Q,L,

condition (57) can be rewritten as

=

I, IL;, II
* 22 223
* * B

It is obvious that (68) gives

1

«Q, 0 0
< [ 0 aQ, 0 ] (68)
0 0 aQ,
LVs (2 (1) <aVs(z(1),

te[0,T]. (69)

By integrating inequality (69) between 0 and ¢, and taking the
mathematical expectation, it follows that

EV, (z (1)) < EV, (2 (0)) + « Lt EV,(z(s))ds.  (70)

By Lemma 8, we have
EV, (z (1)) < EV; (2 (0)) e (71)
Considering (59), we obtain
EV; (2 (1))
=E[x" () RPQ R x (1) + " (1) R"* QR e (1)
+ (1) RYPQRY*v (1)]
> E [x" () RV2QRVx (1)]
> Apin (Q)) E[x" () Rx (1)]
> LE [x" () Rx (1)],
V; (2 (0)) e
= (x" (0) R"*Q,R"*x (0) + ¢" (0) R*Q,R"%¢ (0)
+v (0) RY*Q;R}*v (0))
< (A max (@) %7 (0) Rx (0) + Ay (Q,) €” (0) Re (0)
+Amax (Q3) v' (0) Ryv (0)) €™
< (M (Q1) €4+ A (Q2) + A (Q3) 1) €

< (Mg + Ay + Ashy) e
(72)

According to (72), it follows
1 P
E [xT (t) Rx (t)] <1 (A, + Ay + Ashy) e (73)
4

By (73) and condition (62), it follows ElxT(t)Rx(t)] < ¢, for
allt € [0,T].

Step 2. ¢; < E[x" (0)Rx(0)] = ¢, < E[x"(t)Rx(t)].



Let P = diag{Q, Q, Qs} withQ, > 0,Q, > 0,Q5 > 0
being solutions to (57)—(63), and z(t) = [x(t) e7(1) V' (B)]';
we have

Vi (z(1) =2 (1) Pz (1)
=x" () Qux(t) +e’ (1) Qe (t) +v' () Qv (1)
= xT (t) R"*QRx (1) + " (t) R"*Q,R?e (1)

+v7 (1) RVPQsR v (¢).
(74)

Applying It6 formula for V(z(t)) along with the state trajec-
tory of (55), we obtain

2V, (2(1)

= [(A+ BK) x (t) - BKe (t) + Gv (£)]"Q,x ()
+x" (t)Qq [(A + BK) x (t) - BKe (t) + Gv (t)]
+[(A, + B,K) x (t) - ByKe (t) + G,v ()] ' Q,
X [(A, + B,K) x (t) - BKe (t) + G,v (1)]
+[(A=LO)e(®) + Gy ()] Qe () (75)
+e' ()Q, [(A-LC)e(t) + Gyv(t)]
+[(4, - L) e+ GV () Q,
x [(A, - LC)e(t) + Gyv ()] + v\ (1) H' Qsv (t)
+v" (£) QsHv (t) + v' (t) H QsH, v (t)

= [ @) O Z[x0) e) v,

where

Z=| % F22 Fa3

O o ¥

Fii Fiz fl3j|

Fp =K'B]QBK+A'Q,+QA-C'L'Q, - Q,LC,
Fa3 = _KTB1T64G1 + 62G1 + AT@Gl - CTLTGzGl
+(A-LO)'Q, (A~ LO),

F3 = HTGS +QsH + H1T65H1 + G1T64G1~
(76)

Note that (58) implies
BVy (2 (1) < LV, (z(1)). (77)

Integrating both sides of (77) from 0 to ¢ with ¢ € [0,T] and
then taking the mathematical expectation, it yields

EV, (z(0)) + L EV,(z(s))ds < EV,(z(t)). (78)
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By Lemma 9,
EV, (z(0)) e < EV, (z (1)). (79)

Considering (59), we obtain
EV, (z (1))

= E [x" () R?QRx (t) + €” (t) R*Q,Re (1)

+v" (1) RZQs Ry (1)]
< Anax (Qu) E [x7 (8) R ()] + Ay (Q)) E [ (£) Re (1)]
+ Amax (Qs) E [V (8) Rv (8)]

<AE[x" () Rx (D] + A, + Ash,
Vi (z(0) e

= (x" (0) R"2Q,R"*x (0) + " (0) R*Q,R?¢ (0)

+v" (0) R*QsR,*v (0))
> Apnin (Q4) %7 (0) Rx (0) + A iy (Q,) € (0) Re (0)

+ /\min (Qs) VT (0) R1V (0) > A6C3.

(80)
From (79) and (80), we have
A==l g oRre@]. @
5

Equation (63) gives

q < Ghe Ay~ Ash /\7h. (82)
As

So we easily obtain
o <E[x" (t)Rx (t)] (83)
for all t € [0, T]. This ends the proof. ]

Remark 15. It is easy to see that the values of & and f3 deter-
mine the feasibility of the above Theorems. The procedure of
how to choose « and f3 is given in the next section.

5. Numerical Algorithm

This section gives an algorithm for the results of the
paper. The following algorithm is used to solve the matrix
inequalities in Theorem 10. Similar algorithms can be used in
Theorem 12 and Theorem 14.

Algorithm 16.
Step 1. Given ¢, ¢, 63, ¢, R, T, W'
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0.15

0.1

0.05 |

FIGURE 1: A region by « and .

Step 2. Take aseriesof o; (i = 1,...,n) by astep size d; and a
series of B, (j = 1,...,m) by a step size d,.

Step 3. Set i = 1; take a ov;.
Step 4. Set j = 1; take a 3.

Step 5. 1f (o;, ;) makes (17)-(22) have feasible solutions, then
store (c;, /3j) into (X(i),Y(j)) and [3j = [3j+1; go to Step 5;
otherwise go to Step 6.

Step 6.1fi + 1 < n, then «; = «;,; and takes f3;; go to Step 5.
Otherwise, go to Step 7.

Step 7. Stop. If (X,Y) = (0,0), then we cannot find (e, §)
making (17)-(22) have feasible solution; otherwise, there
exists (a, ) making (17)-(22) have feasible solution.

Remark 17. By Algorithm 16, we can obtain a region sur-
rounded by « and 3, if it exists, which is used to select & and
B for appropriate conditions.

6. Examples

In this section, an example is given to illustrate the results we
have obtained.

Example 1. Applying Algorithm 16 to Theorem 12, we obtain
a region surrounded by « and f, which is illustrated by
Figure 1.

Let us consider system (1) with

A:[l.21 —2.27]’ B:[z 1.2],

3.57 ~0.82 15 0.1

6= loms 0z ] A1=[o3s o1’

B, = [(1? 1%5]’ G = [—0(')(.)021 —()6(.)132]’ 50

oS os ) =01 o)
c=[12], x@©0=[15-15]".

30

E[x"Rx(t)]

O

0 0.05 0.1 0.15 0.2 0.25

FIGURE 2: The evolution of E[xT (#)Rx(t)] of the closed-loop system
of (1) in Case 1.

0.05 0.1 0.15 0.2 0.25
t(s)

FIGURE 3: The evolution of u(t).

The parameters are given as¢; = 1,¢, = 30,¢; = 4,¢, = 5,
h=05,h =0.1,T=025andR=R, =1L

Case I (state feedback finite-time bounded controller design).
By Figure 1, selecting « = 3 and 8 = 0.05, and solving (19)-
(22) and (49)-(50), we obtain

A, = 04967, A, =0.8062, A, =3.8605,
Q, = [06544 02262 Q, = [ 07743 -0.0438
1702262 0.8412]° 27| -0.0438 0.3914 |’
Q. — [36867 03789 Ap o [ 00764 0.0293
37103789 1.8994]° = [-0.0007 -0.3221]"
(85)

Hence, the feedback gain matrix is given by

(86)

Ko M@Il _ [0.1155 0.0038 ]

0.1447 -0.4218

The evolution of E[x” (#)Rx(t)] of the closed-loop system of
(1) is illustrated by Figure 2, which shows that the closed-
loop system of (1) is finite-time stochastically bounded with
respect to (1, 30, 4, 5, 0.25, I, 7"). The corresponding control
curves are illustrated by Figure 3.

Case 2 (dynamic output feedback finite-time bounded con-
troller design). Based on state feedback controller design,
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0.2

0.15

0.05

FIGURE 4: A region by « and f8.

30

Elx" ()Rx(t)]

O

0.1 0.15 0.2 0.25
t(s)

FIGURE 5: The evolution of E[x” (£)Rx(#)] of the closed-loop system
of (1) in Case 2.

the feedback controller u(t) = KX(t) is chosen. Applying
Algorithm 16 to Theorem 14, we obtain a region surrounded
by « and f3, which is illustrated by Figure 4. By Figure 4,
selecting o = 4, 8 = 0, and solving (57)-(63), we obtain

A, =1819, A, =749, A, =2388, A, =963,
As=2457, Ag=1297, A, =369.1,
Q = [140.6 —16.4] Q, = [ 27.1 —28.9]
17 |-164 1202’ 27 |-289 342 |
(87)
Q, = 1114 -13.3 Q, = 207.1 -42.9
37133 926 | 47 |-429 1584’
331.6 62.9 T
Qs - [62‘9 105‘1], N =[-317 919]".
Hence, the observer gain matrix is given by
L=Q,'N=[17.01 17.06]". (88)

The evolution of E[x” (¢)Rx(t)] of the closed-loop system of
(1) is illustrated by Figure 5, which shows that the closed-
loop system of (1) is finite-time stochastically bounded with
respect to (1, 30, 4, 5, 0.25, I, 7). The corresponding control
curves are illustrated by Figure 6. Figure 7 illustrates the
evolution of E[e’ (f)Re(t)] of the error system (54), which
shows that E[e” (t)Re(t)] < 1.
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2
! u,(t) ]
uy (t)
—1}
_2 L L 1 L
0 0.05 0.1 0.15 0.2 0.25

FIGURE 6: The evolution of u(t).

Ele”(t)Re(t)]

0 0.05 0.1 0.15 0.2 0.25
t(s)

FIGURE 7: The evolution of E[e” (f)Re(t)].

7. Conclusion

In this study, finite-time stochastically bounded control linear
stochastic Itd systems with (x, u, v)-dependent noise has been
investigated. Applying different quadratic function approach,
state and output feedback finite-time bounded controllers
have been obtained, respectively. One example is presented to
illustrate the effectiveness of the proposed results. In addition,
we can also refer to [17-19] and extend the results of this paper
to Takagi-Sugeno fuzzy systems, networked systems, linear
parameter varying systems, and so on.
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