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We consider an impulsive neutral fractional integrodifferential equation with infinite delay in an arbitrary Banach space X. The
existence of mild solution is established by using solution operator and Hausdorff measure of noncompactness.

1. Introduction

In recent years, fractional calculus has becomes an active
area of research due to its demonstrated applications in
widespread fields of science and engineering such as mechan-
ics, electrical engineering, medicine, biology, ecology, and
many others. The memory and hereditary properties of
various materials and processes can be described by a
differential equation with fractional order. The fractional
differential equation also describes the efficiency of nonlinear
oscillations of the earthquake. The details on the theory and
its applications can be found in [1-4] and references given
therein.

On the other hand, many real world processes and
phenomena which are subjected during their development to
short-term external influences can be modeled as impulsive
differential equation with fractional order which have been
used efficiently in modelling many practical problems. Their
duration is negligible compared with the total duration of the
entire process and phenomena. Such process is investigated
in various fields such as biology, physics, control theory,
population dynamics, economics, chemical technology, and
medicine. In addition, the improvement of the hypothesis of
the functional differential equation with infinite delay relies
on a choice of phase space. There are various phase spaces
which have been studied. Hale and Kato in [5] introduced a
common phase space &. For more details on phase space,
we refer to books by Hale and Kato [5], Hino et al. [6]
and papers [7-10]. For the study of impulsive differential

equation, we refer to papers [7, 8, 11-18] and references given
therein.

The purpose of this work is to establish the existence of
mild solution for impulsive fractional differential equation
with infinite delay:

D [u(®) + g (t,u)] = Alu(®) + g (tu)] +7 7 (t,),
te]=1[0,T], t#t
Uy =@ e€P,

Au(ti):li(uti), i=1,2,....,n, neN,
@

where 0 < T < 00,0 < g<1,A:D(A) c X — Xisa
closed and densely defined linear operator and infinitesimal
generator of a solution (resolvent) operator {Sq(t)}t20 on

Banach space X, and D{ denotes the fractional derivative

in Caputo sense and J:_q denotes the Riemann-Liouville
fractional integral operator. The history u, : (—00,0] — X
defined by u,(s) = u(t + s) for s € (—00,0] belongs to
some abstract phase space & defined axiomatically and I; €
CX,X)(i=1,...,n;0< ¢ty <t; <---<t,<t,,, =Tare
fixed numbers and Au(t) denotes the jump of the function u
at the point t, given by Au(t) = u(t") — u(t”). The functions
f,9:Jx %P — X are appropriate functions and satisfy some
conditions to be specified later.
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In [13], authors have considered the following impulsive
fractional differential equation in a Banach space of the form

Dlu(t) = Au(t) + f (t,u(t),

qe(0,1], te]J=1[0,T], t#t;
(2)

u (0) = Uy,

u(t))=u(t;)+y, i=12,....,m, neN,

where A : D(A) ¢ X — X is the infinitesimal generator of a
C,-semigroup {T(t) : t > 0} on a Banach space, f: J x X —
X is continuous, and u, y; are the element of X. Authors have
established some existence and uniqueness results for system
(2) under the different assumptions on initial conditions.

In this work, we adopt the idea of Wang et al. [13] and
establish the existence of a mild solution for the problem (1)
by using the measure of noncompactness and solution oper-
ator. The tool of measure of noncompactness has been used
in linear operator theory, theory of differential and integral
equations, the fixed point theory, and many others. For an
initial study of theory of the measure of noncompactness, we
refer to book of Bana$ and Goebel [19] and Akhmerov et al.
[20] and papers [9, 21-25] and references given therein.

This paper is organized as follows: In Section 2 we recall
some basic definitions, lemmas, and theorems. We will prove
the existence of a mild solution for the system (1) in Section 3.
In the last section, we shall discuss an example to illustrate the
application of the abstract results.

2. Preliminaries

Now we provide some basic definitions, notations, theorems,
lemmas, and preliminary facts which will be used throughout
this paper.

Let X be a Banach space and let C([0,T]; X) be the
Banach space of continuous functions u(¢) from [0,T] to
X equipped with the norm [yl = sup,comlly(®)lx and
LP((0,T); X) denotes the Banach space of all Bochner-
measurable functions from (0, T') to X with the norm

1/p
wm=<an@mm>_ 3)

Assume that 0 € p(A), that is, A is invertible. Then, this
permits us to define the positive fractional power A” as closed
linear operator with domain D(A*) ¢ H for « € (0,1].
Moreover, D(A%) is dense in H with the norm

7l = 14%1- )

It is easy to see that D(A”) which is dense in X is a Banach
space. Henceforth, we use X, as notation of D(A%). Also,
we have that X, — X, for 0 < a < «x and, therefore, the
embedding is continuous. Then, we define X_, = (X,)", for
each a > 0. The space X_,, standing for the dual space of
X, is a Banach space with the norm ||z||_, = [|A™%z]| for
z € X_,. For more details on the fractional powers of closed
linear operators, we refer to book by Pazy [26].

International Journal of Differential Equations

To consider the mild solution for the impulsive problem,
we propose that the set €([0,T]; X) = {u : [0,T] — X:
u is continuous at t #¢; and left continuous at t = t; and
u(t) exists, forall i = 1,...,m}. Clearly, #€([0,T]; X) is a
Banach space endowing the norm ||u| gy = sup;eo,r ()l

For a function u € P€([0,T];X) andi € {0,1,...,m}, we
define the function i; € C([t;,t,;,,], X) such that

_ u(t), forte(t,ti],

(1) {u (tf), fort=t,. ©)

For W c 2€([0,T]; X) and i € {0,1,...,m}, we have Wl =
{#r; : u € W} and following Accoli-Arzela type criteria.

Lemma 1. A set B ¢ PE6([0,T]; X) is relatively compact in
PE([0,T]; X) if and only if each set B~J (j =L2,....,m)is

relatively compact in C([t},t;,,],X) (j=0,1,...,m).

For the differential equation with infinite delay, Hale
and Kato [5] proposed the phase space & satistying certain
fundamental axioms.

Definition 2 (see [6]). A phase space & isalinear space which
contains all the functions mapping (—oo, 0] into Banach space
X with a seminorm || - || . The fundamental axioms assumed
on & are the following,

(A)Ifu : (—co,a+T] — X, T > 0isa continuous
function on [a,a+T] such thatu, € P and ul, ;1] €
P e PE(la,a+T]; X), then for every t € [a,a+T),
the following conditions hold:

(i) u, € &,
(i) Hllwll g = (o),
(iii) ol < Nt + a)llu,ll + Kt — a) sup{llu(s)l :
a<s<t}h

Where H is a positive constant, N,K : [0,00) —
[0,00), N is a locally bounded, K is continuous, and
H, N, K are independent of u(-).

(A1) For the function u in (A1), u, is a 9P-valued continu-
ous function for t € [a,a + T1.

(B) The space & is complete.

Now, we state some basic definitions and properties of
fractional calculus.

Mittag-Leffler. The definition of one parameter Mittag-Lefller
function is given as

00 k

z
Be (2) :,;r(am ’ (©)

and two-parameter Mittag-Leffler function is defined as

o) k =P o
z 1 u e
Ewp(2)=) 7 = —j —du,
P ,;F(az+ﬁ) 27i Jo po -z )

a, >0, zeC,
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where C is a contour which starts and ends at —oco and
encircles the disc || < |z]'/? counter clockwise. The Laplace
transform of the Mittag-leftler is defined as

- oo A«F
L(tﬁ lEoc,B (_P t )) = /\a+P¢x’

Re ) > pl/“, p>0.(8)

For more details we refer to [1].
Laplace transform of integer order derivatives is defined
as

n—1
L[F"(t);\] = A"L[F (0] - Y A"*'F*(0)
k=0

)

n—-1
= N"L[F ()] - Y X'F"™*(0).
k=0

Definition 3. The Riemann-Liouville fractional integral oper-
ator .7 is defined as

FIF (1) = ﬁ Jot (t — )T "F (s)ds, (10)

where F € L'((0,T); X)and q > 0is the order of the fractional
integration.

Definition 4. The Riemann-Liouville fractional derivative is
given as
D/F(t)=D! 7, F(t), n-1<q<n neN, ()

where D! = d"/dt", F € L'((0,7);X), and .7, F ¢
W™((0, T); X). Here, the notation W™!((0, T); X) stands for
the Sobolev space defined as

W™ ((0,T); X)
= {y €X:3zeL'((0,T);X):

n—1 tk tn—l
1) = _
y® };dkk!+(n—1)!

xz(t), te (O,T)}.

(12)

Note that z(£) = y"(t) and d; = y*(0).

Definition 5. The Caputo fractional derivative is given as

D;F(t) = ﬁ Lt (t=s)"""F"(s)ds, n-l<a<n,
(13)

where F € C"'((0,T); X) n L'((0, T); X) and the following
holds

n-1 .k
J1(DIF () = F (1) - Z%Fk ). (14)

k=0"""

Definition 6 (see [27]). A family {Sq(t)}tzo c Z(X) of
bounded linear operators in X is called a resolvent (or
solution operator) generating by A if the following conditions
are fulfilled:

1) Sq(t) is strongly continuous on R* and Sq(O) =1

(2) for x € D(A) andt > 0, Sq(t)D(A) c D(A) and
ASq(t)x = Sq(t)Ax;

3) Sq(t)x is the solution of the equation

VR S P
u(t)=x+ Q) L (t — )T Au(s)ds, )

VxeD(A), t=0,

where Z(X) denotes the space of all bounded linear opera-
tors from X into X endowed with the norm of operators.

Also, the solution operator Sq(t) for (15) is defined as (see
(27])

AT AT - A) M x = J eiMSq (t)xdt, Red>w, x€X,
0
(16)

where w > 0 and {A? : Re A > w} C p(A).
Let

Y (@,0) ={AeC:arg(A - w)| < 6} 17)

Definition 7 (see [27]). A solution operator Sq(t) is said to be
analytic if Sq(-) : RY - £(X) admits analytic extension
to a sector ) (0, 6,) for some 0 < 6, < 7/2. Furthermore, An
analytic resolvent S_(f) is said to be of analyticity type (w,, 6,)
if, for 6, > 0 and w, < w, there exists M = M(w, 0) such that
1S, < Me“®¢% for z € Y(0,6); here Re z means the real
part of z.

In this work, we assume that solution operator {Sq(t)}t20
is analytic; that is, {S,(£)}, satisty the following property.

(HA) The map t Sq(t) is continuous from [0, T'] to Z£(X)
endowed with the uniform operator norm || - || (x)-

Without loss of generality, we have that there exist a
positive constant M such that IS, < M, fort > 0.

Definition 8 (see [19]). The Hausdorff measure of noncom-
pactness y, is defined as

Xz (F) = inf {e > 0: F can be covered by finite

number of balls with radius e} ,
(18)

for bounded set F ¢ Z, where Z is a Banach space.

Lemma 9 (see [19]). For any bounded set U,V C Y, whereY
is a Banach space. Then, the following properties are fulfilled:

(i) xy(U) = 0if and only if U is pre-compact;



(ii) xy(U) = xy(convU) = XY(ﬁ), where convU and U
denotes the convex hull and closure of U, respectively;

(iil) xy(U) € xy(V), whenU c V;

(iv) xy(U+V) < xyU) + xy(V), whereU+V ={u+v:
uelU,veV}

V) xy(U UV) < max{xy(U), xy(V)}
(vi) xy(AU) = A - xy(U), for any A € R;

(vii) if the map P : D(P) ¢ Y — Z is continuous
and satisfies the Lipschitsz condition with constant «,
then we have that x+(PU) < kxy(U) for any bounded
subset U € D(P), where Y and Z are Banach space.

The details on the measure of noncompactness and its
applications can be found in a book by Banas and Goebel [19]
and papers [9, 10, 21, 23, 24].

Lemma 10 (see [19]). A bounded and continuous map Q :
D ¢ Z — Zisa yy-contraction if there exists a constant
0 < x < 1such that x,(Q(U)) < xx,(U), for any bounded
closed subset U C D, where Z is a Banach space.

Lemma 11 (see [28]). Let D C Z be closed and convex with
0 € D and let the continuous map Q : D — D be a y,-
contraction. If the set {u € D : u = AQu, for 0 < A < 1} is
bounded, then the map Q has a fixed point in D.

Lemma 12 ((Darbo-Sadovskii) [19]). Let D C Z be bounded,
closed, and convex. If the continuous map Q : D — Disa
Xz-contraction, then the map Q has a fixed point in D.

In this work, we consider that y denotes the Hausdorff
measure of noncompactness in X, y- denotes the Hausdorft
measure in noncompactness of C([0, T]; X) and y ¢ denotes
the Hausdorftf measure of noncompactness in ([0, T]; X).

Lemma13 (see [19, 21]). IfU is bounded subset of C([0, T]; X).
Then, one has that y(U(t)) < xc(U), for all t € [0,T], where
U(t) = {u(t);u € U} € X. Furthermore, ifU is equicontinuous
on [0,T], then y(U(t)) is continuous on the interval [0, T] and

xc(U) = sup {xU@®)}. 19)

te[0,T]

Lemma 14 (see [19]). If U < C([0,T]; X) is bounded and
equicontinuous set, then y(U(t)) is continuous and

X <LtU(s) ds) < Lt)((U (s))ds, Vtel0,T], (20)

where J‘Ot U(s)ds = {Iot u(s)ds, u € U}.

Lemma 15 (see [29]). (1) If U ¢ P€([0,T]; X) is bounded,
then x(U(®)) < xpU), for allt € [0,T], where U(t) =
{fu(t) :ueU} c X.

(2) If U is piecewise equicontinuous on [0, T, then y(U(t))
is piecewise continuous for t € [0, T] and

Xoe (U) =sup {x U (1)) : t € [0,T1}. (21)
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(3) IfU c P6([0,T]; X) is bounded and equicontinuous,
then y(U(t)) is piecewise continuous for t € [0,T] and

t t
X(J U (s) ds> < J xWU(s)ds, Vtel0,T], (22)
0 0
where j; U(s)ds = {fot u(s)ds : u e Ul

3. Main Results

In this section, we will establish the existence results of
solution for (1) by using solution operator and Hausdorff’s
measure of noncompactness.

From [13], we adopt the following concept of solution for
impulsive differential problem (1).

Definition 16. A piecewise continuous function u
(—00,T] — X is said to be a mild solution for impulsive
problem (1) if uy = ¢, u(-)|; € P€ and

S, ) [¢(0)+g(0.9)] - g(t:u)
+Jt8q (t-3s) f (s,u,)ds, te[0,t,],
0
S, [90)+g(0,9)] - g(tu)
+8, (t=t,) 1y (u,) + S, (£ 1))
x[g(tr e, + 1 (w,))
-9 (tim,)]
t
u(t) = - +J08q (t-3) f (s,ug)ds, te(tpt,],
S, [9(0) +g(0,9)] - g(tu)
+3'8, (t—t) I (u,)
i=1
+Y'S, (t-t)
i=1
x[g (tou, +1(w,)) - g (t )]
+J S, (t =s) f (s,ug)ds, te(t,T],
° 23)
where
5,0 = 5 | MATR(Y, A)dM (24)
T

Now we list the following assumptions which are required
to establish main results.

(Hf) The function f: J x » — X satisfies the following
conditions:

(1) the function f(,u) J — X is strongly
measurable for every u € &% and u, € 2,
ul; € P6;

(2) f(t,r) + #» — X is a continuous function for
eacht € J;
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(3) there exists an integrable function m ¢
[0,T] — [0,00) and a nondecreasing contin-
uous function Q : [0,00) — (0, co) such that

If @0l <m;@Q(lxly), Te) xe P (25)

(4) there exists an integrable function # : [0,T] —
[0, 00) such that, for any bounded set B ¢ %, we
have

X(S, @ f@B)<n(®) sup x(BO); (26

—00<60<0

for almost everywhere 7 € J, where B(0) = {u(0) :
u € B}.

(Hg) (1) For0 < B < 1, Aﬁg(', -) is Lipschitz continuous
function for all (£, v) € J x & and there exist positive
constants C; and C, such that

|4%g &, w)| < Cyllully + Cs; (27)
(2) there exists a constant L >0 such that
|4 g tw - APge )| <Lglu-vip  (28)
forallu,v e .

(HI) The functions I, X - XG0 = 1,...,n)
are continuous functions and satisfy the following
conditions:

(1) There is a constant L; > 0 such that
||I,» (w) -1 (v)|| <Liu-v|p VYu,veR (29)

(2) There exist positive constants L j (j =1,2) such

that
1% @l = Lillullp + Ly, (30)
forallu € 2.
(H1)
S o[
where

¢, = (MK.H + Ny + MC, [AP| K;) o]
+ K Gy AP (M + 1) + Ky (nML, (14 L)),
PR

T1-g
(32)

G=[|aP|C+nML, (1+L,)]Kp <1,

(H2)

Kp[|AP| Ly + ML+ MnL, (2+L))] + r n(s)ds < 1.
0
(33)

Now, let z : (—00,T] — X be a function given by z, = ¢ and
z(t) = Sq(t)go(O) on J. It is easy to see that [|z,[|,, < (K;MH +
Np)loll 5, where K = sup,_, - K(t), Ny = supy_,.-N(t).

Theorem 17. Suppose that hypotheses (HA), (Hf), (Hg), (HI),
and (H1)-(H2) are satisfied. Then, there exists a mild solution
for the impulsive problem (1).

Proof. Consider the space S(T) = {u : (-00,T] = X :u, =
0,ul; € 9} endowed with supremum norm | - || . Define the
operator Q : S(T') — S(T) by
(Qx) (1)
0,
S, (®) g (0,9) —g(tsu, +2,)
+J S, (t =s) f (s,us+z,)ds,
0
Sq ) g(0,9)~g(t,u, +z)
+8,(t=t)) I, (u, +2,)+S,(t-1,)
x|gtpuy +2z, + 1 (uy, +2,

t € (—00,0]

teo,t,],

:_g (t1> Uy +2zy

+J08q (t=s) f(s,u,+z)ds, te(t,t,],

(34)

S, g (0,9) =g (t.u, +2,)
+Y'S, (t-t)], (uti + zti)
i1

+i8q (t-t)

1
X [g (ti,uti +z, + I; (”ti + zti))
t_g (ti’”ti +z,

+JOSq (t-3) f(s,u,+z,)ds, te(t,T],

and we have that

ot + 2|

< sl + [zl

<K (#)sup {lu(s)] : 0= s <t} + N (8) Juo)

+ K (t)sup{lz(s)] : 0 < s <t} + N (1) |12]| s
<K@ llull, + K (t) MH|¢|| 5, + N () [ 9]
< (KyMH + Ny) [l¢] 5 + Kz lull

where [lull, = supy..,lu(s)ll. Thus, Q is well defined and
with the values in S(T') by our assumptions. By Lebesgue
dominated convergence theorem, axioms of phase space
and assumptions (Hf), (Hg), and (HI), it is clear that Q is
continuous map. Furthermore, by uniformly continuity of
the map t — §4(t) on (0,T], we obtain that set Q(S(T)) is
equicontinuous. We prove the result in following steps.

Step 1. The set {u € PE€ : u = AQu, for 0 < A < 1} is
bounded.

Let u, be a solution of u = AQu for 0 < A < 1. Therefore,
we have that

luxe + 25 < (KeMH + Np) ol g + K]l (36)



Take vy (t) = (KsMH + Np)loll g + Kplluyl,, for t € J. Then,
we get that for t € [0, ¢,]

e O] = [AQur )] < Quy B
<M [AP| (Clo],+Co) + AP (Cva () + Cy)
+M Jtmf (5) Q (v, (s))ds.
0
(37)
Fort € (t,,t,], we have
lur )] < M |47 (o] + C2)
+ "A_ﬁ" (Cva () +Cy) + ML (va (81))]
+ Mg (t, vy () + L (v (1)) = g (5,72 (1))
+M Jt my(s) Q(v) (5))ds,
0
< M||AP| (C gl + Co) + [AF| (Civa () + Cy)
+ M (Ly (va () + Ly)
+ ML, (Lyvy () + L)
+M Jt my(s) Q(v) (s))ds.
0
(38)
Fort e (t,,T],
| 0 < M| AP (C\ll9]l 5+ Co) + A (Cova () + )
+nM (Ly (vy (8)) + L) +nML, (Lyvy (8) + L)
+M Jt mg (s) Q(vy (s))ds.
° (39)
Therefore, for all t € [0,T] = J, we have
Jur O] < M |aAF| (Cllg] 5 + C2)

+ "A_B" (Civy () +Cy) +nML, (1 + Lg) vy ()
t
+nML, (1 + Lg) +M L my (s) Q(vy (s)) ds,
< M ] ol +C)
+|a|c, +nmL, (1+L,)
+(JaP]cy +nMLy (1+L,)) v, ()

t
+M L my (s) Q(vy () ds.
(40)
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From v, (t) = (KzMH + Np)loll 5 + Krllu, ll,, it implies that
vy (t) < (MKyH + Ny + M ||A‘ﬁ|| CKr) o]l
+Kp A7 C, M+ 1) + Ky (ML, (1+ L))

+ K (a7 C+nMLy (1+L,)) vy ()

t

+ MKy L my (s) Q(vy (s)) ds,

(41)
and consequently,
G MKp (f
vy (t) < e T 2 L my (s) Q(vy (s)) ds, .
. MK; [
=d+TE L m, (5 (v, (5)) ds,
where

¢ = (MKTH + Nr + MC, ||A7ﬁ|' KT) "‘P"gD
+ Ky [AP| Gy (M + 1)+ nKp ML, (14 L), (43)
G =Ke[|AP|Cy+nML, (14L,)].

Let £,() = d + (MKp/(1 = §y)) |3 m ()&, (s))ds. Thus
£,(0) = d. Therefore, we get

NG KM
& (©) KM
QG m)  1-¢
Integrating above inequality we have that

QO ds  KpM (* © ds
L Q_(S)SI—CZ me(s)ds<L o0 (45)

(t). (44)

It gives that the functions &, (¢) are bounded on interval J.
Therefore, the functions v, (¢) are bounded and u, (-) are also
bounded on J.

Step 2. The map Q is a y-contraction.
Firstly, we introduce decomposition of Q into Q = Q; +
Q,, for t > 0 such that

[5,)9(0,9) - g(tu, +2,),
te[0,t],

A ) g(0,9) - g(t,u, +z)

S )1 (5 2) ¢ 35, (1)

i=1 i=1

X [g (ti’ut,- +2z; + I (u,i + zt_))

—g(tu, +2z, )|,
te(tytpl m=123,...,m

Quu(t) = 1

i=
i

t

Qu(t) = L S;(t=s) f(sus+z)ds, tel0,T].
(46)
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To prove the result, we firstly show that Q, is Lipschitz
continuous. For x,x, € S(T) and t € [0, ¢,], we have that

||Q1x1 (1) = Qx, (t)" = ”9 (t,xy, +2,) = g(t: x5 +2,)

|,

S ”Ails“ Lg "xlt - x2t“ .

(47)
Fort € (t,,ty)sm=1,2,...,n we have
1Qux, () = Qix, @)
< AP L )%, = %ol o + MML |, = x5,
+ MmL (2 + L) [|x1, = %] (48)

=K [|AF| L, + mML, + MmL, (2+L;)]

x |lx - |-
Thus for t € [0, T] we have
“Q1x1 (t) - Qx, (t)“

<K [|AF| L, +nML, + MaL, (2+L;)]  (49)

X [lx = xa |-
Taking supremum on [0, T], we get
|Qix - Qix,

<K [|AP|L, +nML; + MnL, (2+L;)]  (50)

X [|xy = x| -

Hence, it implies that Q, satisfies the Lipschitz condition with
Lipschitz constant L, where L = Kp[|A|L, + nML; +
MnL ,(2+Ly)).

Therefore, from Lemma9 (vii), we have that for any
bounded set B € &

X7z (Q1B) < Lygg (B). (51)

Next, we show that Q, is a y-contraction. Let B be an
arbitrary bounded subset S(T'). Since Sq(t) is equicontinuous
solution operator, therefore S, (t — s) f (s, u + 2,) is piecewise
continuous. From Lemma 9, we have that for any bounded
set B € 96,

t
x(QB(1) = x (L S, (t —s) f (s, B +2,) ds)

sup Yy (B(s+w)+z(s+w))ds

—00<w<0

SEnw

7
t
< J n(s) sup x (B(1))ds
0 0<7<s
t
< Xoz (B) L n(s)ds, tel0,T].
(52)
Thus for any bounded set B € €
Xo% (QB) = X% (QB+Q,B)
< Xow (QiB) + X (Q2B) (53)

< <L + Lt 1(s) d5> Xow (B).

By the assumption (H2), we obtain that y4¢(QB) < yoe(B);
that is, Q is a contraction. Therefore, Q has at least one fixed
point in Bby Darbo fixed point theorem. Let u be a fixed point
of Q on §(T), then y = u + z is a mild solution for (1). O

Theorem 18. Suppose that (Hf), (Hg), and (HI) are satisfied
and

K; [||A*ﬁ|| C,+nML, (1+L,)]

Q1) (54)

T

<1.

T
+ L my (s) dsrli_{réo sup

Then, there exists a mild solution for the impulsive problem (1).

Proof. Proceeding as in the proof of Theorem 17, we infer that
Q defined by (34) is continuous from S(T') into S(T'). Next we
indicate that there exists 7 > 0 such that Q(B,) C B,, where B
is defined by B, = {u € S(T) : ||ully < r}. To this end, let us
assume that assertion is false, then for any r > 0 there exists
u, € B, and t, € J such that r < [|Qu,(¢,)|. Therefore, for
t, €[0,t;] and u, € B,,

r< ”Qur (tr)” <M "g (t’ (P)” + ”g (t’ urtr + Ztr)”
t
+M JO my (s) Q(||u, +z]) ds,

+C2)

<Mlg &) + A7 (Culur, +2,

P

t
# M [ im0 (Ju, + 2 ds,

<M|g(to)| + A7
x (C, (KyMH + Ny) |¢| ;5 + CKyr + Cy)

t
+M JO m (s) dsQ ((KrMH + Np) ¢ 5 + Ky7)

=71,
(55)



Fort, € (t,,t,], we have

r<lQu, (&) < Mg (&)l

+ar (S, +,

P C2)
+M (L1||um +z, ||@ + L2)

+ML, (L1||u,tr + Zt,”g: + L2)
t
+ M [ g 90l + 2 ) s,

< Mg (t.o)]+ a7 6)
x (C, (KyMH + Ny) |¢| 5 + CKyr +C,)

+ M (L, (KMH + Np) ¢

o+ L Kpr+Ly)

+ ML, (L, (KyMH + Ny) |l + L Kpr + L)
+M Lt m (s) dsQ ((KyMH + Ny) ||o]|, + Ky7),
=1.
Fort, € (t,, T], we have

r < [Qu, (t)] < M|g (s 9)|
+ “A_ﬁ" (Cy (KpMH + Nr) |l¢]|» + C1 Ky + Cy)

+nM (L, (KrMH + Nyp) H‘P"gv +L,Kyr + L)

(57)
+nML, (L, (KzMH + Np) |¢| 5 + L1 Ky + L)

t
+M L my (s) dsQ ((KrMH + Nr) |l + Krr) s

= Tn)

which implies that r < max{ry,7,...
conclude that

,7,}. Therefore, we

r<Mlg(to)]+ a7
x (Cy (KpMH + Np) [|¢|5 + C1Kyr +C,)
+nM (L, (K;MH + Nyp) ||| + L, Kyr + L) (58)
+nML, (L, (KyMH + Np) @[5 + L K7 + L)

t
+M JO my (s) dsQ ((KrMH + Ny) Il + Krr).

International Journal of Differential Equations

We divide both the sides of (58) by » and letting r — o©o0, we
obtain that

1< Kp[|AP|C, +nML, +nML L]

T
+MI mf(s)ds
0

(59)

o i Q((KyMH + Ny) "‘P”@ + Kyr)
10, SUP . .
<Ky [||A*ﬁ|| C,+nML, (1+L,)]

T . Q(7)
+ L mg (s) dsTIeréosup —

This contradicts the inequality (54). Hence, there exists a
positive constant » > 0 such that Q(B,) ¢ B,. Moreover, by
uniform continuity of the map ¢t — Sq(t) on (0, T], we have
that set Q(B,) is equicontinuous. As the proof of Theorem 17,
we infer that system (1) has a mild solution. O

4. Example

In this section, we consider an example to illustrate the
application of the theory. Here we take the space Cox L*(h, X)
as the phase space & (see, [7]).

Now we study the following fractional differential equa-
tion with infinite delay:

44 t b
e [u (t,x) + J_OO Jo b(t—s,px)u(su) dptds]

2

= % [u(t, x) + J_too Lﬂb(t —s,px)u (s, u) dyds]

t
+ ftlfq J ftt—=sxu(s x))ds,

te[0,T], x€[0,m],
u(t,0)=u(t,n)=0, 0<t<T,

u(t,x)=¢(1,x), 0=7, x€[0,7],

t,
Au(tk,x):Jk ap (t—s)u(s,x)ds, k=12,...,n,
N (60)

where ¢ € Cy x L*(h;X)and 0 < t, < --- < t, <t,,, =T are
prefixed numbers. Let X = L*[0, 7] and consider the operator
A:D(A) c X — Xas Av = V"' with the domain

D(A) = {v € X: v are absolutely continuous and V'eX,

v(0)=0=v(m}.

(61)
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Then,

A= inz (v,v,) v,y veD(A), (62)

n=1

Here v,(x) = +/(2/m)sin(nx), n € N is the orthogonal set
of eigenvectors of A. It is clear that A is the infinitesimal
generator of an analytic semigroup {S(t)},5, in X which is
given by

St)v= Zefnzt (vv)v,, YveX, t>0. (63)

n=1

By Theorem 3.1 in [27], we get that A is the infinitesimal
generator of solution operator {Sq(t)}tzo and there exists a

positive constant M such that ||Sq(t)||3(x) < Mfort € [0,T].

The functions b, f, a; satisfy the following conditions:

(1) the functions b(s, u, x), (0b/0x)(s, 4, x) are measur-
able such that b(s, u, w) = b(s, 4, 0) = 0 and

(64)

2) f: R* — R is continuous and there exist a n:
C(R?* R) such that

"f (tl,tz,x,u)“ < W(tl’tz) fluell ,
[0,00) - R,k =1,2,...

(t),ty,x,u) € RY(65)

(3) the functions a; :
continuous and

0 2 12
L= (j_oo %ds) < 00. (66)

,h are

The impulsive system (60) might be reformulated as the
abstract impulsive Cauchy problem (1) where
0 T
g9 = [ berneGy)dyds

0

Fe$) = [ flosngsn)ds

—00

(67)
0

L. (¢) (x) = Jmak(s)¢(s,x)ds, k=1,...,n.

It may be verified that g, F satisfy the assumptions (Hf), (Hg),
and (HI); that is, g(t,-) and I, k = 1,...,n are bounded
linear operators and the range of g(-) is contained in X, ,,
||A1/2g(t,-)|| < Ly il < Lk = 1,...,n and |F(t, ¢)| <
mp(H)¢ll, for every t € [0,T], where mp(t) is defined as
mp(t) = (Jlo00 n(t, s)z/h(s)ds)l/z. Applying Theorem 17, we
obtain that problem (60) has a mild solution.
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