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Circulant matrices have important applications in solving various differential equations. The level-k scaled factor circulant matrix
over any field is introduced. Algorithms for finding the minimal polynomial of this kind of matrices over any field are presented
by means of the algorithm for the Grobner basis of the ideal in the polynomial ring. And two algorithms for finding the inverses
of such matrices are also presented. Finally, an algorithm for computing the inverse of partitioned matrix with level-k scaled factor
circulant matrix blocks over any field is given by using the Schur complement, which can be realized by CoCoA 4.0, an algebraic
system, over the field of rational numbers or the field of residue classes of modulo prime number.

1. Introduction

Circulant matrices play an important role in solving many
different differential equations, such as ordinary, partial,
matrix, linear second-order partial, bi-Hamiltonian partial,
parameterized delay, fractional order, and singular pertur-
bation delay. Lee et al. investigated a high-order compact
(HOC) scheme for the general two-dimensional (2D) linear
partial differential equation in [1] with a mixed deriva-
tive. Meanwhile, in order to establish the CCD2 scheme,
they rewrote equation (1.1) into (2.1) in [1]. To write the
CCD2 system in a concise style, they employed circulant
matrix to obtain the corresponding whole CCD2 linear
system (2.10), whose entries are circulant block. Using circu-
lant matrix, Karas6zen and Simsek [2] considered periodic
boundary conditions such that no additional boundary terms
will appear after semidiscretization. Guo et al. concerned
generic Dn-Hopf bifurcation to a delayed Hopfield-Cohen-
Grossberg model of neural networks (5.17) in [3], where
T denoted an interconnection matrix. In particular, they
assumed that T is a symmetric circulant matrix. Trench
considered nonautonomous systems of linear differential
equations (1) in [4] with some constraints on the coefficient
matrix A(t). One case is that the A(t) is a variable block
circulant matrix. In [5], some Routh-Hurwitz stability con-
ditions are generalized to the fractional order case. Ahmed
et al. considered the 1-system CML (10) in [5]. They selected

a circulant matrix, which reads a tridiagonal matrix. In [6],
Jin et al. proposed the GMRES method with the Strang-
type block-circulant preconditioner for solving singular per-
turbation delay differential equations. In [7], Claeyssen and
Leal introduce factor circulant matrices: matrices with the
structure of circulants, but with the entries below the diagonal
multiplied by the same factor. The diagonalization of a
circulant matrix and spectral decomposition are conveniently
generalized to block matrices with the structure of factor
circulants. Matrix and partial differential equations involving
factor circulants are considered. Wilde [8] developed a theory
for the solution of ordinary and partial differential equations
whose structure involves the algebra of circulants. He showed
how the algebra of 2 x 2 circulants is related to the study of the
harmonic oscillator, Cauchy-Riemann equations, Laplace’s
equation, the Lorentz transformation, and the wave equation.
And he used nxn circulants to suggest natural generalizations
of these equations to higher dimensions.

With the development of the mathematical research,
multilevel circulant matrix had been defined. And it has
been used on network engineering, approximate calculation,
and Image processing [9-12]. Jiang and Liu [13] introduced
the level-m scaled circulant factor matrix over the complex
number field and discussed its diagonalization and spectral
decomposition and representation. Zhang et al. [14] gave
algorithms for the minimal polynomial and the inverse of a
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level-n(ry,1,,...,r,)-block circulant matrix over any field by
means of the algorithm for the Grébner basis for the ideal of
the polynomial ring over the field. Morhac and Matousek [15]
present an efficient algorithm to solve a one-dimensional as
well as n-dimensional circulant convolution system. Rezghi
and Elden [16] defined tensors with diagonal and circulant
structure and developed a framework for the analysis of
such tensors. Georgiou and Koukouvinos [17] presented
a new method for constructing multilevel supersaturated
designs. Trench [18, 19] considered properties of unilevel
block circulants and multilevel block «-circulants. Block [20]
considered the property of circulants of level-k. Baker et al.
discussed the structure of multiblock circulants in [21]. More
details on multilevel circulant matrix can be found in [22-24].

This paper is devoted to study the level-k scaled factor
circulant matrix, and it is organized as follows.

In Section 2, a level-k scaled factor circulant matrix over
any field is introduced and its algebraic properties are given.

In Section 3, we first show that the ring of all level-k scaled
factor circulant matrices over a field is isomorphic to a factor
ring of a polynomial ring in k variables over the same field,
and then we present an algorithm for finding the minimal
polynomial of a level-k scaled factor circulant matrix by mean
of the algorithm for the Grobner basis for a kernel of a ring
homomorphism.

In Section 4, we give a sufficient and necessary condition
to determine whether a level-k scaled factor circulant matrix
over a field is singular or not and then present an algorithm
for finding the inverse of such a matrix over a field.

In Section 5, an algorithm for finding the inverse of
partitioned matrix with level-k scaled factor circulant matrix
blocks over a field is presented by using the Schur comple-
ment and Buchberger’s algorithm.

We first introduce some terminologies and notations
used in the equations. Let F be a field and F[xy,...,x;]
the polynomial ring of k variables over field F. By Hilbert
basis Theorem, we know that every ideal I in F[xy,...,x;]
is finitely generated. Fixing a term order in F[x,,...,x.], a
set of nonzero polynomials G = {g;,...,g,} in an ideal I
is called a Grobner basis for I if and only if, for all nonzero
f eI, thereexistsi € {1,...,t} such that Ip(g;) divides Ip(f),
where Ip(g;) and Ip(f) are the leading power products of g;
and f, respectively. A Grébner basis G = {g;, ..., g,} is called
areduced Grobner basis if and only if, for all i, Ic(g;) = 1 and
g; is reduced with respect to G — g;; that is, for all i, no non-
zero term in g; is divisible by any Ip (g;) for any j #i, where
Ic(g;) is the leading coefficient of g;.

In this paper, we set A’ = I for a square matrix A, and
(fi>--+> f,u) denotes an ideal of F[x,,...,x;] generated by

polynomials f;,..., f,,.

2. Level-k Scaled Factor Circulant Matrices

If R is an n x n matrix over field F which is the product of a
diagonal matrix D and a circulant permutation matrix C, this
is

D = diag (d,,d,,...,d,),
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0100:---0
0010 -0
C= A )
0000 ---1
1000 ---0

nxn

Then, the matrix R = DC is called a scaled circulant
permutation matrix over field F.

When field F is the complex field, this kind of matrix is
the same as in [25].

For the remainder of the paper, the indices 1,2,...,n are
congruence classes modulo n. We will use 0 instead of n. For
convenience, we will refer to such a matrix as an SCPME

As R = DC is a scaled circulant permutation matrix over
field F, then

detR = (-1)"'[ [d;,
j=1

)
n
R'={]]d; |1,
j=1
In this paper, focus on the case where R, = D,C; is
nonsingular SCPMEF, where
D, = diag (dyy, dps ... diy, ) »
0100 -0
C=| :: Do » i=L2. 0k
0000 ---1
1000 ---0

It is easy to show that the polynomial x;* — []’"_,d;; is both
the minimal polynomial and the characteristic polynomial of
R

i

Let I, be the n; x n; unit matrix fori = 1,2,...,k and
N =mn,---n. Set
0;=1,® &l ®R®I, ® -®l, (4)

where ® is a Kronecker product of matrices.

Definition I. An N x N maxtrix A over F is callled a level-k
scaled factor circulant matrix if there exists a polynomial

—1n,-1
fxpxg) = Z Z Zall i
i,=0 i,= =0 (5)

€F[xp,. ., x]

such that
A= f(0y,...,0%)
m-lm-1  m-1 ‘ (6)
=2 2 Dol
i=01i,=0  i=
where f(x,,...,x;) will be called the representer of a level-k

scaled factor circulant matrix A.
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Obviously, when field F is the complex field and k = 1,
this kind of matrix is same as in [25], and when the field [ is
the complex field, this kind of matrix is the same as in [13],
and if D; = diag (1,1,...,1,7;),i = 1,2,...,k, this kind of
matrix is as in [14, 18, 22] and iftD; =1, si=1,2,. ., k, then
we obtain the multilevel circulant matrix [9-12, 15, 19 22].

From the property of the Kronecker product of matrices,
the level-k scaled factor circulant matrix A can also be
expressed as

n—1n,—1 m—1 )
A=Y Z Ya, ,RI®R}®- &R\ (7)
i1=0 i,=0 i =0

For a matrix A over [F, Aisalevel-k scaled factor circulant
matrix if and only if A commutes with (R; ® R, ® --- ® Ry.);
that is,

ARi®R,® - ®R)=(R,®R, ®---®R,)A. (8)

In addition to the algebraic properties that can be easily
derived from representation (6), we mention that level-k
scaled factor circulant matrices have very nice structure. The
product of two level-k scaled factor circulant matrices is also
a level-k scaled factor circulant matrix. Furthermore, level-k
scaled factor circulant matrices commute under multiplica-
tion and A™" is also a level-k scaled factor circulant matrix.

3. Minimal Polynomials of Level-k Scaled
Factor Circulant Matrices

Let Floy,...,00] = {A | A = f(0y,...,0%), f(x1,...,%;) €
Flxy,...,x.]}. It is a routine to prove that F[o,,...,04] is a
commutative ring with the matrix addition and multiplica-
tion.

Theorem
Hn—l Lo Xt =

2 Consider [F[xl,...,xk]/(x;’1 -
HJk i) = Floyg, ..., 0.

Proof. Consider the following F-algebra homomorphism:
¢ :Flxp,....,x] — Flop,....00]

f(xpseesx)) — A= f(0y,...,0%)

for f(xy,...,x;) € Flxy,...,x]. It is clear that ¢ is an F-
algebra epimorphism. So, we have

)

Flxp ..o xi]

. 10
kerg =F|[oy,...,0;] 10)

We can prove that

ny g
Xy = [, xp —Hdkjk>. (1)

=1 k=1

kerg =

. n;

In fact, fori=1,2,..., ||] 14y, € ker g because 0;" -
Ty

||] 4L, = 0. Hence,ker(p 2 (X - ||]1_1 oo X —

Hlk—ldklk )-

Conversely, for any f(x,,...,x;) € ker ¢, we have
A = f(oy,...,0,) = 0. Fix the lexicographical order on
Flxy, ... x] with x> x; > -+ > x;.. Consider )" — [T}'_,
dy; dividing f(x;, ..., x;), and there exist

X)) € Fxp.nxi] (12)

uy (x50 x) v (%, -

such that

Fenxg) =1y (000 x5) (x’fl _jll_:[ldljl> )

+ vy (x50 %)

where v;(xq,...

vi(xp, .., x) is less than ny I v (g, ...
My

flxg,..0x,) € ]—[]1_1 e X H]k_ldk]k

Otherwise, xgz - Hj2:1d2j2 dividing v, (x,, ..., x;), and there

exist uy (xq, ..., X)), Vo (X5 .o, X)) € Flxy, ..., x;], such that

" )
- 2j>
j2=1 (14)

,X;) = 0 or the largest degree of x; in
,xk) = 0, then

vy (e xg) = uy (00 x%) (xgz Hd

+ vy (x50 %)

where v,(xy,...,x,) = 0 or the largest degree of x,
in vy(x;,..., %) is less than n,. If v,(x;,...,x) = 0,
then f(x,...,x) € (x' - H’;;:Idljl,xgz - H7Z:1d2j2>
X - H;’:zldkjk). Otherwise, the largest degree of
x; in vy(xy,...,x;) is less than n; because x; does
not appear in x,° — []} jz—ldzjz' Continuing this pro-
cedure, there exist uy(xy,...,%.), ..., u(xq,..., %), and
vi(xp, .o x) € Flxy,...,x], such that f(x,,...,x) =
uy (xp, . xp) () —H;’;:ldljl )+ (X, xk)(xzk—]_[;’:zl
dyj,) + vi(xyps .. .5 X)), where v (xy, . .., X)) = 0 or the degrees

of Xy, %y, ..., X in vi(xy,..., x;) are less than ny,n,,..., 1,
. . n; n;

respectively. Since f(oy,...,0,) = 0, 0;" - Hj;=1dijilﬂi = 0.

For i = 1L,2,....,k, w(oy,...,00) = 0. The coefhi-

cients of all terms in v (x;,...,x;) are the entries of the
matrix v (0;,...,0;) because the degrees of x,x,,...,x;
in v(xy,...,x;) are less than n,n,,...,n, respectively.
Therefore, the coefficient of each term in v;(x,,...,x;) is 0;
that is, vi(xq, ..., x;) = 0. Thus,

n e
fxp..a %) € <x’f‘ - l_[dljl,...,xzk - Hdkjk> . (15)
=1 k=1

O

Definition 3. Let I be a nonzero ideal of the polynomial

ring F[y,,..., y,]. Then, I is called an annihilation ideal
of square matrices A,,...,A,, denoted by I(A,,..., A,), if
f(Ay,...,A) =0forall f(y,...,y,) €L

Definition 4. Suppose that A,,..., A, € Flo},...,0;] are

not all zero matrices. The unique monic polynomial g(x) of
minimum degree that simultaneously annihilates A,,..., A,
is called the common minimal polynomial of A4, ..., A,.



We give the special case of Theorem 2.4.10 [26] here for
the convenience of applications.

Lemma 5. Let I be an ideal of Flx,...,x:]. Given

fiooos fn € Flxq,...,x¢), consider the following F-algebra
homomorphism:
Fx,. .0 xi)
$F Dyl — =
— fi+1
N h (16)
Yu = fn + L

Let E = Ly, — fi5---
Xio> V1s-- > Vi) generated by Ly, — f1,...
ker¢ =ENF[y,.... ¥,]

s Ym — fm) be an ideal of Flx,,...,
s Ym = fome Then,

The following lemma is well known [27].

Lemma 6. Let A be a nonzero matrix over field F. If the
minimal polynomial of A is

n—1

px)=ax"+a, ,x" +--+ax+a, ay#0, (17)

then

A g AP ——a)). (18)

The following lemma is the Exercise 2.38 of [26].

Lemma 7. Let L,,L,,...,L, be ideals of Flx,,...,x;]

and let ' J = (1 - Y7 w,wL,wL,...,0,L,)
be an ideal of Flx,,...,x,w,,...,w,] generated by
1 - Y w,wL,wL,...,0,L,. Then, (., L =
JNFlx), x5 ... %]

By Theorem 2 and Lemma 5, we can prove the following
theorem.

Theorem 8. The minimal polynomial of the level-k scaled

factor circulant matrix A € Floy,...,0,] is the monic
polynomial that generates the ideal

m "y My
= [l = [ daje o = [ i
ji=1 ja=1 j=1
(19)
Y= f (X% %) > > NF[y],

where the polynomial f(x,,x,,...,x;) is the representer of A.
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Proof. Consider the following F-algebra homomorphism:

Fxp X
$:Fy] — o
(' = Tesdg o = T, )

>— Floy,....04],

yr—= f (%) (20)
n 3

(ot i)

ji=1 Je=1

>I—)A=f(0'1,...,(7k).

It is clear that g(y) € ker ¢ if and only if g(A) = 0. In view of
Lemma 5, we have

n 1y
ker(/) = <x;’1 - Hdljl,...,xzk - Hdkjk 5
=1 Jk=1
(21)

y—f(xl,xz,...,xk)> >NF[y].

O

We know from Theorem 8 and Lemma 6 that the minimal
polynomial and the inverse of a level-k scaled factor circulant
matrix A € Floy,...,04] is calculated by a Grobner basis for
a kernel of an F-algebra homomorphism. Therefore, we have
the following algorithm to calculate the minimal polynomial
and the inverse of a level-k scaled factor circulant matrix A =

floy,...,00).

Step 1. Calculate the reduced Grobner basis G for the ideal

0} "
X - Hdljl,...,xzk - Hdkjk ,
=1 Jk=1
(22)
y=f (X0 0x) > > NF[y]
by CoCoA 4.0, using an elimination order with x; > x, >
R > xk > yu
Step 2. Find the polynomial in G in which the variables
X1, X5, ..., %, do not appear. This polynomial p(x) is the
minimal polynomial of A.
Step 3. By Step 2, if a, in the minimal polynomial of A,
p(x)=ax"+a, x"" + - +ax+a (23)

is zero; stop. Otherwise, calculate

2
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Example 9. Let A =
circulant matrix, where

f(0,,0,) be a level-2 scaled factor

fxy)=xy* +3x°y + 4x*y*
+2x° +73€2)/+x2 +xy2

+2y2+7xy+2x+5y+8,

0, =R, ®1L, 0, =1, ®R,,
0 ! 00
D) 1 25
3 0 0o (25)
R1= 0 0 g 0 s RZ_ 00 =2 |
0 0 03 50 0
-4 0 00
1000
100 0100
I={010], I, = 0010
001 0001

We now calculate the minimal polynomial and the inverse of
A with entries in field Z;.

In fact, the reduced Grobner basis for the ideal

18 10
<x4—?,y3+?,z—f(x,y)> (26)

is
G = {z10—5z9—z8+2z7+2z6
+52° +2 -4z’ - 27 -5z - 1,x
—5yz-5y-22" +52° - 32

+5z6+3z‘r’+z3+4z+2,y2

(27)
+5y-52° —42° 42" +32°
+52° +32° +32° 5z + l,yz2
-3yz+3y+ 32° —52° 577
+5z6—2z5+3z4+3z3—z2—z}.
So, the minimal polynomial of A is
20 -52° — 28 + 277 +22% +57°
(28)
vz -4z - 57— 1,
and the inverse of A is
A =A% —5A% - A7 +2A°
(29)

+2A° +5A" + A> —4A* - A-5L

Theorem 10. The annihilation ideal of the level-k scaled factor
circulant matrices A,,..., A, € Floy,...,01] is

1y My
" L0
X Hdljl""’xk - Hdkjk’
=1 Jk=1

(30)
= hilen o), oy = fi(xnox)

>0F [y 9]

where the polynomial f;(x,,...,x;) is the representer of

A, i=1,2,.. .t

Proof. Consider the following F-algebra homomorphism:

T CAIPA et CIIEN
(o =Tyl =TT
>— Flop,...,00],

n+— h (xl""’xk)
ny My
ny My
+( x' = Hdljl""’xk - Hdkjk
=1 Jk=1

>— Ay = fi (o,

(31)
S Ok)senns
Ve fe (X000 %)
n e
+( 2 - Hdljl,...,xzk - Hdkjk>
ji=l il
>— A, = f,(0p,...

0% -

It is clear that ¢(g(y,,... 0 if and only if

glA,,..

7yt)) =
.,A,) = 0. Hence, by Lemma 5

’)Vt] . (32)

O

I(A,...,A,)=ker¢ =TNF[y,...

According to Theorem 10, we give the following algo-
rithm for the annihilation ideal of the level-k scaled factor
circulant matrices A,,..., A, € Flo,...,0%].

Step 4. Calculate the reduced Grobner basis G for the ideal

1y My
nl _ le _
X1 Hdljl""’xk Hdkjk’
si=1

Je=1
(33)
1= fi(xnenx) s e = fi (o x)
by CoCoA 4.0, using an elimination order with x; > --- >

xk>y1>"‘>yk.



Step 5. Find the polynomial in G in which the variables
X1, %5, ..., %, do not appear. Then, the ideal generated by
these polynomials is the annihilation ideal of A4, ..., A,.

Example 1. Let A, = f,(0y,0,) and A, = f,(0y, 0,) be both
level-2 scaled circulant factor matrices, where

fi(x,y) = 7x*y* + 557y + 3x°
+xy2+8xy+4x+9y2+2y+9,
£, (x, y) = 105 y* + 4x7y + 7x°

+xy2+3xy+9x+4y2+6y+l,

0'1 = Rl ®I3, 0'2 = I3 ®R2, (34)
1 0 -1 0
0 -0
_ 2 (o 0 -9
R=l o 06)] R={; ;
3.0 0 3 00

100
L=(010].
001

We calculate the annihilation ideal of A, and A, over field
Z,, as follows.

By CoCoA 4.0, we obtain that the reduced Grébner basis
for the ideal

(£ +9,y°=3,z2- fi(x.y),u-fr(x.y)) (35
is
G= {ug+4u7+uﬁ+5u5—4u3 +3u% +du— 1,

+3z+5u +3u® -4’

—4u4+4u3—3u2+u—3,

6 5 4

—dz - - -3 —u
(36)

—u3+3u2+5u+2,

—3z-5u +3u —2ut +5u° — 4u?

—u+3,zu—-2z-u —50°
—5u3+u2—4u+2}.
So, the annihilation ideal of A; and A, is
<u8 + 4w’ +ul 4507 — 4 + 3u°

+4u—1,z2—3z—5u7+3us—2u4

(37)

7 5
—5u

+5u3—4u2—u+3,zu—22—u
—5u3+u2—4u+2>.

To calculate the common minimal polynomial of
Ay,..., A,, we first prove the following theorem.
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Theorem 12. Let h(x) be the least common multiple of p,(x),
Po(%), ..., pr(x). Then,

k
(P () = (h(x)). (38)

i=1

Proof. For any f(x) € ﬂle(pi(x)), we have p;(x) | f(x) for

i = 1,2,...,k. Since h(x) is the least common multiple of

P1(x), Py (), ..., pr(x), h(x) | f(x).So f(x) € (h(x)). Hence

k
() {p; (%)) € (h(x)). (39)

i=1

Conversely, p;(x) | f(x) fori = 1,2,...,k because

h(x) is the least common multiple of p;(x), p,(x),..., pr(x).
Therefore,
k
V(P () 2 (h(x)). (40)
i=1
O

Let A; € Floy,...,0;] be level-k scaled factor circulant
matrix for i = 1,2,...,t. If the minimal polynomial of
A;is pi(x) for i = 1,2,...,t, then the common minimal
polynomial of A,,..., A, is the least common multiple of
Pp1(x), py(x),..., p(x). By Theorem 12 and Lemma7, we
have the following algorithm for finding the common min-
imal polynomial of level-k scaled factor circulant matrices
A; = fi(o),...,0) fori=1,2,...,t.

Step 6. Calculate the Grébner basis G; for the ideal (x}' —
n n n,

[Tiody--oxt = Iliadkgey — filxp % ..x0)) by

CoCoA 4.0 foreachi = 1,2,...,t, using an elimination order

with x; > -+ > x> y.

Step 7. Find out the polynomial g;(y) in G; in which the
variables x,, ..., x; do not appear for eachi = 1,2,...,t.

Step 8. Calculate the Grobner basis G for the ideal

<1 _Zt:wi’wlgl (J’)w-

i=1

@, g, () > (41)

by CoCoA 4.0, using elimination with w; > -+ > w, > y.

Step 9. Find out the polynomial g(y) in G in which the
variables w,, ..., w, do not appear. Then, the polynomial g(y)
is the common minimal polynomial of A; = f(0,,...,0) for
i=1,2,...,t

Example 13. We now calculate the common minimal polyno-
mial of A, and A, of Example 11 over field Z,; as follows.

By CoCoA 4.0, we obtain that the reduced Grébner basis
for the ideal

<x3 +9,9° =3,z f, (x, y)> (42)
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is
G, = {27 ~42° - 32° + 2t - 37°
4

+4z+3,x+2y—5z6—22

+2z3+4z2+3z+3,y2—5yz

(43)
+y+5z6+525+4z4+z3
+22—?)z,yz2+y+52:6—4z5
+4z* +22° -5z + 1}.

So, the minimal polynomial p,(z) of A, is
2/ -4z -3z + 2 - 322 + 4z + 3. (44)

Similarly, we get that the reduced Grébner basis for the
ideal

<x3 +9,9° -3,z f, (x,y)> (45)
is
G, = {zg +42" +2°+52° - 42°

+3z2+4z—1,x—2y+2z7

5

+22° -2z =527 + 277

+2;z+4,y2—2)/—2z7—2:6 (46)

-3z -2z + 22 -3z - 52

+4,yz—2y+5z7—226+5:z5
+z4+223+422+3z}.
Thus, the minimal polynomial p,(z) of A, is

244z + 25452 — 422 +32% + 4z - 1. (47)

In addition, we obtain that the reduced Grobner basis for the
ideal

(I-u-v,up, (2),vp, (2)) (48)
is
G= {u+v— 1,vz—2v—4z13

+52"% - 32" + 22" +32° - 228 + 277

6

+525-32°-22° - 322+ z + 1, (49)

9

2% 4220 3212 521 1 4210 o

+ 2% +42% +42° - 22* +3zs+5zz+52—4}.

So, the common minimal polynomial p(z) of A; and A, is

2" +225 - 32" — 52" 442" - 27°
(50)

+28 4428 +42° - 22" + 322 + 52 + 52— 4.

4. Inverses of Level-k Scaled Factor
Circulant Matrices

In this section, we discuss the nonsingularity and the inverse
of a level-k scaled factor circulant matrix.

Theorem 14. Let A € F[o,,...,0;] be an N x N level-k scaled
factor circulant matrix. Then, A is nonsingular if and only if

€<f(x1,...,xk Hdlh
=1

(51)

17} 1T

~[do o = [1d, )
j2=1 Je=1

where the polynomial f(x,,...,x;) is the representer of A.

Proof. A is nonsingular if and only if

ny
fOeeexg) + <x'111 - Hdljl’
=1

&) 3

L) L3

X, —| |d2j2,...,xk —| |dkjk
j2=1 Jk=1

(52)
is an invertible element in
F x50 %]
<x;’1_1‘[;'l‘:1d1j1,x2 H]2—1 212""’xk ij—ldkjk>
(53)
By Theorem 2, if and only if there exists h(xy,...,x;) +
ny n,
- I dyp- - [adk) € Flxps...ox/
HJI_I TREE ij 1di;, ) such that f(x;,..., x;)
h(xl,.. LX) + (x1 H]1_1d1] Xt = [l dyg) = 1+
=TT H”k,ldk])1fand0nly1fthereex1st
h,ul,...,uk € Flx,,...,x;] such that

) &)
Lo Y
hf +u | x' - | |dlj1 +u, | X, —| |clzj2
=1 j2=1

(54)
My
+"'+uk (xzk - Hdk]k> =1
Jk=1
if and only if
le <f(x1,...,xk),x'11‘ - Hdljl’
ji=1
(55)
Xy _H 2jp l_[dk]k>
jo=1 Jrk=1
O



Let A € Flo},...,01] be an N x N level-k scaled
factor circulant matrix. By Theorem 14, we have the following
algorithm which can find the inverse of the matrix A.

Step 10. Calculate the reduced Grobner basis G for the ideal

<f(x1,...,xk),xT‘ - Hdljl’

1=l
(56)

1) 03

o M

%2 ‘Hdzjz”"’xk _l_[dkjk >
j2=1 k=1

where the polynomial f(x;,...,x;) is the representer of A,
by CoCoA 4.0, using a given term order with x; > -+ > x;.
If G # {1}, then A is singular. Stop. Otherwise, go to Step 11.

Step 11. Using Buchberger’s algorithm for computing
Grobner bases, by keeping track of linear combinations that
give rise to the new polynomials in the generating set, we get
hyug,...,u, € Flxq,...,x;] such that

hf +u, <x711‘ - Hd11'1> +u, <x22 - Hd2j2>
=1

=1

3
oy (xZ"— Hdkjk> =1.

k=1

(57)

Step 12. 'The variables x,, ..., x; in formula (57) are replaced
by oy,..., 0, respectively. We have

A =h(oy,...,q). (58)

5. Inverse of Partitioned Matrix with Level-k
Scaled Factor Circulant Matrix Blocks

Let A;,A,,A;, and A, be level-k scaled factor circulant
matrices with the representers f,, f,, f3, and f,, respectively.

If A, is nonsingular, let
(A, A, (I 0
(@8 meCaw 1)

(1 -A'A,
- (1 ~474),

A, 0

(59)

Then,

So, ¥ is nonsingular if and only if A, — A;A'A, is
nonsingular. Since A, A,, A5, and A, are all level-k scaled
factor circulant matrices, then A; commutes with A ; if i # j.
Thus,

A (A - AZATA)) = AjA - AjA,. (61)

From (61), we conclude that ¥ is nonsingular if and only
it AJ/A, — A, A, is nonsingular. Since f,f, — f,f5 is the
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representer of A;A, — A,A;, then ¥ is nonsingular if and
only if

le <f1f4 = fafpx] - Hd1j1>
=1

(62)
1 My
N n
Xy = Hd2j2>“"xkk - Hdkjk
j2=1 Jk=1
Furthermore, if ¥ is nonsingular, by (60), we have
I -A'A -1
2_1 _ 1 412 (Al 0 1)
0 I 0 (A,-A,AT'A)
1 0
A7+ AT ALAGAT -ATA,
- -AT'A, AA, )

where A| = A A, - A,A;.
We summarize our discussion as the following.

_ (A As
c@r) e
where A, A,, As, and A, are all level-k scaled factor circulant

matrices with the representers f,, f,, f3, and f,, respectively. If
A, is nonsingular, then X is nonsingular if and only if

Theorem 15. Let

1le <f1f4 _,7(2.7(3’x’11l - Hdljl’
11
! (65)

1y
me
> X H dkjk

k=1

_A711A2
A_llAl > (66)

o)
Xy - HdZJ'z""
Jj2=1
Moreover, if ¥ is nonsingular, then
A+ AT ALAAT
2 = ~AVA
143
where Ay = AjA, — A A;.

Theorem 16. Let

— Al A2
) e

where A, A,, As, and A 4 are all level-k scaled factor circulant
matrices with the representers f,, f,, f3, and f,, respectively. If
A, is nonsingular, then X is nonsingular if and only if

le <f1f4 — fofs i - Hdljl’
11
! (68)

&)
n, _ e
X, | |d2j2,...,xk
ja=1
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In addition, if ¥ is nonsingular, then

-1 -1
L[ A)A, ~AVA,
> _<—A_11A3 AY + A AAAL ) (©)

where Ay = A|A, — A A,

Proof. Since A, is nonsingular, then

I -AAY g 10
0 I AV A, T

(A -AAVA, O
N 0 A,)

(70)

So. ¥ is nonsingular if and only if A, - A,A}'A; is
nonsingular. Since A, A,, A5, and A, are all level-k scaled
factor circulant matrices, then A; commutes with A ; if i # j.
Thus,

A (A - A A AY) = AJA - AA,, (71)
By (71), we conclude that ¥ is nonsingular if and only if
AA, — A,A; is nonsingular. Since f,f, — f,f; is the

representer of A;A, — A,A;, then ¥ is nonsingular if and
only if

le <f1f4 - fofs XY - Hd1j1 >
ji=1

(72)
L) My
x5 — Hdsz,...,xZ" - Hdkjk .
j2=1 Jk=1
If ¥ is nonsingular, by (70), we have
_ -1
s < 1 0> ((A1 ~AALAL) T 0 )
—A A T 0 A;l
L1 —AAY
0 I (73)
AVA, -AV'A,
T\ -AVA; AV HAVALAGAL )
where A, = A A, — A A, O

We have the following algorithm for determining the
nonsingularity and computing the inverse of X if it is
nonsingular.

Step 13. Calculate the bases G, G, for the ideals
n n, My
n n ",
Jioxit - Hd1j1>x22 - Hdzjz""’xkk - Hdkjk ’
=1 j2=1 Jk=1

1y 103 "y
n ) 1
foxit = [Tdyoxy = [Tdaj o2 = [ ]dy, )
j1=1 j2=1 k=1

(74)

respectively. If G, # {1}, G, #{1} Stop. Otherwise, go to
Step 14.

Step 14. If G, = {1}, find u, u,, ...
such that

hy fi +u, <le - Hd1j1> +u, <x;2 - Hd2j2>
j=1

j1=1

s hy € Flxg, xp, 0005 X ]

(75)

1y
L —
k=1

Then, h, is the representer of A]', and go to Step 16.
Otherwise, go to Step 15.

Step 15. If G, = {1}, find u}, ul, ...
such that

1y 1
! "y ! ",
hyfy+uy | ' - Hdljl +uy | oxy? - Hdez
=1 ja=1

!
s hy € Flxp, x5, .00, %]

(76)
11y
oty (xzk - Hdkjk> =1
Je=1
Then, h, is the representer of A;', and go to Step 16.
Step 16. Calculate the Grobner bases G for the ideal
<f1f4 - fafp ) - l_[dljl’
=l

(77)

L) My

" My

X, —| |d2j2,...,xk —| |dkjk .
ja=1 Jk=1

If G# {1}, then A, A, — A, A, is singular, Stop. Otherwise, go
to Step 17.

Step 17. Find v, v,, ...

h(fifs— ffs)+n (x?l - l_[dljl> TV, <x;‘2 - Hd2j2>
=1 jo=1

,Vioh € F[x,x,,...,x;] such that

My
+"'+Vk <xzk _Hdkjk> =1.
Jk
(78)

Then, h is the representer of (A;A, — A,A;)"". Thus, we
obtain that
if A, is nonsingular, then
sl < Yy ~h(0y,0,...
~h(0,,05...,01) A; h(0},0,,...

’Uk)A2>

)ak)A1 ’
(79)

where y; = h,(0,,0,,...

,o0l + h(oy,0,,...,01) x A,As].
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If A, is nonsingular, then

2*1 — < h(al’UZ)'~-’0k)A4 _h(Ul,UZ,...
—h(0,,05,...,0,) As 1

>

’Uk)A2>

(80)

where y, = hy(0y,0,,...,0) + h(0o},0,,...,0,) X A,As].

6. Conclusion

Algorithms for finding the minimal polynomial of the level-k
scaled factor circulant matrices over any field are presented.
And two algorithms for finding the inverses of such matrices
are also presented. Finally, an algorithm for computing the
inverse of partitioned matrix with level-k scaled factor circu-
lant matrix blocks over any field is given. In the future, we
will investigate the application in solving various differential
equations based on multilevel circulant matrices.
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