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Two ellipsoidal ultimate boundary regions of a special three-dimensional (3D) chaotic system are proposed. To this chaotic system,
the linear coeflicient of the ith state variable in the ith state equation has the same sign; it also has two one-order terms and
one quadratic cross-product term in each equation. A numerical solution and an analytical expression of the ultimate bounds
are received. To get the analytical expression of the ultimate boundary region, a new result of one maximum optimization
question is proved. The corresponding ultimate boundary regions are demonstrated through numerical simulations. Utilizing the
bounds obtained, a linear controller is proposed to achieve the complete chaos synchronization. Numerical simulation exhibits the

feasibility of the designed scheme.

1. Introduction

Bounded chaotic systems and their ultimate bounds are
important for chaos synchronization and chaos control [1-
3]. But it is generally difficult to obtain the ultimate bound
of a chaotic system or the analytical expression of the bound
even if the chaotic system has simple dynamic differential
equations. The well-known Lorenz chaotic system was pre-
sented in 1963 [4]. Itis a 3D autonomous system with only two
quadratic terms. In 1987, a cylindrical bound and a spherical
bound for the globally attractive and positive invariant sets
of Lorenz system were proposed by Leonov et al. [5, 6].
Since then, several ultimate boundaries of Lorenz system
have been obtained, like another cylindrical bound [7], the
improved spherical bound [8], the ellipsoidal bounds [9-
11], the butterfly bound [12], and so on [13-15]. References
[10, 11] also discussed the ellipsoidal ultimate bounds of the
unified Lorenz system [16]. The ultimate boundaries for other
well-known chaotic attractors, such as Chen attractor [17],

Lii attractor [18], and Qi attractor [19], were also proposed
[20-22].

Since the research for the ultimate bounds set of chaotic
systems is restricted by the region of the coefficients of the
systems, in [20, 21], the ultimate boundary regions of the
chaotic systems were researched only in several designated
parameters regions. The ultimate boundaries of many existing
chaotic systems are still not presented. So, it is also a
challenging work to search the ultimate bounds of some
new 3D chaotic systems [1, 2, 23-26] and hyperchaotic
systems [27-29]. Recently, using the optimization idea and
the Lyapunov method, which are often applied to estimate the
boundaries of chaotic systems [1, 8, 10, 22, 27, 28], Wang et al.
[30] constructed a special method to find the ultimate bound-
aries of a class of high dimensional autonomous quadratic
chaotic systems. In the following parts, this method is called
the unified method. Wang et al. [30] solved the ultimate
boundary problem of more existing chaotic attractors and
hyperchaotic attractors and got the numerical solutions of
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corresponding bounds. But the unified method is not applied
successfully to every existing chaotic system.

In this paper, the following 3D chaotic system which was
introduced by Tang et al. [31] in 2012 is considered:

X, = —ax; +bx, + x,%x;,
X, = cx; —dx, — X, X3, (1)
X3 = ex; — fx; + gx;x,,

where x4, x,, x5 € Rare state variablesand a, b, ¢, d, e, f, and
g € R'. Every state equation has two one-order terms and
one quadratic cross-product term. System (1) has complex
dynamic behaviors and several larger chaotic coefficient’s
regions. It has a typical chaotic attractor when a = 25,b = 16,
c=40,d=4,e=5,f=5andg="7.

To system (1), the method used in [1, 8, 10, 22, 27, 28] to
find the boundary of chaotic attractor does not seem very
suitable. One can notice that the coefficients of the ith state
variable x; in the ith (i = 1,2,3) equation have the same
sign and they are negative. Under this special condition,
the unified method [30] to find the boundary of chaotic
attractor can be applied to system (1). In this paper, the unified
method [30] is used to get the numerical solution of the
ultimate bound of system (1) witha > 0,b > 0,¢c > 0,
d > 0,e >0, f > 0,and g > 0. Moreover, to get the
analytical expression of the ellipsoidal ultimate boundary of
system (1), a new conclusion about a designated maximum
optimization question is proved. Utilizing this result, an
analysis expression of the ellipsoidal ultimate boundary is
given when the coefficients of the chaotic system d = f. The
boundary is useful in the control or synchronization of chaos.
Using the boundary set gained, one can realize the complete
chaos synchronization.

The rest of the paper includes four sections. Section 2
introduces the unified approach [30] and proposes a new
theorem about an interesting analytic solution of a maximum
optimization problem. Utilizing the new theorem above and
the unified method, Section 3 estimates the ellipsoidal ulti-
mate boundary regions of system (1). Some numerical sim-
ulations about the boundary regions are exhibited. Section 4
applies the bound in chaos synchronization. Section 5 pro-
vides the conclusions.

2. Some Preliminaries and Notations

The unified method constructed in [30] to estimate the
ultimate boundary of chaotic attractor is introduced firstly.
The considered autonomous system is described as

X = f(X), )

where X = (x,,%y...,x,)" € R, f:R® — R" Let
X(t, ty, X°) be the solution satisfying X(t,t,, X°) = X° with
the initial time ¢, and initial state X° and let O € R” be

a compact set. The distance between X(t,ty, X°) and Q is
defined by

p(X (15, X"),Q) = inf [X (1,6, X°) Y[ (3)

Denote Q, = {X | p(X, Q) < €}. Obviously, Q € Q..
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Definition 1 (see [10,30]). Suppose that there exists a compact
set Q) € R” satisfying

Jim p (X (1), Q) =0, (4)

for all X° € R"/Q. It means that, for any ¢ > 0, there exists
T > t, satisfying X (¢, tO,XO) € Q, forall t > 7. Then, the set
Q is called an ultimate bound of system (2).

Consider the HDQADS [30, 32], described by

n
X=AX+) xBX+C, (5)

i=1

where X = (x,%,,...,x,) € R, A = (@) pxn € R,
B, = (by),n € R™, and C = (¢;,5,...,¢,)" € R". Also, all

elementsof B, B,, ..., B, satisfybi’; = bi]]; (i, j,k=1,2,...,n).
Construct a general quadratic function candidate [30]

V(X)=(X+u) P(X+p), (6)

X
e R" n,

€ R" are real parameters to be

where X = (x,%,,...,x,) € R",P =Pl = ()
T
and p = (s g - )
determined.
Calculating the derivative of (6) along with system (5)
[30], one can get

nxn

n
V(X)=YxX (B P+PB)X+X QX+MX+2C"Py,
i=1
)
where Q = ATP + PA + 2(B Pu, Bl Pu,..., BT Pw)" = Q7,
M =2(u"PA+C"P).

Hereafter, the meaning of P > 0 is that the matrix P is
positive definite and of P < 0 is that P is negative definite.

Lemma 2 (see [30]). If there exists a P € R™ > 0 and a
p € R" such that

Q<0
L (8)
Y x,X" (B P+PB;)X =0,
i=1
for any X = (x,,%y...,x,)" € R", then the boundness of
system (5) is proved and the ultimate boundary region is

Q={XeR' [ (X+u) P(X+p) <Rpyl> )

where R, € R which can be determined by solving the
optimization problem:

max  V(X)=(X+u) P(X+pu),
(10)
st V(X)=X'QX + MX +2C"Pu = 0.

The conditions (8) are sufficient but not necessary [30].
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Since the symmetry of P > 0, then V(X) can be
transformed into a positive definite radially unbounded
Lyapunov function V(X) via X = X + .

For simplification, let u = (u;,u,,...,u,) = 2;4TP. One
has yT = (1/2)uP™?, ‘uTPpt = (1/4)uP'u’. After a simple
calculation, one can rewrite Lemma 2 as follows.

Lemma 3. If there exists a real symmetric matrix P > 0 and a
vector u = (U, Uy, ..., u,) such that

T
Q=A"P+PA+(Blu",Byu’,....Blu") <0,

n

n (1)
Yx, X" (B/P+PB)X =0,

i=1
for any X = (x,,%y...,x,)" € R", then the boundness of
system (5) is proved and the ultimate boundary region is
1
Q= {X €R"|0<X'PX +uX + TuP T sRmax},
(12)

where R, € R which can be determined by solving the
optimization problem:

1
max V(X)=X'PX +uX+ LuP TN

(13)
st. V(X)=X'QX + MX +uC =0,
where M = 2CTP + uA.
Theorem 4. Denote the set
2 2 2
_ T 3, %1 (x, —m) (x3 - n) _
r= {(xl,xz,x3) €R |?+ R St S =1,
p>0, m#0, n#O]»,
(14)

2, .2, 2
and G(x, X5, X3) = X7 + X5 + X3, (X1, X5, x3) € . Then

4
m, p> \2(m2+n2),

4 (m2 + n2) , p< \/2 (m? +n?), (15)

max G =
(o01525,%3) €T

min G =0.
(31,%5,%3) €T
Proof. Let ¢(xy, %y, x3) = (x3/p) + (x; — m)*[(m* + n®) +
((x5 —n)?/(m*+n?))-1. Notice that (09/0x,,09/0x,,0¢/0x5)
= (2x1/p2, 2(x, —m)/(m* +n?), 2(x5— n)/(m*+n?)) = (0,0,0)
if and only if (x,, x,, x3) = (0,m, n)(€l).
Now, define

2 2 2
F (%), X5, 23) = x] + X5 + X3

2 _ 2
+)\,<x—;+ (o = m) +

p m? + n?

m? + n?

(’%‘”)2 _1>.

(16)

3
Let

%Fxl :x1<1+1%>:0, (17)

%sz = x, % —0, (18)

%FXS = x5+ % =0, (19)

F,{=x—%+(x2_n1)2 (x3_")2—1=0. (20)

P m?r+n? m? + n?

From (17), x; = 0O or A = —pz. From (18), x, = mA/(m* +
n + M), X, —m= —-mm?® + n*)/(m* + n* + 1). From (19),
X5 = A (m* +n? + M), Xy —n= —n(m* + n®))(m* + n* + 1).
From (18), (19), and mn +0, one gets x; = (n/m)x,. From
(20), x3 = p*(1 = (x, —m)*/(m* + 1) = (x5 — n)* [ (m* + ).
(i) When x; = 0, substituting x; = (n/m)x, into (20),
one obtains 0 + (x, — m)*/(m* + n?) + (x5 — n)?/(m? +n?) =
(x, — m)*/(m* + n*) + ((n/m)x, — n)*/(m* + n*) = 1; that
is, x,(x,—2m) = 0. Then, one gets x, = 0 or x, = 2m and two
equilibria (0, 0,0) and (0, 2m, 2n). Since mn # 0, obviously,

G (0,2m,2n) =4 (m’* +n°) > G(0,0,0)=0.  (21)

(ii) When A = —p* and p > +/2(m? + n2), (18)-(20) have
the following solutions: X, = +p*+/p* — 2(m? + n?)/((m* +
nz)—pz), X, = —mpz/(m2+n2—p2), Xy = —npz/(m2+n2—p2),
and

p
G(X,X),%3) = 5—F5—~- 22
( 1> 2 3) p2 _ (m2 + 7’12) ( )
Notice that X, is not able to be zero. In fact, if X; = 0, by
p > \2(m? + n?), one has p = 0; this is a contradiction.
When p > v/2(m? + n?), one has

G (0,2m,2n) — G (X}, X5, X3)

4

B 22\ p

—4(m +n) pz—(m2+n2) (23)
22\ L 2)?

=(2(m +n) p) ‘o

(v ) = 7

Since T is a closed set and G is continuous on T, the
extreme values of G can be attained on I'. Then, from (i) and
(ii), one can achieve

max G
(x1,x5,x3)€T

S p' R
_ G(xl,xz,x3) = m, p> 2(m2 + 1’12)’
G(0,2m,2n) = 4(m2 + nz) , p <A\2(m? +n?),

min G =0.
(31,%,%3) €T

(24)
The proof is complete. O



3. The Ultimate Bound Set of
Chaotic System (1)

In the following, Lemma 3 and Theorem 4 are applied to
estimate the ultimate bounds of the 3D chaotic system (1).

Rewrite system (1) into the form of system (5); then, one
has

_ 00 0
-a b 0 1
A=|c -d o|, B=|00 -1,
e 0 —f QQO
2
- 1
00l 0 -0 (25)
2 L2
B,=100 0| B3=—§00,
990 0
L5 0 00
C=0.

Let P = (Pij)3><3’ le = Pﬂ (l)] =12, 3)» u= (u1>u2’u3)‘
According to (11) in Lemma 2, calculate

3
Y x,X" (B P+PB])X
i=1
=2x, (gx% + xi) P13 +2x3 (xi - xf) P12

+2x, (9"; - xi) Pa3 +2%1,%5 (P11 — P + P33) -
(26)

Since

3
Y x,X"(B/P+PB;)X =0, (27)
i=1

holds for any x; € R (i = 1, 2, 3), letting

Pr=Pi3=p3=0, P2 = P11t Psss (28)

|:p11 0 0]
P=10 pyp 0],

0 0 ps3

one gets

M =uA+2CTP

= [~wa + uyc + use, u b — uyd, —u, f ],

T
Q=A"P+PA+ [B{u",Bju’,Biu"|

g 1
—2apy, bpyy +cpy + 5”3 €p3z — 5“2
g 1
bpyy +cpy + 5”3 —2dp,, 5”1
1 1
€p3; — 5”2 5”1 -2fps;

(29)
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For simplifying Q, let

1
bpyy +cpy + gua =0, ep33 — SHs = 0;  (30)

that is,
2
Uz = _E (bp11 +cpa) U, = 2eps3; (3D
then
2
u= <0, 2€p33, —E (bpll + szz)) . (32)
So, one has

|:p11 0 0 ]
P=10 pp 01,
0 0 ps

2
M = [26P33C - ; (bpy, + cpyy) €, —2eps;d,
(33)

2
E (bpy; + CPzz)f] >

~2ap,, 0 0
Q= 0 -2dp,, 0 .
0 0 -2fps

From Lemma 3, the next theorem is achieved.

Theorem 5. Suppose thata > 0,b > 0,¢ > 0,d > 0,e > 0,
f>0,9>0 pyy, ps3 € R, and py, = py; + pss. Denote

2
Q= {X e R’ | puxf +p22(x2 + %)

22
(34)

2
+p33<x3 - %) < Rmax} >
33

where X = (x,,%,,%5)". Then, Q) is the ultimate bound set
of system (1). R, can be found by calculating the maximum
optimization question:

2
e

max V = puxf + p22<x2 + —p33>
P2

_bpyy +cpy )2

+ p33(x3 9P

2
s.t. Zapuxf + dezzxg + 2fP33x§ - gf (bpy, + cpy) X3

2e
+ <g (bpyy + cpyy) - 26P33C> X1 + 2epy3dx, = 0.
(35)
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Proof. Since p;;, ps3 € RY, pyy = py; + P33 € R', one gets
P > 0,Q > 0. According to (13), one obtains the Lyapunov-
like quadratic function

1
V(X) = X'PX +uX + i LT

2
e
= Puxf + P22<x2 + %) (36)
bpyy +cpy )2

+ P33<x3 - ap
33

and its derivative along with system (1)

V(X) = X"QX + MX + uC

2
= Zapuxf + 2dp22x§ + 2fP33x§ - gf (bpyy +cpyy) x5

2e
+ (g (bpyy +cpyy) - 26P33C> X1 + 2epyydx,.
(37)

From Lemma 3, the above conclusion holds. O

Remark 6. 1t is generally difficult to get the analytic solution
of the optimization problem (35). But, by using Lingo, it is
very easy to solve the optimization problem (35) numerically
for the fixed system parameters. For example, obviously, one
hasP > 0,Q > Ofor p;;, = 1.2, py, = 1.7, p33 = 0.5,
a=25b=16,c =40,d =4,e=5,f =5andg = 7.
With the appointed parameters, utilizing Lingo to deal with
the optimization problem (35), one gets the corresponding
ultimate boundary region of system (1) as follows:

5 2
= € 1.2x7+1.7( x, + —
Q= 1XeR|1.2: 5
11
) (38)
600
+0.5(x3—7> < 319.4716}.

Figure 1 exhibits the ultimate boundary set of the chaotic
strange attractor of system (1) under p;; = 1.2, p,, = 1.7,
and p;; = 0.5.

Furthermore, to simplify the constraint condition of the
maximum optimization problem (35), let the coeflicient of x,
be equal to 0. That is, (2e/g)(bp;, +cp,,) —2eps3¢ = 0. Then, if
d = f, one can solve the maximum problem (35) analytically.

Theorem 7. Suppose thata > d/2,b > 0,¢ > 0,d = f > 0,
e>0,g>1andp; € R (i =1,2,3), py, = py; + P35> and

5
100 ~
50 4
1
0 ~
—50
40 .
40

20 0
40 T -40 X,

FIGURE 1: The chaotic attractor of system (1) with a = 25, b = 16,
c=40,d =4,e =5, f = 5,and g = 7 and its ultimate bound with
P =12, py, = 1.7,and py; = 0.5.

(2e/g)(bpy, + cpyy) — 2epszc = 0. Then, system (1) possesses
following ultimate bound:

e(b+c)>2

Q- {Xezf|(cg—c>x?+<cg+">(x2+ b+cg

+(b+c)(x; —c)2

(be2 +bc? +ce? + c3g) (b +c) }

B b+cg
(39)
Proof. When
b>0, c>0, g>1, P33 € R,
P2 =Pt P33 (40)
2e
E (bpyy + cpyy) — 2epsc = 0,
one has
cg-c
b1 = —5+c P33 € R, (41)
cg+b +
Pn = hic Ps3 € R, (42)
eps3 _e(b+o)
J2%) b+ cg’ (43)
bpy; +cpy - (44)
9Ps3

According to (44) and Theorem 5, one obtains

2
e
Q= ‘[X € R’ | pyyxi + p22<x2 + %) + pra(a; —¢)’
2

< Rmax} >
(45)



and the following maximum problem

2

2 ep 2

max V= pyx) +P22<x2 + _P33> + P33 —¢)
22

s.t. Zaplle + dezzxg + 2fp33x§ + 2deps;x,

— 2fcpszxs = 0.

The above optimization problem is rewritten by

2
2 eps3
max V = X +( X +—>
(\Pix1) VP2nX) N
+( VP33X3 = ¢€ VP33)2

) eps; \’
st.a(y/px) + d( VP + 2@) (47)

() A

Denote m = eps3/2+/Pay» 1 = —C+\/P33/2, X; = /P11X1> Xy =
\P2X, + 2m, and X3 = +/pyyx; +2n. Byd = f > 0, the
corresponding maximum problem is described by

max V=% +X +X,

— — 2 — 2 48
" SN ) N G El) M
- dm?>+n?)ja  m?+n*  mP+n? '

Set p2 = dm® + n*)/a. Since a > d/2, then p =
\d(m? + n?)Ja < \2(m? + n?). Then, with the new result in
Theorem 4 and (42) in problem (46), V has the maximum
R = 4m? + n?) = (be* + bc* + ce* + c3g)p33/(b + cg).
According to Lemma 3, Theorem 5, (41)-(43), and p;; € R",
system (1) gets the ellipsoidal ultimate boundary region as
follows:

2
e
Q= {X €R’| pyyx; +Pzz<xz + %) + Pss(x3 - C)z

22

(be2 +bc” +ce’ + csg) P33
b+cg
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100

0
-50
-40  -100 Xy

FIGURE 2: The chaotic attractor of system (1) with a = 25,b = 16,

c=40,d =4,e=5, f =4,and g = 1.5 and its analytic ellipsoidal
ultimate boundary region.

cg—c , cg+b < e(b+c)>2
={XeR| L= i ewvry
{ <R brc et P\t b+cg

+ P30 - C)Z

(be2 +bc® +ce® + c3g) P33 }
<

b+cg

e(b+c)>2

- {XER3 | (cg—c)xf+(cg+b)<x2+ brcg

+(b+c)(x; —c)2

(be2 +bc® +ce? + c3g) b+c)
< .
B b+cg

(49)

The proof is complete. 0

Remark 8. If one lets d = f, system (1) still possesses a large
range of chaos. Through Theorem 7, the analytic expression
of the ultimate bound can be acquired easily. For example,
whena =25,b=16,c =40,d = f =4,e =5,and g = 1.5,
the corresponding ellipsoidal ultimate boundary set of (1) is
gained as

70\2
Q:{Xeﬁ|mﬁ+%@fwg)+%uf4mz
(50)

<

1722000}
19 ’

which is demonstrated clearly in Figure 2.
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4. Application in Chaos Synchronization

Consider two nonlinear autonomous systems

X=g(tX)), (51)
Y=ht,Y)+U(tX,Y), (52)

where X = (x1,%5...,%,)5 Y = (¥ ¥pr-- s ¥,) € RY,
g:h € C'[R, x R, R",U = (U,,U,,...,U,)" € C'[R, x
R" x R",R"], and r > 1. R, means the nonnegative real
set. Let (51) be the drive system and let (52) be the response
system. U(t, X, Y) means the controller function. X=X (to)>
Y? = Y(t,) € R" are the initial values of (51), (52).

Definition 9. The driver system (51) and the response system
(52) are called to achieve global complete synchronization, if
lim, _, Y (t) — X(#)|| = 0 for any initial values X0 v°.

Next, let system (1) be the driver system. Design the
controller U; = —k;(y; — x;)(i = 1,2,3). So, the response
system to system (1) is described as follows:

1= —ay, +by, + y,y3 =k (v, - x1)s
= —dy, - nys—k, (}Vz - xz) > (53)

ys=ey1 = fys+ gy, —ks (s —x3),
where y,, y,, y; € R are state variables and k; € R" (i =
1,2, 3) are all controller parameters which can be adjusted.

Theorem 10. The driver system (1) and the response system
(53) are globally complete synchronization when

ky

S g (P11 (b= 2a)+pyyct+(pyy + Pay) Ms+ppM,) + psze

2gpn
(54)
K, > P1ib+ Py (¢ = 2d) + (py; + pry) My + p3sM, . (59)
2py
k, > 9 (PuM, + ps3M,) + pss (e - 2f)) (56)
2ps3

where My = ~JR/py;, My = [R/py + eps3/pry M5 =
VR/ 33 + (bpyy + cP2)/gpsss R = Ry P11 € RV, 33 € R,
and py, = pyy + ps3-

Proof. Let R = R,_,.. From Theorem 5, one has |x;| <

VRIpi = My, |1 < NR/py + epss/py; = M,, and
|x5] < R/ p33 + (bpy; +cpyy)/ gpss = Mj. Let the state errors
bee; = y; —x;,e, = ¥, — x,, and e; = y; — X3, then the error
dynamics of system (1) and system (53) is

é =y — %, =—(a+k)) e +be, +e,e; +e,x; + e3%,,
éy =y —%; =ce, —(d+ky)e; —eje; —e;x; —e)x,

3= y3— %3 = ee; — (f +k;)es + gee, + geyx, + geyx;.
(57)

Noticing the formula (28), one has p,, = p;; + Pss-
Let V(e) = (1/2)(puef + pzze§ + (p33/g)e§); then its time
derivative along the orbit of system (57) is

V (e)
. ., Ps .
= pri€i€ + Pperey + 76363

=-py(a +k1)ef - pn(d +k2)e§ - % (f + ks)‘%
+(p1ib + pyc+ (P1y + Pan) X3) ere,
+ <%e +(pu + P33) x2> €163 + P33X1€€3

+ (P11 — P + P33) 16263
<—pufa+k) e - pu (d+ k)& = P2 (f 4 k)l
+ (p11b + pyc+ (p1y + Pan) Ms) |‘31| |ezl

+ <%e +(pyy + P33)M2> le1||es| + P33 M, [e;|]es] +0
< —py (a +k1)ef - pn(d +k2)e§ - % (f + k3)e§
e +él

2

+(p11b + pyc+ (p1y + Pan) Ms)

2 2

2. 2
P el +e e +e
+<§e+(P11+P33)M2>¥+P33M1 23

2

=-Pn (kl - ( (g (P11 (b=2a) + pyyc + (p1y + Pr2) M;

+PpM,) + pize) X (29P11)_1)) e?

—Pn
« (k _ pub+py(c-2d)+ (P11 + Pa) M5 + p3sM, )
? 2py
<
_ P33 (k B g (paM, + p3sMy) + psz (e - 2f)>62
g ’ 2ps3 ’
= —E'KE,
(58)
where E = [|e,], le,l, le;]17,
—Pn (kl - k;) 0 0
K = 0 —pa (ky = K)) 0 ,
0 0 —P33 (k3 - k;)

(59)
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<
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<
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FIGURE 3: Synchronization error of the response system (53) and the
diver system (1).

with
Ky
_9 (P11 (b= 2a)+pyyc + (P + Pry) Ms+pyMy) + paze
2g9pu ’
(60)
b+ -2d) + + M, + p3;M
k; _ pub+ py(c )+ (P11 + Pr2) M3 + pis L (61)
2py
K = g (PuM, + ps3M,) + pss (e - 2f) (62)
’ 2ps3

When k; > k; (i = 1,2,3), K > 0. One can draw that the
origin of the error system (57) is asymptotically stable, which
implies that the driver system (1) and the response system (53)
achieve globally complete synchronization. O

Remark 11. The numerical simulations are studied by MAT-
LAB 7.6.0. Take (-1,-0.5,5) and (1, -3, —4) as the values of
the initial condition of system (1) and system (53), respec-
tively. Whena = 25,b = 16,¢c = 40,d = 4,e =5, f = 5,
g =7 p, =12, py, = 1.7,and p;; = 0.5, from Remark 6,
one gets R = 319.4716, M, = 16.3164, M, = 15.1791, and
M; = 50.1916. By Theorem 10, one can choose the three
feedback control coefficients as k; = 600, k, = 190, and
ky = 236. Figure 3 proves that the response system realizes
synchronization with the driver system through a short time.

5. Conclusion

In this paper, the ultimate boundary regions of a special
3D chaotic system are studied through a unified method
for the ultimate boundary set estimating of chaotic systems.
In this unified way, to get the analytical expression of
the ultimate boundary region, the key is to calculate the
analytical solution of the maximum optimization problem.
Furthermore, an interesting result about the analytic solution
of the corresponding maximum optimization problem is
proposed to obtain the analytic ellipsoidal ultimate boundary
regions of the chaotic system. The ultimate bounds which are

Abstract and Applied Analysis

useful in chaos synchronization are demonstrated through
numerical simulations.
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