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We apply the Krasnoselskii fixed-point theorem to investigate the existence of multiple positive periodic solutions for a class of
impulsive functional differential equations with a parameter; some verifiable sufficient results are established easily. In particular,

our results extend and improve some previous results.

1. Introduction

It is well known that impulsive differential equations arise
naturally from a wide variety of applications such as aircraft
control, the inspection processes in operations research, drug
administration, and threshold theory in biology. Therefore,
the impulsive differential equations represent a more natural
framework for the mathematical model of many real world
phenomena than differential equations (see [1-7]). In recent
years, many researchers have obtained some properties of
impulsive differential equations, such as oscillation, asymp-
totic behavior, stability and existence of solutions (see [8-16]).
However, there are a little work discussing the existence of
multiple positive periodic solutions for the high-dimensional
functional differential equations with impulse and parame-
ters. Motivated by this, in this paper, we mainly consider the
following impulsive functional differential equations with a
parameter:

x' ()= A(t,x () x (t) + AB(t,x (t)) f (£, x,),

teR, t#t, (1)

Ax (t) = I (tox (t), ke Z,

where A > 0 is a parameter, A(t, x(¢)) = diag[a, (¢, x(t)),
a(t, x(t)),...,a,(t x(t)], Bt x(t)) = diag[b(t x(t)),
b(t, x(t)),...,b,(t, x(t))],aj, bj € C(RXR",R") (j=1,...,n)

are w-periodic. f = (fi,..., f,)"> f(t, x,) is an operator on

R x BC(R,R") (here BC(R, R") denoting the Banach space
of bounded continuous operator ¢ : R — R” with the
norm gl = X7, supyglp(®)], where 9 = (@9, )
fi(t+w,x,) = f;(t,x,). If x € BC(R,R"), then x, € BC(R,R")
for any t € R, where x, is defined by x,(0) = x(t + 0) for
6 € Rand Ax(t;) = x(t{) — x(t;) (here x(t;) representing
the right limit of x(t) at the point t;). Consider that I, =
(ILI},....,I}) € C(R",R"); that is, x changes decreasingly
suddenly at times t;. @ > 0 is a constant, Z, = {1,2,3,...},
R = (-00,400), R, = [0, +00),and R_ = (—00, 0]. We assume
that there exists an integer ¢ > 0 such that £, = #; + o,
Iieqg = iy where 0 < £, <, <+ <t < w.

It is well known that the functional differential system (1)
includes many mathematical ecological models for example:

in the case (a), B(t, x(t)) = 1, I, (t;, x(t;)) = 0 in [17],
Zeng et al. studied the existence of multiple positive
periodic solutions of (1) by applying the Krasnoselskii
fixed-point theorem.

in the case (b), A(t,x(t)) = A(t), AB(t,x(t)) =
1; in [18], Zhang et al. established the existence of

positive periodic solutions of (1) by using the fixed-
point theorem in cones.

in the case (¢), A(t, x(t)) = A(t), B(t,x(t)) = 1, and
L(t;, x(t,)) = 0; in [19], Jiang et al. investigated the
existence, multiplicity, and nonexistence of positive
periodic solutions of (1).
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In this paper, we will study the existence of positive periodic
solutions in more cases than the previously mentioned papers
and obtain some easily verifiable sufficient criteria.

Throughout the paper, we make the following assump-
tions:

(H,) a,b; : Rx R, — R, satisfy Caratheodory con-
ditions; that is, a;(t, x), b(t, x) are locally Lebesgue
measurable in f for each fixed x, are continuous in
x for each fixed t, and are w-periodic functions in ¢.
Moreover, there exist w-periodic functions ay;, ay;, by,
b, : R — R, which are locally bounded Lebesgue
measurable such that a,;(f) < a;(t,x(t)) < a,(),
b;(t) < by(t,x(t)) < by(t) and Iow a;(Hdt > 0,
[ byt > 0;

(H,) f(t,¢,) < 0forall(t,¢) € RxBC(R,R}),and f;(t,¢,)
is a continuous function of ¢ for each ¢ € BC(R,R}),
i=12,...,m

(H;) forany L > 0 and € > 0, there exists § > 0 such that
for ¢,y € BC(R,R}), |9l < L, |y| < L,and [¢p—y| < &
imply that | f;(s,¢,) — fi(s;¥,)| < €, s € [0,w] (i =

1,2,...,n);
(Hy) {t;}, k € Z, satisfies 0 < t; < t, < -+ < f <
- and limy ot = 4005, : Rx R, — R,

k € Z,, satisfy Caratheodory conditions and are w-
periodic functions in t and, moreover, I (t,0) = 0 for
allk € Z". There exists a positive constant q such that
tkrg = Lt s Ik+q(tk+q) x(tk+q)) = Li(ty x(ty), k € Z,.
Without loss of generality, we can assume that ¢, #0
and [0, w] N {t, k € Z7} = {t1, 15, ..., 1 ).

In addition, the parameters in this paper are assumed to be
not identically equal to zero.

Furthermore, we will use the following notation. Let J C
R denote by PC(J, R") the set of operators ¢ : ] — R" which
are continuous for t € J, t #t; and have discontinuities of the
first kind at the points t, € J(k € Z,) but are continuous from
the left at these points. For each x = (x,x,,..., xn)T € R",
the norm of x is defined as |x| = Z?zl |x;]. The matrix A >
B (A < B) means that each pair of corresponding elements of
A and B satisfies the inequality “>” (“<”). In particular, A is
called a positive matrix if A > 0.

The paper is organized as follows. In Section 2, we give
some definitions and lemmas to prove the main results of
this paper. In Section 3, existence theorems for one or two
positive periodic solutions of (1) are established by using the
Krasnoselskii fixed-point theorem under some conditions.

2. Preliminaries

In this section, we make some preparations for the following
sections. For (t,s) € R?, 1 <i < n, we define

R 3

G;(t,s) = ———",
e o W@ gg _ 2)

G(t,s) = diag [G, (£,5),G, (t,5),...,G, (t,5)].
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It is clear that G;(t + w,s + w) = G;(t,s), 0G;(t,s)/ot =
a;(t, x(1))Gi(t,s), Gi(t,t + w) — G;(t,t) = 1. For all (¢,s) € R?
and by (H,), we have

G; (t,s) f; (s, 95) 2 0,
(s,9,) € Rx BC(R,R").

forany (t,s) € R,
©)

In view of (H,), we also define for 1 < i < n the following:
o o ai(&x(E)dé

« = min |G (ts)|= ——-———,
G @:5) 1 — e o au@x®)dg

1
0<t<s<w

o Jo auEx(©)de
1 — e Jo anEx@)de’

p o B=maxp,

o = min «;,
1<i<n 1<i<n

Bi = max |G;(t,s)| =

0<t<s<w

[e4
= = 031 > (4)
o 3 €(0,1)

B; (t) = max {|b1i (t)| , |b2,- (t)|} ,
B; (t) = min {|by, (t)|, [by; (D]},

_ PN !
B(t) =max{B;(n}, B (t)=min {B (1)}.
Let X = {x = (x,(t),x,(),....,x,)T € PC(R,R") |
x(t + w) = x(t)} with the norm |x| = Z:’:l Ix;lgs 1xilg =
SUP, ¢[00 X (t)]. It is easy to verify that (X, | - [|) is a Banach
space. Define E as a cone in X by

E = {x = (x,(6) x,(8),.... x,())" € X:x; (1) 5

> o|xi, tel0w]}.

We easily verify that E is a cone in X. We define an operator
T:X — X as follows:

(Tx) (t) = (Tyx) (), (Tyx) (£) ..., (T,x) ©)",  (6)
where

(Tix) () = A J:er G, (t,9) b, (s,x(5)) fi (s, x,) ds

+ Y Gt I (tx (1)

<t <t+w

7)

The proofs of the main results in this paper are based on an
application of the Krasnoselskii fixed-point theorem in cones.
To make use of the fixed-point theorem in cones, firstly, we
need to introduce some definitions and lemmas.

Definition 1 (see [20]). A function x : R — (0, +00) is said
to be a positive solution of (1), if the following conditions are
satisfied:

(a) x(t) is absolutely continuous on each (f;, t;,,);

(b) foreach k € Z_, x(t,t) and x(t;) exist, and x(t;) =
x(tk);

(c) x(t) satisfies the first equation of (1) for almost every-

where in R and x(t) satisfies the second equation of
(1) at impulsive point t;, k € Z,.
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Definition 2 (see [21]). Let X be a real Banach space; E is a
cone of X. The semiorder induced by the cone E is denoted
by “<”; thatis, x < yifand onlyif y —x € Pforany x, y € E.

Secondly, let us introduce the Krasnoselskii point theo-

rem in cones which will be used in this paper.

Lemma 3 (for the Krasnoselskii fixed-point theorem; see [22-
24]). Let E be a cone in a real Banach space X. Assume that (),
and Q, are open subsets of X with 0 € Q, ¢ Q, C Q,, where
QO ={xeX:|xll<r}(i=12).LetT:En(Q,\Q,) — E
be a completely continuous operator and satisfy either

) ITx|l = llx|, for any x € En 0Q, and |Tx| < |x], for
any x € EN0oQ,, or

2) ITx|l < |lx|l, for any x € EN0Q, and | Tx|| > ||x|, for
any x € EN0Q,.

Then T has a fixed point in EN (Q, \ Q).

Lemma 4 (see [25]). Assume that f(t) and g(t) are continu-
ous nonnegative functions defined on the interval e, ]; then
there exists & € [a, 3] such that

B B
[[ros0a=ro[ goa  ®

Lemma 5. Assume that (H,)-(H,) hold. The existence of
positive w-periodic solution of (1) is equivalent to that of
nonzero fixed point of T in E.

Proof. Assume that x = (xl(t),xz(t),...,xn(t))T € Xisa
periodic solution of (1). Then, we have

. '
X (t) e Io a;(s,x(s))ds
i

— e Iot a,-(s,x(s))dsbi tx (1)) f; (t, xt) i 9

t #t, i=1,2,...,1

Integrating the above equation over [¢,t + w], we can have

x;(u)e Iy ai(s.x(s))ds by, 1O
1

t

Ly, T
+ ...
by THO

X (u) e f: a;(s,x(s))ds
i

(10)

o, () e o asxnas|
1

t, +thw
™Mq

t+w u
- J- e _[0 a,-(s,x(s))dsbi (Ll, x (u)) fz (u) xu) dl/l,
t

wheretmk +nw € (tt+w),m €1{1,2,...,9L,k=12,...,q
and n € Z,. Therefore,

x; (H) e L: a;(s,x(s))ds [e_ Jtuw a;(s.x(s))ds 1]

tiy 10

S Y (e o .

t<t} <t+w
t+w u d
- J e _[0 a;(s,x(s)) sbi (1, x () fl (u, xu) du,
t

which can be transformed into

t+w
x;(t)=A J G; (t,9) b, (s,x(5)) fi (s, x,) ds
t | (12)
+ Z G; (1) I (tio x (1) = (Tix) (8).
1<t <t+w
Thus, x; is a periodic solution for (7).
If x = (x,(t),x,0),....,x,8) € Eand Tx =

(T, %, Tyx, ..., T,x)" = x with x#0, then, for any t = t, we
can get the derivation of (7) about £,

, d t+tw
(Tix) (t) = = [A L G; (t,9) b (5,x(5)) f; (s, x) ds

=A[G; (tt+w) b (t + w, x (t + w))
X f; (t+ w,x0,) — G; (£, 1)
x b (t,x(t)) f; (t,x,)] +a; (t, x (1) x; (£)

= a; (t,x (1) x; (1) + Ab, (6, x (1)) f (t,%,) = x] (1).
(13)

Foranyt =t;, j € Z,, we have from (7) that

_ J‘:Hw [Gi (t}r’s) yes (t]-,S)]

x b; (s,x(5)) f; (s,x,) ds
+ Y G (t;.',tk)l,i (te x (t))

N
th<t<t;tw

- Z G; (tj’ tk) I (tex (1))

ti<tp<t;+w

(14)

=1 (o x (t)) .

Hence x(t) = (x,(t), x,(t), ..., xn(t))T is a positive w-periodic
solution of (1). Thus we complete the proof of Lemma 5. [

Lemma 6. Assume that (H,)-(H,) hold. ThenT : E — E is
well defined.



Proof. From (7), it is easy to verify that (Tx)(¢) is continuous
in (fe tryr)> (Tx)(#) and (Tx)(t;) exist, and (Tx)(t;) =
(Tx)(t,) for each k € Z,. Moreover, for any x € E,

(Tx)(t+w) = A Jsz G@t+ws)b(s,x(s)) f (s x,)ds

+w

o)

t+w<t) <t+2w

G (t + @ ty) I (b x ()

t+w
:AJ Gt +wu+w)
t

xb(u+w,x U+ w))

X f(u tw,x u+w) du

+ Y Gt I (b x (1)

t<t <t+w
=2 th G(t,s)b(s,x(s)) f (s, x,)ds

+ z G(t.ty) I (to x (t)) = (Tx) (t) .

<ty <t+w

(15)
Therefore, (Tx) € X. From (7), we have
|T;x|, < B; [/\ L |6 (s, x (5)) f; (s, x,)| ds
(16)
+ Z I (teox (tk))] .
t<t<to
Noticing that G;(t, s) f;(s, x,) > 0, we obtain
(Tix) (1) > I:A Jw b, (s, x (5)) f; (s, x,)| ds
0
£ Y Llx tk))} )
t<t<t+w

> % |T x|, > 0|T xl
1

Therefore, Tx € E. This completes the proof of Lemma 6. [

Lemma 7. Assume that (H,)-(H,) hold. ThenT : E — E is
completely continuous.

Proof. We first show that T is continuous. By (H;)-(H,), f
and I are continuous in x; it follows that, for any € > 0, let
0 > 0 be small enough to satisfy that, if x, y € E, with [x—y| <
6:

|f (S’xs) _f(s’ys)| < Zgzﬁw’ s€R;
. (18)
T (b x (8)) = I (o ¥ (80))] < % +
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Therefore,

[(Tx) ® - (Ty) ®)]

n
= ZlTix - Ti)’lo
i=1

< ﬁZAI b s x 9 £ (5,x,)
i=1 ¢
=b(sy ) fi(s,y)|ds  (19)

B Y[ (x (2)

i=1 t<t <t+w
~ L (o y (tk))|

< [3/\Bw B)Lﬁ [5’q2 ﬁq

€,

which implies that T' is continuous on E.

Next we show that T maps a bounded set into a bounded
set. Indeed, let C C E be a bounded set. For any ¢ € R and
x € C, by (7), we have

I(Tx) (Ol = Y |Tyx],
i=1
<p [AZI [b: (5, x (5)) fi (s, )] ds
i=1 7t

+Zn: Z |Illc (tk’x(tk))':| (20)

i=1 t<t<t+w

-F [ J'ow byi (s) f (s, xs) ds

+ Z lIk(tlax(tk))']'

<t <t+w

Since C is bounded, in view of the continuity of T, it follows
from (19) that T is bounded and {Tx : x € C} is uniformly
bounded. Finally, we show that the family of functions {T'x :
x € C} is equicontinuous on [0, w]. Let 6,,0, € [0, w] with
0, < 0,. From (7), for any x € C, we have

|(Tx) (6,) - (Tx) (6,)]
n 92
23 | NCTORECHCH)
i=1 L6
x b, (s,x(5)) fi (s, x,) ds

[ 60,9-60.9
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x b, (5,x(5)) f; (s,x,) ds

Y (Gi(6y1y) ~ G (61,12))

0,<t, <0,
X 'I;( (tk>x(tk))'
+ Z (G; (0, t;) = G; (01, 11))

0,<t;, <0, +w

X |III< (teox (fk))|
(21)

Since for x € C,t € [O,w], 0 < k < g, b(t,x()),
filt,x(t — 7 (t, x(1))), ..., x(t — 7,,,(t, x(2)))), and L (., x(t;.))
are uniformly bounded in X; in view of (21), it is easy to see
that when 0, — 0, tends to zero, |(Tx)(0,) — (Tx)(0,)| tends
uniformly to zero in X. Hence, {Tx : x € C} is a family
of uniformly bounded and equicontinuous functions on
[0, w]. By Ascoli-Arzela theorem, the operator T is completely
continuous. The proof of Lemma 7 is complete. O

For convenience in the following discussion, we intro-
duce the following notations:

w
L Jo 1f (&) dt
= lim sup max ————,
x€P,|x]| — a tEl0.w] [l

>

f, = lim inf min M

xeP x| - a te[0,0] [lxll

- J;U lf (t,xt)ldt
= max max —————,

r 0<x<r te[0,w] ||x||

f = min min =————,
=r  0<x<rte[0,w] [l

(22)

>

= lim sup max Ztgl‘”“’—vk(t’x)l

x€P|x| —a te[0,0] "x"

> I, (£, x)|
I, = lim inf min == ’
x€P,|x|| — a te[0,w] ”X”

>

_ Ztstk<t+w |Ik (t’ x)|
I, = max max >
0<x<r te[0,w],ke[1,q] “x”

Ztstk<t+w |Ik (t, x)|
lr = min min >
0<x<r te[0,w],ke[1,g] (B

where a denotes either 0 or 0o, r denotes a positive number,
and [[x]| = max{|x, |, [x,],...., [x,[}.

3. Main Results

Our main results of this paper are as follows.

Theorem 8. Assume that (H,)-(H,) and the following condi-
tions:

(Hs) aa(/\B'(f)L +1,)>1,§ € [0,w];
(He) fO'=1°=f®=1°=0

hold. Then (1) has two positive w-periodic solutions.

Proof. First, we define Q. = {x € X : |x| < r}; then Q, is
an open subset of X. From (7), (Hs), and Lemma 4, for any
x € ENoQ,, we have

I(Tx) @)l = Y |Tix],

i=1

-3

i=1

A e G; (t,9) b (s,x(5)) f; (s, x,)| ds
| fi(s.x)

+ Y G (L) I (b x (1)

1<t <t+w

> AB' (&) Z L |G; t,5) f; (s, x,)| ds
i=1

+i Y |G (6t I (o x (1))

i=1 t<t <t+w

=

AB' (&) Lw |f (s, x,)| ds

+ z IIk (tk: X (tk))l:|
t<t; <t+w
>a(AB @) f +1,) Il > xl.
(23)

This yields

I(Tx) (O] > xl, forany x € ENoQ,. (24)

On the other hand, if f° = I° = 0 holds, then we can
choose 0 < r; < r, such that J(;U | f(t, x)ldt < elx| and
Ztstkqm | (te, x(t))] < ellx|| for x € [0,7,],t € [0,w], and
1 < k < g, where constant € > 0 satisfies eB(AB(§) + 1) < 1.
By (7) and Lemma 4, we can obtain

(Tx) (t) = Y (T;x)

i=1

-y [A [ 6698550 fiox)ds
i=1 t

+ Y Gt I (b x (1)

t<t <t+w



sAB(E)ZJ |G (t.9) i (s, %) ds
i=1 7t

+ i > 'Gi (t. 1) i (tio x (tk))|

i=1 t<ty<t+w

=p [AB €3 Lw |f (s, x,)| ds

+ Z | (tk>x(tk))|:|
t<t <t+w
<eB(AB(E) +1) x| < x|l

(25)

This yields

[(Tx) @I < lIx|l, forany x € ENoQ, . (26)
In view of (24) and (26), by Lemma 3, it follows that T has a
fixed point x; € EN(Q,\ Q,,) with r; < [x,|| < r, whichisa
positive w-periodic solution of (1).

Likewise, if f* = I®® = 0 holds, then there is N > 0 such
that Iow | f(t, x,)|dt < €llx| and Ztgkqm | L (t, x ()] < €ellx]]
forx > N,t € [0,w],and 1 < k < g, where constant e > 0
satisfies eS(AB(§) + 1) < 1. Let r, = max{2r, N/o} and it
follows that x(t) > of|x|| > N for x € Q,,t € [0, w], and
0 < k < q. Thus

J, 17 exldt < el

Y I (tox (t))] < €lxl» 7)

1<t <t+w

forerrz,te [0,w], 1 <k<qg.
By (7) and Lemma 4, we have
(Tx) (t) < eB(AB(&) + 1) lIxll < llx[l5 (28)
this yields

I(Tx) Il < llx|l,  forany ,x € ENoQ, . (29)

In view of (24) and (29), by Lemma 3, it follows that T has a
fixed point x, € EN (Q,2 \E) with 7 < |lx,|| < 7,, which
is a positive w-periodic solution of (1). Therefore (1) has at
least two positive periodic solutions; that is, 7, < [lx;]| < 7 <
Iz, || < r,. This proves Theorem 8. L]

Remark 9. Assume that (H,)-(H,) and the following condi-
tions:

(Hs) WU(AB'(f)L +1)>1;
(H;) fOZIOZO, orf*=1%=0

hold. Then (1) has a positive w-periodic solution.
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Corollary 10. Assume that (H,)-(H) and A > l/ocaB'(f)fr
hold.

(Hy) is satisfied; then (1) has two positive w-periodic solu-
tions;

(H,) is satisfied; then (1) has a positive w-periodic solution.

Theorem 11. Assume that (H,)-(H,) and the following condi-
tions:

(Hy) BABE)f, +1,) < 1;
(H9)f0:Io:foo:Ioo=00
hold. Then (1) has two positive w-periodic solutions.

Proof. We define O, = {x € X : |lx|| < r}, for a positive
number r. Then ), is an open subset of X and 0 € Q,.. By (7),
(Hg), and Lemma 4, for any x € E N 0Q),, we have

n

I(Tx) (0] = Y | Tyx],

i=1

-2

n
i=1

A JHw |G; (t,9) b; (5, x () f; (5, x,)| ds
¢

Y G (1) I (o x (1))

t<t; <t+w
n t+w

<B®) |
i=1

t

|G; (t,9) f; (s, x)| ds

Y 6 66 I (o (8)]

i=1 t<t<ttw

=B [AB ® jow I (s.,)|ds

+ Z L (1 x (tk))l]

<t <t+w

<B(ABE f, +1,) Ixl < llx.
(30)

This implies that for any x € E N 0Q,
I(Tx) (O < llx]l - (€)
On the one hand, since f, = I, = 0o, there exists 0 < r; < r

and small enough 0 < € satisfies a8 [AB'(£)( fo—e)+(I,—e)] >
1 such that, for any x with ||x|| € [0,7,],

|17 ol = (- o)t
Y e(tox ()] = (I - &) I«

t<t <ttw

(32)
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Define 0, = {x € X : |x|| < r,}; then Q, isan open subset
of X. Forany x € ENdQ, , by (7) and Lemma 4, we have

I(Tx) (Ol = Y (T3],
i=1
=y [AJ : |G; (£,5) b; (5, % (9)) f; (s, x,)| ds
i1 t

Y (G (Bt I (o x (1))

1<t <t+w

> AB' (&) Z J |G; t,5) f; (s, x,)| ds
i=1 7t

e Y (G ) L (ox ()

i=1 t<t<t+w

=

AB' (&) Lw |f (s, x)| ds

+ Z T (£ (tk))|:|

t<t; <t+w

> ad [AB' () (fo—€) + (I — €)] Ixll > Ix]|.

(33)
This yields

I(Tx) @) = x|, forany x € EN aer. (34)

In view of (31) and (34), by Lemma 3, it follows that T" has a
fixed point x; € E N (Q, \Q_n) with ; < [lx;]| < , which
is a positive w-periodic solution of (1). On the other hand, if

w0 = I, = 00, we can find small enough 0 < € that satisfies
ocS[)LB'(E)(fOO—e)+(IOO—e)] > 1andlarge enough# > r > 0,
such that || x| > #,

17 ol = (- ol
Y (o x (8)] = (I — €) l1xl -

1<t <t+w

(35)

Definer, = n/o > rand Q, ={x € X: |x| <r,}; then Q,
is an open subset of X. For any x € E N 0Q, , from (7) and
Lemma 3, we have

I(Tx) Ol = YT,

i=1

-y [/\ j G, (1,9) b (5, x (5)) f; (s.x,)| ds

# Y (Gt (o x (1)

1<t <t+w

7
> AB' (§) Z L ’ G; (t,5) f; (s, x,)| ds
i=1
+ Z Z ' (t.t,) I tk’x(tk))|
i=1 t<t, <t+w
=« [/\B' é) Jow |f (s, x,)| ds
+ Z [T (tix (tk))|:|
t<t <t+w
> ad [AB' (§) (fuo — €) + (I — €)] Il = ]l
(36)

This yields

I(Tx) @Il = x|, forany x € ENJQ, . (37)

In view of (31) and (37), by Lemma 3, it follows that T has a
fixed point x, € E N (Q, \ Q,) with r < ||x,|| < r,, which
is a positive w-periodic solution of (1). Therefore, (1) has at
least two positive periodic solutions; that is, r; < [x;]| < r <
llxc, || < r,. This proves Theorem 11. O

Remark 12. Assume that (H,)-(H,) and the following condi-
tions:

(Hg) BABE)f, +1,) < ;
(Hy) fo=1,=o00,0r fo, =1 =

hold. Then (1) has a positive w-periodic solution.

Corollary 13. Assume that (H,)-(H;) and A < 1//33(5)7r
hold.

(Hy) is satisfied; then (1) has two positive w-periodic solu-
tions;

(H,y) is satisfied; then (1) has a positive w-periodic solution.
Theorem 14. Assume that (H,)-(H,) and

(Hyy) ﬁ(AB(E)fO + IO) <L
(Hyp) ao(AB'(§) fo, + 1) > 1

hold. Then (1) has a positive w-periodic solution, where f°, f..,
1°, and I, are positive constants.

Proof. From (H,;), we can choose ¢ > 0 such that
ﬁ()tB(xi)(fO +¢€) + (I° + €)) < 1. Thus there exists r > 0
such that, for x € [0,7],¢ € [0,w] and 1 < k < g,

Lw ftx)dt < (f +e)lxls
Y L(tex(t)) < (I°+e) lxl

<t <t+w

(38)



by (7), (H;,), and Lemma 4, we have

I(Tx) (0)]] = Y |Tix],

i=1

- Z [/\ L |G; (t,9) b; (5, x () f; (5, x,)|

i=1

+ )G t) It x (1))

t<ti<t+w

<AB@®Y j “1Gi(t5) £, (5.%,)| ds
o (39)
+ Z z | t tk)I tk)x(tk))'
i=1 t<t <t+w

-§

AB (&) J:U |f (s, x,)| ds

+ Z |Ik(tk’x(tk))|:|

t<t <t+w
<B(ABE) (f°+e)+ (I +€)) lxl < x|
This implies that for any x € E N 0Q,
I(T) O < llx]l - (40)

On the other hand, choose ¢ > 0 such that f,, — € > 0 and
I, — € > 0,and from (H,,), we can obtain

ao [AB' ) (foo —€)+ (I — e)] > 1. (41)

It is easy to see that there exists large enough 1 > r > 0, such
that [|x]| > #,

17 x> (fo - €)1
Y (o x (8)] = (I = €) l1x] -

t<t <t+w

(42)

Define R = /0 > rand Qp = {x € X : |x| < R}; then Qy is
an open subset of X. From (7), (H,,), and Lemma 4, for any
x € ENo0Qyg, we have

I(Tx) @) = Y |Tix],

i=1

=y [/\I |G; (,9) b; (s, x (5)) f; (s, x,)| ds
i=1 t

+ (Gt (o x (1)

1<t <t+w
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, n t+w
> AB (ﬁ)z t G, (t,5) f; (s, x,)| ds
i=1

I

i=1 t<tp<t+w

(t.t) I (ty>x (tk))|
=« [/\BI & JO‘” |f (s, xs)| ds

+ Z [T (£ x (tk))l]

t<t<t+w
> a0 [AB' (§) (foo —€) + (o — €) ] Ixll > l1x].
(43)
This yields
ITx| > |lx||, forany x € E N 0Qg. (44)

In view of (40) and (44), by Lemma 3, it follows that T has a
fixed point x* € EN (Qgx \ Q,) with 7 < ||x*|| < R, which is
a positive w-periodic solution of (1). This proves Theorem 14.

O

Corollary 15. Assume that (H,)-(H;) and the following
condition:

(Hy3) 1/aoB'(€) foy < A < 1/BBE) f°
hold. Then (1) has a positive w-periodic solution.

Similarly, we can prove the following theorem and corol-
lary.

Theorem 16. Assume that (H,)-(H,) and the following con-
ditions:

(Hy4) BABE) f* +1%) < 1;
(Hy5) ac(AB'(E) fy + 1) > 1

hold. Then (1) has a positive w-periodic solution, where f,, £,
Iy, and I are positive constants.

Corollary 17. Assume that (H,)-(H;) and the following
condition:

(Hy) 1/aoB' (§) f, < A < 1/BB(E) f*
hold. Then (1) has a positive w-periodic solution.

Theorem 18. Assume that (H,)-(H,), (Hs), and the following
condition:

(Hy;) 0 < f° < 1/2ABB&), 0 < I° < 1/2Band 0 < f* <
1/2ABB(&), 0 < I® < 1/28,

hold. Then (1) has two positive w-periodic solutions.
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Proof. First, we define Q, = {x € X : |x| < r}; then Q, is
an open subset of X. From (7), (Hs), and Lemma 4, for any
x € ENoQ,, we have

I(Tx) (O = Y |Tix],

i=1

n
i=1

A JHw G, (t,5) b; (5, x () f; (s, x,)| ds
t

Y G ek ()

t<ti<t+w

n

> \AB' (&) Z J |G; t,5) f; (s, x,)| ds
i=1 7t

3 Y (Gt (o ()

i=1 t<tp<t+w

=

AB' (&) Lw |f (s, x)| ds

+ Z |Ik(tk>x(tk))|:|

<ty <t+w

>a(AB' @ f, + 1) Ixl > lx].
(45)

This yields
I(Tx) (O] > x]|, foranyx € EnNoQ,. (46)

On the one hand, since 0 < fO < 1/2ABB(§) and 0 < I° <
1/2[3, there exists 0 < r; < r such that for 0 < [|x|| < r,

t,x,)|dt <
(47)
Z T (1 x ()] < [5
1<t <t+w
Set Q, = {x € X : |lx| < r}; then Q, is an open subset

of X. From (7), (Hy7), and Lemma 4, for any x € EN0Q, ,
t € [0,w],and 1 < k < g, we have

n

(Tx) (t) = ) (Tix)

i=1

A JHw G; (t,8) b, (s, x(5)) f; (s, x,) ds

n
i=1

+ Y Gt I (b x (1)

t<tp<t+w

9
< AB(¢) Z J; ‘ |G, (t,5) f; (s, x,)| ds
i
+Y Y G () I (1 x (1))
o1 t<ty <t
=B |:/\B &) Lw |f (s, x)| ds
+ Z |Ti (£ x (tk))|:|
t<to<trw
<p|18) S zﬁ] Il = el
(48)
This yields
I(Tx) Ol < llxl|, forany x € EN aer. (49)

In view of (46) and (49), by Lemma 3, it follows that T has a
fixed point x; € EN (Q, \Q_n) with r; < [x;]| < r, whichisa
positive w-periodic solution of (1).

On the other hand, if 0 < f*° < 1/2ABB(£),and 0 < I <
1/2f hold, then there is N > 0 such that

[/ 17 (e < WB ABE

(50)

Sl (o x ()] < %

<t <t+w

forx > N,t € [0,w], 1 < k < g. Let r, = max{2r, N/o} and
it follows that x(t) > o|x|| > N for x € Q,,te€ [0, w], and
0 < k < g. Thus

[/ 17 (e < Il

DY)
| (t 2 (8))] < 57 Il (51)
tst;m 2/3
forxeQ,, te[0,w], 1<k<gq

By (7), (H,;), and Lemma 4, we have

(Tx) (t) = Y (T;x)

i=1

-y [A [ 6698550 fiox)ds
i=1 t

+ Y Gt I (b x (1)

<t <t+w
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<ABOY [ 16,09 (s x| ds
i=1 7t
+ Z z 'G,- (t. 1) It (tho x (tk))|
i=1 t<t<t+w
=B I:AB €3} L |f (s, x)| ds
+ Z [T (tix (tk))|:|
t<ti<t+
<[ T Zr—ﬁ] Il = vl
(52)
This yields
I(Tx) @I < lIxll, forany x € EN0Q, . (53)

In view of (46) and (53), by Lemma 3, it follows that T has a
fixed point x, € EN (Qrz \E) with 7 < |x,| < r,, which
is a positive w-periodic solution of (1). Therefore (1) has at
least two positive periodic solutions; that is, 7, < [|x;| < 7 <
l, || < 7,. This proves Theorem 18. O

Remark 19. Assume that (H,)-(H,), (Hs), and the following
condition:

(Hyg) 0 < f° < 1/2ABB(&), 0 < I° < 1/2Bor0 < f* <
1/2ABB(£),0 < I® < 1/28

hold. Then (1) has a positive w-periodic solution.

Corollary 20. Assume that (H,)-(H;) and A > l/ocGB'(E)ir
hold.

(H,y) is satisfied; then (1) has two positive w-periodic solu-
tions.

(H,g) is satisfied; then (1) has a positive w-periodic solution.

From the arguments in the previous proof, we have the
following consequences immediately.

Theorem 21. Assume that (H,)-(H,), (Hg), and the following
condition:

(Hyy) 0o > f, > 1/2Aa0B'(§), co > I, > 1/2a0 and oo >
foo > 1/2Ma0B' (£), 00 > I, > 1/2a0

hold. Then (1) has two positive w-periodic solutions.

Remark 22. Assume that (H,)-(H,), (Hy), and the following
condition:

(Hyy) 00 > fy > 1/2 aoB' (§), co > I, > 1/2a0 or co >
foo > 1/2Aa0B'(§), 00 > I, > 1/2a0

hold. Then (1) has a positive w-periodic solution.
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Corollary 23. Assume that (H,)-(H;) and A < 1//33(5)7r
hold.

(H,o) is satisfied; then (1) has two positive w-periodic solu-
tions.

(Hyy) is satisfied; then (1) has a positive w-periodic solution.

Theorem 24. Assume that (H,)-(H,), (Hs), and one of the
following conditions

(Hy) f'=1°=0and 0 < f* < 1/2ABB), 0 < I® <
1/28,

(Hy,) 0 < f° < 1/2ABB(), 0 < I° < 1/2B and ™ = I =
0

hold. Then (1) has two positive w-periodic solutions.

Proof. We only consider the case (H,;). When the case (H,,)
holds, the conclusion remains true by a similar proof and we
will omit it. We define Q, = {x € X : |lx| < r}; then Q, is
an open subset of X. From (7), (H;), and Lemma 4, for any
x € ENo0Q,, we have

n

I(Tx) () = Y |Tix],

i=1

n

-3

i=1

A e G; (t,8)b; (s, x(s)) f; (s, x.)| ds
||l 9b6x ) fisx)

Y (G x (0)

<t <t+w

> AB' (&) Z J |G; t,5) f; (s, x,)| ds
i=1 7t

+i Z |Gi(t’tk)lli(tk’x(tk))'

i=1 <ty <t+w

=

AB' (&) Lw |f (s,x,)| ds

+ Z Tk (£ (tk))l]

t<t; <t+w
>a(AB'@® f + 1) Ixl > lx]
(54)
This yields

I(Tx) )] > lx], forany x € EnoQ,. (55)

On the one hand, if f° = I° = 0 holds, then we can
choose 0 < r; < r, such that J: | f(t, x)ldt < elx| and
Ztgkqm [L (¢, x(t)] < €llx|| for x € [0,7,],t € [0,w], and
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1 < k < g, where constant € > 0 satisfies eS(AB(§) + 1) < 1.
By (7), (H,;), and Lemma 4, we can obtain

n

(Tx) (£) = ) (T;x)

i=1

n
i=1

A JHw G, (t,9) b, (s,x(9)) f; (s, x,) ds

+ Y Gt I (e x (t)

t<t<t+w

n

<AB(¢) ; L |G; (t,9) f; (s, x,)| ds 6

Y ¥ ol

i=1 t<t<t+w

(t.t) I, tk,x(tk))|
=pB [AB €3 Lw |f (s, x,)| ds

+ ) |h(tex (tk))|:|

1<t <t+w

<ef(ABE) + 1) x| < llx] -
This yields

I(Tx) @I < lIxll, forany x € EN0Q, . (57)

In view of (55) and (57), by Lemma 3, it follows that T has a
fixed point x; € EN (Q, \Q_n) with r; < [x;|| < r, whichisa
positive w-periodic solution of (1).

On the other hand, if 0 < f*° < 1/2ABB(&) and 0 < I <
1/2f3 hold, then there is N > 0 such that

J |f(t xt)|dt ZAﬁB(f)
N (58)
tg:;mllk (tox ()] < 2

forx > N,t € [0,w],and 1 < k < g; let r, = max{2r, N/o}
and it follows that x(t) > o|lx|| > N for x € Q,,t¢€ [0, w],
and 0 < k < g. Thus

J: |f (8, x,)| dt < lIxI;

2/\ﬁB 2ABB (&)
Y (tex ()] < = Il (59)
t<ty <t+w ﬁ
forxeQ,, €[0,w], 1<k<q.

1

By (7), (H,;), and Lemma 4, we have

(Tx) (t) = Y (Tyx)

i=1

2

JHw (t,9) b (s,x(5)) fi (s, x,) ds

+ Z G; (1) It (to x ()

<t <t+w

n t+w
< AB (&) Z J; |G, (t,5) f; (s, x,)| ds
. (60)

e Y (G ) L (ox (1)

i=1 t<t;<t+w

=p |i/\B €3 Lw |f (s, x)| ds

+ Z |Ik(tk’x(tk))|:|

t<t <t+w

1
gfs[w(z) S ﬁ]n N

This yields

I(Tx) ()Nl < lIxll,  forany x € EN0Q,. . (61)

In view of (55) and (61), by Lemma 3, it follows that T has a
fixed point x, € EN Q, \ Q,) with r < ||x,|| < r,, which
is a positive w-periodic solution of (1). Therefore (1) has at
least two positive periodic solutions; that is, r; < [x;]| < r <
lxc, || < r,. This proves Theorem 24. O]

Remark 25. Assume that (H,)-(H,), (H;), and one of the
following conditions:

(Hy) f*=1°=00r0< f* < 1/2ABB(),0 < I® < 1/2p,
(Hyy) 0< fO < 1/2ABB(E),0 < I° < 1/2Bor f° =1 =0
hold. Then (1) has a positive w-periodic solution.

Corollary 26. Assume that (H,)-(H;) and A > 1/ocaB'(E)fr
hold.
Either (H,,) or (H,,) is satisfied; then (1) has two
positive w-periodic solutions.
Either (H,3) or (H,,) is satisfied; then (1) has a positive

w-periodic solution.

From the arguments in the previous proof, we have the
following consequences immediately.

Theorem 27. Assume that (H,)-(H,), (Hg), and one of the
following conditions:
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(Hys) fy =1, =0and oo > f,, > 1/2AacB' (), 00 > I >
1/2a0,

(Hyg) 00 > fy > 1/2Aa0B'(§), 00 > I, > 1/2a0 and f,, =
I, =0

hold. Then (1) has two positive w-periodic solutions.

Remark 28. Assume that (H,)-(H,), (Hg), and one of the
following conditions

(Hy;) fo =1I,=0o0roco > f., > 1/2Aa0B'(§), c0 > I, >
1/2a0,

(Hyg) 00 > fo > 1/2Aa0B'(§), 00 > I, > 1/2a0 or f., =
I,=0

hold. Then (1) has a positive w-periodic solution.

Corollary 29. Assume that (H,)-(H;) and A < 1/[3’B(E)7r
hold.

Either (H,s) or (H,e) is satisfied; then (1) has two
positive w-periodic solutions.

Either (H,;) or (H,g) is satisfied; then (1) has a positive
w-periodic solution.

Remark 30. Suppose that B(t, x(¢)) = 1 and I (t;, x(t;)) =
0, under some conditions; we can obtain the corresponding
results of [17]. Hence, our results generalize and improve the
corresponding results of [17].

Remark 31. Assume that A(t, x(t)) = A(t), B(t, x(t)) = 1, A =
1 under some conditions; we can obtain the corresponding
results of [18]. Hence, our results generalize and improve the
corresponding results of [18].
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