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The conservation laws of the (3 + 1)-dimensional Zakharov-Kuznetsov equation were obtained using Noether’s theorem after an
interesting substitution u = v, to the equation. Then, with the aid of an obtained conservation law, the generalized double reduction
theorem was applied to this equation. It can be verified that the reduced equation is a second order nonlinear ODE. Finally, some
exact solutions of the Zakharov-Kuznetsov equation were constructed after solving the reduced equation.

1. Introduction

As we know that conservation laws play an important
role in the study of nonlinear partial differential equations
(NLPDEs) [1-3], especially in the reduction and solution of
a NLPDE, an elegant and constructive way to derive con-
servation laws is Noether’s approach [4, 5]. The application
of Noether’s approach depends on a suitable Lagrangian. Yet
there also exists some PDEs which do not have a Lagrangian,
for example, the scalar evolution differential equations. Also
there have several methods which do not relay on the
knowledge of a Lagrangian. The most recent approach, due
to Kara and Mahomed, is partial Noether’s approach [6]. It
works like the Noether’s approach for PDEs with or without
a Lagrangian. Different approaches to construct conservation
laws were discussed in detail [7].

The fundamental relationship between symmetries and
conservation laws of a PDE was given out by Kara and
Mahomed in [8]. For the case of a PDE with two independent
variables, using the definition of the association of symme-
tries with conservation laws, Sjoberg developed a theorem
called double reduction method [9] which leads from a gth
order PDE to a g — 1th order ordinary differential equation
(ODE). Recently, this method has been generalized in [10]
and applied to a (1 + 2)-dimensional wave equation [11].

In this paper, we focus on an equation presented in [12]
which shows that

u, +auu, +bu, ., +u,,, +u

XXX xyy xzz = 0. (1)

In [12], the authors investigated an isothermal multicom-
ponent magnetized plasma and firstly derived this equation.
In a very recent paper [13], the authors firstly studied the
symmetry group of this equation. The one-, two-, and three-
parameter optimal systems of group-invariant solutions were
also given out. Then, based on the obtained optimal system,
they derived the reductions and some new solutions of this
equation.

This paper is arranged as follows: in Section 2, we first
briefly present some notation and pertinent results which
will be used in this paper. In Section 3, the conservation
laws of this equation will be constructed by using Noether’s
approach after an interesting substituting. Then in Section 4,
with the aid of an obtained conservation law and its associated
symmetries, the generalized double reduction method will
be applied to the Zakharov-Kuznetsov equation. And in
Section 5, some exact solutions will be constructed after
solving the corresponding reduced nonlinear ODE. Finally,
some conclusions and discussions are given in Section 6.
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2. Notation and Preliminaries

We briefly present the notation and pertinent results which
we utilize below. In this section, the summation convention
is used whenever appropriate.

2.1. Fundamental Operators and Their Relationship. Consider
that a k-order system of PDEs with n independent variables
x = (xL,%%...,x") and m dependent variables u =
(', u?, ..., u™) reads

E, (% uugy,...oug) =0, a=1,2,....,m (2

which is assumed to be of maximal rank and locally solvable.
The collection of rth-order derivatives is denoted by v,

and the derivatives of u* with respect to x' are u; = Dy(u”),
= DjDi(u"‘), where
0 . 0 o« O .
Di=ga ttigum gt 1T b2 Q)
j

is the total derivative operator with respect to x'.

The following results are well known which can be found
in many literatures.

The Euler-Lagrange operator is defined as

6 0 0 _12 "
Su®  ou® ]azij, =L2Z...
(4)
and the Lie-Backlund operator is given by
; 0
- E ﬁ 1 2(1112 i a o ’ (5)

iy

where {7

i .; are determined by the following formulation:
1127

=D; (’7“) - ”?Di &),
Cziz---ij = Dij (CZi2~--ij_l) - “Z‘liz.--ij_lDij €),

And a Lie-Backlund operator can also be written in charac-
teristic form as

(6)
j> L

0
D; (W*
lj( ) auo(

iy

; N a [ee)
X =&D. + W*— ED'
{ it ou” " i=1 g (7)

where W* = 5% — ,m. are the Lie char-
acteristic functions.
A Noether operator associated with a Lie-Backlund oper-

ator X is defined as

Eju;‘, o =12,...

S 00
ou? ZD .
i j=1

N =& +Ww* - D; (WF)

6 iy i (8)

i=1,2,...,n

in which, the Euler-Lagrange operators with respect to
derivatives of u® can be achieved by replacing u® with

Abstract and Applied Analysis

the corresponding derivatives. For example, the Euler-
Lagrange operator 8/8u is given by
o 0
j
Suf ~ ou? +Z( DDy Dy
i iy i 9)

a=12,...,m

i=12,...,n,

and the other Euler-Lagrange operators with respect to higher
order derivatives can be derived in the similar way.

2.2. Conservation Law. Ann-tuple T = (T, T2,...., 7", T' €
9,i =1,2,...,n, is a conserved vector of the system (2) if T"
satisfies

DT, =0, (10)

where 9§ is the space of differential functions.

2.3. Noether’s Theorem. If there exists a function L =

L(x,u, ugyy, ..., uqy), I < k, such that (2) is equivalent to
oL
=0, a=12,....,m (11
Su® )

then L s called a Lagrangian of (2) and (11) is the correspond-
ing Euler-Lagrange system.
If a Lie-Backlund operator X defined in (5) satisfies

X (L)+LD; (&) =D, (B') (12)

for some vectors B = (B', B ...,B"), B'(x',...,x",u!,
.ou™) € 9,i = 1,2,...,n, then it is a Noether symmetry
generator associated with the corresponding Lagrangian L.
Having determined the Noether symmetry generators,
conservation laws of the Euler-Lagrange system can be
constructed through the following theorem in an elegant way.

Theorem 1. If a Lie-Bécklund operator X defined in (5) is a

Noether symmetry generator associated with a Lagrangian L

of an Euler-Lagrange system, then there corresponds a vector
= (T, T?,...,T") with T' given by

oL

du

1

B ZD (W) 6u ’

iy i

T'=B -NL=B -§L-W"
(13)

i=1,2,...,n

which is a conserved vector of the Euler-Lagrange system, where
the characteristics W = (WL W2 ..., W™, W' € 9 of the
Noether symmetry generator are also the characteristics of the
obtained conservation law.

2.4. Generalized Double Reduction Theorem

Definition 2 (see [8]). A Lie-Backlund symmetry generator X
defined in (5) is said to be associated with a conserved vector
T of the system (2) if X and T satisfy the following identity:

X(T')+T'D (8) -T*D (§) =0, i=1,....n. (1)



Abstract and Applied Analysis

Theorem 3 (see [14]). Suppose that X is any Lie-Bicklund

symmetry generator of the system (2) and T', i = 1,...,n are
the components of conserved vector of (2). Then

=1 X] = X(1) + T, (€) -7, €).
(15)
i=1,...,n

also constitute the components of a conserved vector for (2);
that is,

=0. (16)

Theorem 4 (see [10]). Suppose thatDiTi = 0 is a conservation
law of the system (2). Then, under a contact transformation,
there exists function T' such that JD;T" = D,T", where T' is
given by the following formula:

T T
T? | T?
G N N E
™ "
(17)
T! T!
T? T?
J =A"|
™ o
in which
51"1 lez 51xn
A= D,x; 5zxz ﬁzxn
DJnxl Ean ! Ddnxn (18)
D,x, DX, --- D)X,
Al = D,x%, D,x, --- D)X,

anl Dn)?Z anvn
and ] = det (A).

Theorem 5 (fundamental theorem on generalized double
reduction [10]). Suppose that D;T" = 0 is a conservation law
of the system (2). Then, under a similarity transformation of a
symmetry X of the system (2), there exist functions T' such that
X is still a symmetry for the PDE D;T" = 0 and

XT! [T, x]

TZ
X5 _ j(a) [szX] , 1)
XT" [Tn; X]

in which
Dix, Dyx, - Dyx

Dyxy Dyx, -+ Dyx,

A= ,
Ddnxl Ddan 5nxn (20)
levl leVZ len

Al DyX, D)X, -+ D)X,
anvl DnEZ anvn

and ] = det (A).

Corollary 6 (necessary and sufficient condition for reduced
conserved form [10]). The conserved form D;T' = 0 of the
system (2) can be reduced under a similarity transformation
of a symmetry X to a reduced conserved form D,T' = 0 if
and only if X is associated with the conservation law T; that
is, [T, X]|() = 0.

Corollary 7 (generalized double reduction theorem [10]). A
nonlinear system of qth order PDEs with n independent and m
dependent variables, which admits a nontrivial conserved form
that has at least one associated symmetry in every reduction
from the n reductions (the first step of double reduction) can be
reduced to a (q — 1)th order nonlinear system of ODEs.

3. Conservation Laws of
the Zakharov-Kuznetsov Equation

Making a substitution u = v, to (1), we have

Vix + AV Vix + bvxxxx

+ +v =0. (21)

Vxxyy xxzz

A Lagrangian for (21) satisfying the Euler-Lagrange equation
OL/8v = 0 is given as

1 a 3 b 2 1 1
L= TSVVe T Vet S Vit S VeV ¥ S ViaVes (22)

where the Euler-Lagrange operator §/38v is given by

) 0 0 0 0 0 ; O
°.9 p2-p2-p2 plip-%
Sv. ov fov,  Fov, Yov, Zavz+ oV,
+Di—a +Di 9 +ee
vy, ov,,
(23)

The Lie-Bicklund operator is (invoking (5) up to third order
derivatives together with (6))

0 0
X = ! s Ay Vs & e ? > Ay Vs & E
E(txyzv)at+5 (txyzv)ax

+€3 (t)xJ’,ZaV)%+E4(t>x’y>z>v)$



Fnltn ) gyl s
t X XX
0
(2) (2)
S 1 ,
7 av}’}’ ‘ avzz

(24)
in which 7{" = D, () = vDy(&), 1’ = D,(n) -~ v;D(&),
n) = D, () —v;D, (&),
Wizx) = Dx (7];1)) - 1/ixl)x (gl) >
@ _ m i
Myy _Dy(”y )_Viny(g)’ (25)

2 = D: () = vD. (&)

The Lie-Bicklund operator X is a Noether symmetry gener-
ator associated with the Lagrangian L (22) if there exists a
vector B = (B!, B%, B®, BY), such that
X(L)+L[D,(&)+D,(8)+D,(8)+D,(&)]
26)
=D,(B')+D, (B*)+D,(B’)+ D, (B,

where B!(t, x, Y, 2, V), BX(t, x, V,2,V), B(t, x, ¥,2,v), and
B*(t, x, y,z,v) are the gauge terms.
The expansion of (26) yields

1w _1 2y ), 1 @)
- varlt - E (Vt + avx) M+ E (vaxx + Vyy + sz) Hyx

1 a 3 b 2 1 1
+ —Evtvx — ng + vax + vaxvyy + vaxvzz
2 2 3 3
X (& +vE +E v+ &+ v B+ E v E)

=B, +v,B, + B, + v, B> + Bj +v,B + B, +v,B,.
(27)

Splitting (27) with respect to derivatives of v results in an
overdetermined system of equations for &, 88,

1, B!, B%, B?, and B*. The solutions of this system yield the
following Noether symmetries and gauge terms:

£ =3¢t + ¢, E=cx+ct+c,

f3zc1y+c22+c3, E4zclz—czy+c4,
r]:—clv+1c6x+oc(t,z—yi)+ﬁ(t,z+yi),
a

1
B' = e v (tx, v,2), (28)

B == (a+ ) v+ (b3 2),
B =y’ (txy2), B =y'(txy2),

1 2 3 4
Yt +Yx+Yy+yZ=0’
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where ¢, i = 1,2,...,7 are constants, a(t,z — yi) and
B(t, z + yi) are two functions of their gauge terms. We can set
V(% 9,2) = Y (X 9,2) =V (6% 1,2) =yt x, 1,2) = 0
as they contribute to the trivial part of the conserved vector.

Invoking (13) together with the inverse transformation
v = judx yields the following independent conservation
laws of the (3 + 1)-dimensional Zakharov-Kuznetsov equa-
tion:

T, = (TLTHT0.T5), (g =1) (29)

in which
T = atv® — xu’ —u(j udx + yjuydx+zjuzdx>

- 3tu, (bux + J uy,dx + J uzzdx>

T

=- (auz +2bu,, +uy, g, + Jutdx>
X <xu+Judx+3tjutdx+yjuydx+zjuzdx>
+ (Zu + 3tuy + xu, + yu, + zuz)
X <2bux + I u,,dx + Juzzdx)
+x<§1/m3 +ujutdx— u,

X <bux + I u,,dx + Juzzdx»

e

=y (%auS -u, (bu + J u,,dx + J uzzdx) +u J utdx>
— Uy (xu + J udx + 3t J udx +y J u,dx+z J uzdx>
+u, (xuy +2 J u,dx + 3t J Uy, dx

+y J u,,dx +z J uyzdx>

T

=z<lau3—u <bu +J‘u dx+Ju dx)+ujutdx)
3 x x vy zz
— Uy, <xu+ Judx+3tJ-utdx+yJ-uydx+zJ.uzdx>

+u, (xuz +2 J u,dx + 3t J U, dx

+y J U, dx+z J uzzdx)
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T, = <u<yjuzdx—th@dx),Tf,T%,Tf),

(=1)
(30)

in which

T, = (auz + 26Uy + 1y U, + Jutdx>
X (yjuzdx —zjuydx>
- (yuz - zuy) <2bux + Juyydx + J uzzdx>

T) = §a2u3 +zu J ugdx +uy, (y J u,dx —z j uydx)
-u, (bzux + J u,dx +y j uydx+z J uzzdx>

T, = _layu3 - yu J udx +u,, <y J udx —z J uydx>

3

+u, (byux + J- u,dx +z J u,dx+y J uyydx>

T, = (—u J u,dx, T3, T3 u, J- Uy, dx -, J- uydx> ,

(5=1)

31)

in which
Ty = u, <2bux + juyydx + Juzzdx>
- <au2 +2bu, gy, U, + J.utdx) Juydx
T) = %au3 +u J udx —u, <bux + J uzzdx> — Uy, J u,dx

T, = (—u J udx, Ty, u, J. U, dx —u,, J u,dx, Tf) ,

in which
T, =u, <2bux + J uy,dx + Juzzdx>
- (au2 +2buy, +uy, g, + J utdx) J u,dx
7% = 2o vu [ wdx—u (bu, + [u, d
4= gou tu | udx —u, (bug+ | uydx

-u,, J u,dx

5
Ts = <T§, TS, u, J Uy dx =y, J udx,u, J U, dx
U, J utdx> ,
(=1)
(33)
in which
1
T: = gau3 —u, <bux + J u,,dx + Juzzdx>
Ts = u, <2bux + J Uy, dx + Juzzdx>
— (auz +2bu,, +uy, Uy, + Jutdx> J u,dx
T = (xu —atu® - J udx, Tg,atuxuy +(x — atu) u,,
atu,u, + (x — atu) uxz> ,
(=1)
(34)
in which
Ty =x <au2 +2bu, tuy, U, + J utdx)
- J u,,dx - J u,,dx
2 (35)
—at <§au3 + 2buu,, + Uk, + Ul — bui)

_ 2 X
T, = (—u ST uuy, — Uy, i, — uuxz)

(e =1)

Yy

in which

2
TS = bul - gau3 -u (Zbuxx + iy, + uzz)

Ty =((a+ BTy (a+ Pug —ilw - B uy, G0

((x + /3) Uyz = (“2 + 52) ux)

in which

Ty =(a+p) <au2 + 26Uy + 1y U, J u,dx
(37)
= (o + 1) J udx

and «,, a, are the derivatives of a(t, z — yi) with respect to the
first and second gauge terms, respectively. The similiar case is
Bi> Bs-

Note that (35) is a local conservation law, while the
others are nonlocal conservation laws. We have verified that
there exist infinite many conservation laws for the Zakharov-
Kuznetsov equation.



4. Double Reduction of the Zakharov-
Kuznetsov Equation via (35)

In this section, the generalized double reduction method
will be applied to the Zakharov-Kuznetsov equation by using
the obtained local conservation law (35) and its associated
symmetries.

In the paper [13], the authors give out the following seven
infinitesimal generators of this equation:

d d d d
= < > = > X = > X = T
' ox ) Y )
> 0 d
Xs=z2o- —y=,  Xg=ate—+—,
525 Yoz =M% ou
> o 0 .0 _ 0
Xy = X+ Yot 2 + 3 — QU
T T R Y

(38)

We first determine which of these seven symmetries are asso-
ciated with the conservation law (35) through the following
formula:

T D& D D& D Tt

of ™ \_[ p& pg D opE [

v |"\ & p& pE pE || T

T D& D¢ Dyfz D& T

(39)
Tl’
t X y z Tx —
+(Dt€ +D,& +DyE +DZE) T =0.

TZ

It can be shown that the associated symmetries are
X, X,, X5, Xy, and X, but for simplicity we adopt
the combination of X = X, + ¢ X; + X, + X5 =
0/0t +¢,(0/0x) + ¢,(0/0y) + ¢;(3/0z) to reduce the conserved
vector, in which ¢, ¢,, and ¢; are three constants, where the
generator X has a canonical form X = d/dq if

dt _dx _dy _dz _du_dr_ds_dp_dq_dw
1 ¢ ¢ ¢ 0 0 0 0 1 0
(40)
or
r=x-qt, s=y -Gt p=z-qgt,
(41)
q=t, w(r,s p) =u.

Using the following formula, we can achieve the reduced
conserved vector

T T!
TS InT T
o |=1AT) | o ) (42)
T1 T?
in which
D,y D;,s D,p D.q
Al = Dar Dis Dip Diq J = det(A). (43)

Dy D,s D,p D, |’
D,r D,s D,p D,q
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Then the reduced conserved vector is
D,T" + D,T* + D, T =0, (44)
where
r 2 2 3 2
T =-qu” + Fradie bw, +w (war, + Wy + wpp),

T° = ww,, — ww, - W,
(45)
T? = WWw,, — w,w, - c3w2,
T = w’.
Similarly, we can determine the associated symmetry with
the reduced conserved vector (44) through the following

formula:
T" DrET DsEr DPEr T"
Y ( T* > -| D& D& D& <TS>
" D,&? DEP D, ) \T?

TT
+(D,&" + D& +D,EP) <77:;> =0.

One can verify that the associated symmetries are

0 0 0
Y,=—, Y,=—, Yj=-—.

1 27 355 3T o (47)
So we can get further reduced conserved vector by the
combination of Y = Y, +d,Y, + d,Y; = 0/0r + d,(0/0s) +
d,(0/0p), (d,, d, are two constants), and the generator Y has
a canonical form Y = 0/oh if

dr_ds_dp _dw _df dg _dn_d¢

= 48

1 d d 0 0 0 1 0 (48)
or

f=s-dr, g=p-d,r, h=r, ¢(f.9) =w.

(49)

Through the following formula, we can get the reduced
conserved vector:

T/ (T
T | =J(A™) <TS>, (50)
Th T4

in which

D,f D,g D;h
Al =| D,f Dg Dh |, J=det(A). (51
D,f D,g D,h

And the reduced conserved vector is

DT/ +D,T9 =0, (52)
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where

T = (0d - &) ¢ - Sadi’ + (digy + o)
x (bddy, + (1+bd7) )
— ¢ (dy (1+2bd3) ¢, +d, (1 +4bd}) ¢,
+2d, (1+bd}) )
T9 = (ad, - &) ‘/’2 - %“d2¢3 + (dl‘/)f + d2¢g)
x (bdydypp + (1+bd3) ¢,)
—¢(dy (1+2bd}) ¢ +dy (1+4bd3) ¢

+2d, (1 +bd3) ¢g) »
T = ¢+ §a¢3 ~b(dy; +dr,)’

+¢((1+2bd7) sr +4bd,dy;, + (1+2bd3) ¢gg) )
(53)

Similarly, one can determine the associated symmetry
with the reduced conserved vector (52) through the same
formula, here we omit. One can verify that the associated
symmetries with (52) are

0 0

lea, 22:%.

(54)

So we can get further reduced conserved vector by the
combination of Z = Z, + ,Z, = 0/0f + ,(0/9g), (e, is a
constant), and the generator Z has a canonical form Z = 9/0A
if

af _dg _d¢ _d6_dr _dy

55
1e10010()

or

0=g-ef, A=f, v (0) = ¢. (56)

We can achieve the reduced conserved vector as follows:
D,T° + D, T* =0, (57)
in which
T% = (¢; — e, — (dy — dye)) ¢ ) ¥ + %a(d2 —de)y’
~(dy—dye)) (1+ € +b(dy —dye,)’) v

+2(d, ~dyey) (1 +e) +b(d, - d161)2> wy',

7
2
T = (¢ - Cldl)ll’z + gadlllf3 +(d, —d,e,)
x (e, —bd, (d, - d,e,)) ‘l’,z
+((1+2bd3)d, — (1 +4bd}) dye,
+2 (1 + bd%) dlef) vy
(58)

The last step of double reduction gives the following
equation:

24yy" - Ay + By’ + Cy® = D. (59)
It is a second order nonlinear ODE, in which
A=(dy~de)(1+€ +b(dy—dye,)),

C=6-6e - (dz - d161)C1’
(60)

B= %a(d2 —de),

and D is a constant.
It also has u(t, x, y,2) = v(0),0 = ((d, —dye))e; — ¢ +
et —(d, —de))x —e;y +z.

5. Exact Solutions for
the Zakharov-Kuznetsov Equation

If we have solved the obtained nonlinear ODE (59), then
exact solutions for the Zakharov-Kuznetsov equation can be
obtained after substituting the original variables.

Note that (59) can be rewritten as

2
n_ vy B , C D1
v B Ly 2L 61
Voo T 2aY T 2a¥ T aay (6)

Under the transformation 1//' = x(y), (55) becomes

1 +(Dl B ,
2Ay 2A

c -1
14 ﬁ‘#)X > (62)
which is a Bernoulli equation. Its general solution is given by
2 D C, B ;
==t Ky - Syt - — 63
X (y)=—F+Ky-—y" - =y (63)

in which K is an integral constant.
Recall that y' = y(v), so we have

1@ = 442 _Cn_ B (64)
W(O)—i\/A+K1// AV oA

Note that Fan once obtained some exact solutions for the
following more general nonlinear ODE:

i=0

d 4 .
%E') = SJZ G, (65)

where e = 1, ¢; (i =0, 1,2, 3,4) are constants.



For this knowledge, we refer readers to [15]. But for
volumes, they are not presented here.

Next, exact solutions of (64) will be constructed with
the aid of the obtained results by Fan, and thus they are
also solutions of the Zakharov-Kuznetsov equation after
substituting the original variables.

Two particular cases will be investigated as follows.

Case 1 (D = K = 0). This case can be further divided into
three subclasses as follows.

(1) IfC/A < 0, we have
20, 1J C
=-= ~\-=6]). 66
u(t,x, y,z) = sech (2 AQ) (66)

(2) IfC/A > 0, we have

u(t,x, y,z) = —%sec2 (é\/%)) (67)

(3) If C = 0, we have

2A
u(t,x, y,z) = B0 (68)

Which are the bell-shape soliton solution, the periodic tri-
angular function solution and the rational function solution,
respectively.

Case 2 (B/A < 0). In this case, we achieve a solution

1 B
u(t,x, y,z) :p(z\/—ﬂe,gz,%), (69)

in which g, = 8AK/B, g; = 16D/B. This a Weierstrass
elliptic function solution.

In all of the obtained solutions, A = (d, — d,e;)(1 + ef +
b(d, - d,e,)?), B=(2/3)a(d,-d,e,), C=c;—ce, —(d,—-
die))c;, and 0 = ((d, — dyey)e, — 6 + et — (d, —de)x —
ey +z.

Remark 8. If we substitute (64) into (61) and eliminate 1//' in
(61), then we can get the following equation:

3B ,

" K C
0)=—-—v-
v (0) > AI’U
Solving (70) can also help us find solutions to the Zakharov-
Kuznetsov equation, which will be discussed in our future
research paper.

6. Conclusion

In this work, in order to apply the Noether’s approach to
construct conservation laws for the (3 + 1)-dimensional
Zakharov-Kuznetsov equation, the transformation u = v,
is utilized. It is of interest to find that a standard Lagrangian

exists for the transformed equation. Then Noether’s approach
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is used to derive the conservation laws. Finally, conservation
laws for the Zakharov-Kuznetsov equation are obtained
under the inverse transformation v = C} udx, which involves
local and nonlocal conservation laws. Many infinite con-
servation laws of this equation are also obtained, which
shows the strong integrability of this equation. Then, with
the aid of the local conservation law, the generalized double
reduction theorem is applied to the Zakharov-Kuznetsov
equation. It has been shown that the reduced equation is
a second order nonlinear ODE. Some exact solutions of
the Zakharov-Kuznetsov equation are obtained after solving
the nonlinear ODE. In addition, Xia and Xiong [16] took
an interesting approach to investigate soliton solutions of
nonlinear equations, which induces us to consider some exact
solutions of (1).
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