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With the aid of symbolic computation, we obtain the symmetry transformations of the (2 + 1)-dimensional Caudrey-Dodd-Gibbon-
Kotera-Sawada (CDGKS) equation by Lou’s direct method which is based on Lax pairs. Moreover, we use the classical Lie group
method to seek the symmetry groups of both the CDGKS equation and its Lax pair and then reduce them by the obtained
symmetries. In particular, we consider the reductions of the Lax pair completely. As a result, three reduced (1 + 1)-dimensional
equations with their new Lax pairs are presented and some group-invariant solutions of the equation are given.

1. Introduction

In modern mathematics with ramifications of several fields of
mathematics, physics, and other sciences, it is getting more
and more popular to study the symmetry analysis of dif-
ferential equations, especially high-dimensional ones, such
as finding symmetries, symmetry groups of transformation,
symmetry reductions, and construction group invariant solu-
tions.

Nowadays, there are three basic methods for finding sym-
metry reductions of the given nonlinear systems [1], namely,
the classical Lie group method [2, 3], the nonclassical Lie
group method [4], and the Clarkson and Kruskal’s direct
method [5]. Then Lou improved the direct method [6], which
was based on Lax pairs. With the classical Lie group method,
Zhi [7, 8] studied symmetry reductions of the Lax pair for
the (2+1)-dimensional Konopelchenko-Dubrovsky equation
and found that the reduced Lax pairs do not always lead to the
reduced KD equations.

In [9], the first two ZS-AKNS members, the coupled non-
linear Schrodinger, and the mKdV equations yield special
solutions to the KP equation. This means the assembling of
(1 + 1)-dimensions into (2 + 1)-dimensions. The technique
is applied to the KdV hierarchy. The assembling of the first

two KdV equations leads to the (2 + 1)-dimensional CDGKS
equation:
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which is a higher-order generalization of the celebrated Kor-
teweg-de Vries (KdV) equation. Equation (1) was first intro-
duced in [10], and its (1 + 1)-dimensional version was studied
by Sawada and Kotera [11] and Caudrey et al. [12]. The (1+1)-
dimensional CDGKS equation is not a member of the Lax
hierarchy of the Korteweg-de Vries equation and has some
distinct properties, as reported in [13]. In [14], the algebraic-
geometric solutions to (1) were obtained. The Lax pair of
linear equations of the (2 + 1)-dimensional CDGKS equation
(1) is as follows:
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The plan of the present paper is as follows. Section 2
presents the symmetry transformations of the CDGKS equa-
tion by means of its Lax pair with Lou’s direct method.
Section 3 gives the symmetry reductions of the CDGKS
equation and its Lax pair, based on the symmetries obtained
by the classical Lie group method. A short summary is in
Section 4.

2. Symmetry Transformations by
the Direct Method

In this section, we will seek the symmetry transformations
of the CDGKS equation and will determine the Lie group of
transformations of (1) with the direct method based on the
Lax pair due to Lou.

By a transformation, (1) is equivalent to the following
system:
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which possesses the Lax pair
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where G, &, 1, and 7 are functions of (x, y,t) and ¢(&, , ) has
the same equations as (4). Consider
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Substitution of (5) and (6) into (4) leads to a system of
differential equations. Comparing the different derivatives of
¢, we get the restricted equations of G, &, #, and 7. Solving
these equations, we obtain

y + ’71 (t)Tt y+£1 (t)a

7)
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and the relations of w,u and w(&,#, 1), t(&,#, 7) are as fol-
lows:
@ (&n7) -
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where &, 7, and 7 are arbitrary functions of ¢. In this paper,
the dots denote differentiation with respect to ¢.

From the above results one can get the following symme-
try group theorem for the CDGKS equation.

Theorem 1. If w = w(x, y,t), u = u(x, y,t) are a solution of
the CDGKS equation, then so is (0, i), given by (8) and (7).

From Theorem 1, let &, = €f(t), ; = e€g(t),and 7 = ¢ +
eh(t) in (8), with infinitesimal parameter €; we can obtain the
Lie point symmetry structure again, 0 = w + eo(w), 4 =
u + €o(u). Furthermore, we have
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The equivalent vector expression of the symmetries can
be expressed as

X=X, (f)+X,(9)+ X5 (h), (10)
where
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The associated Lie algebras between any two vector fields

become
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[Xz (fl)’X3 (fz)] =X, <§f1f2 —f1f2>>
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(12)

It is easy to show that {X,, X,, X5} constructs a Kac-
Moody algebra.

3. Symmetry Reductions of the CDGKS
Equation and Its Reduced Lax Pairs

In this section, we will use the classical Lie group method to
seek some symmetries of the CDGKS equation and its Lax
pair. The Lie point symmetry algebra admitted by its corre-
sponding Lax pair (4) is

0 0 0 0 0 0
X=§&— — — — — —_
Elax+Ezay+E3at+¢laq+¢28u+¢3a® (13)
where &, &5, &5, ¢;, ¢,, and ¢, are functions of x, y,t,w, u,
and O.
With the aid of Maple, we obtain the following infinitesi-
mals:
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where C,,C, are arbitrary constants and f, g, and h are
arbitrary functions of t. Also, we can obtain the Lie point
symmetry algebra admitted by (3), and we find that the
CDGKS equation and its Lax pair admit the same symmetry
transformations of the independent variables except the
eigenfunction ¢;.

After determining the infinitesimals (14), the symmetry
variables are found by solving the corresponding characteris-
tic equations:

de _dy_dt _dw_du_do
E &L & 6 6 ¢

While solving the above characteristic equation one has
to distinguish between the cases in which some of the
functions f, g,h and the constants C,,C, are identical to
zero and cases where they are not. This leads to different
relations between the similarity variables (X, ¥, P, Q, ¥) and
the original variables (x, y,t, w,u, ®). As a result we obtain
the following cases.

Case 1 (f(t) # 0). Integrating (15), we get the following
similarity variables:
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where P and Q are symmetry reduction fields with respect
to the group invariants X, ¥ and f, g, and h are arbitrary
functions of t. The reduced equation (3) turns out to be
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In the following reductions, we find that C,, C, play the
role of spectral parameter in the reduced Lax pair. In this
case, the following three cases should be considered; namely,
(i) C, #0, (i) C, = 0, C, # 0, and (iii) C, = C, = 0.

(i) One hasC; # 0.
From (15), we can obtain the eigenfunction
d=- I(C1/50f(t))dt\y (~ )7) . (18)
1

Substituting (16) and (18) into (4), we obtain the first type
of the reduced Lax pair

W5 + Wezz + PYz = 0,

XXX
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+250P*¥; — 250Q¥; — 9C, ¥ = 0.

By direct computation, from (19) we can obtain
5
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It is easy to check that the reduced (1 + 1)-dimensional
equation (17) is the compatibility condition of the reduced
Lax pair (19).

(ii) One hasC, =0, C, # 0.

The eigenfunction is

C,
J- 50/ (t)dt+‘1’(x 7). (21)

We obtain the second type of the reduced Lax pair

‘I’ + Wiz + PY5 =0,
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XXXXX XXX
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Similarly, the reduced equation (17) is the compatibility
condition of the reduced Lax pair (22).

(iii) One hasC; = C, = 0.
The eigenfunction is

O =Y(%7). (23)
We obtain the third type of the reduced Lax pair

‘I/~ + Wiz + P¥; =0,

XXX

OV, rooe + 15PW.e + 15P. Vo + 10P Y, (24)

XXXXX XXX

+5P*Y, - 5Q¥; = 0.

Equation (17) is the compatibility condition of the Lax
pair (24).

The reduction equation (17) is much simpler than the
original equation (3). It is easy to obtain the solutions of (17).
Consider

P(X,7) = C, — 6Ctanh’ (C, + C,% + C;7),
Q(% 7) = - 6C,Cstanh’® (C, + C,X + C;7)

-1 2 2 (25)
-G,'c,c, - C2+8 CiC,

76 .
- ?c;‘ - 8C,C, + C,°C3,

where C,, C,, C;, and C, are arbitrary constants.
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According to (16), we can get the group-invariant solu-
tions of (3). Consider

_ 9 .. 3
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4/5 2
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and f, g, and h are arbitrary functions of ¢.

Case 2 (f(t) =0, g(t) # 0). In this case, integrating (15) with
f = 0leads to the following similarity variables:

w = —y+P, (28)

_27§9-99" ) 9h — 15gPy

50g° 25g T

where P and Q are the similarity reduction fields with respect
to X and ¥. Substituting (28) into (3) yields the second type of
similarity reductions:

99P; + 3125 Pegrzz + (625" F — 125g°h) Pz

3h
+ 6254 PPy + 6P - —h + 277
°9 (29)

+(9%g +25¢°P* - 5ghP +255°Q - h*) Py = 0,
~ 3§+ 5ghP; +259°Q; = 0,

with g = g(), h = h(y).
(i) One hasC; # 0.
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We can obtain the eigenfunction

C
®=-22 4+ (5, 5). (30)
1

Substituting (28) and (30) into (4), in this case we obtain
the first type of the reduced Lax pair:

3125g" Wess + 125g°PY; — 25gh¥; + C, ¥ = 0,
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From (31), we obtain
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It is easy to prove that the reduced (1 + 1)-dimensional
equation (29) is the compatibility condition of the reduced
Lax pair (31).

(ii) One hasC; =0, C, # 0.
The eigenfunction is

_ Gy
259 (1)

+¥ (%, 7). (33)

5
We obtain the second type of the reduced Lax pair
3125 Wegr + 125° PY; — 25ghY; + C, = 0,
281259 Wszons + 18759  PWose
(34)

+1875g" P¥s + 1250 Poo ¥

+25g° P*Yy - 259°Q¥; - 998 - 995 = 0.

Similarly, the reduced (1 + 1)-dimensional equation (29)
is the compatibility condition of the reduced Lax pair (34).

(iii) One hasC; = C, = 0.
The eigenfunction is

O =Y(%7). (35)
We obtain the reduced Lax pair
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The compatibility condition of the reduced Lax pair is
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The reduced (1 + 1)-dimensional equation (29) is just a
subset of (37); then (36) is not the Lax pair of (29).

Case 3 (f(t) = g(t) = 0, h(t) # 0). In this case, the character-
istic equation becomes
dx du

o E (38)



Then the group invariants are X = y, ¥ =t and the sym-
metry reduction fields are

w=P(%7%), u=%x+Q(£,)7), (39)

where P and Q are symmetry reduction fields with respect to
the group invariants X, ¥. Under the above similarity transfor-
mations, (3) is reduced to a system of PDE in two independent
variables of X and y. Consider

9hP; — 5hQ; + 9hP = 0,

(40)
5hP; — 9h = 0.
(i) One hasC, # 0.
We can obtain the eigenfunction
_ C2 C,x/5h(t) ~
O=-—=1+¢ Y (X, 7). (41)

G

Substituting (39) and (41) into (4), in this case we obtain
the first type of the reduced Lax pair:

125K°¥; + 25C,W*PY + C}¥ = 0,
281251°¥; + 3125C,h* P*¥ + 3125C, h' QY (42)

- 375CIH’PY - 9C¥ = 0.
The compatibility condition is
C,h [3C7 (5hPg — 9h) + 50h* P (ShPy — 9h)

(43)
+25h (9hP; - 5hQx + 9hP)| ¥ = 0.

It is easy to prove that the reduced (1 + 1)-dimensional
equation (40) is the compatibility condition of the reduced
Lax pair (42).

(ii) One hasC; =0, C, # 0.
The eigenfunction is

~ Cyx
T 5h(¢)

+¥ (%, 7). (44)

We obtain the reduced Lax pair

5h¥Y; + C,P =0,
(45)
9n¥; - C,P* +C,Q = 0.

The compatibility condition is

C . .

2 [(9nP; - 5hQx + 9P) + 2P (ShP; — 9h)| = 0. (46)
We can see that the reduced (1 + 1)-dimensional equation

(40) is just a subset of (46); then (45) is not the Lax pair of
(40).
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4. Summary

To understand the integrability aspects of the (2 + 1)-dimen-
sional CDGKS equation, we carry out Lou’s direct method
and obtain the symmetry transformations of the equation.
In fact, we can get infinitely many explicit solutions to (3)
through the symmetry transformations. With the classical Lie
group method, we obtain the Lie point symmetry groups of
both the CDGKS equation and its Lax pair. By the obtained
symmetries, we can reduce the dimensions and orders of the
(2 + 1)-dimensional CDGKS equation and get three (1 + 1)-
dimensional equations with their new Lax pairs. Since the
reduced equations are much simpler than the original ones, it
is easy to obtain some group-invariant solutions of the(2 +1)-
dimensional CDGKS equation. By the new Lax pairs, we
can research the Darboux transformation and explicit solu-
tions to the CDGKS equation as well. These topics will be
considered in the future.

Conflict of Interests

The authors declare that there is no conflict of interests re-
garding the publication of this paper.

Acknowledgments

The work is supported by the National Natural Science Foun-
dation of China (no. 11326162), General Program of Depart-
ment of Education of Liaoning Province (no. L2013507), and
the Fundamental Research Funds for the Central Universities
(nos. DC13010212 and DC12010113).

References

[1] S. Y. Lou and X. Y. Tang, Nonlinear Methods of Mathematical
Physics, Science and Technology, Beijing, China, 2006.

[2] P.J. Olver, Application of Lie Group to Differential Equations,
Springer, Berlin, Germany, 1986.

[3] G. W. Bluman and S. Kumei, Symmetries and Differential
Equations, vol. 81 of Applied Mathematical Sciences, Springer,
New York, NY, USA, 1989.

[4] G. W. Bluman and J. D. Cole, “The general similarity solution
of the heat equation,” Journal of Applied Mathematics and
Mechanics, vol. 18, pp. 1025-1042, 1969.

[5] P.A. Clarkson and M. D. Kruskal, “New similarity reductions of
the Boussinesq equation,” Journal of Mathematical Physics, vol.
30, no. 10, pp. 2201-2213, 1989.

[6] H. C. Ma and S. Y. Lou, “Finite symmetry transformation
groups and exact solutions of Lax integrable systems,” Commu-
nications in Theoretical Physics, vol. 44, no. 2, pp. 193-196, 2005.

[7] H.Y. Zhi, “Lie point symmetry and some new soliton-like solu-
tions of the Konopelchenko-Dubrovsky equations,” Applied
Mathematics and Computation, vol. 203, no. 2, pp. 931-936,
2008.

[8] H. Y. Zhi, “Symmetry reductions of the Lax pair for the 2 +
1-dimensional Konopelchenko-Dubrovsky equation,” Applied
Mathematics and Computation, vol. 210, no. 2, pp. 530-535,
2009.



Journal of Applied Mathematics

(9]

(10]

C. W. Cao, Y. T. Wy, and X. G. Geng, “Relation between the
Kadomtsev-Petviashvili equation and the confocal involutive
system,” Journal of Mathematical Physics, vol. 40, no. 8, pp.
3948-3970, 1999.

B. G. Konopelchenko and V.G. Dubrovsky, “Some new inte-
grable nonlinear evolution equations in (2+1) dimensions,” Phy-
sics Letters. A, vol. 102, no. 1-2, pp. 15-17, 1984.

K. Sawada and T. Kotera, “A method for finding N-soliton solu-

tions of the K.D.V. equation and K.D.V.-like equation,” Progress
of Theoretical Physics, vol. 51, pp. 1355-1367, 1974.

P.J. Caudrey, R. K. Dodd, and J. D. Gibbon, “A new hierarchy of
Korteweg-de Vries equations,” Proceedings of the Royal Society
London A. Mathematical, Physical and Engineering Sciences, vol.
351, no. 1666, pp. 407-422, 1976.

R.N. Aiyer, B. Fuchssteiner, and W. Oevel, “Solitons and discrete
eigenfunctions of the recursion operator of nonlinear evolution
equations. I. The Caudrey-Dodd-Gibbon-Sawada-Kotera equa-
tion,” Journal of Physics A: Mathematical and General, vol. 19, no.
18, pp. 3755-3770, 1986.

C. W. Cao and X. Yang, “Algebraic-geometric solution to (2 +
1)-dimensional Sawada-Kotera equation,” Communications in
Theoretical Physics, vol. 49, no. 1, pp. 31-36, 2008.



