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We study the set of all strongly irregular points of a Brouwer homeomorphism f which is embeddable in a flow. We prove that this
set is equal to the first prolongational limit set of any flow containing f. We also give a sufficient condition for a class of flows of

Brouwer homeomorphisms to be topologically conjugate.

1. Introduction

In this part we recall the requisite definitions and results
concerning Brouwer homeomorphisms and flows of such
homeomorphisms.

By a Brouwer homeomorphism we mean an orientation
preserving homeomorphism of the plane onto itself which
has no fixed points. By a flow we mean a group of homeomor-
phisms of the plane onto itself { f*: ¢ € R} under the operation
of composition which satisfies the following conditions:

(1) the function F : R* x R — R?, F(x,t) = ft(x) is
continuous,

2) f°(x) = x for x € R?,

B3) fL(f(x) = f(x) for x € R%, t,5 € R.

We say that a Brouwer homeomorphism f is embeddable in a
flow if there exists a flow { f : t € R} such that f = f'. Then
for each t € R\ {0}, f* is a Brouwer homeomorphism.

For any sequence of subsets (A,),cz, of the plane we
define limes superior limsup,,_, . A, as the set of all points
p € R? such that any neighbourhood of p has common points
with infinitely many elements of the sequence (A,,),,c7 . For
any subset B of the plane we define the positive limit set
ws(B) as the limes superior of the sequence of its iterates
(f"(B))%L and negative limit set (xf(B) as the limes superior

of the sequence (f"(B)),,cz, - Under the assumption that B is
compact, Nakayama [1] proved that

Wy (B)

—_ 2 . 1
= {q € R”: there exist sequences ( pj)jeL,

(nj)j€Z+ such that p; € B,n; € Z,,n; — +00,

i (pj) —qasj— +oo},
(1)
Xy (B)

—_ 2 . 1
= {q € R”: there exist sequences ( pj)jeL,

(nj)j€Z+ such that p; € B,n; € Z,,n; — +00,

f_"f'(pj) —qasj— +oo}.

A point p s called positively irregular if w¢(B) # 0 for each
Jordan domain B containing p in its interior and negatively
irregular if « f(B) # 0 for each Jordan domain B containing p
in its interior, where by a Jordan domain we mean the union
of a Jordan curve J and the Jordan region determined by J
(i.e., the bounded component of R\ ). A point which is not
positively irregular is said to be positively regular. Similarly,
a point which is not negatively irregular is called negatively
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regular. A point which is positively or negatively irregular is
called irregular, otherwise it is regular.

We say thataset U ¢ R? is invariant under f if f(U) = U.
An invariant simply connected region U ¢ R? is said to be
parallelizable if there exists a homeomorphism ¢;; mapping
U onto R* such that

f(x) = ¢y (py(x) +(1,0)) for x € U. )

The homeomorphism ¢; occurring in this equality is called
a parallelizing homeomorphism of f|;. On account of the
Brouwer Translation Theorem, for each p € R? there exists
a parallelizable region U containing p (see [2]).

Homma and Terasaka [3] proved a theorem describing
the structure of an arbitrary Brouwer homeomorphism. The
theorem can be formulated in the following way.

Theorem 1 (see [3], First Structure Theorem). Let f be a
Brouwer homeomorphism. Then the plane is divided into at
most three kinds of pairwise disjoint sets: {O; : i € I}, wherel =
Z, orl ={1,...,n} for a positive integer n, {O} : i € Z.}, and
F. Thesets{O; :i € I} and {O; : i € Z,} are the components of
the set of all regular points such that each O; is a parallelizable
unbounded simply connected region and each O, is a simply
connected region satisfying the condition O, N f"(O}) = 0 for
n € Z\{0}. The set F is invariant and closed and consists of all
irregular points.

For an irregular point p of a Brouwer homeomorphism f
the set P*(p) is defined as the intersection of all w +(B) and the

set P™(p) as the intersection of all « f(B), where B is a Jordan
domain containing p in its interior. An irregular point p is
strongly positively irregular if P*(p) # 0, otherwise it is weakly
positively irregular. Similarly, p is strongly negatively irregular
if P~ (p) # 0, otherwise it is weakly negatively irregular. We say
that p is strongly irregular if it is strongly positively irregular
or strongly negatively irregular. Otherwise, an irregular point
p is said to be weakly irregular.
Homma and Terasaka [3] proved that for all p,q € R

qge P (p) = peP (q). (3)

Nakayama [4] showed that for any Brouwer homeomorphism
the set of strongly irregular points has no interior points. The
set of weakly irregular points consists of all cluster points
of the set of strongly irregular points which are not strongly
irregular points (see [3]).

A counterpart of Theorem 1 for a Brouwer homeomor-
phism embeddable in a flow has been given in [5]. Namely,
if a Brouwer homeomorphism is embeddable in a flow, then
the set of regular points is a union of pairwise disjoint
parallelizable unbounded simply connected regions.

2. Strongly Irregular Points

In this section we study the structure of the set of all irregular
points for Brouwer homeomorphisms embeddable in a flow.

Let f be a Brouwer homeomorphism. Assume that there
exists a flow {f* : t € R} such that f' = f.LetU c R*bea
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simply connected region such that f*(U) = U for t € R. We
say that U is a parallelizable region of the flow if there exists a
homeomorphism ¢, mapping U onto R* such that

fr ) =9, (g (x) +(£,0) forxeU, teR.  (4)

Such a homeomorphism ¢, will be called a parallelizing
homeomorphism of the flow {f'|; : t € R}. It is known
that for any simply connected region U which is invariant
under the flow {f* : t € R} the existence of a parallelizing
homeomorphism of fl;; is equivalent to the existence of a
parallelizing homeomorphism of { f*|;; : t € R} (see [6]).

By the trajectory of a point p € R® we mean the set
C, = {ft(p) : t € R} It is known that a region U is
parallelizable if and only if there exists a topological line K inU
(i.e., a homeomorphic image of a straight line that is a closed
set in U) such that K has exactly one common point with
every trajectory of { f* : t € R} contained in U (see [7], page
49). Such a set K we will call a section in U (or a local section of
{f' : t € R}). On account of the Whitney-Bebutov Theorem
(see [7], page 52), for each p € R? there exists a parallelizable
region U, containing p. Without loss of generality we can
assume tﬁat the parallelizing homeomorphism v, satisfies

the condition (pUp(p) =(0,0). Then Ky, = (p{]l({O} x R)isa
p
local section containing p.
For a flow {f' : t € R} and a point p € R* we define

the first positive prolongational limit set and the first negative
prolongational limit set of p by

I (p) = {q € R*: there exist sequences (p,)

nez, >
(tu),ez, such that p, — p, t, — +oo,
f"(pa) — g as n— +oo},

(5)
7 (p) = {q € R?: there exist sequences (pn)nEZ+ >
(), ch that p, — p. £, — o0,

f"(p,) — q as n — +oo}.

The set J(p) := J'(p) U J (p) is called the first
prolongational limit set of p. For a subset H ¢ R* we define
J(H) = [T (p). ©)
peEH

The set J(R?) will be called the first prolongational limit set of
the flow {f* : t € R}. For all p,q € R we have

ae] (p)=peJ (9. (7)

In [5] it has been proven that for each point p € R* the
set P*(p) is contained in J*(p). Now we prove the converse
inclusion.

Theorem 2. Let f be a Brouwer homeomorphism which is
embeddable in a flow {f' : t € R} and let p € R Then
J*(p) < P*(p).
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Proof. Let ¢ € J"(p). Denote by S q the strip between
trajectories C, and C, of points p and g, respectively. Then
for each z € §,, the trajectory C, is contained in the
strip S, between trajectories C, and C, of points g and z,
respectively, and the trajectories C, and C, are subsets of the
same component oquZ \ O (see [8]). Let K, and L, be local

sections of { f* : t € R} such that p € K, and g € L,,.

Let B be a Jordan domain containing p in its interior. If
K, N bdB # @, then by compactness of bdB, there exists a
Po € Ky NSy, such that py is the only common point of bdB
with the subarc K of K having p and p, as its endpoints. If
K,NbdB = 0, then we put K := K,N(S,,UC,). Takeanry > 0
such that B(p,rp) C int B and B(p,r5) N Sy,is contained in
the union of all trajectories having a common point with K,
where B(p, r3) denotes the ball with centre p and radius ry.
FixaT > 0 and an r, > 0. Without loss of generality we can
assume that B(q,r,) N B(p, 1) = 0.

Now we take an r € (0, rq) for which there exists a y €
Ly N S,, such that dist(q, y) > r, where dist denotes the
Euclidean metric on the plane. Then bdB(q,r) N L, NS, # 0.
By compactness of bdB(q, r), there exists a g, € Ly N Sp,
such that g, is the only common point of bdB(g, r) with tﬁe
subarc L of L, having q and g, as its endpoints. Denote by
W the union of all trajectories having a common point with
the arc L. Since g, € S,,, each trajectory contained in W is a
subset of the component of c1 S, \C,, which contains C, and
C,,» where S, denotes the strip between trajectories C, and
C,, of points g and q,.

By the assumption that g € J*(p), there exist sequences
(Pwnez, and (t,),cz, such that p, — p, t, — +oo,
f'"(p,) — gasn — +oo. Thus there exists an n, € Z,
such that for all n > n, we have t, > T, p, € B(p,rg) and
f"(p,) € B(g,r) N W. Then, for every n > n, there exists
a, € R such that f"**(p,) € L. Moreover, by the definition
of rg, for every n > n, there exists x,, € K and f3, € R such
that fP*(x,) = p,. Thus f""**Pr(x,) € L for n > n,.

Fix any n > n, and take a positive integer k, such that
k, > t,+a, + 8, and k, > T. Then x, and f*(x,) belong
to different components of W \ L, since L is a section in W.
By continuity of f* at p there exists a y, € f*(K) such
that x,, and y, belong to the same component of W \ L,
since any neighbourhood of *(p) must contain a point from
F5(K). Thus f*(K) has a common point w,, with L. Then
w, € B(q,r) and hence w, € B(q,r,). Taking z, = R (w,)
we have z,, € B, since K ¢ B. Consequently, for each n > n,
we have k, > T and f*(z,) € B(q, 7). Hence k, — +00 and
fk"(zn) — gasn — +00, which implies that g € wf(B).
Consequently g € P*(p). O

Since an analogous reasoning can be applied to the set of
strongly negatively irregular points and the first negative pro-
longational limit set, our considerations can be summarized
in the following way.

Corollary 3. Let f be a Brouwer homeomorphism which is
embeddable in a flow {f' : t € R} and let p € R Then
P*(p) = J*(p) and P~ (p) = ] (p), and consequently the

set of all strongly irregular points of f is equal to the first
prolongational limit set of the flow { f* : t € R}.

Corollary 4. Let f be a Brouwer homeomorphism which is
embeddable in a flow. Then, for each flow containing f, the first
prolongational limit set is the same.

After a reparametrization of the flow { ft :t e R}
containing f each element f* of the flow, for t € R\ {0} or
t > 0, respectively, can be treated as f.

Corollary 5. Let f be a Brouwer homeomorphism which is
embeddable in a flow {f' : t € R}. Then the set of all strongly
irregular points of f' is the same for all t € R \ {0}. Moreover,
the set of all strongly positive irregular points of f' and the set
of all strongly negative irregular points of f* are the same for all
t>0.

3. Flows of Brouwer Homeomorphisms

In this section we describe the form of any flow of Brouwer
homeomorphisms. To give a sufficient condition for the
topological conjugacy of flows of Brouwer homeomorphisms
one can use covers of the plane by maximal parallelizable
regions. We will study the functions which express the
relations between parallelizing homeomorphisms of such
regions.

It is known that a simply connected region U is par-
allelizable if and only if J(U) N U = 0. Hence for every
parallelizable region U we have J(U) ¢ bdU. In the case where
U is a maximal parallelizable region (i.e., U is not contained
properly in any parallelizable region), the boundary of U
consists of strongly irregular points. It follows from the fact
that for each maximal parallelizable region U the equality
J(U) = bdU holds. The proof of this fact can be found in
[9]. For the convenience of the reader, we outline the essential
ideas in that proof.

Let U be a parallelizable region. Assume that there exists
a point p € bdU such that p ¢ J(U). Denote by D, the
component of R*\C » which has a common point with U and

by D, the other component of R*\C - LetV beaparallelizable
region which contains p and put V, := V N D,. Let U, :=
U UC,uV;. We show that J(q) N U, = 0 for each q € U,
which means that U, is a parallelizable region. To see this we
consider three cases. First, let us consider the case where g €
U. Then J(q) C cl Dy, since q € D,. Hence by parallelizability
of U, we have J(q) N U = 0 and by the assumption that
p ¢ J(U), we get J(gq) N CP = 0. Thus J(q) N U; = 0. Now,
let g € V,. Then J(q) C clD,. Hence J(q) N U, = 0, since by
parallelizability of V we have J(q) N (C ,UV) =0. Finally, let
q € C,. Then, as in the previous case, J(q) N (C, U V;) = 0,
and by the assumption that p ¢ J(U), we get ] (1()]) nuU = 0.
Thus we proved that J(U;) N U, = 0, which means that U, is
parallelizable. Since U is contained properly in U,, we obtain
that U cannot be a maximal parallelizable region.

For any distinct trajectories C,, , C,, ,and C,, of { f “ite
R} one of the following two possibilities must be satisfied:
exactly one of the trajectories C, , C, , and C,,_ is contained



in the strip between the other two or each of the trajectories
C,,»C,,»and C,, is contained in the strip between the other
two. In the first case if C, is the trajectory which lies in the
strip between C,, and C,, we will write C,, |CP]- |CPk @ j,

k € {1,2,3} and i, j, k are different). In the second case we
will write |CPi’CPj’CPk| (cf. [10]).

Let X be a nonempty set. Denote by X the set of all
finite sequences of elements of X. A subset T of X*“ is called
a tree on X if it is closed under initial segments; that is, for all
positive integers m, nsuch thatn > mif (x,...,x,,,...,x,) €
T, then (xi,...,x,,) € T.Leta = (x,...,x,) € X*“. Then,
for any x € X by o~ x we denote the sequence (x,..., x,, x).
Anode & = (x;,...,x,) € T of atree T is said to be terminal
if there is no node of properly extending it; that is, there is no
element x € X such thata™x € T.

Atree A" ¢ Z;° will be termed admissible if the following
conditions hold:

(i) A" contains the sequence 1 and no other one-element
sequence;

(ii) if a "k is in A* and k > 1, then so also is « ~(k — 1).

A tree A~ ¢ Z=“ will be termed admissible if the
following conditions hold:

(iii) A~ contains the sequence —1 and no other one-
element sequence;

(iv) ifa"kisin A” and k < —1, then so also is ™ (k + 1).

The set A := A" U A” will be said to be admissible class
of finite sequences, where A" and A~ are some admissible
classes of finite sequences of positive and negative integers,
respectively.

Now we recall results describing the flows of Brouwer
homeomorphisms.

Theorem 6 (see [11]). Let {ft : t € R} be a flow of Brouwer
homeomorphisms. Then there exists a family of trajectories
{C, : a € A} and a family of maximal parallelizable regions
{U, : « € A}, where A = A* U A” is an admissible class of
finite sequences, such that U, =U_;, C, = C_,, and

C,cU, foracA,

v, =R,

acA
U,NUy~; #0  for ai €A, ®)
Cy~; CbdU, for a”i € A,

C

iy for ai, a0, € A, i) # 1y,

|CarC

ofizl

Coc |Co¢Ai| Co-i-

winj foraTijeA
Proposition 7 (see [11]). Let {f* : t € R} be a flow of Brouwer
homeomorphisms. Then there exists a family of the parallelizing
homeomorphisms {¢, : « € A}, where ¢, : U, — R* U,
are those occurring in Theorem 6, and for each a”i € A*

Poi (Uoc nu, ‘i) =Rx (Coc‘i’ )’

©))
Pa (Uoc nu, Ai) =Rx (Ctx’dot) >
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where ¢, € R U {-o0}, d, € RU {+00}, and ¢,~; € [-00,0)
are some constants such that ¢, < d, and at least one of the
constants c,, d, is finite. Moreover, there exists a continuous
function p,~; : (c,,d,) — R and a homeomorphism v,~; :
(¢,»dy) — (¢4~ 0) such that the homeomorphism

Bomi i R x (o dy) — R X (e, 0) (10)
given by the relation hy~; == @o~; ° (@, . )" has the form
Bomi (8,5) = (i () + 1,74~ (5)), t€R,s€(cnd,).
(11)

The above proposition is formulated for « € A, but the
analogous result holds for « € A™. The admissible class of
finite sequences occurring in Theorem 6 is not unique for a
given flow, so we can usually choose a convenient A when
solving a problem of topological conjugacy.

The homeomorphisms v,~; occurring in Proposition 7
can be either increasing or decreasing. For each ™ i € A
denote by C;-; the unique trajectory contained in U, N
J(C,~;) (the uniqueness has been proven in [8]). From the
construction of the families {C, « € A} and {U, :
« € A} occurring in Theorem 6 we obtain that, in case
C,ICo~]Cqy-; or C, = Ci-,, the homeomorphism v,-; is
decreasing and ¢, > 0 or ¢, = 0, respectively. However, in
case |C,, Cyi~;, Cy~;|, the homeomorphism v,-; is increasing
and d, > 0 (see [11]).

The continuous functions p,-~; describe the time needed
for the flow { ft : t € R} to move from the point with
coordinates (0, 7,~;(s)) in the chart ¢,-; until it reaches the
point with coordinates (0, s) in the chart ¢,. In other words,
Uqo~; describe the time needed for the flow to move from
a point from the section K, _ in U,-~; to a point from the

section K, in U,.

Proposition 8. The functions p,~; occurring in Proposition 7
satisfy the condition

[~00 if Comy T (C),

+00 if Cu~; €] (Cyry) (12

Jim pro~i (8) =

in the case where C,|C5~,|C,~; or C, = Ci-, or the condition
—00 if Coy €T (Cori)
lf CtxAi <] (Coc"i)

. 14
in the case where |C,, Co~;, Cyl.

(13)
+00

li . (s) = 4
Jm e i ()

Proof. Let us consider the case where C,|C;~;|C,~; or C, =
C:~; and assume that C,~; C J*(C5-~,). The other cases are
similar. Denote by p and g the points for which ¢, (p) = (0,¢,)
and @,-~;(q) = (0,0); thatis, p € K, NCg~,andg € K, N
C,-~;- Theng € J*(p). Thus there exist sequences (p,,) . z, and
(ty)pez, such that p, — p,t, — +oo, and f"(p) — q
asn — +00. This means that there exist sequences (1,),,c7
(Swnez, suchthatu, — 0,s, — ¢, whereg,(p,) = (4,,s,).
Hence (f*(p) = 9u(p) + () = (6 + 15 and by
11

hoc“i (tn + Uy sn) = (yot"i (Sn) + tn T U Voi (Sn)) . (14)
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Thus p,~;(s,) +t,+u, — Oasn — +oo,since f(p,) — g
asn — +o00. Hence y,~;(s,) — —o00,sincet, — +co and
u, — 0.Consequently, liminf,_, . p,~;(s) = —oo.

Suppose, on the contrary, that there exists a sequence
(Sw)nez, suchthats, — ¢, and p,~(s,) — cforsomec € R.
Consider the sequence (p,),cz, such that ¢,(p,) = (0,s,).
Then each element of the sequence (p,),cz, belongs to K, .
Moreover, the sequence (p,),cz, tends to the point p such
that ¢,(p) = (0,¢,). Hence p € K, N Cg-;. On the other
hand, by (11)

Pari (pn) = hofi (O’ sn) = (M(XAII (Sn) > Vi (Sn)) . (15)

Hence lim,, _, , . @~i(p,) = (¢,0). Consequently lim,, ,__p,
= g, where { is a point such that ¢,-~;(§) = (c,0); that is, €
C,-;. But this is impossible, since C,~; N Cjj~; = 0. O

By the fact that v, (¢pdy) —  (¢0) is a

homeomorphism, the function f1,~; : R x (¢,~;,0) — R x
(¢,~;»0) defined by

o (t5) := (( i © v;ii) (v) +1, v) , teR, ve(g0)
(16)

is continuous. Moreover, putting s := v;i ;(v) in Proposition 8
we obtain the following result.

Corollary 9. The functions 1,~; : (c,~»0) — R given by
Mai = Hami ® Vori 17)

where p,~; and v~; are those occurring in Proposition 7, satisfy
the condition

—00 if Cy~; € J"(Coy)

+00 if Cy~; €] (Cymy) - (18)

JI_IH) Hari (V) = {

4. Topological Conjugacy of
Generalized Reeb Flows

In this section we consider the problem of topological
conjugacy of a class of flows of Brouwer homeomorphisms.
To prove our result we use the form of such flows.

We say that flows {f* : t € R} and {g" : t € R}, where
f'. g : R* — RZ are topologically conjugate if there exists a
homeomorphism @ of the plane onto itself such that

g=0"oflod, teR. 19)

In [12] a lemma can be found which says that the set of
strongly irregular points (called the set of singular pairs there)
is invariant with respect to topological conjugacy of flows.
Thus, by Corollary 3, we have the following result.

Proposition 10. Let {f* : t € R} and {gt it € R} be
topologically conjugate flows of Brouwer homeomorphisms and
let ® : R* — R? be a homeomorphism which conjugates
the flows. Then ®(J;+(R?)) = J;(R?), where J;;(R*) and
]{gt}(Rz) denote the first prolongational limit set of {f* : t € R}
and {g' : t € R}, respectively.

5
Put
PO::{(x,y)ERZ:x>O,y>O},
P, ::{(x,y)elRZ:x<O,y>0},
P2:={(x,y)€|R2:x>0,y<0}, (20)

L, := {(x,O) € Rzzx>0},

L,:={(0,y) eR*: y>0}

andU := BUP,UP,UL UL, Consider the flow {g' :t e R},

where for each t € R the homeomorphism g' : U — U is
defined by

(2'x,27"y) if (x,y) € UL, UL,
(x,27'y)  if (x,y)eP, (21)
(2'x, y) if (x,y) € P,.

Then J*'(U) = Lyand J (U) = L,,.

Put A" = {L(LD}L U, := L UL, UP, Uy = By U
L,UP,C :=L,Cqyy =Liand A" = {-1},,U, = U,
C_,:=C,.ThenCy;, := C, and C( ;) € J*(C,). Let

g (xy):=

K, = {(s,1) : s e R}, K =1{(1,s):s€R}. (22)

Pan
Note that the trajectories of {g : t € R} contained in P, are
given by the equation xy = s for s € (0, +00). Hence

Pa : (0,+00) — R, P (s) = log,s, (23)

since glogzs(l, s) = (2'98:° 27198:%5) = (s, 1). Moreover,

Y, : (0,+00) — (—00,0), Y (8) = —s. (24)

For each flow {ft 1t € R}, whereft :U - Ufort € R,
having the same trajectories (including the orientation) as the
flow {g': t € R} given by (21), one can consider the function
iy ¢ (0,+00) — R occurring in Proposition 7 which
describes the time needed to move from each point p € Py N
K, to the point of K, belonging to the trajectory of p, that
is, from the point of the form (1, s) to the point of the form
(s, 1) for some s € (0, +00). Then by Proposition 8

Lim gy, 1,1) (5) = —o0. (25)
Consider a constant o' (g4 (1,1)) € [0, +00] defined by
o () = lim sup gy 11y (V). (26)
where .”{*ff},u,l) :(0,1] — [0, +00) is given by

K (V) = typy ) (v) — min {.“{f‘},(l,l) (s):s e 1]}
(27)

(cf. [13, 14]). Then the flow { ft : t € R} is topologically
conjugate to the flow {g' : t € R} given by (21) if and only if



O'([/l{ft}’(l,l)) = 0 (see [13]). In particular, this condition holds
in the case where pi; 1) ;) is increasing.

Now we introduce a class of flows of Brouwer homeo-
morphisms. Put &, := land «,,,; := o, 1 forn € Z,. For

any positive integer k we define A, = {a, : 1 < n < k}
and A, = {a, : n € Z.}. Similarly, put a_;, = -1,
&, = «a, —1forn e Z_ and for any negative integer k
let Ay ={a,:k<n<-l}and A__ :={a,:neZ_}.

Consider a flow {h' : t € R} of Brouwer homeomor-
phisms &' : R* — R? such that A = A" U A™ can be given in
one of the following forms:

(a) A~ ={-1}and A" = A, forsomek € Z,,

(b) A~ ={-1}and A" = A,

(c)A"=A__and A" = A

002
+00*

We assume that U, N J(R?) = C, foreach «, € A, where
{U, o, Oy € A} and {C fa, € A} are whose occurring in

Theorem 6. Then C;” . cU, N J(R?) for
every a,,; € A". Similarly, C“" =C, foreverya, € A"

= 1 (x"
= C,,»since C

Fix an a,,; € A". Denote by V the strip between
C,, andC, .ThenV, ~c U, and IC Ca ,C, | for every
trajectoryC c Va, (see [8]). In particular, if C s equal to
the vertical line {(n - 1,y) : y € R} for each a,, ‘e A", then
V, . isavertical strip for each a,,; € A".Ina similar way we
define the stripV, fore, , € A™.
Let us assume that for each «, € A\ {1, -1} there exists a
homeomorphism y,, :clV, — P UL, UL, such that

=y, og oy, teR, (28)
where {g : t € R} is given by (21). IfC, cJ'(C, ) then
(C ) =L, and Vo, (Cq ) =L, IncaseC, C ]C(C )

Wehavetl/oc (C ) =L andt//“ (C ) =L, Theﬂow{ht t €
R} described above w111 be called a standard generalized Reeb
Sflow.

A standard generalized Reeb flow can have either a
finite number of maximal parallelizable regions or an infinite
number of such regions. The first case holds if the set of
indices A of the flow is of the form (a). However, the second
case holds if this set is of the form (b) or (c). The trajectories
of a standard generalized Reeb flow with an infinite number
of maximal parallelizable regions are shown in Figures 1 and
2 for the set A of the forms (b) and (c), respectively.

Consider aflow { f*:t € R} of Brouwer homeomorphisms
which has the same trajectories as a standard generalized
Reeb flow. For «,, € A\ {1,-1} and s € (0,+0c0) denote by
C{" the image of the trajectory {(x,y) € P, : xy = s} of
{g' : t € R} under 1;/;: For each «, € A\ {1,-1} consider
the function Hifa, (0,+00) — R taking as g f:},%(s)
the time needed to move from the unique pomt of the set

m//“ (K ,) to the unique point of Cin Y, (K ). Define

ft}a : (0, 1] [0, +00) by

Uirya, (V) = i1y, (v) = min {U/10, () 15 € 0,11} (29)
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G =C, C, Cs Cy Cs

A

FIGURE 1: A generalized Reeb flow with A = {-1}and A* = A,

ﬂﬂﬁq

C_3 C., C=C, G G

FIGURE 2: A generalized Reeb flow with A" = A__and A" = A,

incase C, < J'(C, ), and by

Uiriya, (V) = max{upn o () s € [ 11} = pyp 0 (v) (30)

incaseC, ~<CJ (C,).Put

o (i1a,) = lim supiiip (V). (1)

Now we can prove the following conjugacy result.

Theorem 11. Let {h' : t € R} be a standard generalized Reeb
flow. Let A be an admissible class of finite sequences satisfying
one of the conditions (a)-(c). Assume that {ft :t € R}isa
flow of Brouwer homeomorphisms having the same trajectories
including orientation as {h' : t € R}. If o(pypy,) = 0 for all
o, € A\ {1,-1}, then the flows {f' : t € R} and {h' : t € R}
are topologically conjugate.

Proof. Assume that one of the conditions (a) and (b) holds.
First, let us note that there exists a topological conjugacy @, :
U, — U, of flows {f'|y, :t € R} and {K'|; :¢ € R}, since U,
is a parallelizable region of each of these flows. More precisely,
ifoim, U — R* and Oy iU — R? are parallelizing
homeomorphisms for {ft|U :t € R} and {ht|U it € R},
respectively, then for every p € U, we put ®,(p) = (‘P{ht o
Pir.0)(P)-

Fix an «,,; € A". Assume that we have defined a

homeomorphism ®, which conjugates {f* : t € R} and
{h':t € R} on the set |J., U, . Define F': B, UL, UL, —
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PyUL,UL, by F' = Vo, © ffo w;:ﬂ fort € R, where
Vo, satisfies (28). Then o (g 11)) = U(P‘{ff},an)- Hence
o (g 1,1)) = 0, since by the assumption o/(p 41y o ) = 0. Thus
{F* : t ¢ R}and {9t|P0uLquy : t € R} are topologically
conjugate. Consequently { ft|W :t € R} and {htlW
t € R} are topologically con)uga}[e, where W, = clV
Denote by ¢, the homeomorphism which conjugates these
flows.

Fix any p, € C, and put q; := ®,(p), q, =
Take t, € R such that h'(q,)
hlo |W4x,,, o, - Thend,

+1 n+1

+1

¢o¢,,+1(p0)'
= ¢, and define ®, =

conjugates the flows { f tlwa it e

R} and {htIWa :t € R}, since
nt1
e * L,
— 1o
_h IW"‘ml Knt1 f |W0‘n+1
(32)
1yt
=h °|wmn+1 oh' |Wa - ‘/’am
gt to _
=h lWa,H,l °oh |szn 1 ¢0‘n+1 - Wit ° e

Moreover @, (p,) = gy, since
n

@, (po) = h' (‘/5%+1 (Po)) =H'(q,)=q,. (33

Hence @, |c, = ®,lc, . Thus we can define @,,,, by

®,(p), peUUa,,\VW 34

(p)

Then ®@,,, conjugates {f' : t € R} and {h' : t € IR} on
the set [J Uy, UG, . Since {ff:t € Rl and {" :

R} are parallelizable on U, . we can extend the topologlcal
conjugacy @, on the component of U, \C,  whichdo
not contain C, (see [12]). Such an extension is really needed
in case of (a) to obtain the conjugacy on the whole plane. In
case of (c), forany o, _; € A~ we extend @, from |J__, U, to
®,,_, definedon | J_ , U, UC,

q)n+1 (p) =

X1

—1 in a similar way. O
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