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We prove a Kastler-Kalau-Walze type theorem for perturbations of Dirac operators on compact manifolds with or without boundary.
As a corollary, we give two kinds of operator-theoretic explanations of the gravitational action on boundary. We also compute the
spectral action for Dirac operators with two-form perturbations on 4-dimensional compact manifolds.

1. Introduction

The noncommutative residue found in [1, 2] plays a promi-
nent role in noncommutative geometry. In [3], Connes
used the noncommutative residue to derive a conformal 4-
dimensional Polyakov action analogy. In [4], Connes proved
that the noncommutative residue on a compact manifold
M coincided with Dixmier’s trace on pseudodifferential
operators of order —dim M. Several years ago, Connes
made a challenging observation that the noncommutative
residue of the square of the inverse of the Dirac operator
was proportional to the Einstein-Hilbert action, which is
called the Kastler-Kalau-Walze theorem now. In [5], Kastler
gave a brute-force proof of this theorem. In [6], Kalau and
Walze proved this theorem by the normal coordinates way
simultaneously. In [7], Ackermann gave a note on a new proof
of this theorem by the heat kernel expansion way. The Kastler-
Kalau-Walze theorem had been generalized to some cases, for
example, Dirac operators with torsion [8], CR manifolds [9],
and R” [10] (see also [11, 12]).

On the other hand, Fedosov et al. defined a noncommu-
tative residue on Boutet de Monvel’s algebra and proved that
it was the unique continuous trace in [13]. In [14], Schrohe
gave the relation between the Dixmier trace and the non-
commutative residue for manifolds with boundary. In [15, 16],

we gave an operator-theoretic explanation of the gravitational
action for manifolds with boundary and proved a Kastler-
Kalau-Walze type theorem for Dirac operators and signature
operators on manifolds with boundary.

Perturbations of Dirac operators were investigated by
several authors. In [17], Sitarz and Zajac investigated the
spectral action for scalar perturbations of Dirac operators.
In [18, p. 305], Iochum and Levy computed the heat kernel
coefficients for Dirac operators with one-form perturbations.
In [19], Hanisch et al. derived a formula for the gravita-
tional part of the spectral action for Dirac operators on
4-dimensional spin manifolds with totally antisymmetric
torsion and this is a perturbation with three forms of Dirac
operators. On the other hand, in [20], Connes and Moscovici
considered the conformal perturbations of Dirac operators.
Investigating the perturbations of Dirac operators has some
significance (see [18, 19, 21]). Motivated by [17-19], we study
the Dirac operators with general form perturbations. We
prove a Kastler-Kalau-Walze type theorem for general form
perturbations and the conformal perturbations of Dirac
operators for compact manifolds with or without boundary.
We also compute the spectral action for Dirac operators
with two-form perturbations on 4-dimensional compact
manifolds and give detailed computations of spectral action
for scalar perturbations of Dirac operators in [17].
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This paper is organized as follows. In Section 2, we
prove the Lichnerowicz formula for perturbations of Dirac
operators and prove a Kastler-Kalau-Walze type theorem for
perturbations of Dirac operators on 4-dimensional compact
manifolds with or without boundary. In Section 3, we prove
a Kastler-Kalau-Walze type theorem for conformal perturba-
tions of Dirac operators on compact manifolds with or with-
out boundary. In Section 4, we compute the spectral action
for Dirac operators with scalar and two-form perturbations
on 4-dimensional compact manifolds.

2. A Kastler-Kalau-Walze Type Theorem for
Perturbations of Dirac Operators

2.1. A Kastler-Kalau-Walze Type Theorem for Perturbations
of Dirac Operators on Manifolds without Boundary. Let M
be a smooth compact Riemannian n-dimensional manifold
without boundary and let V be a vector bundle on M. Recall
that a differential operator P is of Laplace type if it has locally
the form

P=—(g"30;+ A9, +B), 6

where 9 is a natural local frame on TM, g, ; = g(9;,0;) and
(97141 i<n is the inverse matrix associated with the metric

matrix (g; ;)< j<n 00 M, and A and B are smooth sections
of End(V) on M (endomorphism). If P is a Laplace type
operator of the form (1), then (see [22]) there is a unique
connection V on V and a unique endomorphism E such that

P=—[g" (Vs - val_aj) +E|, )

where VI denotes the Levi-Civita connection on M. More-
over (with local frames of T"M and V), V; = 0; + w; and E

are related to g”, A’, and B through

1 . Klei
© = 59y (A7 + 4T} 1d),
©)
ij k
E=B-g’ (a,. (wj) + Ww; ~ wkl"ij),
where I‘i]; are the Christoffel coefficients of V*.

Now, we let M be an n-dimensional oriented spin man-
ifold with Riemannian metric g. We recall that the Dirac
operator D is locally given as follows in terms of orthonormal
frames e;, 1 < i < n, and natural frames 0; of TM:

=Y eV - Ye(e)v, w
ij i

where c(e;) denotes the Clifford action which satisfies the
relation

c(el-)c(ej) + c(ej)c(e,-) = 20/,

S
Vai = al + Ul-,

0; = lez <V3Liej,ek> c(ej)c(ek).

Jok

©)
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Let
o' = g"0, o = gijaj, r* = g"jl“il;. (6)
By (6a) in [5], we have
D’ = - 4799, - 2079, + T3,
@)

-4’ [ai (oj) +0,0; - Fi’;ok] + }Ls,

where s is the scalar curvature. Let ¥ be a smooth differential
form on M and we also denote the associated Clifford action
by ¥. We will compute D3, := (D + ¥)*. We note that

(D +V¥)* = D* + DY + ¥D + V2, (8)

DY +¥D = Y g” (c(2,) ¥ +¥c (3,)) 9;
i

+>97(c(3)0;(¥) +¢(3) ;¥ (9)
ij
+¥c(9,)0;).
By (7)-(9), we have
Dy = - g"90;+ (-207 + T/ + ¢ (9') ¥ + ¥c (9')) 9,
N gij [_ai (gj) - 0,0 + Fl.];ok +¢(9;) 9; (¥) (10)
1 2
+¢(0;) 0¥ +¥c (9,) aj] TSt L
By (10) and (3), we have
wi = O"l- — % [C (a,)\}’ + \PC (al)] 5
E= -¢(3)d (¥)-c(8)d'¥Y -¥c(d)d
1

—Z&Jﬁ+%yk@wW+Wd@ﬂ

_ %r" [c(3) W + ¥e (3,)] + %aj HCAEZRACH
+2[e(0) ¥+ we(3)] o
L le(0) ¥+ e (@) [e(2) ¥ + ¥e(3)].

)

For a smooth vector field X on M, let ¢(X) denote the Clifford
action. So,

Vy = V5 — % [c(X)V¥ + e (X)]. (12)

Since E is globally defined on M, so we can perform
computations of E in normal coordinates. Taking normal
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coordinates about x,, then, ai(xo) = 0, aj[c(aj)](xo) =
0, Fk(xo) =0, gij(xo) = 6{, so that

E(x) =~ ps— ¥+ 2 [0/ (0)¢(9)) - ¢(3,) ()]
- @)Y+ ¥e@)F ()
= =15 e (Me(e) —e(e) e ()]
- o) ¥+ ve (@)l (x)
= -5 [V ne(e) - e (o)) VS ()]
- Lo ¥+ ve (@)l (x)

We get the following Lichnerowicz formula.

Proposition 1. Let Y be a smooth differential form on M and
Dy := D +VY; then

D\Zy = - [gij (Va,-vaj - vVaL,-aj>] + :113 42
: % [ Dee)-ele) v 0] an

[c (e)‘I’+‘I’c(e)] ,

MH

where Vy is defined by (12) and X = 0,.

We see two special cases of Proposition 1. When ¥ = f,
where f is a smooth function on M, we have

Vy = V3 — fe(X), E:-}lﬁ(n— )2 (1)

Corollary 2. When ¥ = f, one has

D; __ [gij (Va,-vaj - VVaL,.aj)} + }LS +(1-n)f2  (16)

Lety = a,-;i be a one form, where g; is a smooth real
function, let ¢’ be a dual orthonormal frame by parallel
transport along geodesic, and let X = ge; be the dual

vector field of #. When ¥ = \/—_lc(n), by (12), we have

Vy = V}s} + \/—_1g(X, Y), where Y is a smooth vector field on
M. By ej(c(ei)) =0and del(xo) = 0 (see [15]), we have

\/__1
2

x [e; (a) e ew)e(e)) =< (e;) e (en) s ()]
+1le(e)c 0 +c (0 (e))

1 V-1 k
St (a )[c(ek)c(ej)—c(ej)c(ek)]
—:lls+\/—_IZej( ) (e) c ( )(xo)

k#j

E(x,) = —}15—le2+

- 4—115 —V=1c(dn) (x,).
(17)

Corollary 3. For a one-form n and the Clifford action c(#), one
has

(D+v=Te(n) = - [gij (VaiVaj - Vvéfaf)]
(18)

+4_11$ +V=1c(dn).

When ¥ is a two-form, we let ¥ = 2Y,_ aef A =

Y ayek A e, where a; = —ay, and c(¥) = Y gy c(e)c(e). So,

V=t g Yau(e)ele)ele) = Y aele)e(e)ele).

kl#i
(19)
where wg(e;) denotes the connection coefficient. By (13),
1
E= - yide (e (ex) (&)
1
+ 5 { €; (“kz) [C (ek) ¢ (61) ¢ (ej) -c (€j> ¢ (ek) c (@1)]}

z_ll[akl (c(e;)cler)cley) + cleg)cle)c(e; ))]

(20)

Let S(T'M) be the spinor bundle on M and dim(S(TM)) =
and Tr(A) denote the trace of A, for A € End(S(TM)). Smce,
fork#1,k+1,

Tr [c (e) ¢ (e) ¢ (eg) ¢ (e)] = d (-0F0] + 04of ), (1)
we have

~2daj,. (22)

Tr {[C‘kzc (e)c (el)]z} =



Since the trace of the product of odd Clifford elements is zero,
we have

e[ 5 ey (@) [e () e (e) () = () e (en) e @]} =0,

(23)
Tr {[aw (e () ¢ (ex) ¢ (@) + ¢ (ex) ¢ (er) e ()]}
= ayag Tr [c (e) ¢ (er) ¢ () ¢ (ep) cler)”
+e(e) e (er) eler) e (eg)  (ep)
+c(e)cled)e(e)ele)clep)c(e)
te(e)cle)cle)cle)cle)cle)]
= ~2ndaya (-636] + 0,0} )

-2 aag Tr [c (e) c (1) ¢ (e) c ()]

i#kl

+ ZZaklachTr [c (ex) e (er) ¢ (eg) c (eg)]

+ ZZaklaﬁTr [c(ex) c(er)c(e) clep)]

i=l

= 4nda,fl +(n-2) 4da£l - 4da,il - 4da,il

=8(n-2) da,fl.
(24)
By (20) and (22)-(24), we have
_a(_ 1 _ 2
TrE-d( L5+ (6= 2m)[¥] ) (25)

and we get the following.

Corollary 4. Let ¥ = ¥ aye* né' and ay) = —ay; then tr E =
d(=(1/4)s + (6 — 2n)|¥[*).

For a general differential form ¥, by (13) and Tr(AB) =
Tr(BA), we have
1 2 1 2
Tr(E) = Tr [—ZS -y - A_L[C (e,)¥ +¥c (e;)] ]
(26)
1 1
= Tr [_4_15 - E\PC (ei)‘}’c (ei) + (g - 1) ‘I’z] .
By the Kastler-Kalau-Walze theorem (see [5, 6]), we have

(2m)"?

. 1
Wres (D\y ?) = w22 JM Tr [gs + E] dvoly,, (27)

where Wres denotes the noncommutative residue (see [2]).

By (26) and (27), we have the following.
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Theorem 5. For even n-dimensional compact spin manifolds
without boundary and a general form Y, the following equality
holds:

Wres (D;,"Jrz)

~ (27_[)11/2
~ (n/2-2)!
1
X JM Tr [_ES (28)

_ %C (¥)c(e;)c(¥)c(e)
+(n/2 - 1) c(¥)* | dvol,,.

By Corollary 2, we have the following.

Corollary 6. For even n-dimensional compact spin manifolds
without boundary and a smooth function f on M, the following
equality holds:

_ (em"d

Wres (D}"Jrz) = 2-2)

J [—%s +(n- l)f2 dvoly,.
M
(29)

By Corollary 3, we have the following.

Corollary 7. For even n-dimensional compact spin manifolds
without boundary and a one-form ¥, the following equality
holds:

2n)"?d

Wi D—n+2 e "
res (D) 12 % (nj2 - 2)!

J sdvoly,.  (30)
M

By Corollary 4 and (27), we have the following.

Corollary 8. For even n-dimensional compact spin manifolds
without boundary and a two-form ¥, the following equality
holds:

w2y _ (2m)"d
Wres (D\I‘ 2) = m

X J Tr [—is +(6—2n) ¥ dvoly,.
M 12
(31

2.2. A Kastler-Kalau-Walze Type Theorem for Perturbations of
Dirac Operators on Manifolds with Boundary. We now let M
be a compact 4-dimensional spin manifold with boundary
OM and let U ¢ M be the collar neighborhood of oM
which is diffeomorphic to oM x [0, 1). And we will compute
the noncommutative residue for manifolds with boundary of
(7*Dy')*. That is, we will compute Wres[(* Dg')*] (for the
related definitions, see [15]) and we take the metric as in [15].
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Let (x',x,) € U, where x' € M and x,, denotes the normal
direction coordinate. By (2.2.4) in [15], we have

= JM J|€|=1 tracegray [074 (D\;Z)] o (&) dx (32)

where

O]

+oo 00 (—i)lalitke
oLl L2 ot
x traceginy) (2] 950k o7 (DY) (0.8,¢,) 33
x a0]"'a; oy (DY)
x(x',0,€,8,) | dE,0 (&) dx',
where the sum is taken over r—k—|a|+I-j-1 = —4, r,[ < -1,

and o} (D\;l) = ngncr,(D;,l) (for the definition of 7, see [15]).
By Theorem 5, we have

jM Jm:l tr oy (Dy’)] o (©)dx

1 1
= 47° JM Tr [_ES - E\PC (e;) Ye (e;) (34)

+ (g - 1) ‘1’2] dvol,,.

So, we only need to compute .fa o P In analogy with Lemma
2.1 of [15], we can prove the following useful result.

Lemma 9. The symbolic calculus of pseudodifferential opera-
tors yields

>

q4-1 (D‘;l) = \/Elcz(g)

. D) = . D! +c(§)‘1’c(£).

(35)

Similar to the computations in Section 2.2.2 in [15], we
can split ® into the sum of five terms. Since q_l(D\;l) =

q_l(Dfl), then terms (a) (I), (a) (II), and (a) (III) in our case

are the same as the terms (a) (I), (a) (II), and (a) (III) in [15],
)

term (a) (I)

+00
- Lg’|=1 J Y trace [9fm; q_,

0 |al=1
X af:/ agnq,l ]

x (x,) d&,0 (f') dx’
=0,

term (a) (II)

1 J J~+OO [a +
=—= trace Ty g_
2 Jigi=r %

X0 q.1] (36)
x (x5) dE,0 (&) dx’
_ —gnh' (0) Qydlx,

term (a) (III)

1 +00 .
=—= trace |0 7; g_
5 Jm:lj [0, £,9-1

X 0,0, ]
x (x,) d&,0 (E') dx’

_ gnh' (0) Qdx’.

Then, we only need to compute term (b) and term (c). By
Lemma 9,

term (b)

’ ' [ : (D_l)
= t
l»[IE’I:I J race |7z 4,

x 9 g, (D')]

x (x0) dE,0 (&) dx’
. e + [ c(§)¥e(§)
—q JIE’I:I ‘L)O trace [ﬂE" (—C |E|46 )

<anan (07)

x (x,) d&,0 (E') dx’.

(37)



By term (b) in [15], we have

+00
. + D!
1 Jm:l J trace [”Eﬂ—z ( )

<9 . (D))

x (xy) dE,0 () dx’

(38)

_ gnh' (0) Qs

where ), is the canonical volume of 3-dimensional unit
sphere. Moreover,

+ c(f)‘i’c(f)>(x)
d ) e

. [ [€(8") + & (dx,) | ¥ [ (&) + &c (dx,)
: (1+&)

= o [ () ve(e) retan) ve @),

oy (f') WYe (dx,)n,

+e(dx,) Ve (dx,) 1)
x (O +1 &) )
< (5, -1) ") dn,
= | ((®) we(®) +eldn) we (&),

+e (&) we (dx,) n, + ¢ (dx,) Ye (dx,) )

x (1, +i) (&, - 11”))_1](1)

1, =i

j n 2 ! !
- _ﬁc(s e (&)
_ ﬁ [ (dx,) We (&) + ¢ (') We (dx,)]
) ﬁc(dxn)‘{’c (dx,),
1-& 28, )
aEﬂ‘1||£’|:1 = V-1 [ (1+ E2)2"‘(‘&") - (1+ fﬁ)zc(g )] .
(39)
By (39) and

]y, s
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c(f')c(dxn) =—c (dxn)c(fl), Tr (AB) = Tr (BA),

(40)
we get
trace [ng (C(E)—\Pf(f')> X O¢ 4 (D_l):l (%)
" €] €1=1
V-1
= ——— Tr[c(dx,)¥ (41)
T r[c(dx,) Y]

! Tr [c(f’)‘l’]

L
2(1 + 82)°

Considering, for i < n, fIE’I=1 Eia(f') = 0, then

. e + [ @)Y (@)
—q L£’|=1 LOO trace |:rr€n <—|E|4 >

<o (0|

x (xy) dE,0 () dx’
= 203 Tr [c (dx,,) ¥] dx,
term (b) = gnh' (0) Qydx" + 203 Tr [c (dx,,) ¥] dx’.
(42)

Similarly, we have
9 ) 7T J
term (c) = —grrh (0) Qydx — ZQ3 Tr [c (dx,) Y] dx .
(43)

Then, the sum of terms (b) and (c) is zero and @ is zero. Then,
we get the following.

Theorem 10. Let M be a 4-dimensional compact spin mani-
fold with boundary OM and the metric gM (see (1.3) in [15]).
Let Y be a general differential form on M. Then,

Wres [(n+D;l)2]

= 4n’® JM Tr [—1—125 - %c (W) c(e;)c(¥)c(e) (44)

+ c(‘I’)z] dvol,,.

In [16], we proved a Kastler-Kalau-Walze theorem associ-
ated with Dirac operators for 6-dimensional spin manifolds
with boundary. In fact, our computations hold for general
Laplacians. This implies the following.

Proposition 11 (see [16]). Let M be a 6-dimensional compact
Riemannian manifold with boundary OM and the metric g™
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(see (1.3) in [15]). Let A be a general Laplacian acting on
sections of the vector bundle V. Then,

—_ N2 s
Wres [(71+A 1) ] =81 JM Tr [E + E] dvoly,.  (45)
Since Dy, is a general Laplacian, then we get the following.

Corollary 12. Let M be a 6-dimensional compact spin mani-
fold with boundary M and the metric g™. Let ¥ be a general
differential form on M. Then,

Wies [(w D]
3 1 1 2
=8 J Tr [——s — =W¥c(e;) Ve (e;) + 297 | dvoly,.
M 12 2
(46)

In the above two cases, the boundary terms vanish. In the
following, we will give a boundary term nonvanishing case
and compute Wres((D\PD)_l). We have

+[0(e) -0+ e+ 7e0)

+ =S,
4

1
w, =0; - E\PC ),

P11 1
E= -¥c(9)o' - s+ -0 [¥e(9))] - Er"% )

g [%gi\yc (5,) + %‘I’c @), - };% (9;) e (a].)] :

(47)
Similar to the proof of (13), we have
1 1 1
E=——s+ =V, (¥)c(e;) — =¥c(e;) ¥Ye(e). (48)
4 2 ° 4
So,
DyD = - [gij (VaiVaj B VVBL,-ai)]
(49)

1 1 1
ST EVeS (P)c(e) + A_L\PC (e;) Pe(e;).
Then, we get the following.

Proposition 13. Let M be a 4-dimensional compact spin
manifold without boundary. Then,

Wres [(D\PD)_I]
1 1
- 4 jM Tr[- s+ VS (Ve (e) (50)

—}I‘Pc (e;) Wc (e;) | dvoly,.

When YV is a one-form, we can get the following corollary.

Corollary 14. Let M be a 4-dimensional compact spin mani-
fold without boundary and let ¥ be a one-form on M. Then,

Wres [(DWD)_I]

= 167" I [—is + l6(‘1’) —2|¥|* | dvol o
N ml 127 2 M

Now, we compute Wres[n"Dy'n"D™']. We have that
terms (a) and (b) are the same as in Theorem 10, and since
term (c) = —(9/8)7h’ (0)Q;dx’, we get

J ®= EQ3 J Tr [c (dx,,) Y] dvol, (52)
oM 4 oM M

and the following.

Proposition 15. Let M be a 4-dimensional compact spin
manifold with boundary. Then,

Wres [n"Dy'n* D™

(53)
_le\{/c (e;)¥c (ei)] dvol

+EQ3J Tr [c (dx,,) ¥] dvol, .
4 7 Jom M

Remark 16. When V¥ is not a one-form, then the boundary
term vanishes. When ¥ = Kdx,, near the boundary, where
K is the extrinsic curvature, then the boundary term is
proportional to the gravitational action on the boundary. In
fact, the reason for the boundary term being not zero is that
7" Dy and " D are not symmetric.

3. A Kastler-Kalau-Walze Type
Theorem for Conformal Perturbations of
Dirac Operators

In [20], Connes and Moscovici defined a twisted spectral
triple and considered the conformal Dirac operator e"De",
where h is a smooth function on a manifold M without
boundary. We want to compute Wres[(e"De’)™2]. We know
that
Wres [(ehDeh) 2] = Wres [e_hD_le_ZhD_le_h
(54)
= Wres [eiZthlefthfl] .

In the following, we will compute the more general case, that
is, Wres[ fD™' gD™'], for nonzero smooth functions f and g,
and prove a Kastler-Kalau-Walze type theorem for conformal



Dirac operators. When f = g = e 2"

of Wres[(ehDeh)fz]. We have

, we get the expression

Wres [fDilngl]

= Wres [(f_ng_lD)il]
- (55)
= Wres {(f_lg_lD2 +f! [D, g_l] D) }

= JM fgwres [(D2 - g71C (dg) D)_l] >

where Wres denotes the residue density, and we note that
the Kastler-Kalau-Walze theorem holds at the residue density
level. Some computations show that

D* - g 'c(dg) D
= —gifaiaj + [—20j +T7 - g_lc(dg)c(aj)] 0;
+ [—ajoj ~olo;+ o, + }ls -g'c (dg)c(aj)aj] ,
w =0+ 347 c(dg)c (@),
s _ .
E=-2+9 lc(dg)c(af)aj
71,
—8J[Eg c(dg)c(aj)]
Lol (dg)c(9,) - 27\ (dg) e (3,) o'
~50'gc(dg)c(9;) - S g 'c(dg)c(3) 0
1, )
- 979 'c(dg)c(2) g e (dg)<(9))

+ 297 (dg) (3T
(56)

Since E is globally defined, we can compute it in the
normal coordinates. Then, we have

Tr (E) (x)
=T[5 - 39,9 7e (d9)) < ()
~297'c(dg)¢(3) g7'e (dg) ¢ (3) ] (=),
Tr (g7 ¢ (dg) ¢ (3;) g™'c (dg) ¢ (3,)] (xo)

=g Tr

za_ga_gc (0) ¢ (9;)c(a))c (ai)]

ikl axk axl
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I
«Q
S
3
| oa——|
Q
2ls
N————
[38)

o
—~
S
N—

o
~
S
N—

o
—~
iS4
N—r

o
—~
Qv
N—r

—

_ 5 2 a_g
=-2g %( 5, ) T
(57)
Similarly,
- 1(0 9
0o (o™ela)e(o)] - ¥ | H( 2] -5 ]
j
(58)
So,

s s w09 s -
T[— E]:—— 267 'Y L =2 257 'A(g).
r| o St ;aag 3729 A(9). (59)

By
j FA(9) dvolej (df,dg) dvoly,  (60)
M M

we get the following.

Theorem17. Let M be a 4-dimensional compact spin manifold
without boundary; then

Wres [fDilgDA] = —4n’ J [% +2(df,dg) | dvol,.
M

(61)

Remark 18. In Theorem 17, when f = g = e, we get a

Kastler-Kalau-Walze theorem for conformal Dirac operators.
In fact, Theorem 17 holds true for any choice of the smooth
functions f and g, since we can prove (61) by means of
the symbolic calculus of pseudodifferential operators without
using (55), and it is not essential that f and g are nowhere
vanishing.

Now, we consider manifolds with boundary and we will

compute Wres[z*(fD™ ") (gD™")]. As in [15], we have five
terms as follows:

+00
term (a) (I) = —ng J Z trace [ag‘, s 4
1&'|=1 "

0 |al=1
X af:/ aan_l ]

x (%) dE,0 (&) dx’
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_ fzaj (9) Lfll:l J_*: l(g::ltrace [agjﬂg;

j<n
X q_lafn
x ‘1—1]
x (x,) d&,0 (E') dx’
= 0,
1 +00 .
term (a) (II) = - Efgj J trace [ax e 4y
[€'=1 J-c0 non
%901
x (x,) d&,0 (E') dx'
1
- zgax,,f
+00 .
X trace |7y g_
J'IE’I:I Loo [ &4
%901
x (x,) d&,0 (f') dx'
= —%nh’ (0)Q, fgdx'
i
- 20,0, (f)d¥,
term (a) (II) = %ﬂh' (0) Qs fg dx'
+ %03]’8,% (g)dx’.
(62)
As in [15], we have
+00
term (b) = —iJ J trace [ng q-,
[€'=1 J-c0 "
X0 4]
X (xo) d&,0 (E') dx'
_ Z fgrh (0) Q, dx,
(63)

+00
term (c) = —ij J trace [ﬂg q-.
1§'1=1 J-00 "

x9;,q-]
x (x,) d&,0 (5') dx’

_ —g fgrh' (0) Qudx’.

So, the sum of terms (b) and (c) is zero. Then, we obtain

iQ
LMCD _ 7112 3 LM [fo,. (9) - g9, ( f)]xnzodvolaM. (64)

By the definition of the noncommutative residue for man-
ifolds with boundary, we have that the interior term of
Wres[n* (fD ")t (gD™)] equals Wres[ fD'gD™]. Then,
by Theorem 17 and (64), we get the following.

Theorem19. Let M be a 4-dimensional compact spin manifold
with boundary. Then,

Wi [ (50} (90
= _47° J-M [% +2 <df, dg)] dvoly, (65)

N m‘zﬂs LM [£9., (9) ~ 99, (]|, _,dvola.

When f = 1 and g = x,K near the boundary, we have
that the boundary term is proportional to the gravitational
action on the boundary.

4. The Spectral Action for Perturbations of
Dirac Operators

In [18], Iochum and Levy computed heat kernel coefficients
for Dirac operators with one-form perturbations and proved
that there are no tadpoles for compact spin manifolds without
boundary. In [17], they investigated the spectral action for
scalar perturbations of Dirac operators. In [19], Hanisch
et al. derived a formula for the gravitational part of the
spectral action for Dirac operators on 4-dimensional spin
manifolds with totally antisymmetric torsion. In fact, Dirac
operators with totally antisymmetric torsion are three-form
perturbations of Dirac operators. In this section, we will
give some details on the spectral action for Dirac operators
with scalar perturbations. We also compute the spectral
action for Dirac operators with two-form perturbations on
4-dimensional compact spin manifolds without boundary.

For the perturbed self-adjoint Dirac operator Dy, we will
calculate the bosonic part of the spectral action. It is defined
to be the number of eigenvalues of Dy, in the interval [-A, A]
with A € R™. Tt is expressed as

2
IzTrF(%). (66)

Here, Tr denotes the operator trace in the L* completion of
I[(M,S(TM)) and F : R* — R" is a cut-off function with
support in the interval [0, 1] which is constant near the origin.
Let dimM = n. By Lemma 1.7.4 in [22], we have the heat
trace asymptotics, fort — 0,

Te (e—tD\Zy) N Z tm—n/z%m (D\ZI,) ' (67)

m=>0
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One uses the Seeley-DeWitt coefficients a,,,(Dy) and t =

A"* to obtain an asymptotics for the spectral action when
dimM =4

D2
I= trF<A—j) ~ N'Fya (D)

+ /\2F2a2 (D?I,) + /\OFOa4 (D\ZI,) as A — 00

(68)

with the first thr%g moments of the c()gt-oﬂ function which are
given by F, = _[0 sF(s)ds, F, = JO F(s)ds, and F, = F(0).
Let

Q= VEiVej - Ve},Vei - V[ei’ej]. (69)
We use [22, Thm 4.1.6] to obtain the first three coeflicients of
the heat trace asymptotics:

ay (Dy) = (7)™ J Tr (Id) dvol, (70)
M
a, (Dy) = (4m)™? I Tr[ + E] dvol, (71)
a, (D‘I’)
~ (47_[)—11/2
© 360
X J‘ Tr [ 12R1]l] Kk + SRijinklkl (72)
M
= 2Ry Ryjy + 2Rijp Rijig — 60R;5,E

+180E + 60E 4 + 300;,0;:| dvol.

ij ’]]

When ¥ = f, by (15) and (71),

a, (Df) = (271)_"/2 [—iz +(n— l)fz] , (73)

55% + 60sE + 180E” = 25* — 30 (n— 1) sf’
! (74)
+180(n —1)* .
Tr[Q;;€);] is globally defined; thus we only compute it in

normal coordinates about x, and the local orthonormal
frame e; obtained by parallel transport along geodesics from
X,- Then,

Wt (xO) = 0’

[ei,ej] (x0) = 0.

(75)

We know that the curvature of the canonical spin connection
is

1 n
R® (ei> ej) =71 Z Ri];'/ﬁtc (es)c(e)- (76)
st=1

Abstract and Applied Analysis

Then, we have

Q(ei,ej) (%)

- q+i2%d@ﬁ@ﬂc@0—ﬂ@0]
X|e;+ ZwSt ( ) (et) ( ):|
- e+ Zwst ( ) )e(e) — fe(er) :| 77)

x|e+ - Zwst

c(e) - fe(e )]

-2 Z lestc (e;)c(e) e (f)c(ej)

stl

+e;(f)c(e) +2f2C(€i)C(€j), for i # j.

So,
Tr [‘Qij‘Qij] (%)
- Z Tr{ T i_ RfﬁtRfﬁltlc(es)
xc(e)c (esl) c (etl)
ve(f)e(e;) +e(f)ele)’
+ 4f4c (e;)c (ej) c(e)c (ej)
Ry Z Rz]st [C (e (et (ei) c (e])
+c(e)c (ej) c(ey)c (et)]
Hlele))ele) +ee)e (ej)]}.
(78)
By (21), we obtain
. gt B Tr [%RfﬁtRSiltlc (e;)c(e;)c (esl) c (etl)]
e (79)
) __1]szt: 1( IJSt) ’
> e [ei(f)ele;)” + (£ eler)’]
i#j (80)

=2d(1-n) Ye,(f) =2d(1-ndf[’,
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Z‘Tr [4f4c (ei)c(ej)c(ei)c(ej)] = —4dn(n-1) f*, (81)
> Tr[-e (fe; () (c(e;)cle) +cle)e(e))] =0, (55

ij

Y Tr {—f;RiIﬁt [c(es)ele)ele)e(e))

i#]
(83)
+c(e)c (ej) cleg)c (et)] }
= -2f%ds.
By (78)-(83), we obtain
T [0,;0,] = - é(R%)Z +2d (1 - n)|dff?
8 (84)
- 2f2ds —4dn(n-1) f4.
By (72), (74), and (84), we get the following.
Proposition 20 (see [17]). The following equality holds:
d
a,(D;)= ——
1 (D) 360 x (47)"2
X [3As + ZSZ -30(n+ 1)sf2
+60(n—1)(n-3) f*
7
= 2Ry Ry — ZRizjst
+60 (1 —n) |df|* - 60 (n-1)A(f*) ] :
(85)

In the following, we assume that dim M = 4 and d = 4.
We let ¥ be a two-form; namely, ¥ = ), ae® A e, where

ay = —ay.. We may consider vV—1¥ for self-adjoint perturbed
Dirac operators. By Corollary 4, we obtain

a (Dy) = d(4m) ™" [—é +(6-2n) |\1/|2]
s i (86)
- = [E + 219
Firstly, we compute Tr(E?). By (20) and (75),
Zej (akl) [C (ek) ¢ (el) ¢ (ej) -c (ej) ¢ (ek) ¢ (el)]
il (87)
= dey (ay) c (e),
ay [c (&) c (er) c (&) + ¢ (er) c (&) c (e7)]
X A1, [C (e))c (ekl) ¢ (ezl)

+c (ek1 ) c (el1 ) c (ei)]

= Y 2ac(ep) c(e)) c (e;)

i#kl

X Z 2ay . ¢(e;) ¢ (ek1 ) c (ell)

itk

=—4 Z aa ¢ ()

i#kLk

xc(e)c (ekl) c (el1

)

RS
k=kl#l,  k=ll#k,  I=k kL

DRI I D)
I=lk#ky  k=kyl=l;  k=l,l=k,
X [aklaklllc (ex)c(e)c (ekl) ¢ (ell )]

=-16 Z gy, ¢ (e)) € (ell) + 16ay,.

I#1,

Similar to (88), we have

[axc (er) ¢ (el)]2

= Z ey A1, € (ex)c(e)c (‘3kl ) ¢ (ell)

k#1#k #1

+4 Z gy, ¢ (e)) € (ell) -2a;,.

1%,

Then,

S
E= - il 2ex (ag) c (e)) - Z A1,

k#l#k, #1,

xc(e.)c(e)c (ek1 ) c (311) - 2a5,.

Now, we can compute Tr(E?). Consider

Tr [2€k (a) c (e)) 2¢y, (aklll) ¢ (ell )]

= —4de; (ay)

e, (akll) = —418¥|* (x) »

where § is the adjoint operator of d. We have

(5]
)

k#1#k #1, p#q#rt

52

=4 [— +s|X)P+ 41X,
16

Tr [aklaklllc (ek) ¢ (ez) ¢ (ekl)

xc () apqtiec (ep)

X ¢ (eq) cle,)c (et)]

1

(89)

(90)

(o1

(92)
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=)

{k,l,kl 1 }:{p,q,r,t}

Tr [aklaklllc (ek) ¢ (51)

X ¢ (ek1 ) c (e,1 ) gyt

X ¢ (ep) c (eq) cle)c (et)]
= 8d|¥|" - 16dayay | a, ay,
= 321" — i, i, (¥)ip, i,

X (V)i ig, (V)igiy, (¥).

(93)
By (90)-(93), we get
§2
Tr (E?) = 4|10 et s+ 121"
b (0 iy, (9)igdy, ()i (F)
(94)
In the following, we compute Tr[Q(ei,ej)Q(ei,ej)]. By
(12), we have
S(I'M)
0(er6y) = R (e
1 _sermy
= Ve (c(eg) ¥+ e (ey))
1 _scrmy (93)
+ Zvei (c(e) ¥ +¥e(e))
1
+ 7 [c([enes]) v e e ([ene ])]-
Since V™ ig a Clifford connection and V'™ has no torsion,

we get

Q(ene;) = R (eney) = 29,7 (e ()

4 €;
- ele) v )

F VS0 (B () + e () VST ().
%)

Since the trace of the odd Clifford elements is zero and

|: Z < ZllestC (6 (et)> ]

97)

=__ Z Rz]st’

l]St 1

Abstract and Applied Analysis

S o

(e) + cle)VS ™ (w))’

By (72), (94), and (98), we obtain the following.

Proposition 21. Let ¥ be a two-form and let M be a 4-
dimensional compact spin manifold without boundary. Then,

1 ) z
T {A(3s+ 120¥]%) + —2.; lRiﬁk
il,j,k=

ay (D\P) =

LR,
[
8]

X Rypi — Z REy, + 60s|¥[?
1]kl 1

—180|8%¥|* + 2160/ ¥*

n
~180 Y iy,

kbLkyl =1

X (“P) lek e (\Ij) lek e, (\P) lel ey ( )

+—Tr[2( v () (e,

—e(e) e (0
+ VM (e (e)

+c(e) Vesj (TM)

(99)

Remark 22. In fact, Proposition 21 holds true, under analo-
gous hypotheses for manifolds of arbitrary dimension and a
general two-form W after revising some coeflicients.
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