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We present the best possible parameters p and g such that the double inequality ((2/3)cos?”(t/2) + 1 /3)1/‘17 < sint/t <

(2/ 3)cos*(t/2) + 1/ 3)1/'1 holds for any t € (0,7/2). As applications, some new analytic inequalities are established.

1. Introduction

It is well known that the double inequality

sint 24 cost
COSl/st < T < T (1)

holds for any t € (0,77/2). The first inequality in (1) was
found by Mitrinovi¢ (see [1]), while the second inequality
in (1) is due to Huygens (see [2]) and it is called Cusa
inequality. Recently, the improvements, refinements, and
generalizations for inequality (1) have attracted the attention
of many mathematicians [3-8].

Qi et al. [9] proved that the inequality

t  sint
cos’= < — (2)
2 t

holds for any t € (0,7/2). It is easy to verify that cos'*t and
cos’(¢/2) cannot be compared on the interval (0, 77/2).

Neuman and Sandor [6] gave an improvement for the first
inequality in (1) as follows:

t 1 t\* sint
cos??= = (—+ cos ) PR L (0, E). (3)
2 2 2

Inequality (3) was also proved by Lv et al. in [10]. In [11,
12], Neuman proved that the inequalities

1/2
1/3 sint 174 sint /
cos 't < | ——cost <N —
t tanh™ (sint)

tcost +sint\'? 1+2cost\Y? (4
(=) <55
2t 3

< <1 +cost>2/3 51_r1t
2 t
hold for any t € (0, 71/2).
For the second inequality in (1), Klén et al. [13] established

sint t 2+ cost
<o« 22 (5)
t 3 3

fort € (-\/135/5, V/135/5).
Inequality (5) was improved by Yang [14]. In [15], Yang
further proved

sint (2 3t 2+ cost
t

t1\?
—cos—+—) <Cos’— < —mMm—, (6)
3 2 3 3 3

fort € (0,71/2).
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Yang [16] proved that the inequalities

t t sint
cos'’t < cos — < cos*?~ < Z—
V3 2 t
5 (7)
t t 2 + cost
<cos’— < costPo <O 2T
3 4 3

hold for t € (0,77/2).

Zhu [8] and Yang [17] proved that p = 4/5 and q =
(log3-log2)/(logm—log2) = 0.8978... are the best possible
constants such that the double inequality

2 1 Ur sint (2 1 /g
(— + —cospt> PRl <— + —cosqt> (8)
3 3 t 3 3

holds for all t € (0,7/2).

More results involving inequality (1) can be found in the
literature [18-22].

Letp e R,x > 0,and0 < w < l.ThenMp(x,w) is defined

by

M, (x,w) = (wx’ +1 —w)l/p (p#0),
€

. 1 —_— w
M, (x,w) = glinoMP (x, w) = x*.

It is well known that M, (x, w) is strictly increasing with
respect to p € R for fixed x > 0 and 0 < w < 1 (see [23]). If
0 < x < 1, then it is easy to check that

M_, (x,w) = pE@mMp (%, w) = x,

(10)
My, (x,w) = PImeMp (%, w) = 1.
It follows from (2) and (3) together with (6) that
t 2 t t
M_, (cosz—, —) = cos’= < cos** =
2°3 2 2
t 2 int
=M, <cosz—, —) Pl
2°3 t
2t 1\
< <§ CcoS 5 + 5)
(11)

ot 2) 2+ cost
<

=M ( -, =
1/2 COSZ 3 3

t 2
=M, <coszz, 5) <1

t 2
=M, (cosz—,—),
« 2°3

fort € (0,7/2).
The main purpose of this paper is to present the best
possible parameters p and g such that the double inequality
t 2 int t 2
M (cosz—,—) < sne <M (cosz—,—> (12)
b 2°3 t 1 2’3
holds for all + € (0,7/2). As applications, some new
analytic inequalities are found. All numerical computations
are carried out using MATHEMATICA software.
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2. Lemmas

In order to prove our main results we need several lemmas,
which we present in this section.

Lemmal. Let p € Randthe function g, be defined on (1/2,1)
by
g, (x) =2px—x'"P+2x" - (2p+1). (13)
Then the following statements are true:
(i) gp(x) <0 forallx € (1/2,1) ifand only if p > 1/5;

(ii) gp(x) > 0 for all x € (1/2,1) if and only if p <
p,» where p, = 0.1872... is the unique solution of
equation

ng):zl‘P—zP‘l—p—l:o; (14)
(iii) if p, < p < 1/5, then there exists x; = x,(p) € (1/2,1)

such that gp(x) < 0 for x € (1/2,x,) and gp(x) > 0
for x € (x;,1).

Proof. It follows from (13) and (14) that

1
90.1872 <E> =0.000141... >0,

1
90.1873 <E> = —-0.000119...<0, (15)
g, (x
gap—p() = (xl_P+2xp)logx—2(1 -x)<0,
for x € (0, 1).

Inequalities (15) lead to the conclusion that the function
g,(x) is strictly decreasing with respect to p € R for fixed
x € (0,1)and p, = 0.1872... is the unique solution of (14).

(i) If x e (1/2,1) and p > 1/5, then from the
monotonicity of the function p — g,(x) we clearly see that

7
4/5 | 5 15 _ 7

5

2
9p (%) < gyy5 (x) = XX
1 1/5\? (16)
=—(1-x
=( )
X (—2x3/5 +x2/S +4x1/S + 7) <0.

Ifgp(x) < 0forall x € (1/2,1), then (13) leads to

lim 95 )
x—>1"1—-x
(ii) If x € (1/2,1) and p < 0, then the monotonicity of
the function p — g,(x) leads to the conclusion that gp(x) 2
go(x)=1-x>0.
If x € (1/2,1) and 0 < p < p,, then (13) and the
monotonicity of the function p — g,(x) lead to

0(3)20.(5)=0 gw=0

aZ
gfcf") —p(p-1)x (2-xP) <0, (9

=1-5p<0. 17)




Abstract and Applied Analysis

Inequality (19) implies that the function g, (x) is concave
with respect to x on the interval (1/2, 1). Therefore, gp(x) >0
follows from (18) and the concavity of gp(x).

If gp(x) > 0 forall x € (1/2,1), then p < p, follows
easily from the monotonicity of the function p — g,(1/2)
and gp(l/Z) > 0 together with the fact that gP2(1/2) =0.

(iii) If x € (1/2,1) and p, < p < 1/5, then from (13)
and (19) together with the monotonicity of the function p —
gp(l/z) we get

W) n()o

g,(1)=5p-1<0, (21)

gp (1) =0,

1 B}
g},(z) =2p—2F 4+ p2? 4 2p2'F

> 2 x0.1872 — 201873

+0.1872 x 2%1872 (22)

+2x0.1872 x 208177

=0.1065...> 0,

and g;(x) is strictly decreasing on (1/2, 1).

It follows from (21) and (22) together with the monotonic-
ity of g;(x) that there exists x, = x,(p) € (1/2,1) such that
gp(x) is strictly increasing on (1/2, x,] and strictly decreasing
on [x,, 1). Therefore, Lemma 1 (iii) follows from (20) and the
piecewise monotonicity of g,,(x).

Let p € R and the function f, be defined on (0,7/2) by

B 2c0s (t/2) +1 .
fp B =t- cost + 2cos?P (t/2) sint. (23)

Then elaborated computations lead to

o = 4 (1 — cos? (t/2)) cos?? (t/2) ( 5 t>
0= (2cos?P (t/2) + 2cos? (t/2) — 1)2 P\ L)
(24)
where gp(x) is defined by (13). O

From Lemma 1l and (24) we get the following Lemma 2
immediately.

Lemma 2. Let p € R and fp be defined on (0,7/2) by (23).
Then
(i) fp(2) is strictly decreasing on (0,7/2) if and only if p >
1/5;
(ii) f,(t) is strictly increasing on (0,71/2) if and only if p <
P, where p, = 0.1872 ... is the unique solution of (14);
(i) if p, < p < 1/5, then there exists t; = t,(p) €
(0,71/2) such that fp(t) is strictly increasing on (0,t,]
and strictly decreasing on [t,,7/2).

Lemma 3. Let p € R and fp be defined on (0,7/2) by (23).
Then

(i) f,(t) <0 forallt € (0,7/2) if and only if p > 1/5;

(ii) f,(&) > 0 forallt € (0,7/2) if and only if p < p; =
log(mw —2)/log2 =0.1910.. ;

(i) if p; < p < 1/5, then there exists t, = ty(p) € (0,7/2)
such that f,(t) > 0 fort € (0,t,) and fp(t) < 0 for
t e (ty,m/2).

Proof. (i) If t € (0,7/2) and p > 1/5, then from (23) and
Lemma 2 (i) we clearly see that

f®) < f,(07)=0. (25)
Iffp(t) < Oforallt € (0,77/2), then (23) leads to
t 1/180) (1 -5p)t° + o (t°
0> lim+fp()= 11m+( )( SP) ( )
t—0t t—0 t (26)
_1-5p
180
(ii) Iffp(t) > 0 forall t € (0,77/2), then from (23) we get
7=\ w-2-2F
0< - = 27
</p < 2 ) 2 27)
Inequality (27) leads to the conclusion that p < log(m -
2)/log?2.

Ift € (0,7/2) and p < p, = log(m — 2)/log2, then we
divide the proof into two cases.

Case 1. Consider p < p,, where p, is the unique solution of
(14). Then from Lemma 2 (ii) and (23) we clearly see that

f,®> 1, (0%) =o. (28)

Case 2. Consider p, < p < p;. Then (23) and Lemma 2 (iii)
lead to

fp (0+) =0,

f<ﬂ*)_7r—2—2p>7r—2—2pl_0
P\2 ) 2 - 2 -

and there exists t; = #,(p) such that f,(¢) is strictly increasing
on (0,t,] and strictly decreasing on [t,,7/2). Therefore,
fp(t) > 0 for all t € (0,77/2) follows from (29) and the
piecewise monotonicity of f,(f).

(iii) If p; < p < 1/5, then p, < p < 1/5. It follows from
(23) and Lemma 2 (iii) that

fp (0+) =0,

f<71—)_71—2—2P<71—2—2P1_0
P\2 ) 2 2 -

and there exists t; = ;(p) such that f, () is strictly
increasing on (0,t;] and strictly decreasing on [t;,7/2).
Therefore, Lemma 3 (iii) follows from (30) and the piecewise
monotonicity of f, ().

Let p € R and F, be defined on (0, 77/2) by

(29)

(30)

F, (1) = 1og%m—%1og<§coszf’é+§> (p#0), (31)
. _ sint B 4_1 E
Fy(t) = ;anOFP (t) =log ~ 3 log <cos 2) . (32)



4
Then elaborated computations give
t + 2cos? (t/2)
Fl(t) = —— ), 33
» () t (1 +2cos?” (t/2)) sintfp( ) (33)
where f,() is defined by (23). O

From Lemma 3 and (33) we get Lemma 4 immediately.

Lemma 4. Let p € R and F, be defined on (0,7/2) by (31)
and (32). Then

(i) 1137§t) is strictly decreasing on (0, 7/2) if and only if p >

(ii) F,(t) is strictly increasing on (0, 7/2) if and only if p <
p; =log(m - 2)/log2 =0.1910.. ;

(iii) if p; < p < 1/5, then there exists t, = t,(p) €
(0,7/2) such that Fp(t) is strictly increasing on (0, t,]
and strictly decreasing on [t,/2).

Lemma 5. Let p € R and F, be defined on (0,7/2) by (31)
and (32). Then the following statements are true:

i) ifFP(t) <0 forallt € (0,7/2), then p > 1/5;

(ii) ipr(t) > 0 forallt € (0,7/2), then p < p,, where
Ppo = 0.1941 ... is the unique solution of the equation

2 -
log = —log(1+2"?)+log3 =0, 34
plog ~ ~log(1+2") +log (34)

on the interval (0.1, 00).

Proof. (i) If Fp(t) < 0 forallt € (0,77/2), then from (31) and
(32) we have

F, (1) (1/720) (1= 5p) t* + o (¢*)
0> lim+ ;— = lim 2
t—0 t t—0 t (35)
_1-5p
720

(ii) We first prove that p, = 0.1941 ... is the unique solution
of (34) on the interval (0.1, 00). Let p € (0.1, 00) and

H(p):plog%—log(1+217p)+log3. (36)

Then numerical computations show that

H(0.1941) = 8.13...x 1077 > 0,

(37)
H(0.1942) = —2.52...x 107 <0,
2 log4 2 log4
H' (p) = log = log = + —°—
(p) o8 T " 2+ 2P < o8 T 2+ 20'1 (38)

= -281...x10"%<0.

Inequality (38) implies that H(p) is strictly decreasing on
[0.1, 00). Therefore, p, = 0.1941... is the unique solution of
(34) on the interval (0.1, co) which follows from (37) and the
monotonicity of H(p).
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If p>0.1and Fp(t) > 0 forallt € (0,77/2), then (31) leads
to
T 1
0=k, (7)1 (p)
<F (7 )= 0@ (39)
Therefore, p < p, follows from (39) and H(p,) =

0 together with the monotonicity of H(p) on the interval
(0.1, 00). O

Lemma 6. Let p € R and x,c,w € (0,1), and let Mp(x, w) be
defined by (9). Then the function p — M,(x,w)/M,(c,w) is
strictly decreasing with respect to p € R if x € (c, 1).

Proof. Let H(p, x) = log M, (x, w) —log M,(c, ). Then from
(9) we get

p-1
OH(px) __wxP! (40)
ox wxP+1-w
*H (p, —w)xP!
(px) | 0(-0)x logx < 0. (41)

0pox (wx? + 1 - w)®
Inequality (41) and O H( p>x)/0x0p = O’ H( D> x)/0pox lead
to the conclusion that 0H(p,x)/0p is strictly decreasing
with respect to x € (c,1). Therefore, 0H(p,x)/0p <
OH(p,x)/dpl|,_. = 0for x € (c,1), and M, (x, )/ M, (c, w)
is strictly decreasing with respectto p e Rif x € (¢,1). O

3. Main Results

Theorem 7. Let Mp(x, w) be defined by (9). Then the double
inequality

t 2 int
2 ><sm
t

APMP <cos >3 < MP <c052§,§> (42)
holds for all t € (0,7/2) if and only if p > 1/5, and the double
inequality

Mp (coszé, %) < Sl—?t < APMP (coszg, %) (43)
holds for all t € (0,71/2) if and only if p < p,, where

-1/p 2513
) (p#0),  Ao=—, (44

T

2/ 14277
.
T 3

p; =log(m-2)/log2 =0.1910..., and ApMp(cosz(t/Z), 2/3)
is strictly decreasing with respect to p € R.

Proof. Let p € R and Fp(t) be defined on (0, 7/2) by (31) and
(32). Then

F,(0")=0, F, (gf> = log 1, (45)

If p > 1/5, then inequality (42) follows from Lemma 4 (i)
and (45).

If inequality (42) holds for all t € (0,7/2), then Fp(t) <0
forall t € (0,71/2). It follows from Lemma 5 (i) that p > 1/5.
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If p < p,, then inequality (43) follows from Lemma 4 (ii)
and (45).

If inequality (43) holds for all ¢t € (0,71/2), then
Fp(rt/Zf) > Fp(t) > FP(0+) =0 forallt € (0,71/2). It follows
from Lemma 5 (ii) that p < p,, where p, = 0.1941... is the
unique solution of (34) on the interval (0.1, co). We claim that
p < py; otherwise p; < p < p, < 1/5, and Lemma 4 (iii)
leads to the conclusion that there exists t, € (0,77/2) such
that Fp(t) > Fp(n/Zf) fort € [ty, 1/2).

Note that

M 2(t/2),2/3
/\ M (Cos E,%>:% P(COS (t/) /) (46)
2°3) . M,(1/2,2/3)

It follows from Lemma6 and (46) that
Mp(cosz(t/Z),2/3) is strictly decreasing with respect
top eR. O

From Theorem 7 we get Corollaries 8 and 9 as follows.

Corollary 8. Forallt € (0,7/2) one has

2 2+ t t 2
— oSt _ A M, (cosz—, —)
T T 23
2 £ 1\?
<A <—cos—+—>
2\377 2 7 3
2 apt 1)4
<A <—cos -+ =
4\ 3 23
2 t 1\’ sint
<Ays( oL+ 1) < I (47)
3 2 3 t

2 to1 2 to1\*
<< —COS /5— —) <(—COSI/2—+—>
3 2 3 3 2 3

(tsl)

<M<coszt 2)_2+cost<
! 2’3/ 3

Corollary 9. Forallt € (0,71/2) one has

t t 2
coszi =M_. (cosz—, —) <

t 2
=M_, (cosz—,—>
23

9cos” (¢/2)
(2 + cos (t/2))*

t t 2
< cos4/3— =M, <cosz—, —)
2 2°3

2 1\8 2 1\°
< (_coslf4£ + _) < (_cosmi + _)
3 2 3 3 2 3

sint 2 t 1\°
<—x /\1/6(—cosl/3— + —)

3(1 +cost)
5+ cost

t 2
=M_ (co 2 —>
172 2’3

5
2 t 1\8 t
< Al/g(—cosm— + —> < )Locos4/3—
3 2 3 2
9cos? (t/2) 3(1 +cost)
12 (2 + cos (t/2))* 5+ cost
2t 4
<A cos - = —coszz.
2 7 2
(48)

Theorem 10. Let Mp(x, w) be defined by (9). Then the double
inequality

t 2) sint
<_

t 2
M (cosz—,— <M (cosz—,—> 49
P 273 t 1 2’3 (49)

holds for all t € (0,7/2) if and only if p < p, and q > 1/5,

where p, = 0.1941... is the unique solution of (34) on the
interval (0.1, 00). Moreover, the inequality

int t 2
smt <aM <cosz—, —>, (50)
t Po 2’3

if and only if
S sint,
T teM,, (cos? (£,/2),2/3)

= 1.00004919..., (51)

where t, € (0,7/2) is defined as in Lemma 3 (iii).

Proof. Let p € R and F,(t) be defined on (0,7/2) by (31)
and (32). Then Lemma 4 (iii) leads to the conclusion that
F,, (t) is strictly increasing on (0, )] and strictly decreasing
on [ty, 1/2). Note that

E, (0")=F,, (g) - 0. (52)

It follows from the piecewise monotonicity of F, (t) and
(52) that

0 < F, (t) < F, (to), (53)

for all t € (0,7/2). Therefore, sint/t > Mpo(cosz(t/Z), 2/3)
for all t € (0,7/2) follows from the first inequality of (53),
while sint/t < M1/5(c052(t/2), 2/3) forallt € (0,7/2) follows
from the second inequality of (42).
Conversely, if the double inequality (49) holds for all ¢ €
(0,71/2), then we clearly see that the inequalities
F,(t) >0, F (1) <0 (54)

hold forallt € (0,7/2). Therefore, p < p,and g > 1/5 follows
from Lemma 5 and (54). Moreover, numerical computations
show that ¢, = 1.312... and

) = 1,00004919. ... (55)

Therefore, the second conclusion of Theorem 10 follows
from (55) and the second inequality of (53). O

It follows from Lemma 3 that we get Theorem 11 immedi-
ately.



Theorem 11. The double inequalities

2cos’? (t/2) + cost  sint  2cos* (t/2) + cost

2c0s?P (t/2) + 1 t 2c0s2 (t/2) + 1
t/2) G+
t int—t t t
2C0$2p— < u < zcoszq_
2 t—sint 2

hold for allt € (0,7/2) ifand only if p > 1/5and q < p, =
log(mw —2)/log2 =0.1910....

We clearly see that the function (2cos??(t/2) +
cost)/(2cos?(¢/2) + 1) is strictly decreasing with respect
to p € R for fixed x € (0,7/2). Let p = 1/2,1,2,00 and
q = 1/6, 0, -1/2, -1, -2, —o0; then Theorem 11 leads to
the following.

Corollary 12. The inequalities

2cost+1
cost + 2

8cost+cos2t+3
4cost+cos2t+7

cost <

2cos(t/2) + cost  sint

2cos(t/2) +1 t
cost + 2cos'/? (t/2) cost+2
2cos13 (t/2) + 1 3 (57)

costcos® (t/2) + 2
cos? (t/2) +2

cos (t/2) + cos (3t/2) + 4
2cos(t/2) +4

costcos® (£/2) + 2
cos* (t/2) +2

hold for all t € (0,7/2).

4. Applications

In this section, we give some applications for our main results.
Neuman [24] proved that the Huygens type inequalities

. . )
2s1nt+tanl‘> s1nt+ tan (¢/2)
t t t t/2
t t
>2— +—— >3,
sint tant

sint)P (tan(t/z) )p

— ) +2
( t (2 (58)

g <31_1t1t>p " 2(ta1:(/tz/2) >P (p>0),

(ﬁ)ly”(tant(/ﬁ)l) >3 (p=1)
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hold for all t € (0,77/2). Note that

int t 2 t I3
smt <(>)yM <cosz—,—)<=>(.—)
P 2’3 sint

? (tantétz/z)) > (93

sint (<Q)A,M, (c052§,§> (59)
o\ t/2 Y
ﬁ(@) +2<tan(t/2))

P P
<(>) (E) + 2<E> ,
2 4
if p > 0, and the second inequalities in (59) are reversed if
p<O.

From Theorems 7 and 10 together with (59) we get the
following.

Theorem 13. The double inequality

m\P m\P t \? t/2 p

= = — 60

(3) +2(5) > () +2<tan(t/2)) >3 60
holds for all t € (0,7/2) if and only if p > 1/5 0r p < 0,

and inequality (60) is reversed if and only if 0 < p < p; =
log(mr —2)/log2 = 0.1910....

Theorem 14. The double inequality

(o) i) ~2> () +2(ta£(f/2>()q)
61

holds for all t € (0,7/2) if and only if 0 < q < p, and p > 1/5
or p < 0, where p, = 0.1941 ... is the unique solution of (34)
on the interval (0.1, 00).

Neuman [24] also proved that the Wilker type inequality

to\P t/2 \*f
(E) +<tan(t/2)> > 2 (62)

holds for all t € (0,77/2) if p > 1.
Making use of Theorem 13 and the arithmetic-geometric
means inequality

' (tari(/tz/Z) >2p g 2( tar:(/tz/Z) )P’ (©

we get Corollary 15 as follows.

Corollary 15. The Wilker type inequality (62) holds for all t €
(0,7/2)ifp=1/50rp<0.
In addition, power series expansions show that

t\? t/2 \*? _p(20p-3) , 4
(E) +<tan(t/2)> B +o(t).
(64)
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Therefore, we conjecture that inequality (62) holds for all t €
(0,7/2) if and only if p > 3/20 or p < 0. We leave it to the
readers for further discussion.

The Schwab-Borchardt mean SB(a,b) [25-27] of two
distinct positive real numbers a and b is defined by

B | cos7! (a/b)’ a<b,
(a,b) = TR (65)

cosh™ (a/b) ’

where cos '(x) and cosh™(x) = log(x + Vx*-1) are
the inverse cosine and inverse hyperbolic cosine functions,
respectively.

Letb > a > 0, A(a,b) = (a + b)/2 be the arithmetic
mean of a and b, and t = cos Y(a/b) € (0,7/2). Then simple
computations lead to

>

sint SB(a,b)

t b

pN\1/p
M (coszf,%> = %(%Ap (a,b) + %) , (66)

2cos’? (t/2) + cost _ 2AP (a,b) + abl™!
2c08% (t/2) +1  2AP(a,b) +bP

It follows from Theorems 7, 10, and 11 together with (66)
that we have the following.

Theorem 16. Let p, = log(m — 2)/log2 = 0.1910..., A, and
Do = 0.1941 ... be defined as in Theorems 7 and 10, respectively.
Then for allb > a > 0, the following statements are true.

(i) The double inequality

2 1 ,\"?
2(347 @b+ 50)
3 3
) (67)
1/p
<SB(a,b) < (%AP (a,b) + %b")

holds if and only if p > 1/5, and inequality (67) is
reversed if and only if p < p,.

(ii) The double inequality

1/p
<3AP (a,b) + lbf’)
3 3

(68)
2 1.\
<SB(@b) < (547 (@b) + 5b°)
holds if and only if p < p, and q > 1/5.
(iii) The double inequality
2AP (a,b) + abP™!
2A° (a,b) + bP
(69)

2A% (a,b) + ab?™!
244 (a,b) + b

holds if and only if p > 1/5 and q < p,.

< SB(a,b) <

Letb > a > 0,G(a,b) = Vab, Q(a,b) = \/(a® +1?)/2,
P(a,b) = (b - a)/[2sin” Y((b - @)/ + a))], T(a,b) =
(b — a)/[2tan (b — @)/ + a))], and Y(a,b) = (b —
a)/[V2tan ' ((b — a)/\2ab)] be the geometric, quadratic,
first Seiffert [28], second Seiffert [29], and Yang [15] means
of a and b, respectively. Then it is easy to check that
P(a,b) = SB(G(a,b), A(a,b)), T(a,b) = SB(A(a,b),Q(a,b)),
and Y(a,b) = SB(G(a,b),Q(a,b)). Therefore, Theorem 16
leads to Corollary 17.

Corollary 17. Let p; = log(m — 2)/log2 = 0.1910..., A,
and p, = 0.1941... be defined as in Theorems 7 and 10,
respectively. Then for allb > a > 0, the following statements
are true.

(i) The double inequalities

1/p
Ap[g(G(a,b)+A(a,b)>p+ 1Ap(a,b)]
3 2 3

< P(a,b)

1/p
NE(CCLIRCLY Sy
3 2 3

P 1/p
() g
<T(a,b) (70)

2(A@b)+Q@b)\ 1., 17
<[S(HEER) s wn]

2(G@b)+Q@b)\ 1, ]”P
| 3(HE2EDN Lo
<Y (a,b)

2(G@b)+Q@b)\ 1 _, e
<[5(FER) v seren]

hold if and only if p > 1/5, and all inequalities in (70) are
reversed if and only if p < p,.
(ii) The double inequalities

P 1/p
[%(G(a,b)+A(a,b)) +1Ap(a,b)]

3 2 3
< P(a,b)

1/q

<[H(Cletr At L)

3 2

2(A@b)+Q@b)\ 1, ]"P
[3< 2 ) HER

<T(ab)



1/q

<[(AD Q@D Lgy) ",

3 2
2(G@b)+Qab)\ 1, ]”"
2(Se2@DY . L

<Y (a,b)

< [g(G(a,b)+Q(a,b)

y 1 4
3 2 30 @b

hold if and only if p < p, and q > 1/5.
(iii) The double inequalities
2'"P(G (a,b) + A (a,b))? A (a,b) + G (a,b) A? (a,b)
21-P(G (a,b) + A (a, b))’ + AP (a,b)

< P(a,b)

279G (a,b) + A (a,b))1A (a,b) + G (a,b) Al (a,b)
2179(G (a,b) + A (a,b))? + A1 (a, b)

>

21"P(A(a, b) + Q(a,b)’Q(a,b) + A(a,b) QP (a,b)
21P(A (a,b) + Q(a,b)? + QP (a,b)

< T (a,b)

. 2'79(A (a,b) + Q(a,))?Q(a,b) + A(a,b) Q7 (a,b)
217(A (a,b) + Q(a, b)) + Q4 (a,b)

>

2'"P(G (a,b) + Q(a,1)"Q(a,b) + G (a,b) Q” (a, )
217(G(a,b) + Q(a, b)) + QP (a,b)

<Y (a,b)

< 2'"%(G (a,b) + Q(4,b))’Q (a,b) + G (a,b) Q" (a,b)
217G (a,b) + Q(a, )7 + Q1 (a,b)

(72)

hold if and only if p > 1/5 and q < p;.
For x € (0, 1), the following Shafer-Fink type inequality can
be found in the literature [1, 30]:

1 6(\/1+x—\/1—x) 3x

sin” x > > . (73)
4+ VI+x+Vl-x 2+V1-x2
Fink [31] proved that the double inequality
3—x < sinilx < L (74)
24V1-x 2+ V1-x2

holds for all x € [0, 1]. It was generalized and improved by Zhu
[32].

Lett € (0,77/2), x = sint € (0, 1). Then Theorems 7, 10,
and 11 lead to Corollary 18 as follows.

Corollary 18. Let p; = log(m —2)/log2 = 0.1910..., A, and
Po = 0.1941 ... be defined as in Theorems 7 and 10, respectively.
Then for all x € (0, 1), the following statements are true.
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(i) The double inequality

X
M, ((1+V1=22)/2,2/3)
(75)
< sin”! (x) <

X
)LPMP((I +V1 —x2)/2,2/3)

holds if and only if p > 1/5, and inequality (75) is reversed if
and only if p < p;.
(ii) The double inequality

X

M, ((1+V1-x2)/2,2/3)

(76)
<sin™? (x) <

X
M, ((1+V1=%2)/2,2/3)

holds if and only if p > 1/5 and q < p,,.
(iil) The double inequality

2P (VTrx+VI=%) " +1
2(VT+x+VI=%) " + V-2
<sin™ (x) (77)
2(VTrx+VT=x) 7 +1
) 224( VT x+ VT=x) "+ V=22
holds if and only if p < p, and q > 1/5.
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