
Research Article
ON Modified (𝛼 − 𝜂)-Contractive Mappings

Marwan Amin Kutbi,1 Muhammad Arshad,2 and Aftab Hussain2

1 Department of Mathematics, King Abdulaziz University, Jeddah, Saudi Arabia
2Department of Mathematics, International Islamic University, H-10, Islamabad 44000, Pakistan

Correspondence should be addressed to Muhammad Arshad; marshad zia@yahoo.com

Received 6 May 2014; Accepted 6 July 2014; Published 21 July 2014

Academic Editor: Abdul Latif

Copyright © 2014 Marwan Amin Kutbi et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

Hussain et al. (2013) established new fixed point results in complete metric space. In this paper, we prove fixed point results of 𝛼-
admissible mappings with respect to 𝜂, for modified contractive condition in complete metric space. An example is given to show
the validity of our work. Our results generalize/improve several recent and classical results existing in the literature.

1. Preliminaries and Scope

The study of fixed point problems in nonlinear analysis has
emerged as a powerful and very important tool in the last
60 years. Particularly, the technique of fixed point theory has
been applicable to many diverse fields of sciences such as
engineering, chemistry, biology, physics, and game theory.
Over the years, fixed point theory has been generlized in
many directions by several mathematicians (see [1–36]).

In 1973, Geraghty [12] studied different contractive con-
ditions and established some useful fixed point theorems.

In 2012, Samet et al. [33] introduced a concept of 𝛼 −

𝜓-contractive type mappings and established various fixed
point theorems for mappings in complete metric spaces.
Afterwards Karapinar and Samet [10] refined the notions
and obtained various fixed point results. Hussain et al. [17]
extended the concept of𝛼-admissiblemappings and obtained
useful fixed point theorems. Subsequently, Abdeljawad [4]
introduced pairs of 𝛼-admissible mappings satisfying new
sufficient contractive conditions different from those in
[17, 33] and proved fixed point and common fixed point
theorems. Lately, Salimi et al. [32]modified the concept of 𝛼−

𝜓-contractive mappings and established fixed point results.
We define Ω the family of nondecreasing functions 𝜓 :

[0, +∞) → [0, +∞) such that∑+∞
𝑛=1

𝜓
𝑛
(𝑡) < +∞, and 𝜓(0) =

0 for each 𝑡 > 0 where 𝜓𝑛 is the 𝑛th term of 𝜓.

Lemma 1 (see [32]). If 𝜓 ∈ Ω, then 𝜓(𝑡) < 𝑡 for all 𝑡 > 0.

Definition 2 (see [33]). Let (𝑋, 𝑑) be a metric space and let
𝑆 : 𝑋 → 𝑋 be a given mapping. We say that 𝑆 is an 𝛼 − 𝜓-
contractive mapping if there exist two functions 𝛼 : 𝑋×𝑋 →

[0, +∞) and 𝜓 ∈ Ω such that

𝛼 (𝑥, 𝑦) 𝑑 (𝑆𝑥, 𝑆𝑦) ≤ 𝜓 (𝑑 (𝑥, 𝑦)) , (1)

for all 𝑥, 𝑦 ∈ 𝑋.

Definition 3 (see [33]). Let 𝑆 : 𝑋 → 𝑋 and 𝛼 : 𝑋 ×𝑋 → [0,

+∞). One says that 𝑆 is 𝛼-admissible if 𝑥, 𝑦 ∈ 𝑋, 𝛼(𝑥, 𝑦) ≥

1 ⇒ 𝛼(𝑆𝑥, 𝑆𝑦) ≥ 1.

Example 4. Consider𝑋 = [0,∞). Define 𝑆 : 𝑋 → 𝑋 and 𝛼 :

𝑋 × 𝑋 → [0,∞) by 𝑆𝑥 = 2𝑥, for all 𝑥, 𝑦 ∈ 𝑋 and

𝛼 (𝑥, 𝑦) = {

𝑒
𝑦/𝑥 if 𝑥 ≥ 𝑦, 𝑥 ̸= 0

0 if 𝑥 < 𝑦.

(2)

Then 𝑆 is 𝛼-admissible.

Definition 5 (see [32]). Let 𝑆 : 𝑋 → 𝑋 and let 𝛼, 𝜂 : 𝑋×𝑋 →

[0, +∞) be two functions. One says that 𝑆 is 𝛼-admis-sible
mapping with respect to 𝜂 if 𝑥, 𝑦 ∈ 𝑋, 𝛼(𝑥, 𝑦) ≥ 𝜂(𝑥, 𝑦) ⇒

𝛼(𝑆𝑥, 𝑆𝑦) ≥ 𝜂(𝑆𝑥, 𝑆𝑦). Note that if one takes 𝜂(𝑥, 𝑦) = 1,
then this definition reduces to definition [33]. Also if we
take 𝛼(𝑥, 𝑦) = 1, then one says that 𝑆 is an 𝜂-subadmissible
mapping.
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2. Main Results

In this section, we prove fixed point theorems for 𝛼-admissi-
ble mappings with respect to 𝜂, satisfying modified (𝛼 − 𝜂)-
contractive condition in complete metric space.

Theorem 6. Let (𝑋, 𝑑) be a complete metric space and let 𝑆
is 𝛼-admissible mappings with respect to 𝜂. Assume that there
exists a function 𝛽 : [0, +∞) → [0, 1) such that, for any boun-
ded sequence {𝑡

𝑛
} of positive reals, 𝛽(𝑡

𝑛
) → 1 implies 𝑡

𝑛
→ 0

such that

(𝑑 (𝑆𝑥, 𝑆𝑦) + 𝑙)
𝛼(𝑥,𝑆𝑥)𝛼(𝑦,𝑆𝑦)

≤ (𝛽 (𝑑 (𝑥, 𝑦)) 𝑑 (𝑥, 𝑦) + 𝑙)
𝜂(𝑥,𝑆𝑥)𝜂(𝑦,𝑆𝑦)

(3)

for all 𝑥, 𝑦 ∈ 𝑋 where 𝑙 ≥ 1; then suppose that one of the
following holds:

(i) 𝑆 is continuous;
(ii) if {𝑥

𝑛
} is a sequence in 𝑋 such that 𝛼(𝑥

𝑛
, 𝑥
𝑛+1

) ≥

𝜂(𝑥
𝑛
, 𝑥
𝑛+1

) for all 𝑛 ∈ N ∪ {0} and 𝑥
𝑛

→ 𝑝 ∈ 𝑋 as
𝑛 → +∞, then

𝛼 (𝑝, 𝑆𝑝) ≥ 𝜂 (𝑝, 𝑆𝑝) . (4)

If there exists 𝑥
0
, 𝑥
1
∈ 𝑋 such that 𝛼(𝑥

0
, 𝑥
1
) ≥ 𝜂(𝑥

0
, 𝑥
1
), then

𝑆 has a unique fixed point.

Proof. Let 𝑥
0
∈ 𝑋 and define

𝑥
𝑛+1

= 𝑆𝑥
𝑛
, ∀𝑛 ≥ 0. (5)

We will assume that 𝑥
𝑛

̸= 𝑥
𝑛+1

for each 𝑛. Otherwise, there
exists an 𝑛 such that𝑥

𝑛
= 𝑥
𝑛+1

.Then𝑥
𝑛
= 𝑆𝑥
𝑛
and𝑥
𝑛
is a fixed

point of 𝑆. Since 𝛼(𝑥
0
, 𝑥
1
) ≥ 𝜂(𝑥

0
, 𝑥
1
) and 𝑆 is 𝛼-admissible

mapping with respect to 𝜂, we have

𝛼 (𝑥
1
, 𝑥
2
) = 𝛼 (𝑆𝑥

0
, 𝑆𝑥
1
) ≥ 𝜂 (𝑆𝑥

0
, 𝑆𝑥
1
) = 𝜂 (𝑥

1
, 𝑥
2
) . (6)

By continuing in this way, we have

𝛼 (𝑥
𝑛
, 𝑥
𝑛+1

) ≥ 𝜂 (𝑥
𝑛
, 𝑥
𝑛+1

) (7)

for all 𝑛 ∈ N ∪ {0}. From (7), we have

𝛼 (𝑥
𝑛−1

, 𝑥
𝑛
) 𝛼 (𝑥
𝑛
, 𝑥
𝑛+1

) ≥ 𝜂 (𝑥
𝑛−1

, 𝑥
𝑛
) 𝜂 (𝑥
𝑛
, 𝑥
𝑛+1

) . (8)

Thus applying the inequality (3), with 𝑥 = 𝑥
𝑘−1

and 𝑦 = 𝑥
𝑘
,

we obtain

(𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

) + 𝑙)
𝜂(𝑥𝑘−1 ,𝑆𝑥𝑘−1)𝜂(𝑥𝑘 ,𝑆𝑥𝑘)

= (𝑑 (𝑆𝑥
𝑘−1

, 𝑆𝑥
𝑘
) + 𝑙)
𝜂(𝑥𝑘−1 ,𝑆𝑥𝑘−1)𝜂(𝑥𝑘 ,𝑆𝑥𝑘)

≤ (𝑑 (𝑆𝑥
𝑘−1

, 𝑆𝑥
𝑘
) + 𝑙)
𝛼(𝑥𝑘−1 ,𝑆𝑥𝑘−1)𝛼(𝑥𝑘 ,𝑆𝑥𝑘)

≤ (𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) 𝑑 (𝑥

𝑘−1
, 𝑥
𝑘
) + 𝑙)
𝜂(𝑥𝑘−1 ,𝑆𝑥𝑘−1)𝜂(𝑥𝑘 ,𝑆𝑥𝑘)

(9)

which implies that

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

) ≤ 𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) 𝑑 (𝑥

𝑘−1
, 𝑥
𝑘
) . (10)

We suppose that

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

) ≤ 𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
) . (11)

Then we prove that 𝑑(𝑥
𝑘−1

, 𝑥
𝑘
) → 0. It is clear that {𝑑(𝑥

𝑘−1
,

𝑥
𝑘
)} is a decreasing sequence. Therefore, there exists some

positive number 󰜚 such that lim
𝑛→∞

𝑑(𝑥
𝑘
, 𝑥
𝑘+1

) = 󰜚. Now
we will prove that 󰜚 = 0. From (10), we have

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

)

𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)

≤ 𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) ≤ 1. (12)

Now by taking limit 𝑘 → ∞, we have

1 =

𝑑

𝑑

=

lim
𝑘→∞

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

)

lim
𝑘→∞

𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)

≤ 𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) ≤ 1,

lim
𝑘→∞

𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) = 1.

(13)

By using property of 𝛽 function, we have lim
𝑘→∞

𝑑(𝑥
𝑘−1

,

𝑥
𝑘
) = 0. Thus

lim
𝑘→∞

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

) = 0. (14)

Now we prove that sequence {𝑥
𝑛
} is Cauchy sequence. Sup-

pose on contrary that {𝑥
𝑛
} is not a Cauchy sequence. Then

there exists 𝜖 > 0 and sequences {𝑥
𝑚𝑘

} and {𝑥
𝑛𝑘
} such that,

for all positive integers 𝑘, we have 𝑛
𝑘
> 𝑚
𝑘
> 𝑘,

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
) ≥ 𝜖,

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘−1

) < 𝜖.

(15)

By the triangle inequality, we have

𝜖 ≤ 𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)

≤ 𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘−1

) + 𝑑 (𝑥
𝑛𝑘−1

, 𝑥
𝑛𝑘
)

< 𝜖 + 𝑑 (𝑥
𝑛𝑘−1

, 𝑥
𝑛𝑘
)

(16)

for all 𝑘 ∈ N. Now taking limit as 𝑘 → +∞ in (16) and using
(14), we have

lim
𝑘→∞

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
) = 𝜖. (17)

Again using triangle inequality, we have

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
) ≤ 𝑑 (𝑥

𝑚𝑘
, 𝑥
𝑚𝑘+1

) + 𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

)

+ 𝑑 (𝑥
𝑛𝑘+1

, 𝑥
𝑛𝑘
) ,

𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

) ≤ 𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑚𝑘

) + 𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)

+ 𝑑 (𝑥
𝑛𝑘
, 𝑥
𝑛𝑘+1

) .

(18)

Taking limit as 𝑘 → +∞ and using (14) and (17), we obtain

lim
𝑘→+∞

𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

) = 𝜖. (19)
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By using (3), (17), and (19), we have

(𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

) + 𝑙)

𝜂(𝑥𝑚𝑘
,𝑆𝑥𝑚𝑘
)𝜂(𝑥𝑛𝑘
,𝑆𝑥𝑛𝑘
)

≤ (𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

) + 𝑙)

𝛼(𝑥𝑚𝑘
,𝑆𝑥𝑚𝑘
)𝛼(𝑥𝑛𝑘
,𝑆𝑥𝑛𝑘
)

≤ (𝑑 (𝑆𝑥
𝑚𝑘

, 𝑇𝑥
𝑛𝑘
) + 𝑙)

𝛼(𝑥𝑚𝑘
,𝑆𝑥𝑚𝑘
)𝛼(𝑥𝑛𝑘
,𝑆𝑥𝑛𝑘
)

≤ (𝛽 (𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)) 𝑑 (𝑥

𝑚𝑘
, 𝑥
𝑛𝑘
) + 𝑙)

𝜂(𝑥𝑚𝑘
,𝑆𝑥𝑚𝑘
)𝜂(𝑥𝑛𝑘
,𝑆𝑥𝑛𝑘
)

(20)

which implies that

𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

) ≤ 𝛽 (𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)) 𝑑 (𝑥

𝑚𝑘
, 𝑥
𝑛𝑘
) . (21)

Therefore, we have

𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

)

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)

≤ 𝛽 (𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)) ≤ 1. (22)

Now taking limit as 𝑘 → +∞ in (22), we get

lim
𝑛→∞

𝛽 (𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)) = 1. (23)

Hence lim
𝑘→∞

𝑑(𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
) = 0 < 𝜖, which is a contradiction.

Hence {𝑥
𝑛
} is a Cauchy sequence. Since𝑋 is complete so there

exists 𝑝 ∈ 𝑋 such that 𝑥
𝑛

→ 𝑝. Now we prove that 𝑝 = 𝑆𝑝.
Suppose (i) holds; that is, 𝑆 is continuous, so we get

𝑆𝑝 = 𝑆 lim
𝑛→∞

𝑥
𝑛
= lim
𝑛→∞

𝑆𝑥
𝑛
= lim
𝑛→∞

𝑥
𝑛+1

= 𝑝. (24)

Thus 𝑝 = 𝑆𝑝. Now we suppose that (ii) holds. Since

𝛼 (𝑥
𝑛
, 𝑥
𝑛+1

) ≥ 𝜂 (𝑥
𝑛
, 𝑥
𝑛+1

) (25)

for all 𝑛 ∈ N ∪ {0}. By the hypotheses of (ii), we have

𝛼 (𝑝, 𝑆𝑝) 𝛼 (𝑥
𝑘
, 𝑆𝑥
𝑘
) ≥ 𝜂 (𝑝, 𝑆𝑝) 𝜂 (𝑥

𝑘
, 𝑆𝑥
𝑘
) . (26)

Using the triangle inequality and (3), we have

(𝑑 (𝑆𝑝, 𝑥
𝑘+1

) + 𝑙)
𝜂(𝑝,𝑆𝑝)𝜂(𝑥𝑘 ,𝑆𝑥𝑘)

= (𝑑 (𝑆𝑝, 𝑆𝑥
𝑘
) + 𝑙)
𝜂(𝑝,𝑆𝑝)𝜂(𝑥𝑘 ,𝑆𝑥𝑘)

≤ (𝑑 (𝑆𝑝, 𝑆𝑥
𝑘
) + 𝑙)
𝛼(𝑝,𝑆𝑝)𝛼(𝑥𝑘 ,𝑆𝑥𝑘)

≤ (𝛽 (𝑑 (𝑝, 𝑥
𝑘
)) 𝑑 (𝑝, 𝑥

𝑘
) + 𝑙)
𝜂(𝑝,𝑆𝑝)𝜂(𝑥𝑘 ,𝑆𝑥𝑘)

(27)

which implies that

𝑑 (𝑆𝑝, 𝑥
𝑘+1

) ≤ 𝛽 (𝑑 (𝑝, 𝑥
𝑘
)) 𝑑 (𝑝, 𝑥

𝑘
) . (28)

Letting 𝑘 → ∞ then we have 𝑑(𝑝, 𝑆𝑝) = 0. Thus 𝑝 = 𝑆𝑝. Let
there exists 𝑞 to be another fixed point of 𝑆𝑞 ∈ 𝑋, s.t 𝑞 = 𝑆𝑞;

(𝑑(𝑝, 𝑞) + 𝑙)
𝜂(𝑝,𝑆𝑝)𝜂(𝑞,𝑆𝑞)

= (𝑑 (𝑆𝑝, 𝑆𝑞) + 𝑙)
𝜂(𝑝,𝑆𝑝)𝜂(𝑞,𝑆𝑞)

≤ (𝑑 (𝑆𝑝, 𝑆𝑞) + 𝑙)
𝛼(𝑝,𝑆𝑝)𝛼(𝑞,𝑆𝑞)

≤ (𝛽(𝑑(𝑝, 𝑞))𝑑(𝑝, 𝑞) + 𝑙)
𝜂(𝑝,𝑆𝑝)𝜂(𝑞,𝑆𝑞)

(29)

which implies that
𝑑 (𝑝, 𝑞) + 𝑙 ≤ 𝛽 (𝑑 (𝑝, 𝑞)) 𝑑 (𝑝, 𝑞) + 𝑙. (30)

By the property of 𝛽 function, 𝛽(𝑑(𝑝, 𝑞)) = 1, implies 𝑑(𝑝,

𝑞) = 0; then we have 𝑝 = 𝑞. Hence 𝑆 has a unique fixed point.

If 𝜂(𝑥, 𝑦) = 1 in Theorem 6, we get the following corol-
lary.

Corollary 7 (see [17]). Let (𝑋, 𝑑) be a complete metric space
and let 𝑆 be 𝛼-admissible mapping. Assume that there exists a
function 𝛽 : [0, +∞) → [0, 1) such that, for any bounded
sequence {𝑡

𝑛
} of positive reals, 𝛽(𝑡

𝑛
) → 1 implies 𝑡

𝑛
→ 0 such

that

(𝑑 (𝑆𝑥, 𝑆𝑦) + 𝑙)
𝛼(𝑥,𝑆𝑥)𝛼(𝑦,𝑆𝑦)

≤ 𝛽 (𝑑 (𝑥, 𝑦)) 𝑑 (𝑥, 𝑦) + 𝑙,

(31)

for all 𝑥, 𝑦 ∈ 𝑋, where 𝑙 ≥ 1. Suppose that either
(i) 𝑆 is continuous, or
(ii) if {𝑥

𝑛
} is a sequence in 𝑋 such that 𝛼(𝑥

𝑛
, 𝑥
𝑛+1

) ≥ 1 for
all 𝑛 ∈ N ∪ {0} and 𝑥

𝑛
→ 𝑝 ∈ 𝑋 as 𝑛 → +∞, then

𝛼 (𝑝, 𝑆𝑝) ≥ 1. (32)

If there exists 𝑥
0
, 𝑥
1
∈ 𝑋 such that 𝛼(𝑥

0
, 𝑥
1
) ≥ 1; then 𝑆 has a

fixed point.

If 𝛼(𝑥, 𝑦) = 1 in Theorem 6, we get the following corol-
lary.

Corollary 8. Let (𝑋, 𝑑) be a complete metric space and let 𝑆 be
𝜂-subadmissible mapping. Assume that there exists a function
𝛽 : [0, +∞) → [0, 1) such that, for any bounded sequence {𝑡

𝑛
}

of positive reals, 𝛽(𝑡
𝑛
) → 1 implies 𝑡

𝑛
→ 0 such that

(𝑑 (𝑆𝑥, 𝑆𝑦) + 𝑙) ≤ (𝛽 (𝑑 (𝑥, 𝑦)) 𝑑 (𝑥, 𝑦) + 𝑙)
𝜂(𝑥,𝑆𝑥)𝜂(𝑦,𝑆𝑦) (33)

for all 𝑥, 𝑦 ∈ 𝑋 where 𝑙 ≥ 1; then suppose that one of the
following holds:

(i) 𝑆 is continuous;
(ii) if {𝑥

𝑛
} is a sequence in 𝑋 such that 𝜂(𝑥

𝑛
, 𝑥
𝑛+1

) ≤ 1 for
all 𝑛 ∈ N ∪ {0} and 𝑥

𝑛
→ 𝑝 ∈ 𝑋 as 𝑛 → +∞, then

𝜂 (𝑝, 𝑆𝑝) ≤ 1. (34)

If there exists 𝑥
0
, 𝑥
1
∈ 𝑋 such that 𝜂(𝑥

0
, 𝑥
1
) ≤ 1, then 𝑆 has a

fixed point.

Example 9. Let𝑋 = [0,∞)with usualmetric𝑑(𝑥, 𝑦) = |𝑥−𝑦|

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑆 : 𝑋 → 𝑋, 𝛼 : 𝑋 × 𝑋 → [0,∞) and
𝛽 : [0, +∞) → [0, 1] for all 𝑥, 𝑦 ∈ 𝑋 be defined by

𝑆𝑥 = {

0 if 𝑥 ∈ [0, 1]

√𝑥 if 𝑥 ∈ (1, 5]

,

𝛼 (𝑥, 𝑦) = {

1 if 𝑥 ≥ 𝑦

0 if 𝑥 < 𝑦

,

𝛽 (𝑡) =

1

√𝑡

, 𝛽 (0) ∈ [0, 1] .

(35)
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We prove that Corollary 7 can be applied to 𝑆. Let 𝑥, 𝑦 ∈ 𝑋;
clearly 𝑆𝑥 ≤ 𝑥 and 𝑆𝑦 ≤ 𝑦, then 𝑆 of 𝛼-admissible map-
ping 𝛼(𝑥, 𝑦) ≥ 1, and 𝛼(𝑥, 𝑆𝑥) ≥ 1, 𝛼(𝑦, 𝑆𝑦) ≥ 1, and 𝛼(𝑥,

𝑆𝑥)𝛼(𝑦, 𝑆𝑦) ≥ 1 imply that

(𝑑 (𝑆𝑥, 𝑆𝑦) + 𝑙)
𝛼(𝑥,𝑆𝑥)𝛼(𝑦,𝑆𝑦)

= 𝑆𝑥 − 𝑆𝑦 + 𝑙 = √𝑥 − √𝑦 + 𝑙 ≤

𝑥 − 𝑦

√𝑥 + √𝑦

+ 𝑙

≤

2 (𝑥 − 𝑦)

3√𝑥 − 𝑦

+ 𝑙 = 𝛽 (𝑑 (𝑥, 𝑦)) (𝑑 (𝑥, 𝑦)) + 𝑙.

(36)

If 𝛼(𝑥, 𝑆𝑥)𝛼(𝑦, 𝑆𝑦) = 0, then we have

(𝑑 (𝑆𝑥, 𝑆𝑦) + 𝑙)
𝛼(𝑥,𝑆𝑥)𝛼(𝑦,𝑆𝑦)

= 1 ≤ 𝛽 (𝑑 (𝑥, 𝑦)) (𝑑 (𝑥, 𝑦)) + 𝑙.

(37)

Let 𝑥 = 5 and 𝑦 = 2; then

𝑑(𝑆5, 𝑆2)
𝛼(5,𝑆5)𝛼(3,𝑆3)

= 0.8218

≤ 𝛽 (𝑑 (5, 3)) (𝑑 (5, 3))

= 1.4142.

(38)

Theorem 10. Let (𝑋, 𝑑) be a complete metric space and let 𝑆
be 𝛼-admissible mappings with respect to 𝜂. Assume that there
exists a function 𝛽 : [0, +∞) → [0, 1) such that, for any boun-
ded sequence {𝑡

𝑛
} of positive reals, 𝛽(𝑡

𝑛
) → 1 implies 𝑡

𝑛
→ 0

such that

𝛼 (𝑥, 𝑆𝑥) 𝛼 (𝑦, 𝑆𝑦) 𝑑 (𝑆𝑥, 𝑆𝑦)

≤ 𝜂 (𝑥, 𝑆𝑥) 𝜂 (𝑦, 𝑆𝑦) 𝛽 (𝑑 (𝑥, 𝑦)) 𝑑 (𝑥, 𝑦)

(39)

for all 𝑥, 𝑦 ∈ 𝑋; then suppose that one of the following holds:

(i) 𝑆 is continuous;
(ii) if {𝑥

𝑛
} is a sequence in 𝑋 such that 𝛼(𝑥

𝑛
, 𝑥
𝑛+1

) ≥

𝜂(𝑥
𝑛
, 𝑥
𝑛+1

) for all 𝑛 ∈ N ∪ {0} and 𝑥
𝑛

→ 𝑝 ∈ 𝑋 as
𝑛 → +∞, then

𝛼 (𝑝, 𝑆𝑝) ≥ 𝜂 (𝑝, 𝑆𝑝) . (40)

If there exists 𝑥
0
, 𝑥
1
∈ 𝑋 such that 𝛼(𝑥

0
, 𝑥
1
) ≥ 𝜂(𝑥

0
, 𝑥
1
), then

𝑆 has a fixed point.

Proof. Let 𝑥
0
∈ 𝑋 and define

𝑥
𝑛+1

= 𝑆𝑥
𝑛
, ∀𝑛 ≥ 0. (41)

We will assume that 𝑥
𝑛

̸= 𝑥
𝑛+1

for each 𝑛. Otherwise, there
exists an 𝑛 such that𝑥

𝑛
= 𝑥
𝑛+1

.Then𝑥
𝑛
= 𝑆𝑥
𝑛
and𝑥
𝑛
is a fixed

point of 𝑆. Since 𝛼(𝑥
0
, 𝑥
1
) ≥ 𝜂(𝑥

0
, 𝑥
1
) and 𝑆 is 𝛼-admissible

mapping with respect to 𝜂, we have

𝛼 (𝑥
1
, 𝑥
2
) = 𝛼 (𝑆𝑥

0
, 𝑆𝑥
1
)

≥ 𝜂 (𝑆𝑥
0
, 𝑆𝑥
1
) = 𝜂 (𝑥

1
, 𝑥
2
) .

(42)

By continuing in this way, we have

𝛼 (𝑥
𝑛
, 𝑥
𝑛+1

) ≥ 𝜂 (𝑥
𝑛
, 𝑥
𝑛+1

) (43)

for all 𝑛 ∈ N ∪ {0}. From (43), we have

𝛼 (𝑥
𝑛−1

, 𝑥
𝑛
) 𝛼 (𝑥
𝑛
, 𝑥
𝑛+1

) ≥ 𝜂 (𝑥
𝑛−1

, 𝑥
𝑛
) 𝜂 (𝑥
𝑛
, 𝑥
𝑛+1

) . (44)

Thus applying the inequality (39), with 𝑥 = 𝑥
𝑘−1

and 𝑦 = 𝑥
𝑘
,

we obtain
𝜂 (𝑥
𝑘−1

, 𝑆𝑥
𝑘−1

) 𝜂 (𝑥
𝑘
, 𝑆𝑥
𝑘
) 𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

)

= 𝜂 (𝑥
𝑘−1

, 𝑆𝑥
𝑘−1

) 𝜂 (𝑥
𝑘
, 𝑆𝑥
𝑘
) 𝑑 (𝑆𝑥

𝑘−1
, 𝑆𝑥
𝑘
)

≤ 𝛼 (𝑥
𝑘−1

, 𝑆𝑥
𝑘−1

) 𝛼 (𝑥
𝑘
, 𝑆𝑥
𝑘
) 𝑑 (𝑆𝑥

𝑘−1
, 𝑆𝑥
𝑘
)

≤ 𝜂 (𝑥
𝑘−1

, 𝑆𝑥
𝑘−1

) 𝜂 (𝑥
𝑘
, 𝑆𝑥
𝑘
) 𝛽 (𝑑 (𝑥

𝑘−1
, 𝑥
𝑘
))

× 𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)

(45)

which implies that

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

) ≤ 𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) 𝑑 (𝑥

𝑘−1
, 𝑥
𝑘
) . (46)

We suppose that

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

) ≤ 𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
) . (47)

Then we prove that 𝑑(𝑥
𝑘−1

, 𝑥
𝑘
) → 0. It is clear that {𝑑(𝑥

𝑘−1
,

𝑥
𝑘
)} is a decreasing sequence. Therefore, there exists some

positive number 󰜚 such that lim
𝑛→∞

𝑑(𝑥
𝑘
, 𝑥
𝑘+1

) = 󰜚. Now
we will prove that 󰜚 = 0. From (47), we have

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

)

𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)

≤ 𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) ≤ 1. (48)

Now by taking limit 𝑘 → ∞, we have

1 =

𝑑

𝑑

=

lim
𝑘→∞

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

)

lim
𝑘→∞

𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)

≤ 𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) ≤ 1,

lim
𝑘→∞

𝛽 (𝑑 (𝑥
𝑘−1

, 𝑥
𝑘
)) = 1.

(49)

By using property of 𝛽 function, we have lim
𝑘→∞

𝑑(𝑥
𝑘−1

,

𝑥
𝑘
) = 0. Thus

lim
𝑘→∞

𝑑 (𝑥
𝑘
, 𝑥
𝑘+1

) = 0. (50)

Now we prove that sequence {𝑥
𝑛
} is Cauchy sequence. Sup-

pose on contrary that {𝑥
𝑛
} is not a Cauchy sequence. Then

there exists 𝜖 > 0 and sequences {𝑚
𝑘
} and {𝑛

𝑘
} such that, for

all positive integers 𝑘, we have 𝑛
𝑘
> 𝑚
𝑘
> 𝑘,

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
) ≥ 𝜖,

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘−1

) < 𝜖.

(51)

By the triangle inequality, we have

𝜖 ≤ 𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)

≤ 𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘−1

) + 𝑑 (𝑥
𝑛𝑘−1

, 𝑥
𝑛𝑘
)

< 𝜖 + 𝑑 (𝑥
𝑛𝑘−1

, 𝑥
𝑛𝑘
)

(52)
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for all 𝑘 ∈ N. Now taking limit as 𝑘 → +∞ in (52) and using
(50), we have

lim
𝑘→∞

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
) = 𝜖. (53)

Again using triangle inequality, we have

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
) ≤ 𝑑 (𝑥

𝑚𝑘
, 𝑥
𝑚𝑘+1

) + 𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

)

+ 𝑑 (𝑥
𝑛𝑘+1

, 𝑥
𝑛𝑘
) ,

𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

) ≤ 𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑚𝑘

) + 𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)

+ 𝑑 (𝑥
𝑛𝑘
, 𝑥
𝑛𝑘+1

) .

(54)

Taking limit as 𝑘 → +∞ and using (50) and (53), we obtain

lim
𝑘→+∞

𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

) = 𝜖. (55)

By using (39), (53), and (55), we have

𝜂 (𝑥
𝑚𝑘

, 𝑆𝑥
𝑚𝑘

) 𝜂 (𝑥
𝑛𝑘
, 𝑆𝑥
𝑛𝑘
) 𝑑 (𝑥

𝑚𝑘+1
, 𝑥
𝑛𝑘+1

)

≤ 𝛼 (𝑥
𝑚𝑘

, 𝑆𝑥
𝑚𝑘

) 𝛼 (𝑥
𝑛𝑘
, 𝑆𝑥
𝑛𝑘
) 𝑑 (𝑥

𝑚𝑘+1
, 𝑥
𝑛𝑘+1

)

≤ 𝛼 (𝑥
𝑚𝑘

, 𝑆𝑥
𝑚𝑘

) 𝛼 (𝑥
𝑛𝑘
, 𝑆𝑥
𝑛𝑘
) 𝑑 (𝑆𝑥

𝑚𝑘
, 𝑇𝑥
𝑛𝑘
)

≤ 𝜂 (𝑥
𝑚𝑘

, 𝑆𝑥
𝑚𝑘

) 𝜂 (𝑥
𝑛𝑘
, 𝑆𝑥
𝑛𝑘
) 𝛽 (𝑑 (𝑥

𝑚𝑘
, 𝑥
𝑛𝑘
))

× 𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)

(56)

which implies that

𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

) ≤ 𝛽 (𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)) 𝑑 (𝑥

𝑚𝑘
, 𝑥
𝑛𝑘
) . (57)

Therfore, we have

𝑑 (𝑥
𝑚𝑘+1

, 𝑥
𝑛𝑘+1

)

𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)

≤ 𝛽 (𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)) ≤ 1. (58)

Now taking limit as 𝑘 → +∞ in (58), we get

lim
𝑛→∞

𝛽 (𝑑 (𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
)) = 1. (59)

Hence lim
𝑘→∞

𝑑(𝑥
𝑚𝑘

, 𝑥
𝑛𝑘
) = 0 < 𝜖, which is a contradiction.

Hence {𝑥
𝑛
} is a Cauchy sequence. Since𝑋 is complete so there

exists 𝑝 ∈ 𝑋 such that 𝑥
𝑛

→ 𝑝. Now we prove that 𝑝 = 𝑆𝑝.
Suppose (i) holds; that is, 𝑆 is continuous, so we get

𝑆𝑝 = 𝑆 lim
𝑛→∞

𝑥
𝑛
= lim
𝑛→∞

𝑆𝑥
𝑛
= lim
𝑛→∞

𝑥
𝑛+1

= 𝑝. (60)

Thus 𝑝 = 𝑆𝑝. Now we suppose that (ii) holds. Since

𝛼 (𝑥
𝑛
, 𝑥
𝑛+1

) ≥ 𝜂 (𝑥
𝑛
, 𝑥
𝑛+1

) (61)

for all 𝑛 ∈ N ∪ {0}. By the hypotheses of (ii), we have

𝛼 (𝑝, 𝑆𝑝) 𝛼 (𝑥
𝑘
, 𝑆𝑥
𝑘
) ≥ 𝜂 (𝑝, 𝑆𝑝) 𝜂 (𝑥

𝑘
, 𝑆𝑥
𝑘
) . (62)

Using the triangle inequality and (39), we have

𝜂 (𝑝, 𝑆𝑝) 𝜂 (𝑥
𝑘
, 𝑆𝑥
𝑘
) 𝑑 (𝑆𝑝, 𝑥

𝑘+1
)

= 𝜂 (𝑝, 𝑆𝑝) 𝜂 (𝑥
𝑘
, 𝑆𝑥
𝑘
) 𝑑 (𝑆𝑝, 𝑆𝑥

𝑘
)

≤ 𝛼 (𝑝, 𝑆𝑝) 𝛼 (𝑥
𝑘
, 𝑆𝑥
𝑘
) 𝑑 (𝑆𝑝, 𝑆𝑥

𝑘
)

≤ 𝜂 (𝑝, 𝑆𝑝) 𝜂 (𝑥
𝑘
, 𝑆𝑥
𝑘
) 𝛽 (𝑑 (𝑝, 𝑥

𝑘
)) 𝑑 (𝑝, 𝑥

𝑘
) ,

(63)

which implies that

𝑑 (𝑆𝑝, 𝑥
𝑘+1

) ≤ 𝛽 (𝑑 (𝑝, 𝑥
𝑘
)) 𝑑 (𝑝, 𝑥

𝑘
) . (64)

Letting 𝑘 → ∞, we have 𝑑(𝑝, 𝑆𝑝) = 0.Thus𝑝 = 𝑆𝑝. Let there
exists 𝑞 to be another fixed point of 𝑆𝑞 ∈ 𝑋, s.t 𝑞 = 𝑆𝑞;

𝜂 (𝑝, 𝑆𝑝) 𝜂 (𝑞, 𝑆𝑞) 𝑑 (𝑆𝑝, 𝑆𝑞)

≤ 𝛼 (𝑝, 𝑆𝑝) 𝛼 (𝑞, 𝑆𝑞) 𝑑 (𝑆𝑝, 𝑆𝑞)

≤ 𝜂 (𝑝, 𝑆𝑝) 𝜂 (𝑞, 𝑆𝑞) 𝛽 (𝑑 (𝑝, 𝑞)) 𝑑 (𝑝, 𝑞) ,

(65)

implies

𝑑 (𝑆𝑝, 𝑆𝑞) ≤ 𝛽 (𝑑 (𝑝, 𝑞)) 𝑑 (𝑝, 𝑞) . (66)

By the property of 𝛽 function, 𝛽(𝑑(𝑝, 𝑞)) = 1 implies 𝑑(𝑝,

𝑞) = 0; then we have 𝑝 = 𝑞. Hence 𝑆 has a unique fixed point.

If 𝜂(𝑥, 𝑦) = 1 in Theorem 10, we get the following corol-
lary.

Corollary 11 (see [17]). Let (𝑋, 𝑑) be a complete metric space
and let 𝑆 be 𝛼-admissible mapping. Assume that there exists a
function 𝛽 : [0, +∞) → [0, 1) such that, for any bounded
sequence {𝑡

𝑛
} of positive reals, 𝛽(𝑡

𝑛
) → 1 implies 𝑡

𝑛
→ 0 such

that

𝛼 (𝑥, 𝑆𝑥) 𝛼 (𝑦, 𝑆𝑦) 𝑑 (𝑆𝑥, 𝑆𝑦) ≤ 𝛽 (𝑑 (𝑥, 𝑦)) 𝑑 (𝑥, 𝑦) (67)

for all 𝑥, 𝑦 ∈ 𝑋. Suppose that either

(i) 𝑆 is continuous, or
(ii) if {𝑥

𝑛
} is a sequence in 𝑋 such that 𝛼(𝑥

𝑛
, 𝑥
𝑛+1

) ≥ 1 for
all 𝑛 ∈ N ∪ {0} and 𝑥

𝑛
→ 𝑝 ∈ 𝑋 as 𝑛 → +∞, then

𝛼 (𝑝, 𝑆𝑝) ≥ 1. (68)

If there exists 𝑥
0
, 𝑥
1
∈ 𝑋 such that 𝛼(𝑥

0
, 𝑥
1
) ≥ 1, then 𝑆 has a

fixed point. Our results are more general than those in [17, 32,
33] and improve several results existing in the literature.
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