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We study Mann type iterative algorithms for finding fixed points of Bregman relatively nonexpansive mappings in Banach spaces.
By exhibiting an example, we first show that the class of Bregman relatively nonexpansive mappings embraces properly the
class of Bregman strongly nonexpansive mappings which was investigated by Martin-Marques et al. (2013). We then prove weak
convergence theorems for the sequences produced by the methods. Some application of our results to the problem of finding a zero
of a maximal monotone operator in a Banach space is presented. Our results improve and generalize many known results in the

current literature.

1. Introduction

Let E be a (real) Banach space with norm || - || and dual space
E*. For any x in E, we denote the value of x* in E* at x
by (x,x"). When {x,}, is @ sequence in E, we denote the
strong convergence of {x,},y to x € Eby x,, — x and the
weak convergence by x,, — x. Let C be a nonempty subset of
E.LetT : C — E beamap. We denote by F(T) = {x € C:
Tx = x} the set of fixed points of T. We call the map T

(i) nonexpansive it [Tx — Ty| < |x — yll for all x, y in C,
(ii) quasi-nonexpansive if F(T)# 0 and [Tx—y| < |lx—y|
for all x in C and y in F(T).

The nonexpansivity plays an important role in the study
of the Mann iteration, given by

Xn+1 = ﬁnxn + (1 - ﬁn) Txn’ (1)

where the sequence {f3,},,cy satisfies some appropriate condi-
tions. Construction of fixed points of nonexpansive mappings
via Mann’s algorithm [1] has been extensively investigated in
the literature (see, e.g., [2] and the references therein).

Let g : E — R be a strictly convex and Gateaux
differentiable function on a Banach space E. The Bregman
distance [3] (see also [4, 5]) corresponding to g is the function
D,:ExE — R defined by

Dy(x,y)=g(x)-g(y)—(x-»Vg(y)), VxyeE
(2)

It follows from the strict convexity of g that D (x, y) > 0 for
all x, y in E. However, D, might not be symmetric and D,
might not satisfy the triangular inequality.

When E is a smooth Banach space, setting g(x) = llx)1?
for all x in E, we have that Vg(x) = 2]x for all x in E. Here
J is the normalized duality mapping from E into E*. Hence,
Dg(-, -) reduces to the usual map ¢(-, ) as

D, (%) = ¢ (%) = IxlI* =2 (x, Jy) + |y]"s Vx,y€E.
3)

If E is a Hilbert space, then Dg(x, y) = lx- y||2. For more
details, we refer the readers to [6].
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Let E be a smooth, strictly convex, and reflexive Banach
space and let J be the normalized duality mapping of E.
Let C be a nonempty, closed, and convex subset of E. The
generalized projection Il from E onto C is defined and
denoted by

Hc (x) = argming (5, x), (4)

where ¢(x, y) = x> = 2(x, Jy) + ||y||2. Let C be a nonempty,
closed, and convex subset of a smooth Banach space E; let T
be a mapping from C into itself. A point p € C is said to be
an asymptotic fixed point [7] of T if there exists a sequence
{x,},en in C which converges weakly to p and lim,, , [Ix,, —
Tx,| = 0. We denote the set of all asymptotic fixed points of T
by F(T). A point p € Cis called a strong asymptotic fixed point
of T if there exists a sequence {x,,},,cp in C which converges
strongly to p and lim,, _, [lx,, — Tx,, || = 0. We denote the set
of all strong asymptotic fixed points of T by F(T).

Let C be a nonempty, closed, and convex subset of a
reflexive Banach space E. Let g : E — (—00,+00] be a
proper, lower semicontinuous, and convex function. Recall
that a mapping T : C — C is said to be Bregman quasi-
nonexpansive, if F(T) # @ and

D, (p.Tx) <Dy (p,x), VxeC, peF(T). (5

A mapping T : C — C is said to be Bregman relatively
nonexpansive if the following conditions are satisfied:

(1) F(T) is nonempty;

) Dg(p, Tv) < Dg(p, v),Vp e F(T),v € G;

(3) E(T) = F(T).

A mapping T : C — C is said to be Bregman weak relatively
nonexpansive if the following conditions are satisfied:

(1) F(T) is nonempty;

) Dg(p, Tv) < Dg(p, v),Vp e F(T),v € G

(3) F(T) = F(T).
A mapping T : C — C is said to be Bregman strongly
nonexpansive (BSNE) if the following conditions are satisfied:

(1) F(T) is nonempty;

2) Dg(p, Tv) < Dg(p, v),Vp e F(T),v € G

(3) F(T) = F(T);

(4) for any bounded sequence {x,}, € Cand any p €
F(T) we have

lim [Dy (p,x,) = Dy (p, Tx,)] = 0

= lim D, (Tx,, x,) = 0.
(6)

It is obvious that any Bregman strongly nonexpansive
mapping is a Bregman relatively nonexpansive mapping, but
the converse is not true in general. In the following, we show
that there exists a Bregman relatively nonexpansive mapping
which is not a Bregman strongly nonexpansive mapping.
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Example 1. Let E = I, where

2 - 2
IF = oz(ol,az,...,on,...):Z”on” <oot,
n=1

Jol - (inonnz)m,

7)

Vo e I,
(o,n) = Zcfnqn, V8 = (0,,05...,0,,...),
n=1
2
n= ot s t--) €1
Let {x,},,enuqop C E be a sequence defined by
x, = (1,0,0,0,...)
x; = (1,1,0,0,0,...)
x, = (1,0,1,0,0,0,...)

x; =(1,0,0,1,0,0,0,...)
(8)

Xy = (0015025 » Opser )

where

L[ ifk=Las, ©)
w70 ifk+l kEn+l,

for all n € N. It is clear that the sequence {x,},y converges
weakly to x,. Indeed, for any A = (A, Ay,...,A,,...) € I =
(1*)*, we have

A ('xn - xO) = <xn - xO’A> = Z/\ko.n,k —0 (10)
k=2

asn — oo. It is also obvious that ||x, — x,,| = V2 for
any n+#m with n, m sufficiently large. Thus, {x,},cy is not
a Cauchy sequence. Let k be an even number in N and let
g E — Rbedefined by

1
g =l xeE. (1)
It is easy to show that Vg(x) = J,(x) for all x € E, where
i (x) = {x* €E": (x,x") = |Ix| |x"|,

]| = Il

It is also obvious that

(12)

X

JoAx) = A (x), VxeE VAeR.  (13)
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Now, we define a mapping T : E — E by

_—nx if x =x,;
T (x) = {n+1 ’ o (14)

-X, if x#x,.

It is clear that F(T') = {0} and for any n € N

D, (0,Tx,) = g (0) - g (Tx,) - {0 - Tx,, Vg (Tx,))
k
n
= _(H + 1)kg (xn)
n nkl
- <1’l 4 1xn’_(n 4 l)k,l Vg (xn)>
aF aF
:_(11+ kg( n) k<xn’vg( n)>
Ak
= (n+ l)k [_g (xn) + <xn’ Vg (xn)>]
<
( (n+ 1) Dy (0:6,)
<D, (0,x,).
(15)
If x # x,,, then we have
D, (0,Tx) = g (0) - g (Tx) - (0 - Tx, Vg (Tx))
=-g(x) = (x,-Vg (x)) )
=-g(x) - (-x,Vg (x))
=D, 0,x).

Therefore, T is a Bregman quasi-nonexpansive mapping.
Next, we claim that for any subsequence {xnj} jen Of {x, }ens
lim Xp, = Tx, || #0. If not, then there exists a subse-
quence {x,, }JeN of{x }en such that hrn]HOOH -Tx, || =

This 1mp11es that hm]_,oollxn Tx, || = llm]_,oollxj -
(=n;/(n; + )x, || = lim;_, oo llx, + (n; i/ (i + D)x, || =0,
Wthh is 1mp0551ble Now, we claim that T' is a Bregman
relatively nonexpansive mapping. Indeed, for any sequence
{z,}pen € E such that z, — z, and |z, — Tz,| — 0 as
n — 00, since {x,},cy is not a Cauchy sequence, there exists
a sufficiently large number N € N such that z,, # x,,, for any
n,m > N. If we suppose that there exists m < N such that
z, = X, for infinitely many n € N, then a subsequence
{x, }IeN would satisfy z,, = x,,, 80 25 = lim;_, 2, = x,

and z, = lim; _, Tz, = Tx, = (m/(m+ 1))x,, which is
impossible due to the fact that lx,, — Tx,,ll #0 for all m € N.
This implies that Tz, = -z, for alln > N. It follows from
lz, - Tz, — 0 that 2z, — 0and hence z, — 0, which
implies that z, = 0. Since z, € F(T), we conclude that T'is a
Bregman relatively nonexpansive mapping. Finally, we show
that T' is not a Bregman strongly nonexpansive mapping.

m; ool

j— oo

To this end, we consider the sequence {x,},,cny(0; defined by
(8); then, we have

D, (0,x,) - D, (0,Tx,)

=9 (0) -9 (xn) - <O - xn’vg (xn)>
- [9(0) - g(Tx,) - (0 - Tx,, Vg (Tx,))]
=9 (xn) + <xn’ Vg (xn)> +9g (Txn) - <Txn’ Vg (Txn)>
= ——le I* + (%, Vg (x,) P ——— =’
k
- x,,Vg(x,
P (% Vg (x,,))
1
([
" (
+11- x,,Vgl(x,)).
(1- 2 ) o
(17)
This implies that
lim D, (0,x,) - D, (0,Tx,) = 0. (18)
On the other hand, we have
-n 2n+1
— = —_— = 1
Ju =Tl = - | = 2L 09)
which implies that
nli_{IgO "xn - Txn" #0. (20)

Therefore, T' is not a Bregman strongly nonexpansive map-
ping.

We refer the readers to see some other examples of
Bregman relatively nonexpansive mappings in [8].

A Banach space E is said to satisfy the Opial property [9]
if for any weakly convergent sequence {x,,},,cy, in E with weak
limit x, we have

liﬂso%p [, = x| < 1171111501<1)P % - ] (21

for all y in E with y# x. It is well known that all Hilbert
spaces, all finite dimensional Banach spaces, and the Banach
spaces I (1 < p < 00) satisfy the Opial property. Working
with the Bregman distance D, the following Bregman Opial-
like inequality holds for every Banach space E such that Vg is
weakly sequentially continuous:

limsupD, (x,

n— oo

x,) < liﬂsongg (3, %) 5 (22)

whenever x, — x# y. See Lemma 3 for details. The Opial
property of Hilbert spaces and some other special Banach
spaces is a powerful tool in establishing fixed point theorems



for nonexpansive and, more generally, quasi-nonexpansive
mappings. The Bregman-Opial property suggests introducing
the notions of Bregman nonexpansive-like mappings and
developing fixed point theorems and convergence results for
the Mann iterations for these mappings.

Let E be a reflexive Banach space with the dual space E*

andlet A : E — 2F be a set-valued mapping. We define
the domain and range of A by domA = {x € E : Ax+ 0}
and ranA = U,z Ax, respectively. The graph of A is denoted
by G(A) = {(x,x") € Ex E* : x* € Ax}. The mapping
A C ExE” is said to be monotone [10] if (x — y,x" — y*) 2 0
whenever (x,x), (y, y*) € A. It is also said to be maximal
monotone [11] if its graph is not contained in the graph of any
other monotone operators on E. If A ¢ E x E* is maximal
monotone, then we can show that the set A™'0 = {z € E :
0 € Az} is closed and convex. Let g : E — (—00,+00] be a
proper, lower semicontinuous, and convex function. Let A be
a maximal monotone operator from E to E*. For any r > 0,
let the mapping Res?, : E — dom A be defined by

Res?, = (Vg +rA)'Vg. (23)

The mapping Resf 4 is called the g-resolvent of A (see [12]).
It is well known that A™}(0) = F(Resz) for each r > 0 (for
more details, see, e.g., [13]).

Examples and some important properties of such opera-
tors are discussed in [14].

In this paper, using Bregman functions, we study Mann
type iterative algorithms for finding fixed points of Breg-
man relatively nonexpansive mappings in Banach spaces.
We prove weak convergence theorems for the sequences
produced by the methods. Some application of our results
to the problem of finding a zero of a maximal monotone
operator in a Banach space is presented. Our results improve
and generalize many known results in the current literature;
see, for example, [15].

2. Properties of Bregman Functions and
Bregman Distances

Let E be a (real) Banach space, and let g : E — R. For any x
in E, the gradient V g(x) is defined to be the linear functional
in E* such that

(y,Vg(x)) = }%w, VyeE.  (24)
The function g is said to be Gateaux differentiable at x if
Vg(x) is well defined, and g is Gateaux differentiable if it is
Gateaux differentiable everywhere on E. We call g Fréchet
differentiable at x (see, e.g., [16, page 13] or [17, page 508])
if, for all € > 0, there exists § > 0 such that

l9(¥) = 9 (x) = (y - xVg ()]
<e|y-x| whenever |y-x|<é.

The function g is said to be Fréchet differentiable if it is
Fréchet differentiable everywhere. It is well known that if
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a continuous convex function g : E — R is Gateaux
differentiable, then Vg is norm-to-weak” continuous (see,
e.g., [16, Proposition 1.1.10]). If g is also Fréchet differentiable,
then Vg is norm-to-norm continuous (see, [17, page 508]).

Let E be a Banach space, 7 > 0,and B, := {z € E : ||z|| <
r}. A function g : E — R is said to be

(i) strongly coercive it

g(x,)

1m
lxall = +o0 [,

= +00; (26)

(ii) locally bounded if g(B,) is bounded for all r > 0;

(iii) locally uniformly smooth on E ([18, pages 207, 221]) if
the function o, : [0, +00) — [0, +00], defined by

o, (t) = sup (ag(x+(1-a)ty)+(1-a)

x€B,,y€SE,ae(0,1)

x g(x—aty) - g(x))(a(l-a),
(27)

satisfies

im2® _ o,

Vr > 0; 28
tlo t 4 ( )

(iv) locally uniformly convex on E (or uniformly convex on
bounded subsets of E ([18, pages 203, 221])) if the gauge
Py : [0,+00) — [0, +00] of uniform convexity of g,
defined by

pr (£)

= inf
x,y€B,, ||x—y||:t,a€(0,1

)(ag(x)+(1—<x)g(y)

—g(ax+(1-a)y) (@(l-a)7,
(29)

satisfies

p.(t) >0, Vr,t>0. (30)

For alocally uniformly convex map g : E — R, we have

glax+(1-a)y)<ag(x)+(1-a)g(y) 31
—a(-a)p (Jx- ),

for all x, y in B, and for all « in (0, 1).

Let E be a Banach spaceand g : E — R astrictly convex
and Gateaux differentiable function. By (2), the Bregman
distance satisfies [3]

D, (x,2) = D, (x,y) + D, (y,2)

Vx,y,z € E.
(32)

+(x-»Vg(y)-Vg(2),

In particular,
Dy (%, y) = =Dy (3, %) +{y = x.Vg (y) - Vg (x))

Vx,y € E.

(33)
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Lemma 2 (see [8,16]). Let E be a Banach spaceand g : E —
R a Gdteaux differentiable function which is locally uniformly
convex on E. Let {x,},n and {y,},en be bounded sequences in
E. Then the following assertions are equivalent:

(M) lim,, _, ,D4(x,,, ¥,) = 0;
(2) lim,, , ,lIx,, — ¥, = 0.

In the following, derive an Opial-like inequality for the
Bregman distance. For original Opial’s inequality, we refer the
readers to Lemma 1 of [9].

Lemma 3. Let E be a Banach space and let g : E — R be
a strictly convex and Gateaux differentiable function such that
Vg is weakly sequentially continuous. Suppose that {x,},cn is
a sequence in E such that x,, — x for some x in E. Then

limsupD, (x, x,,) < limsupD,, (y,x,), (34)
n— 00 n— 00

for all y in the interior of dom g with y # x.

Proof. Inview of the definition of Bregman distance (see (2)),
we obtain

Dy (x,x,) = Dy (3, x,)
=g(x) - g(x,) - (x - x,, Vg (x,))
~[9(y) - g9(x,) = (¥ = %, Vg (x,))]
=g(x) -g(y)+{(x-»Vgx)
—(x =3 Vg () +(y-xVg(x,))

(35)

=g(x)-g(y) +{x-y,Vg(x)
+(y-xVg(x,) - Vg (x)
=-D, (y,x) +(y-xVg(x,) - Vg (x)).

Since x, — xasn — oo and Vg is weakly sequentially
continuous, we deduce that

lim supD,, (x, x,,)

n— 00

timsup D, (5 5,) - Dy (35,) + D, (%)
= lim sup [Dg (%,%,) =Dy (s xn)] +lim supD,, (, x,,)
n—00 n— 00

=-D, (y,x) + h;?iso%ng (v, x,).
(36)

Taking into account that D (y,x) > 0 for y # x, we obtain
that

limsupD, (x, x,,) < limsup D (y,x,), (37)
which completes the proof. O

We call a function g : E — (—00,+00] lower semi-
continuous if {x € E : g(x) < r}is closed for all r in R.

For a lower semicontinuous convex function g : E — R, the
subdifferential 0g of g is defined by

og(x)={x"€E 1 g(x)+{(y-xx")<g(y),Vy€E}
(38)

for all x in E. It is well known that dg C E x E* is maximal
monotone [19, 20]. For any lower semicontinuous convex
function g : E — (—00, +00], the conjugate function g* of g
is defined by

g (x") = sup {{(x,x")—g(x)}, Vx"eE". (39)

It is well known that

gx)+g" (x") = (xx"), V(x,x")eExE",
(x,x") € 0g is equivalent to g (x) + g* (x*) = (x,x").
(40)

We also know that if g : E — (—00,+00] is a proper
lower semicontinuous convex function, then g* : E* —
(-0, +00] is a proper weak” lower semicontinuous convex
function. Here, saying g is proper, we mean that domg :=
{x € E: g(x) < +00} #0.

The following definition is slightly different from that in
Butnariu and Iusem [16].

Definition 4 (see [17]). Let E be a Banach space. A function
g+ E — Rissaid to be a Bregman function if the following
conditions are satisfied:

(1) g is continuous, strictly convex, and Géteaux differ-
entiable;

(2) theset {y € E : Dg(x, y) < r}is bounded for all x in
Eandr > 0.

The following lemma follows from Butnariu and Iusem
[16] and Zalinescu [18].

Lemma 5. Let E be a reflexive Banach space and g : E — R
a strongly coercive Bregman function. Then

(1) Vg : E — E is one-to-one, onto, and norm-to-weak”
continuous;

(2) (x—»,Vg(x) = Vg(y)) = 0ifand only if x = y;

(3){x € E: Dg(x, y) < r}is bounded for all y in E and
r>0;

(4) dom g* = E*, g" is Gateaux differentiable and Vg™ =
v

The following two results follow from [18, Proposition
3.6.4].

Proposition 6. Let E be a reflexive Banach space and let g :
E — R be a convex function which is locally bounded. The
following assertions are equivalent:

(1) g is strongly coercive and locally uniformly convex on
E;



(2) domg* = E*, g is locally bounded and locally
uniformly smooth on E;

(3) dom g* = E*, g" is Fréchet differentiable and Vg*
is uniformly norm-to-norm continuous on bounded
subsets of E*.

Proposition7. Let E be a reflexive Banach spaceand g : E —
R a continuous convex function which is strongly coercive. The
following assertions are equivalent:

(1) g is locally bounded and locally uniformly smooth on
E;

(2) g is Fréchet differentiable and V g* is uniformly norm-
to-norm continuous on bounded subsets of E;

(3) dom g* = E*, g" is strongly coercive and locally
uniformly convex on E.

Lemma 8 (see [17, 21]). Let E be a reflexive Banach space, let
g: E — R bea strongly coercive Bregman function, and let V
be the function defined by

V(ix,x)=gx)-{(x,x")+g" (x"), VxeE Vx"€E".

(41)

The following assertions hold:
(1) Dy(x, Vg*(x*)) = V(x,x") forallx in Eand x* in E*;
) V(x,x*) +(Vg" (x*) = x, ¥") < V(x,x" + y*) for all

xin E and x*, y* in E*.

It also follows from the definition that V' is convex in the
second variable x* and

V(x,Vg(y) =Dy (xy). (42)

Let E be a Banach space and let C be a nonempty and
convex subset of E. Let g : E — R be a strictly convex and
Gateaux differentiable function. Then, we know from [22]
that, for x in E and x,, in C, one has

D, (xq, x)
=min Dy (y,x) iff (y—xp,Vg(x)-Vg(xy)) <0,
yeC
VyeC.
(43)

Further, if C is a nonempty, closed, and convex subset of a
reflexive Banach space E and g : E — R is a strongly
coercive Bregman function, then, for each x in E, there exists
a unique x, in C such that

D, (xg,x) = min D, (5, %). (44)
The Bregman projection proj. from E onto C defined by
projZ(x) = x, has the following property:
D, (y,projex) + D, (projéx, x) < D, (y,x), w5)
VyeC, Vx€E.
See [16] for details.
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Let E be a reflexive Banach space and let g : E —
R be a lower-semicontinuous, strictly convex, and Géateaux
differentiable function. Let C be a nonempty, closed, and
convex subset of E and let {x,},y be a bounded sequence
in E. For any x in E, we set

Br (x, {xn}neN) = lir{risol;p D, (x,x,). (46)

The Bregman asymptotic radius of {x,},cy relative to C is
defined by

Br (C, {x,}, ) = inf {Br (%, {1 x € C}. (47)

The Bregman asymptotic center of {x,},cy relative to C is the
set

BA (C, {xn}neN) = {x €C:Br (x, {xn}neN)

=Br(C, {x,}

(48)

neN/J *

Proposition 9. Let C be a nonempty, closed, and convex subset
of a reflexive Banach space E, and let g : E — R be strictly
convex, Gdteaux differentiable, and locally bounded on E. If
{x,}nen is a bounded sequence of C, then BA(C, {x,},cn) is
singleton.

Proof. In view of the definition of Bregman asymptotic
radius, we may assume that {x, },n converges weakly to z in
C. By Lemma 3, we conclude that BA(C, {x,},n) = {2z}. O

Lemma 10 (see [23]). Let C be a nonempty, closed, and convex
subset of a reflexive Banach space E. Let g : E — R be strictly
convex, continuous, strongly coercive, Gdteaux differentiable,
and locally bounded on E. Let T : C — E be a Bregman quasi-
nonexpansive mapping. Then F(T) is closed and convex.

3. Weak Convergence Theorems for Bregman
Relatively Nonexpansive Mappings

In this section, we prove weak convergence theorems con-
cerning Bregman relatively nonexpansive mappings in a
reflexive Banach space. We propose the following Bregman
Mann’s type iteration.

Let E be a reflexive Banach spaceandletg: E — Rbea
strictly convex and Gateaux differentiable function. Let C be
a nonempty, closed, and convex subset of E. Let T : C — C
be a Bregman relatively nonexpansive mapping. Let {x,},cn
be a sequence defined by

%41 = Proj& (Vg* [v,Vg (x,) + (1 -y,) Vg (Tx,)]), )

where {y,},,cy is an arbitrary sequence in [0, 1].

Lemma 11. Let C be a nonempty, closed, and convex subset
of a reflexive Banach space E. Let g : E — R be a strictly
convex and Gateaux differentiable function. Let T : C — C
be a Bregman quasi-nonexpansive mapping with a nonempty
fixed point set F(T').Let {x,,},n be a sequence defined by (49)
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such that {y,},cy is an arbitrary sequence in [0, 1]. Then the
following assertions hold:

1 ?gz(z,xnﬂ) < Dg(z, x,) for all z in F(T) and n =

(2) lim,, _, OODg(z, x,,) exists for any z in F(T).

Proof. Let z € F(T). In view of (49), we have

D, (2, %,11)

=Dy (2, proj (Vg" [y,Vg (x,) + (1 - 1,) Vg (Tx,)]))
=Dy (2.Vg" [y,Vg (x,) + (1 -,) Vg (Tx,)])

=V (2 Vy,Vg(x,) + (1-v,) Vg (Tx,))

<9V (2:Vg (x,)) + (1= ,) V (2, Vg (Tx,))

=y.Dy (2.x,) + (1 - ,) D, (2, Tx,,)

< YuDy (2 x,) + (1= ,) Dy (2, x,.)

=D, (zx,).
(50)

This implies that {D (2, x,,)},.n is a bounded and nonincreas-
ing sequence for all z in F(T). Thus we havelim,, _, ., D,(z, x,,)
that exists for any z in F(T). O

Theorem 12. Let C be a nonempty, closed, and convex subset
of a reflexive Banach space E. Let g : E — R be a strongly
coercive Bregman function which is locally bounded, locally
uniformly convex, and locally uniformly smooth on E. Let T :
C — C be a Bregman relatively nonexpansive mapping. Let
{Vulnen be a sequence in [0, 1] satisfying the control condition

Y ¥ (1=9,) = +oo. (51)

n=1

Let{x,},cn be a sequence generated by the algorithm (49). Then
{x,}hen converges weakly to a fixed point of T.

Proof. The boundedness of the sequence {x,,}, ¢ follows from
Lemma 11 and Definition 4. Since T is a Bregman quasi-
nonexpansive mapping, for any g in F(T'), we have

D,(q,Tx,) <D, (g x,), VneN. (52)

This, together with Definition 4 and the boundedness of
{x,,}hen> implies that {Tx,},,cy is bounded. The function g is
bounded on bounded subsets of E and therefore Vg is also
bounded on bounded subsets of E* (see, e.g., [16, Proposition
LL1] for more details). This implies that the sequences
{Vg(x,)}en and {Vg(Tx,,)},cn are bounded in E*.

In view of Proposition 7, we have that dom g* = E* and
g" is strongly coercive and uniformly convex on bounded
subsets of E*. Let s, = sup{||[Vg(x,)l, [Vg(Tx,)|l : n € N} <

coandlet p; : E* — R be the gauge of uniform convexity
of the conjugate function g*.

Claim. For any p in F(T) and nin N,
Dg (p’xnﬂ) < Dg (p’xn) = Vn (1 - Yn) Ps*z

x (Vg (x,) = Vg (Tx,)])-

Let p € F(T). For each n in N, it follows from the definition
of Bregman distance (2), Lemma 8, (32), and (49) that

(53)

Dy (p %)

=9(p) = 9 (%) = (P = X441, VG (X11))
=g(p)+9" (Vg (x,11)) = (%11, Vg (x,1))

—{P: Vg (%11)) + (Xpi1: VG (%,01))
=g(p)+ g (1-7.) Vg (x,) +,V9 (Tx,))

— (P, (1-7,) Vg (x,) +,Vg (Tx,))
<(1-7) () +.9(p)+ (1-1.) 9" (Vg(x,))

+ Va9 (Vg (Tx,)) =y, (1= 12) Py,

x (Vg (x,) = Vg (Tx,)])

= (1) (Vg (x,)) = v (- Vg (Tx,.))
=(1-7)[9(p)+ 39" (Vg(x,)) - (P, Vg (x,))]

+¥[9(p) + 9" (Vg (Tx,)) - (p, Vg (Tx,))]

¥ (1=1) P2, (Vg (x,) = Vg (Tx,)|)
=(1-9)[9(p) - g(x,) + (x,n Vg (x,))

= {p. Vg (x,))]
+Vu[9(p) - 9(Tx,) +(Tx,, Vg (Tx,))
— (Vg (Tx,))]

¥ (1=1.) ps, (Vg (x,) - Vg (Tx,)|)
= (1-y,) D(p:x,) +y.D (p: Tx,,)

¥ (1=14) P2, (Vg (x,) = Vg (Tx,)|)
< (1=7)D(p>x,) + y.D (P> )

~¥u (L=1) P2, (Vg (x.) = Vg (Tx,)])

=D(p.x,) = vu (1= 1) p5, ([Vg (%) = Vg (Tx,)])) -
(54)

Thus we have
Yn (1 - Yn) P:Z ("Vg (xn) -Vg (Tnxn)")

< Dg (p’xn) _Dg (p’xn+1)'



Since {D,(p, x,)},en converges, together with the control
condition (60), we have

liminfp; (|Vg(x,) - Vg (Tx,)]) = 0. (56)
Therefore, from the property of p:2 we deduce that
liminf | Vg (x,) - Vg (Tx,)| = 0. (57)

Since Vg* is uniformly norm-to-norm continuous on
bounded subsets of E* (see, e.g., [18]), we arrive at

liminf |lx, - Tx,[| = 0. (58)

Since E is reflexive, then there exists a subsequence {x,, };cn
of {x,},en such that x, — p € Casi — oo.Since T is
a Bregman relatively nonexpansive mapping, we deduce that
p € F(T). We claim that x, — pasn — o0o0.Ifnot, then there
exists a subsequence {xnj} jen of {x,},en such that {xnj} jeN
converges weakly to some g in C with p # q. This implies that
q € F(T). By Lemmall, lim, _, oD ,(2, x,,) exists for all z in
F(T). By the Bregman Opial-like property of E, we obtain that

lim Dy (p,x,) = lim D, (p, xni) < lim D, (2 xni)
= lim D, (q,x,) = jlingng (q, x,,j)

< imD, (5, - By, ()
(59)

This is a contradiction. Thus we have p = ¢, and the desired
assertion follows. O

Corollary 13. Let E be a reflexive Banach space and let

E — R be a strongly coercive Bregman function
which is locally bounded, locally uniformly convex, and locally
uniformly smooth on E. Let T : E — E be a Bregman
relatively nonexpansive mapping. Let {y,},cn be a sequence in
[0, 1] satisfying the control condition

Zyn(l - Yn) = too. (60)
n=1

Let {x,},cn be a sequence generated by

Xp1 = Vg [1,V9 (%) + (1-7,) Vg (Tx,)], (6D)

where Vg is the right-hand derivative of g. Then {x,},en
converges weakly to a fixed point of T.

4. Applications (Approximating Zeros of
Maximal Monotone Operators)

As an application of our main result, we include a concrete
example in support of Theorem 12. Using Theorem 12, we
obtain the following strong convergence theorem for maxi-
mal monotone operators.
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Theorem 14. Let E be a reflexive Banach space and g : E —
R a strongly coercive Bregman function which is bounded on
bounded subsets and uniformly convex and uniformly smooth
on bounded subsets of E. Let A be a maximal monotone
operator from E to E* such that Z := A (0)#@. Letr > 0
and Res?, = (Vg + rA)"'Vg be the g-resolvent of A. Let
{Vulaen be an arbitrary sequence in [0, 1] which satisfies the
control condition

Zyn (1 - Vn) = t+00. (62)
n=1

Let {x,},cn be a sequence generated by

Xp+1 = Vg* [Yva (xn) + (1 - Yn) Vg (ReSfon)] > (63)

where Vg is the right-hand derivative of g. Then the sequence
{x,}en defined in (63) converges weakly to an element in Z as
n — oo.

Proof. Letting T = Resz, in Theorem 12, from (49),
we obtain (63). We need only to show that T satisfies all
the conditions in Theorem 12. In view of [8, Lemma 3.2],
we conclude that T' is a Bregman relatively nonexpansive
mapping. Thus, we obtain

Dy (p.Res;,v) < Dy (pv), Vv € B peF(Res),), (64)
4
F(Res?,) = F (Res?,) = A7 (0),

where F(Res?, ) is the set of all strong asymptotic fixed points

of Res?,. Therefore, in view of Theorem 12, we have the
conclusions of Theorem 14. This completes the proof. O
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