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Stability of iterative roots is important in their numerical computation. It is known that under some conditions iterative roots of
orientation-preserving self-mappings are both globally C° stable and locally C" stable but globally C' unstable. Although the global
C' instability implies the general global C" (r > 2) instability, the local C" stability does not guarantee the local C" (r > 2) stability.
In this paper we generally prove the local C" (r > 2) stability for iterative roots. For this purpose we need a uniform estimate for
the approximation to the conjugation in C" linearization, which is given by improving the method used for the C" case.

1. Introduction

Let I := [0,1] and let C"(I,I), r > 0, be the set of all C" self-
mappings defined on I. An iterative root of order k of a given
self-mapping F : I — I isa self-mapping f : I — I such
that

ff(x)=F(x), Vxel, 1)

where fk denotes the kth iterate of f, defined by fk(x) =
f(fk_l(x)) and fo(x) = x for all x € I inductively. The
study of iterative roots was started long ago, at least about
two hundred years ago when Babbage published his paper
[1]. In recent decades, regarded as a weak version of the
embedding flow problem for dynamical systems [2, 3], the
problem of iterative roots attracted great attention in the field
of dynamical systems [3, 4] and functional equations [5-8].
Based on the work for monotonic mappings [6, 7], advances
have been made to nonmonotonic cases [8-11], self-mappings
on circles [12, 13], set-valued functions [14, 15], and high-
dimensional mappings [16, 17].

Because of the potential in extensive applications (e.g.,
to information processing [18, 19] and graph theory [20]),
numerical computation [21, 22] of iterative roots became an
important task, which demands approximation to iterative
roots and considers stability of iterative roots. In 2007 Xu

and Zhang [23] proved C° stability for iterative roots on a
closed interval with exact one fixed point at an endpoint.
This result is substantially a local C° stability because the
stability is totally decided by the behaviors of the itera-
tive root in a sufliciently small neighborhood of the fixed
point. In [24] results of global C° stability are given, where
the global sense means the stability on a closed interval
bounded by two fixed points. Recently, it was proved in
[25] that iterative roots of every orientation-preserving self-
mapping on the interval are locally C' stable but globally
C' unstable.

In this paper we generally consider C" (r > 1) stability of
iterative roots. It is clear that the global C' instability given in
[25] implies the general global C" (r > 2) instability because
C' approximation is the most fundamental requirement for
C" approximation. However, the above result of local C'
stability does not guarantee the local C" (r > 2) stability. In
this paper we concentrate on the local C" (r > 2) stability
for iterative roots of orientation-preserving self-mapping on
I. Clearly, the given mapping is a strictly increasing function.
The local C" (r > 2) stability is proved by approximation
to the conjugation in C" linearization. In order to give an
estimate to the approximation uniformly with respect to the
order of iteration, we improve the method used in [25] to
obtain lower growth rate for given functions under iteration.


http://dx.doi.org/10.1155/2014/743032

——y=Ax

S
1}

b mLINLLLLN
k)

FIGURE 1: h € " (M).

2. Preliminaries

In order to state our results clearly, we first pay attention to
the existence of C" (r > 2) iterative roots of increasing C” self-
mappings on a compact interval including exactly one fixed
point which is hyperbolic. In some sense, this is a local case.
For each A € (0,1) and integer r > 0, let

H(N)={heC (I,I): h(0)=0, K (0) = A, K (x) >0,
h(x)<x,VxE(0,1]},
H (N :={heC (IL,D):h(1)=1, K1) =1 K (x) >0,

h(x) > x,Vx €[0,1) }
(2)

(cf. Figures 1 and 2) together with the norm
IRl = sup 1 (x)| + - + sup [h" (). 3)
x€l xel

In what follows we only discuss the first class because 7", (1)
can be converted to %" (1) by considering G(x) = 1-F(1-x).

Given integers k,r > 2, a function F belonging to the
class [ye(,1) #" (1) has a unique kth order C" iterative root
f defined on I, which is strictly increasing and is given by the
formula

f)=9" (M), (4)

where ¢ : I — R is the principal solution of Schroder’s
equation

¢ (F(x)) = Ap (x). ©)
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FIGURE 2: h € " ()).
The principle solution is given by ¢(x) = lim,, _, , A" F"(x),

satisfying C" differentiable in I with (p'(O) = land ¢(0) =0
and strictly increasing by Theorem 6.1 in [6]. Moreover, the
proofs of Theorem 3.5.1 in [7] and Theorem 4.5 in [6] show
that

9" (x) = Tim A"(F")" (x). (6)

Note that the aim of this paper is to consider the local C"
(r > 2) stability for iterative roots. Then we recall the formula
for higher order derivatives of composition ([26, page 3]).
Namely, for integer m > 1,

P
GeH)™ ()= Y P H)][[HY %), @)
weQ(m) g=1

where Q(m) == {(ps ji,-. > jp) : 1< p<m, ji+--+j,=m
and j, > 1forallg = 1,..., p}. Here ¢, is a positive universal
constant, which is independent of G and H. Then we have the
following lemma.

Lemmal. Let F € %" (L) withsomer > 2 and A € (0, 1) and
let (F;) be a sequence of functions in " (A) satisfying condition

Jim |Fi = F], =o0. ®)

Then, for a given number u € (A, 1), there exist an L > 1, an

€> 0, and an N, € N such that
n (1) n n\(m) n

(Y™ @< |[EP s

n n AN .0 L .,
|F' (x) - F (x)|s{<l+”_A>M l_ﬂ;\ }||F,-—F||1

(10)

foralli> Ny,neN,and0 <m < randforallx € I, := [0, ].
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Proof. Let K := 2||F||, and choose a sufficiently small ¢ > 0
such that A + Ke < 1 and supxdle'(x)I < u. Then by the
mean value theorem,

IF ()] = |F (x) - F (0)] = |F' (&,)] I«
<|[F O|lxl+|F' (&) - F @]Ix D)
< Alx| + K|x|?

forall x € I.In particular, |F" (x)] < (A+Ke)" * foralln > 1
and x € I,. It follows that

IF" ()] < M| ()] + K|F" (o)
<A+ KA+ Ke)" P ()]
n—1
{1+ K(A + Ke)*} | x| (12)
s=0
n—1
= V'] [{1+ KA (A + Ke)'} x|
s=0
<L,\", Vxel,

where Ly := [[X5{1 + KA' (A + 17e)°} € (1, +00).
Then we give the proof of the first inequality given in (9)
by induction on m greater than 1. From (7), write

(F)" @) = F (F @) (F) " )

p
w3 @F? (P @) ) e

p=2 gq=1
weQ(m)

(13)

When m = 1, the second term is absent. Applying (12) and by
induction, we have

(" ] = [F' (" ) (F) )

<{|F' O] +]F (F @) - F O} [(F) )

{
< A+ KL (P )

3
,_‘

{)L + KL,A*} |x|

%
Il
o

n—

=V [{1+KLA }Ixl < L, A", Vx e,

1
s=0
(14)

where L, := H:fg{l + KLO/\S’I} € (1, +00). Further, assume
that the first inequality in (9) holds for all m < € < r. Let
© =Y 1or wea(ern) chl_[;:qu. Noting that A € (0, 1) and

L(x) - F' (0)

Vx €I,

[F'(F"' )| < |[F ] +|F" (F"
(15)
<A+ KLA™ !,

3
we get
) 0
= |F'(F"" (x)) (F“*l)(“” (x)
p
£ WFY () [
p=2 q=1
weQ(L+1) (16)
< (A + KL )| () (x)l + @AY
n-1 n—-1
< )L”H (1+KLA ) +©) A% [] (A + KL,
s=—1 t=0 s=t+1
n-2 n-1 n-2
= A" ] (1+KLoA%) + @A"Y X [ (1 + KLpA%)
s=—1 t=0 s=t
< L€+1/\n
inductively, where
+00
Ly, = { [T +Lokx)
= 17)

+ @Z)tt 11_[ 1+KL0)tS)}> € (1,+00).

s=0

Put L := max{L,L,,...
in (9) is proved.

It follows from (8) that there is an N, € N such that if
i > Ny, then ||F||, < 2|F|, = K and superEIFi'(x)I < u. Thus,
by the same procedure as before, we can prove the second
inequality given in (9).

In the following, we are going to prove inequality (10). It
is clear that (10) holds when n = 1. Further, assume that (10)
holds for n = € € N. It follows that

,L,}. Then the first inequality given

'E‘EH (x) _ F€+1 (x)'

= |F (K () - F (F* )
F (F ()]
F(F ()]

< 2qu |E ©|- |Ef (x) - F* ()]

|F (F (x)) -

+ 'Fi (F (x)) -

+sup |(E, = F)' ©)] - |F* ()|

<y 'Fle (x) - F* (x)| + L/\€||F,- -F|,



S#{<1+‘ML_AA>#€-1_ yf/\/\e}

><||F1—F||1+L/\€||Fi—F||1
LA e L e+1} a
{12 ) - -

foralli > N, and for all x € I,. Thus, we can obtain (10) by
induction. This completes the proof. O

(18)

In Lemmal we gave a better estimate for F* and F;
and their derivatives than that given in [25, Lemma 2.1]. In
Lemma 1 the growth rate on 7 is much lower in the sense that
the constant LA" given in (9) tends to 0 as n — +oo faster
than the constant 4 given in (2.4) of [25].

3. The Main Result

Our aim of this section is to prove the following stability
result.

Theorem 2. Given integers k,v > 2, let F € HN) with
some A € (0,1) and let (F;) be a sequence of functions in
Z). I

hm "F F"r+1 ’
19)
F™(0) = E™(0), Vm=2,...,r,
then
im [[fi- f], =0, (20)

where f and f; are unique kth order C" iterative roots of F and
F, respectively, defined on I.

In order to prove Theorem 2 we need the following lemma
on C" stability of Schréder’s equation.

Lemma 3. Given an integerr > 2, let F € X (A) with some
A € (0,1) and let (F;) be a sequence of functions in P2AN0)
satisfying condition (19). Then

lim [l¢; - ¢, =0, (1)

i— +00

wherep : I — Randg; : I — R are the principal solutions
of Schroder’s equations @(F(x)) = Ag(x) and ¢,(Fi(x)) =
Ag;(x), respectively.

Proof. From (6) we can see that

(P(m) (x) = ) liTOOA—n(Fn)(m)
(22)
" () = lim A™"(E)™ (x)

for allm € [0,7] N Z and x € I. In what follows we intend
to discuss our results in a sufficiently small interval I, first
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and extend them to the whole interval I, where ¢ is given in
Lemma 1.

In order to prove the convergence of the sequence (¢;)
in I, we claim that there exists a constant M,,, which is
1ndependent of n, such that

" () - (B

" ()| < My|F = Fl,
(23)
Vx eI,

where m =0, 1,...,7. If (23) is true, then we get

o™ () = 9™ )| = tim A |(E)™ () = (F) ()
< M,|F, - F|,,,, Vxel,

(24)

implying the stability in I,. Next, we extend the result (24)
from I, to the whole interval I. As indicated in [25], we have

lim ||F -F" || 0,

i— +00

Vn e N, (25)

by (8) because the composition operator is continuous by
Example 4.4.5 in [27]. Moreover, since 0 is the unique stable
fixed point of F in I and by (8), there is an integer N € N
such that FN(x),FiN(x) € I, foralli € Nand x € I. Then,
according to Schroder’s equation, we can obtain the formulae

9(x)=A"G(FY (), 90 =275 (F (%),
Vx €,
(26)
whereg := ¢|; and ¢; = ¢|;. Then by Lemmal and
from (24), (26), and the uniform continuity of (p(m), we get
lim; _, o ll¢; — ¢ll, = 0 and

o™ (x) - ™ ()|

)4
Y e (B ) [J(E) Y @
weQ(m) gq=1
(p) : <Jq
T e ()] o)
weQ(m) q=1
P
AN Y ol (BN @) [T @
weQ(m) q=1
p j
()16 )
gq=1

S

weQ(m)

{'~(P) F (x P)(F (x))'

H

=1

(FY Jq (x)‘ 169 (F¥ ()|
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[ 0 [

o {Lp/\PN

<Ay

weQ(m)
< (|o” (BN (x)) -

| ~(p) F (x)

@(P) (FzN (x))|
77 (F* )))

+ 1P IAP 1N|~(P F (X))|

ol Lt

I {Lp/\pN

<Ay

we(m)
x (M,|F, - F|,,,
|67 (Y ) - (FY )] )
+ LPIAPON G (BN ()|

X “Fl _FN“r+1

_)0

(27)

asi — +ooforallm=1,...
proof is completed.

In the following, we will prove the claimed (23) by
induction on m. Clearly, (2.11) in [25] and what is indicated
above the proof of Theorem 2.1 in [25] show that (23) holds
for m = 1 and m = 0, respectively. Then we suppose that (23)
is also satisfied for all m € [1,¢], where 2 < £ < r, and we
will prove (23) for m = €+ 1. Our strategy is to prove that, for
given s € N, there exists M,,(s) such that

,7. Hence, (21) is proved and the

21 (Fis)(e‘*'l)

—(F)* (x )| < My, (5)|F, - F|

r+1

(28)

and (M,,,(s)) is a bounded sequence whose upper bound
satisfies (23). Clearly, for s = 0 we can find constant M,,,(0)
satisfying (28). Then, assume that there exists M,,,(s) such
that (28) holds for any s = 0,...,n — 1. Applying Lemma 1
and the inductive hypothesis, we have

in)(€+1)

(F )(€+1 (x)|

X ) 8

)(€+1) (x)

P
" Z CwFi(p) (Fin—l (x)) 1—[( o 1)(Jq

p=2 g=1
weQ(e+1)
_F (Fn—l (x)) (Fn—l)(€+1) (x)

=Y wr o () [T )P @

p=2 g=1
weQ(e+1)

LE @) (ET) Y )

s/\”{

_FI (Fn—l (X)) (Fn_l)(€+1) (x) |

P
F(P) nl (Jq
+ pZ (F~ )g( )
weQ(e+1)

P .
—#waﬂ*unfﬂF”UWRmH

q=1

< A'Myyy (n- D |E (B 0)||E - F|

r+1

+ LA Ay, (%)

)
p=2
weQ(6+1)

W LA A L)

P
p-14(p-Dn-p
+ZM# A
=1

< [P (5 )| - o}
(29)

where A, (x) = |FP(F/(x)) - F?(F"(x))|. By Lemma
and condition (19), we obtain that |Fi'(Fi"_1(x))| < IFi'(O)| +
|F/(F"'(x)) - F/(0)] < A + LyA™,

[F? (F"' ()| < [F? 0] + [F? (F" (x)) - F (0)]
<n+LyA"h,
Apy (x)
<|F? (B () = FP (' () - P (0) + F? (0)]

+ |F(P) (F;n (x)) _ F(P) ( n

< LX"|E; = F||,,, +n|F (x) = F" ()]

LA n—1 n}
L,
—A)” )

r+1

<LV|E~F|. +n {(1 .

x||F; - F,

_ LA n-1 _ n ) n} _
() (- ) i A

(30)




where 7 := 2| F||,,, and y is given in Lemma 1, for all x € I,
0< p<r,i>N,yandn e N. It follows that

in)(€+1)( (F )€+1) |
L_/\A ) Lﬂﬂn_z/\_l

s{(1+L17A”‘2)Mm(n—1)+<1+V
(1= e Z}IIF ..,

e
-2
p>2 {

weQ(e+1)

Mn—ZA(p—l)n—p

U p+14pn—p-1
1-—— LA
+< M—A>

p
+(1+12"7) LP“nA(P‘””‘PZIqu}
P

x||F; - F|

r+1

LA n-24-1
L A
)

< <|(1 +L11)t"’2)M,_,+1 (n-1)+ <1 + p

n 2 n-2
1-——— )L
+< M—A) “

LA > 2n—4
+ wil1+ L™
pz>z ‘ { ( w2
weQ(e+1)
n p+l 2n-3
1-——— )L
+< y—A) “
P
+(1+1L) LP‘IW”‘ZZqu
gq=1
x |F; - F|

r+1

< {0+ L) My (1) 4 T} [ -

(31)
because A < p € (0, 1), where
LA - n 2
r=u*4(1 LyA™! <1——>L
# {( +M—/\> "o p—A
LA >
+ Co 1+ —— | LPy
PZ {< p-A
weQ(L+1) (32)

n pl
1-——|L
+< y—A>
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Let

Moy (n) = (1 + L’Wn_z) My, (n—1) +Ty"

n—2 n n—-2

(1 + Lr]‘uj)MeJrl )+ FZ/Aj 1_[ (1 + qut).
j=1 =3 t=j-1

(33)

It is easy to check that

+00 +00 +00

M€+1 (”) < H (1 + Lm‘j)Mﬁl (2) + FZMjH (1 + L”Mt)

j=1 j=3 =0
(34)

for all n € N. By putting M, := ]_[}rfi’(l + Ly )My, (2) +

r Z;:;’ TS (1+ Lyy'), we can prove (23) for m = €+ 1 and
(23) is proved by induction. O]

Having this preparation, we can give a proof to the main
result of this paper.

Proof of Theorem 2. By (4) the C" iterative roots f and f; for
each i € N can be presented by

9 (Al/kq) () fix) =g (Al/kq)i ()

Vx €1,
(35)

f )=

respectively. In order to prove the convergence of (f;) in I,

note that, for sufficiently large i € N such that A%, (x) €

@(I) for all x € I, we have
P .
() )]
gq=1

-1\® 117k £ (i)
~(¢7")" (A o 0)) [ T (x)

9=1

<Jlor")” (00 0) - (67) (0 o)

T o] o) %o c0)
£ (ig) P(ﬂ
x([Tor™ 0 -[Te"™ @)

=1 g9=1

<2(lol) {lo* - 97, + (o) (W0 )

_((Pa)(p) (Al/k(P (x))H

-¢l, —0

+ 2" (ol )P e,
(36)
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asi — +oo for all integers p € [1,7] by (21) and the fact that

the inverse operator is continuous and (go_l)(P ) is uniformly
continuous. Hence, lim; _, Il f; = fll, = 0 and

(7)™ )= £ )

_ plk( —1\(P) 111/k P (ig)
- Z oA (‘Pi) (A S"i(x))l_[% (x)

weQ(m) q=1
Jk( ~1\(P) /11/k £ G.)
=2 M) (W @) [To™ ()
weQ(m) gq=1
plk | —1\®) y1/k £ (jg)
= Z A (‘Pi ) (/\ P (x)) H‘Pi (x)
weQ(m) q=1
-1\ 17k 5 ()
- ()" (Mo ) [ To"% ()| — 0
q=1
(37)
as i — +oo for all m = 1,...,r, which implies that
lim; _, , oIl f; = fll, = 0 and completes the proof. O

Theorem 2 is also valid for r = 1, which is the same as
Theorem 2.1 in [25] for r = 1. However, it is hard to use the
estimates, for example, (2.4) and (2.5) in [25], to generalize
the result to the general r parallel. In fact, we cannot use
those estimates to give a uniform constant I' with respect
to n, the order of iteration, in (33). Using those estimates,
corresponding to I' given in (32), we obtain the quantity

™ (n) := g «le +(n—-1)LyA”"

+ Z C {Lp“+(n—l)LP;1

p=2
weQ(6+1)

P
+(1+1L) LP_IWZquH ,
g=1
(38)

which tends to +co as n — +00. For this reason it is hard
to prove the boundedness of M,,(#n). As remarked after the
proof of Lemma 1, our estimation in (9) and (10) enables us
to give the boundedness of M,_,(n) and complete the proof
of (23).
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