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The generalized quasilinearization technique is applied to obtain a monotone sequence of iterates converging uniformly and
quadratically to a solution of a coupled system of second and fourth order elliptic equations.

1. Introduction

The object of this paper is to study the existence of solutions
of the following elliptic system:

Au= fr(xu,v), in Q,
-Av = f, (x,u,v), inQ, (1)
u=Au=v=0, on 0Q.

This problem is related to a coupled system of second and
fourth ordinary differential equations:

y"" = f,(x,y,2), in (0,L),

-Z" = f,(x,y,2), in (0,L),
y(0)=y(@L)=y"(0)=y" (@) =0,

z(0)=z(L) =0,

)

which is yielded from the steady state of the following Lazer-
McKenna suspension bridge models proposed in [1]:
My Y + azyxxxx + 51}4 + k(y - Z)+
=W (x), in (0,L)XR,
MyZy — b2 + 852, — k(y - 2)°

=h(xt), in (0,L)xR,

y(0,1)

=y(L,t) =y, (0,1) =y, (L,t) =0, te€R,
z(0,t)

=z(L,t)=0, teR.

3)

Because of the important background, in [2], Ru and An
presented the existence of single and multiple positive
solutions of the 2p-order and 2q-order nonlinear ordinary
differential systems by using the fixed-point theorem of
cone expansion and compression type due to Krasnosel’skill;
in [3], the authors studied the existence, multiplicity, and
nonexistence of positive solutions for 2p-order and 2q-order
systems of singular boundary value problems with integral
boundary conditions; in [4], the author studied the existence,
nonexistence, and multiplicity of solutions of an Ambrosetti-
Prodi type problem for a system of second and fourth order
ordinary differential equations by the variational method. In
addition, in [5], An dealt with the maximum principle for the
coupled system of second and fourth order elliptic equations:

Azu=a(x)u+b(x)v+f1 (x), in Q,

“Av=c(x)u+dx)v+ f,(x), inQ, (4)

u=Au=v=0, on 0Q,
where the functions b(x), c(x) are supposed to be nonnegative

such that 2 x 2-matrix A = (‘:((;‘)) ch))) is cooperative. In
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addition, using the fixed point theorem, the author obtained
the existence of solution for the following system:

Azu:a(x)u+b(x)v+f1 (x,u,v), in Q,

“Av=c(x)u+d(x)v+ f, c,u,v), inQ, (5)

u=Au=v=0, on 9Q.

Inspired by the above references, the aim of this paper is
to study the existence of solutions for the elliptic system (1) by
using the method of upper and lower solutions and the gener-
alized quasilinearization technique on the basis of the maxi-
mum principle for the linear elliptic system (4) built by An in
[5]. The quasilinearization method is pioneered by Bellaman
and Kalaba [6] and generalized by Lakshmikantham and
Vatsala [7]. The quasilinearization method has been applied
to a variety of problems. We refer the readers to [8-12].

This paper is organized as follows. In Section 2, we give
some preliminaries. In Section 3, we obtain a monotone
sequence of approximate solutions converging uniformly and
quadratically to a solution of (1).

2. Preliminaries

Let QO ¢ RY be a bounded smooth domain. H denotes the
Hilbert space

H=L*(Q) xL*(Q) (6)

with the inner production (1, v)y = fQ(ulvl + u,v,)dx. The

corresponding norm is [|ul|?; = ||ul||i2 + ||u1||iz; W denotes
the Hilbert space
W = (H* (Q) N Hy (Q)) x Hy () (7)

with the inner production (u,v),, = jQ(|Au1Av1| +

|[Vu,Vv,|)dx. The corresponding norm is ||u||a, = jﬂ(lAu1 >+
Vi, |*)dx.
Let A, be the positive first eigenvalue of the second order
eigenvalue problem
-Av=Av, in Q,

(8)

v=0, on 0Q.

Then A2 is the positive first eigenvalue of the fourth order
eigenvalue problem

A= Au, in Q,

9)
on 0Q.

Au=u=0,
From the Poincare inequality, for all u € W, it follows that

lullyy = Allully, (10)

where A = min{/\l,)ﬁ}.
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Lemma 1 (see [5]). Assume that the cooperative matrix A =
(‘Z((;f)) Z((i))) with b(x) > 0, c(x) > 0 verifies condition

(AL, ) < A%, VEe R (1)

Then (4) satisfies the maximum principle. By a maximum
principle one means that if F(x) = (f,, f,) = 0, then (4) has a
nonnegative solution U = (u,v) > 0.

Lemma 2. Let fi(x), f,(x) € L™(Q). Then (4) has a solution
(u,v) € (HX(Q)n Hé (Q)) x Hé (Q). In addition, there exists a
constant C such that

16 e < C(|fillpe + [ fall o) - (12)
Proof. Let L denote the operator matrix
(A0
L= ( o A> (13)
and let A(x) denote the coefficient matrix
_(a(x) b(x)
A(x) = <c(x) d(x))' (14)
Thus, (4) can be rewritten as
LU =A(x)U+F(x), (15)

where F(x) = (f;(x), fz(x))T. From Lemma 1 it follows that
the operator matrix (£ — A(x)) is reversible, and (£ — Ax)™?
is a compact positive operator. So U = (L - A(x) ' F(x).
Furthermore, we can get [[(4, V)||; < C(||f1 ||L°° + ||f2“L°°)
for some constant C. O

3. Main Result

Letting F(x,U) = ( }zgzti ), then (1) is equivalent to

LU = F (x,U). (16)

We introduce the following relation:

o= ()= () = (5 20)=(5), o

which is ordered by the usual positive cone K ¢ E, where E
denotes the Banach space {U = (u,v) € C*(Q)xCY Q) : Au =
u=v=0, on 0Q}.

Definition 3. A functionU, = (u,,v,) € Eis alower solution
of (16) if it satisfies
LU, <F(x,U,), inD'(Q). (18)

Definition 4. A function U* = (u*,v") € E is an upper
solution of (16) if it satisfies
LU > F(x,U"), inD'(Q). (19)

For convenience, we give some assumptions as follows.
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(Al) Equation (16) has a pair of lower and upper solutions
U,,U* € EwithU, < U".

(A2) F ¢ C(Q x R*R%, F(x,U) is quasimonotone
nondecreasing in U and is convex in U uniformly in
x e Q, F;(x,U) exists and is continuous on R X R?,
and Fy;(x, U) is nondecreasing in U for x € Q.

(A3) The assumptions of Lemmal h(id for Fy(x, O(x))
with U, (x) £ ®(x) < U"(x), x € Q.

(A4) |FU (x,V) - F; (x, U)| < L|V - U], for some positive
matrix L.

Theorem 5. Assume that (A1)-(A4) hold. Then there exist two
monotone sequences {U,}, {V,,}, which converge uniformly to
the solution of (1) or (16) in Q and the convergence is quadratic.

Proof. By (A2), we have
F(x,V) = F(x,U) + F; (x,U) (V -U), (20)

where U, < U <V < U*, x € Q. Define a function G(x, Y)
as follows:

GxY)=Fx®(x)+F;(x0(x) Y -0(x)), (21)

where U, < ®(x) < U*, x € Q. It is clear to see that G(x,Y)
is quasimonotone nondecreasing in Y for each x € Q.
From Lemma 1and (A3), it follows that the linear systems

LU = F(x,U,) + F, (x,U,) (U-U,), (22)

LV =F(x,U")+F, (x,U")(V-U"), (23)

respectively, have a solution U,, V.
Let Z = U, — U,. Then, from (22), we have

LZ = LU, - LU,
> [F(x,U,)+F, (x,U,) (U, -U,)] (24)

-F(x,U,)=F,(x,U,) Z.

Using Lemma 1 and (A3), it implies Z > 0; namely, U, < U,.
Let Z = U™ — V;. Then, from (23), we get

LZ =wU" -1V,
>F(x,U")
(25)
—[F(eU") + Fy (6%,U,) (V; -U7)]

=F,(x,U,) Z.

Using Lemma 1 and (A3), the above inequality implies Z > 0;
namely, V;, <U".

Finally, let Z = V| — U,. Then, using (20), (22), and (23),
we can obtain

LZ =LV, - LU,
=F(x,U")+F,(xU,)(V,-U")-F(x,U,)
- Fy (xU,) (U, -U.)
=F (8 U -U,)+Fy (xU,) (Vi -U")  (26)
- Fy (xU,) (U, -U,)
2 Fy (x,U,) (U -U,) + Fy (x,U,) (V, -U")
- Fy(xU,) (U, -U,) 2 By (x,U,) (V; - U)),

where U, < & < U". Using Lemma 1 and (A3), it yields that
Z > 0; namely, U; < V. So, from the above discussions, we
cangetU, <U, <V, <U".

Continuing this process successively, then we can obtain
two monotone sequences {U,}, {V, } satistying

U,<U/<---<U, <V, <---<V, <U", inQ, (27)

where U, V,, are, respectively, the solutions of the following
systems:

LUn =F (x’ Un—l) + FU (X, Un—l) (Un - Un—l) >

LV, =F (.X', anl) +Fy (X, Unfl) (Vn - anl) :

From (27), it is clear to see that {U,}, {V,} are uni-
formly bounded in W. Moreover, {U,} is nondecreasing
sequence and therefore there exists a subsequence {U,}
which converges uniformly to U = (u, v). By the dominated
convergence, it is easy to verify that U is a solution of (1) in
the distribution sense. Similarly, convergence holds for {V,}.

Now we show that the convergence of {U,} and {V,} is
quadratic. For this purpose, let P, ., =U -U,,; 2 0,Q,,, =
V.1 — U = 0. Then, using the mean value theorem, we have

LP,, =L (U - Un+1)
=F(x,U)-F(x,U,)

- FU ('x’ Un) (Un+l - Un)

g

_FU (x’ Un) (Un+1 _U+U_Un) (29)

jl Fy(x,sU+(1-5)U,) ds) P,
0

- (JIFU(x,sU+ (1 —s)Un)ds)Pn

0
- Fy (x,U,) (=Pyy1 + B,)
< (Fy (% U) - Fy (%, U,)) P,
+ Fy (x,U,) Py
By (A3) and (A4), we get the inequality
LP,

n+l

SFU (x’Un)PnH +L|Pnlza (30)
where |P,|* = (IP,»% |Po ).



Let W(x) = (w;(x), w,(x)) be the unique solution of the
linear problem

EW (x) = Fy (x,U,)W (x) + L|B,|>, in Q

w, =w, =0,
1 p) 31)
Aw; =0

on 0Q.
From Lemmal, (30), and (31), we know that W(x) >
P, (x) = 0. Furthermore, we have ||Pn+1(x)||Loo < W) oo
From Lemma 2, we know that |[W(x)||j» < C||Pn||ioo.

Furthermore, we can obtain that ||P,, ||, < C ||Pn||ioo.
In the similar way, we also have

[Quiille < ClQule (32)
Therefore, the proof is complete. O
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