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We investigate a class of abstract functional stochastic evolution equations driven by a fractional Brownian motion in a real separable
Hilbert space. Global existence results concerning mild solutions are formulated under various growth and compactness conditions.
Continuous dependence estimates and convergence results are also established. Analysis of three stochastic partial differential
equations, including a second-order stochastic evolution equation arising in the modeling of wave phenomena and a nonlinear
diffusion equation, is provided to illustrate the applicability of the general theory.

1. Introduction

The purpose of this paper is to study the global existence and
convergence properties of mild solutions to a class of abstract
functional stochastic evolution equations of the general form

dx(t) = (Ax (t) + F (x) () dt + g (1) dB™ (1),
0o<t<T, (1)
x (0) = x,,

in areal separable Hilbert spaceU. Here, A: D(A) cU — U
is a linear (possibly unbounded) operator which generates
a strongly continuous semigroup {S(t) : t > 0} on U;
F : C([0,TEZ? () — L0, )L (%U)) is a
given mapping; g : [0,T] — (V;U) is a bounded, strongly
measurable mapping (where V is a real separable Hilbert
space and R(V;U) denotes the space of Hilbert-Schmidt
operators from V' into U with norm || - [|g(y,) equipped with
the strong topology); {7 (t) : t > 0} is a U-valued fBm with
Hurst parameter H € (1/2,1); and x,, € 33 (Q;0).
Stochastic partial functional differential equations natu-
rally arise in the mathematical modeling of phenomena in
the natural sciences (see [1-6]). It has been shown that some

applications, such as communication networks and certain
financial models, exhibit a self-similarity property in the
sense that the processes {x(at) : 0 < ¢t < T} and {ax(t) :
0 < t < T} have the same law (see [4, 7]). Concrete data
from a variety of applications have exhibited behavior that
differs from standard Brownian motion (H = 1/2), and it
seems that these differences enter in a nonnegligible way in
the modeling of this phenomena. In fact, since () is not
a semimartingale unless H = 1/2, the standard stochastic
calculus involving the It6 integral cannot be used in the
analysis of related stochastic evolution equations. There have
been several papers devoted to the formulation of stochastic
calculus for fBm [8-11] and differential/evolution equations
driven by fBm [12-14] published in the past decade. We pro-
vide an outline of only the necessary concomitant technical
details concerning the construction of the stochastic integral
driven by an fBm and some of its properties in Section 2.
The present work may be regarded as a direct attempt to
extend results developed in [1, 12, 15-18] to a broader class
of functional stochastic equations. The equations considered
in the aforementioned papers can be viewed as special cases
of (1) by appropriately defining the functional &, the correct
space U, and the appropriate value of H. In particular,
the existence and convergence results we present constitute
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generalizations of the theory governing standard models
arising in the mathematical modeling of nonlinear diffusion
processes [1, 15, 18-22] and communication networks [4].

The outline of the paper is as follows. We collect some
preliminary information about certain function spaces, linear
semigroups, probability measures, the definition of fBm, and
the stochastic integral driven by a fBmin Section 2. The
main existence results in the Lipschitz and compactness cases
are discussed in Section 3, while convergence results are
developed in Section 4. An extension of an existence result
of the case of second-order stochastic evolution equations is
discussed in Section 5. The paper concludes with a discussion
of three different stochastic partial differential equations in
Section 6 as an illustration of the abstract theory.

2. Preliminaries

For further background of this section, we refer the reader to
[6,8,9,12,23-28] and the references therein. Throughout this
paper, U is a real separable Hilbert space with norm || - ||, and
inner product (., -);; equipped with a complete orthonormal
basis {ej | j=1,2,...},and (Q, &, P) is a complete probability
space. We suppress the dependence of all random variables on
w € Q throughout the manuscript and write x(¢) instead of
x(t; w).

We make use of several different function spaces through-
out this paper. The space of all bounded linear operators on
U is denoted by BRK(U), while & 2(Q; U) stands for the space
of all U-valued random variables y for which E|| yllé < 00,
where the expectation, E, is defined by E(g) = IQ g(w)dP. An
important subspace is given by

Z5 (U)
{f e L (QU): fis (%4, B U)) —measurable},

2)

where {¥, : 0 < t < T} is the family of o-algebras &,
generated by {ﬁH (s) : 0 £ s < t}and B(U) is the Borel
class on U. The space of &*-continuous U-valued random
variables y : [0,T] — U such that

"y"é = "J’"é([o,ﬂ;yz(o;w) = sup E"}V(t)llzu <00 (3)
0<t<T

is denoted by C([0, T]; Z*(Q; U)).
The following alternative of the Leray-Schauder principle
[29] plays a role in Section 3.

Theorem 1. Let X be a Banach space, and let ® : X — X be
a completely continuous map. Then, either O has a fixed point,
or the set §(®) = {x € X : Ax = Ox, for some A > 1} is
unbounded.

The probability measure P induced by a U-valued ran-
dom variable X : QO — U, denoted by Py, is defined by
PoX': BU) - [01]. A sequence {P,} ¢ p(U) is
said to be weakly convergent to P if JQ fdp, — JQ fdp, for
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every bounded, continuous function f : U — R;in such
case, we write P, — P. A family {P,} is tight if for each
e > 0, there exists a compact set K, such that P, (K,) >
1 — ¢, for all n. Kunita [27] established the equivalence of
tightness and relative compactness of a family of probability
measures. Consequently, the Arzela-Ascoli theorem can be
used to establish tightness.

Definition 2. Let P € U) and 0 < t, < t, <
. <t < T. Definenm, , : C([0,T;Z* (V) —

ol

.....

measures induced by 7, , are the finite dimensional joint
distributions of P.

Proposition 3. If a sequence {X,, : Q@ — U} of U-valued
random variables converges weakly to a U-valued random
variable X : Q — U in the mean-square sense, then the
sequence of finite dimensional joint distributions corresponding
to {P_Xn} converges weakly to the finite dimensional joint

distribution of Py.

The next theorem, in conjunction with Proposition 3, is
the main tool used to prove one of the convergence results in
this paper.

Theorem 4. Let {P,} < (U). If the sequence of finite
dimensional joint distributions corresponding to {P,} converges
weakly to the finite dimensional joint distribution of P and {P,}

is relatively compact, then P, — P.

We next make precise the definition of a U-valued
fBm and related stochastic integral used in this paper. The
approach we use coincides with the one formulated and

analyzed in [12, 30]. Let {ﬁ?(t) | t> O}jz1 be a sequence of
independent, one-dimensional fBms with Hurst parameter
H € (1/2,1) such that, forall j = 1,2,...,
(i) B;'(0) =0,
(ii) E[BH() - BT = It - s,
(i) B[R} (1] = ;> 0,

(iv) Z;’Zl v; < 0.

2
In such case, Z;’:l Ellﬁ?(t)ejllU =t Z;’il v; < 00, so that

the following definition is meaningful.

Definition 5. For every t > 0, B(t) = Y32, B (t)e; is a U-
valued fBm, where the convergence is understood to be in the
mean-square sense.

It has been shown in [12, 30] that the covariance operator
of {BH () : t = 0} is a positive nuclear operator Q such that

1 2H | 2H 2H
trQ(t,s):EZ;vj [t +s7 =t -] ] (4)
=

Next, we outline the discussion leading to the definition of
the stochastic integral associated with {ﬁH(t) t > 0}
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for bounded, strongly measurable functions g : [0,T] —
R(V;U). To begin, assume that such a function g is simple,

meaning that there exists {g; : i = 1,...,n} € &(V;U) such
that

gt) =g, Vi <t<t, )
where 0 = ¢, < t; < < t,; < t, = T and

maxlsiSn”gi"S(V;U) =K.

Definition 6. The U-valued stochastic integral fOT g(t)dBH(t)
is defined by

(o9

LT g0dpi =y (LT g@dp0)e

=

- i <Zn:gi [ (t) = B (1) ) e

i=1

(6)

As argued in Lemma 2.2 of [30], this integral is well defined
since

2 00
22H
<KT*Y v, < co. ?)
U j=1

T H
EHJ g (O dp (1)
0

Since the set of simple functions is dense in the space of
bounded, strongly measurable &(V;U)-valued functions, a
standard density argument can be used to extend Definition 6
to the case of a general bounded, strongly measurable
integrand.

3. Existence Results

We consider mild solutions of (1) in the following sense.

Definition 7. A stochastic process x € C ([0, T7; FHOU)) is
a mild solution of (1) if

x(t):S(t)x0+LtS(t - ) F (x)(s)ds

t
+ j St - g™ (s), ®)

VO<t<T, as.[P].

For our first result, we impose the following conditions on (1):

(H1) A: D(A) c U — U is the infinitesimal generator of
a strongly continuous semigroup {S(t) : t > 0} on U
such that [|S(t)lgew) < M exp(at), forall0 < t < T,
for some M > 1 and & > 0;

(H2) F : C([0,TLLHQU) — L((0,1); Z* (V)
is such that there exists a positive constant Mg for
which

17 (x) = F)| 2 < M| - ¥l

)
forall x,y € C ([0, T] s PP (Q; U));

(H3) g [0,T] — fW;U) is a bounded, strongly
measurable mapping;

(H4) {B™(t) : t = 0} is a U-valued fBm;

(H5) x, € Z5(QU).

(Henceforth, we write Mg = maxy,.rlS(t)lggq,)> which
can be shown to be finite by using (H1) and the Uniform
Boundedness Principle.)

The following technical properties involving the stochas-
tic integral f(: St — s)g(s)dﬂH (), under assumptions (H1),
(H3), and (H4), are used in the proofs of the main results in
this paper.

Lemma 8. Assume (HI), (H3), and (H4). Then, forall0 <t <
T)

) Bl [} S(t - 9g()dp Ol < C, 32, v,

t+ 2
(i) limy o Bl f, " [S(t + — ) = S(t — 9)]g()A™ (),

Here, C, is a positive constant depending on t, {S(t) : 0 <
t < T}, and K (cf. (5)), and {v; : j € N} is defined as in the
discussion leading to Definition 5.

Proof. Property (i) can be established as in Lemma 6 in [12].
To verify property (ii), let 0 < t < T and observe that

2

E Jt [St+h—-s)-St-5)]g(s)dB" (s)
0

U
2

o t
=E ZL [S(t+h—3)=S(t-9)]g(s)e;dB; (5)
j=1

U

2

<2E ZJ’O [S(t+h—$)_S(t—S)]g(s)ejd‘B?(s)
j=1 )
H
+2E j:;u L [St+h—s5)=S(t-9)]g(s)e;dp; () U_
(10)

The strong continuity of S(-), together with (H3), guarantees
that the first term on the right side of (10) goesto zeroash —
0. To argue the second term goes to zero, we first assume that
g is a simple function as defined in (5). Arguing as in [12]
yields the estimate

2h
E <Gt7vg,

(11)

2
U

t
L [S(t+h—5) - S(t - 9] g()e;dB(S)




where C, is defined as in part (i) of this lemma. Using (11) in
the second term on the right side of (10) yields

2
00

y J [S(t+h—35)=S(t-9)]g(s)e;dB; (5)

j=m+1

E

Y1)

The convergence of Y - j-1 vj ensures that the right side of (12)

goes to zero as m — 00. As such, property (ii) holds for a
simple function g. It is not difficult to extend the argument
to general bounded, strongly measurable functions g. This
completes the proof. O

Consider the solution map @ : C ([0, T']; F* (U)) —
C ([0, T]; Z* (Q;U)) defined by

(D(x)(t):S(t)x0+JtS(t—s)9(x)(s)ds
o (13)
+j S(t-s)g(s)dp?(s), 0<t<T.
0

The first integral on the right side of (13) is taken in the
Bochner sense, while the second is defined in Section 2. The
operator O satisfies the following properties.

Lemma 9. Assume that (HI1)-(H5) hold. Then, ® is a well-
defined, continuous map.

Proof. Using the discussion in Section 2 and the properties
of x, one can see that for any x € C(][0, T); L2 0)),
D(x)(t) is a well-defined stochastic process, for each 0 <

< T. In order to verify the continuity of ® on [0,T7], let
z € C([0,T]; £* (Q;U)) and consider 0 < t* < T and |A|
sufficiently small. Observe that

E|o () (1" + k) - © (2) ()]}

<3| E|[S(t"+h-s)-S(t —5)]9‘0“21]

t*+h
+E J S({t"+h-s)F(z)(s)ds
0

2

—J‘t*S(t -SF

0

(2) (s)ds (14)

U

t*+h
+E J S(t* +h—s)g(s)dp™ (s)

0
2
U]

- L St —s)g(s) dﬁH (s)

=Y em -1 )
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The semigroup property enables us to write

I (" ) =1 ()] = E (S + 1) =S () o)

= (S0 (S (") %) = S (¢°) xo) [P
(15)

So, the strong continuity of S(-) implies that the right side of
(15) goesto O as | h | — 0. Next, using the Holder inequality
with (H2) yields

t*+h
J s
: U (16)

< 2MZ Mgh® [1+ |l2ll%. + | F (0)IIZ ]

2

E (t"+h-s)F (2)(s)ds

which clearly goes to 0 as | h| — 0. Also, the strong
continuity of S(-)with (H2) enables us to conclude, with the
help of the dominated convergence theorem, that
2

— 0 (17)
U

*

E jt [S(£° +h—s) = S(t" — )] F (2) (5) ds
0

as | h| — 0. Consequently, since |L,(t" + h) — L") is
dominated by the expressions in (16) and (17), both of which
goto 0 as |h| — 0, it follows that [|L,(t" + k) - L") — 0
as |h| — 0.

It remains to show that [|I; (" +h)-L;(t*)|| — Oas| h | —
0. Observe that

|5 (¢ + B) = 1, (¢7)]

t"+h
=E J S(t* +h—s)g(s)dp™ (s)
0
" 2
- J S(t* —s)g(s)dp (s)
0 U
t"+h
=E J S(t* +h—-s)g(s)dp™ (s)
"
" 2
+j [S( +h-s)=S(t* — )] g () dB™ (s)
0 U
0t +h 2
<2E Zj S(t*+h—s)g(s)ejdﬁfl(s)
j=1 t U
" 2
+2EJ [S(t* +h—s)=S(t" —s)] g(s)dB" (s)
0 U
(18)
and that
0 ~t'+h . 2
E Z L St +h-s)g(s) e;dB; (s)
j=1 U
- 2
ZJ Sw gt +h-u)e; dﬁ (t"+h-u)
_ (19)
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Using the property E(B(s) - B(1))” = |t — s"™'v; with s =
t* + hand t = t* enables us to conclude that the right side
of (19) goes to 0 as || — 0. The second term on the right
side of (18) goes to 0 as |[h| — 0 by Lemma 8(ii). Thus,
I +h) - L) — Oas| h| — 0when g isasimple
function. Since the set of all such simple functions is dense in
R(V;U), a standard density argument can be used to extend
this conclusion to a general bounded, measurable function g.
This establishes the continuity of ©.
Finall, we assert that ®(C([0,T]; Z*(U))) ¢

C ([0, T]; L*(Q;U)). Successive applications of Holder’s
inequality yields

2

.

E
2 ! 2
<1 MSHO 17 (2) (5] gZ(Q;U)dS]

1/2

rsa _ 9 F (2) (s)ds
0

1/2 (20)

< TP M| F (2)|] -

Subsequently, an application of (H2), together with
Minkowski’s inequality, enables us to continue the string of
inequalities in (20) to conclude that

E

Taking the supremum over [0,T] in (21) then implies that
[0St — 9F(2)s)ds € C((0,T) LX), for any z <
C ([0, T); £*(Q;U)). The other estimates can be established
as above, and when used in conjunction with Lemma 8, one
can readily verify that supOStSTEHCD(z)(t)II%] < 00, for any
z € C([0,T];U). Thus, we conclude that @ is well defined,
and the proof of Lemma 9 is complete. O

2 1/2
U] (21)

< T’ Mg [Mg|zlc + |1F (0)] 5] .

JtS(t - ) F (2)(s)ds
0

Our first existence result is as follows.

Theorem 10. Assume that (H1)-(H5) hold. Then, (1) has a
unique mild solution on [0, T].

Proof. We know that @ is well defined and continuous from
Lemma9. Let § = 1/(M§M2g + 1). We prove that ® has
a unique fixed point in C ([0, §]; FH;U)). To this end, let
x,y € C([0,6]; Z*(Q;U)). Observe that (13) implies that

(@) (0= (©7)0) = | $¢-9[F - F () ©)]ds.
(22)

Squaring both sides and taking the expectation in (22) yields,
with the help of Young’s inequality,

E||(@x) (1) - (@) B[,
2 (23)

<E JOS(t—s) [F(x)(s)-F (y)(s)]ds

U

Taking the supremum over [0,8] in (23) and applying
reasoning similar to that which led to (16) yield

"(Dx - dy “c ([0,81:22(Q:U))

<

| s¢-9[7 06 -7 () ©]ds

0

C ([0,81;22(U))
12
< MgMg 8 ||x = ¥lle (osnz2 @y

< ||x - )’“c ([0.8]:2*(Qs1))°
(24)

where the last inequality in (24) follows from the choice of
8. Hence, @ is a strict contraction on [0,8] and so has a
unique fixed point which coincides with a mild solution of (1)
on [0, §]. Performing this same argument on [§, 28], [28, 35],
and so on enables us to construct in finitely many steps
a unique piecewise-defined function in C ([0, T]; ZH;0))
which is a unique mild solution of (1) on the original interval
[0, T]. This completes the proof. O

Next, we consider the following initial-value problem:

dx (t)
= (Ax (t) + Jt B(t,s) fi (s, x(s))ds+ f, (t,x (t))) dt
0

+g®dpt(), 0<t<T,

x (0) = x,,
(25)

where {B(t,s) : 0 <t <s<T} c B(U)and f; : [0, T]xU —
U (i = 1,2) satisfy the following conditions:

(H6) {B(t,s) : U — U | 0 <t <s < T}isacollection
of bounded linear operators for which there exists a
positive constant My such that

B s)pgw) < Mg, VO<t<s<T. (26)

(H7) f;:[0,T]xU — U (i = 1,2) is such that there exists
a positive constant M, for which

If; &%) = fi (& y)]ly < Mgllx =yl
vVt € [0,T], x,y € U.

(27)

Corollary 11. If (H1), (H4), (H5), (H6a), and (H6) hold, then
(22) has a unique mild solution on [0, T].

Proof. Define & C([0,T; Z*(Q;U)) —  Z*(0,T);

ZHQU)) by

F(x)(t) = L B(t,s) f; (s, x(s))ds+ f, (t,x (1)), )

0<t<T.



Standard computations involving properties of expectation
and Holder’s inequality imply, with the help of (H6) and (H7),
that, for all x, y € C ([0, T); % (;U)),

|7 )= F D)0

T ) S )
<2 [0} [ Bl rox o) - iy @)l ar

FE|f, (5 x() = £ (s y )], | ds

<2T [TM%MJZ[I + M}Z] Ix = ¥l
(29)

Thus, if we let My = 2T[TM§MJ%1 + M}z] in (H2), we
can conclude from Theorem 10 that (25) has a unique mild
solution on [0, T]. O

We now develop existence results for (1) in which the
Lipschitz condition on & is replaced by the combination of
continuity and a sublinear growth condition. This is done at
the expense of a compactness restriction on the semigroup.
Precisely, we use the following assumptions instead:

(H8) A generates a compact C-semigroup {S(t) : t > 0} on
U;

(H9) # : C([0.TEZ(%U) — ZX(0,1): LX)
is a continuous map such that there exists positive
constants ¢; and ¢, such that

1F (g < allxlc + ¢, (30)

forall x € C ([0, T); &2 (Q;U)).

We begin by establishing certain compactness prop-
erties of the mapping @, FHO,T); P2 (s U)  —
C ([0, T]; L*(Q; U)) defined by

D, (@)= J(:S(t —-s)v(s)ds, 0<t<T. (31)

The well definedness of this mapping is essentially a stochastic
analog of Lemma 3.1 in [31] (where S(¢) plays the role of the
resolvent operator) and its proof follows similarly by making
the natural modifications.

Lemma 12. Assume that {S(t) 0 <t < T}lisa
compact semigroup on U. Then, @, is a compact map from
2 ((0,T); LA U)) into C ([0, T); LAH(QV)).

Theorem 13. Assume that (H3), (H4), (H5), (H8), and (H9)
hold. Then, (1) has at least one mild solution on [0, T].

Proof. We use Schaefer’s theorem to prove that @ (as defined
in (13)) has a fixed point. The well definedness of ® under
(H3), (H4), (H5), (H8), and (H9) can be established using rea-
soning similar to that employed in the proof of Theorem 10.

To verify the continuity of @, let {,},_, be a sequence in
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C([0, T]; Z*(Q; U)) such that U, — uasn — oo. Standard
computations yield

[® () = @ ()]l

< MS(E(LT 17 (4) 9 - F (1) <s>||Uds)2>l/2

< MsTl/zllg7 (#2) = F ()] 2
(32)

The continuity of & ensures that the right side of (32) goes to
0asn — 00, thereby verifying the continuity of ®.
Next,letd = 1/(3M§c12+1). We will show that the set £(®D),

as defined in Theorem 1 with C ([0, 8]; Z*(Q;U)) in place of
X, is bounded. Let v € {(®) and observe that, arguing as in
(20), applications of the Holder and Young inequalities (with
(H8)) yield

8 1/2
o (5 [ 15 Olfas) < ll +e). 69

Also, from Lemma 8 we can infer that

2 0
<Ch|Y v (34)
U j=1

Thus, we conclude that, forall 4 € £ (@) and 0 <t < 6,

t
B[ st - 990d8" )
0

Mle < V3 |:Ms||xo||gg(n;m

(35)

(e8]
+Mg 8! (alule + o)+ Ct\ijJ»] .

j=1
Taking into account that A > 1 and the choice of §, we
conclude from (33) that ||ull. < #, where # is a constant
independent of p and A. So, &(®) is bounded.

In order to apply Schaefer’s theorem, it remains to show
that @ is compact. To this end, let ¥ > 0 and define K, = {u €
C([0,8]; Z* (U)) : llullc < r}. Using the notation of (13)
and (31), we have

O () = S()xp + D, (9(M)(-))+LS(- — 99 dp (),

peC ([0,8] ; 7 (Q;U)).
(36)

We assert that ®(K,) is precompact in C ([0, §]; FHO;0)).
Indeed, the fact that {F(u) u € K.} is a bounded
subset of #% ((0,8); &* (Q;U)) (cf. (H9)), it follows from
Lemma 12 that the set {®,(F(4)) : 4 € K,} is precompact
in C ([0, 8]; £2(Q; U)). Since the set

{S(-) Xo + LS(- —9g()dp(s) pe K,} (37)
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is trivially precompact, we conclude that ®(K,) is precom-
pact in C ([0, 8]; LA U)). So, Schaefer’s theorem implies
that @ has a fixed point x € C([0,8]; Z*(Q;U)) which
is a mild solution to (1) on [0,8]. Performing this same
argument on [6, 28], [28, 36], and so on enables us to con-
struct in finitely many steps a piecewise-defined function in
C ([0, T]; Z*(;U)), that is, a mild solution of (1) on the
original interval [0, T']. This completes the proof. O

Next, we state a corollary regarding (25) under the
following assumptions on f;:

(H10) f;: [0,T] xU — U (i = 1, 2) satisfies the following:

(i) f;(t,:) : U — U is continuous, for almost all
te[0,T];

(i) f;(~x):[0,T] — U is strongly &,-measurable,
forall x € U;

(iii) There exist positive constants a;, and g;, such
that

If; 20y < alixlly + a5, (38)
for almost all t € [0, T] and for all x € U.

Corollary 14. If (H3), (H4), (H5), (H8), and (HI0) hold, then
(25) has at least one mild solution on [0, T].

Proof. An argument similar to the one used in [32, Chapter
26, pg. 561] shows that (H10) guarantees the mapping # :
C([0,T; Z* (V) — ZL*(0,T); £*(Q;U)) defined in
(28) is well defined and continuous. Routine calculations
show that & satisfies (H9) with ¢, = 2T(¢11,1MBT3/2 +a,;)
andc, = 2T(a1)2MBT3/ 2 +a,,). Consequently, (25) has at least
one mild solution by Theorem 13. O

We can formulate a stronger version of Corollary 14 by
replacing assumption (H10) by the following:

(HI) f;: [0,T] xU — U (i = 1,2) satisfies (H10) (i) and
(ii), and

(i) for each k € N, there exists g;; ¢
L1(0,T); (0,00)) such that for almost all ¢ €
(0,7,

sup E|f; (¢, x)”[z] < Gix ()5 (39)

Ixlly<k

(ii) lim, k™ J()Tgi,k(s)ds =q; < 00.

Proposition 15. Assume that (H3), (H4), (H5), (H8), and
(H11) hold. Then, (25) has at least one mild solution on [0, T].

Proof. We use Schauder’s fixed-point theorem to argue that @
(as defined in (13) with # given by (28)) has a fixed point. The
continuity and compactness follow by making slight changes
to the proof of Theorem 13. Choose § such that

AM [6"2 0, + My 8y | < 1. (40)

For n € N, define the set B, = {x € C([0,6]; FH;0)) -
lxllc < n}. It remains to show that there exists an n € N such
that ® (B,) ¢ B,. Suppose, by way of contradiction, that,
for each k € N, there exists u;, € B such that ®(u;) ¢ By.
Then,

1< lim k7@ ()| (41)
k— oo
Observe that
[ ()l
< 4Ms | %]l 2 @0

8 1/2
£ 612 M, <”0E|| £ (5 (T))“[ZJdes)

s L\
+ (L E| f5 (s, (s))"Uds)

2

0 H
+E L St - s)g(s)dp” (s)

U
(42)

Note that for each k € N, 1, € By and hence, [lu,(s)ll;; < k,
forall0 < s < &. So, by (HI1), there exists g;; (i = 1,2),

Ji € Z1((0,8); (0, 00)) such that, for almost all0 < s < 8,

Elfi (su O, < gin (), G=1,2),  (43)

Using (43) in (42) yields

|0 (wllc

8 1/2
< 2M;g ["xouyg(o;u) + 61/2(L Gk (5) ds)

+M 53/2< J 0 )1/2 (44)
B 91 (5) ds
0

+E

2
] >
U

8
j S(t - 5)g(s)dp™ (s)

0




and subsequently,
1m0 o)
s 1/2
< 2Mg lim [kl %ol 2o + 5“2(k2 L gz,k(s)ds)
k— o0

E) 1/2
+ M363/2<k_2 L Gix (9) ds)

+2k7'E

]

8
L St - 5)g(s)dp™ (s)

< 2M8'"? (a? + Mpdey?) < 1,
(45)

contradicting (41). Consequently, there is an n, € N such
that ®(B, ) C B . Thus, Schauder’s fixed point theorem
guarantees the existence of x € B, such that ®(x) =

which is a mild solution of (25) on [O 8]. Performing thls
same argument on [§, 28], [28, 36], and so on enables us to
construct in finitely many steps a piecewise-defined function
in C([0,T7; 32(0; U)), that is, a mild solution of (1) on the
original interval [0, T']. This completes the proof. O

4. Convergence and Approximation Results

Throughout this section we assume that A,
(H1)-(H5).

For each n € N, consider a linear operator A, : D(A,) (=
D(A)) — U and mappings %, : C ([0, T]; Z*(Q;U)) —
ZH(0,T); L2 (;U)), and g, : [0,T] — R(V;U) satisfying
the following conditions:

F, and g satisty

(H12) A, generates a C-semigroup {S,(t) : t > 0} such that
IIS,,(t)II%g(U) < Mse“t, for some o > 0 (independent
of n), foreachn € N,and |A, x — Ax[l, — Oasn —
00, for each x € D (A);

HB) (@) 1F,x)-F,Wlgyp < Mglx -yl for all
x,y € C([0,T); X V));

(ii) |F,(x) = F )2 — Oasn — oo, for all
x € C([0,T]; X (s U));

(H14) g, [0,T] — &(W;U) is a bounded, strongly
measurable mapping and ||g,,(t) — g(t)l ey — Oas
n — oo, forall0<t<T.

(Here, the constant Mg, is the same one appearing in (H2)
and so is independent of n.)

Assume that (H1)-(H5) hold. Then, by Theorem 10, (1)
has a unique mild solution x € C([0, T); Z2(Q; U)). By
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virtue of (H4), (H12)-(H14), Theorem 10 implies that, for
each n € N, the initial-value problem

dx, (t) = (A,x, (t) + F, (x,) () dt + g, (t) dB" (1),
0<t<T,

x, (0) = x,
(46)

has a unique mild solution x,, € C ([0, T]; FHO0)).
Consider the following initial-value problem:

dy, (t) = (A,y, (1) + F,, (x) () dt + g, () dB” (1),
0<t<T, (47)
yn (O) = xO

Since x,, is a fixed element of 33(0; U), a standard argument
guarantees the existence of a unique mild solution y, of (47).
We need the following lemma.

Lemmal6. If (HI2)-(HI4) hold, then ||y, — x|l — Oasn —
00.

Proof. Using (H12) in conjunction with Theorem 4.1 in [24,

pg. 46], we infer that S,(t) z — S(f)z asn — o0, for all

z € U, uniformly in t € [0, T]. Observe that
Ely, ) - x )

< 4E|(S, (1) - S (1) x|l
+4E L IS, (£ = ) (F (1) (5) = F (x) (5)|, s
+4E L (S, (t=5)=S(t-s)F (x) (s)||éds

t
+4E L S, (t = 5) (g, (5) = g (5))

2
S(t-9))g(s)] dB (s) i}
(48)

+(S, (t-s) -

A standard argument invoking (H12) and (H13), involving the
Trotter-Kato Theorem [28], can be used to conclude that each
of the first three terms on the right side of (48) goes to 0 as
n — 00. As for the fourth term, observe that

t
B[ (5.6 - 9,0~ 9)
0

2
+(S,(t — s)=S(t—25))g(s)]dB™ (s) .

2
< E‘ 9)dp" o)

r $) (gn (s) -

t 2
E J (S, (t=s)=S(t—s5))g(s)dB" (s)
0 U
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The uniform boundedness of {S,(t) : 0 <t < T,n € N} (cf.
(H12)) with (H14) guarantees that the supremum (over [0, T])
of the first term on the right side of (49) goesto0asn — oo.
An argument in the spirit of the one used to verify Lemma 8
(ii) can be used to show the supremum (over [0,7T]) of the
second term in (49) and also goes to 0 asn — 00, as needed.
This completes the proof. O

The following is the first of our two main convergence
results.

Theorem 17. If (HI)-(H5) and (HI2)-(HI4) hold and
4 MgTMg < 1, where Mg = Mge™, then |x, — xllc — 0Oas
n — oo.

Proof. Let y, be the mild solution of (47). Observe that
2
. ) = x Ol

<2 (| ) =y, O + [y © - x ®)[]

¢ 2
<2 {(J IS, (t = $) (F, (x,) (s) = F,, () (s))||Ud5>
0

b <t>—x<f>||é}-
(50)

Taking the expectation, followed by taking square roots in
(50), yields the following estimate after some computation

I, (8) = x (t)”zz(o;u)

T
<2 {ZTI/Z <j E|S,(t-s)
0

1/2

(54 (5) )= 5,0 ()l )

+ |y, (1) — x (t)ngﬂ(o;w} .
(51)
Observe that (H12) yields, with the help of Holder’s inequal-
ity,
1/2

T
(L B[S, (t - ) (F, (x,) (5) — Fp (%) (s))lléds>

I 52
< Tl/z MS”gn (xn) - e?—n (x)”ZZ ( )

<T'? MgMg|x, - x||-
Using (51) and (52) in (50) yields, after taking supremum over
[0, T7,
1 _
L (-, -l < Dl 69

In view of (HI2)-(H14) and the fact thatl — 4 M{TMg >
0, we can apply Lemmal6 to conclude from (53) that
lx, — xlc — O0asn — co. This completes the proof. [J

Now, let P, and P, denote the probability measures on
C ([0, T); £(;U)) induced by the mild solutions x and x,,
of (1) and (46), respectively. Using Theorem 17, we will prove

that P, 5 P, asn — 00, for a special subclass of initial-
value problems. Precisely, we have the following.

Theorem 18. Assume that (H1), (H3), (H4), and (H5) hold, in
addition to the following:

(HI5) x, € La(Q;U);

(H16) F : C([0,TEZ* (V) — ZP((0,T); L4 (V)
(Where p > 4) is such that there exists a positive
constant Mg for which

|7 @) = F (W)l < Mz lx = ¥
(54)
Vx,y € C ([0,T); 2% (0));

(H17) F, : C([0,T]; Z*(U)) — ZP(0,T); Z*(Q;U))
(where p > 4) is such that

@) 1F,(x) = F,Dge < Mgllx = yle, for all
x,y € C([0,T]; Z*(QU)),

(ii) |7, (x) = F () gp — 0asn — oo, forall x €
C ([0, T]; L*(Q; U)), where Mg is the constant
defined in (HI5);

(H18) The operators A, : D(A) c U — U are bounded and
linear.

Ifl—ﬁssz/q M_gz > 0 (where1/p+1/q = 1), then P, = p,
asn — oo.

Proof. We begin by showing that {P, }*° is relatively com-
pactinC ([0, T1; FHO;0)) by appealing to the Arzela-Ascoli
theorem. To this end, we will first show that there exists 7 > 0
such that

sup sup ||xn(t)

>2(qn — N < 00.
neN 0<t<T ZHa0) (55)

Note that x,, is given by
t
x, () =S, (t) xy + J S, (t—3)F,(x,)(s)ds
' (56)

t
+j S, (t—5)g,(s)dB"(s), 0<t<T.
0
Observe that
—2
”Sn () xo “?72(0;11) < Mg ||x0";g(n;U)- (57)

Likewise, (H16) guarantees the existence of a positive con-
stant Mg such that |#,(0)]lo,, < Mg, for all n, so that a
standard argument now yields

2

E Jt S, (t—s)F,(x,)(s)ds
0

v (58)
— ) _—2
<TG M2 |xe + M5 ]
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Also, {E|| jot S, (t - s)gn(s)dﬁH(s)IIz : n € N} is uniformly
bounded because of (H12) and (H14) and the uniform bound-
edness of {g, : n € N} in (V;U). Combining the estimates
(57) and (58) and rearranging terms enable us to conclude

from (56) that (55) holds because 1 — Mg T*M,, > 0 and
all constants in (56)-(58) are independent of .

Next, we establish the equicontinuity by showing
Ellx,(t) - xn(s)llé — OQas(t—-s) — O, forall0<s<t<T,
uniformly for all n € N. We estimate each term of the
expression for x,(t) — x,(s) separately. The boundedness of
{IIAHII%Q(U) : n € N} (as guaranteed by (H18)) ensures that

Mgy = sggllsn (‘)An"mw) < 00. (59)

Employing Theorem 2.4(d) in [28] and taking into account
(H12), (H14), and (59), we conclude that

t
BIS, -8, O] %ol < T | BIS, () A4, ol Sde

ST4/3M§A||xO||;g(Q;U)(t S
(60)

Next, observe that

t s
J- S, (t-1)F,(x,) (r)dr - J S, (s—1)F,(x,) (r)dr
0 0

s
= J [S,t-1)-S,(s-1)]F,(x,) (x)dr

0

+ Jt S, t-1)F,(x,)(r)dr.
s
(61)

Using (59), (H12), and (H13) when estimating each of the two
integrals on the right side of (61) separately yields

4

E JS [S,(t-1)-S,(s-1)] F,(x,) (x)dr

0

U

< T8/3 S E”S ( 4 (62)
< . (W) A, F, (x,) ()| dwdr
0 Js—7

< M T (M |+ 3 - 9000,
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Next,

4
E
U

t S
L S, (t-1)g,(TdB" (r) - L S, (s—1)g,(@®dB" (1)

<E

Zl “0 S, (t—1) g, (v)e;dB; (r)
p=

4

S
_ L Sy (s~ 1) g, (1) e, (r)]

U
4

<Ey, J [S, (6= 1) =S, (s = D] g, (@ ;B ()

j=1

(=]

U
4

3

+ E

t
J S, (t—1) g, (v) e;dB; (1)

N

J

I
—

U
(63)

Using the uniform boundedness of {g, : n € N} in (V;U),
one can argue as in Lemma 8 to show that the right side of
(63) goes to 0 as (t —s) — 0. We conclude from the above
estimates that E|x, (¢) — xn(s)llé — 0Oas(t—-s) — 0,
uniformly for 0 < s <t < T and n € N, as desired. Thus, the
family {Pxn}zi | s relatively compact in C ([0, T]; FHO0))
and hence tight (by Prokorhov’s theorem [9]).

To finish the proof, we remark that Theorem 17 implies
that the finite-dimensional joint distributions of P, converge
weakly to those of P (cf. Proposition 3). Hence, Theorem 4

ensures that P, i P .asn — oo. This completes the proof.
O

5. Extension to the Second-Order Case

Consider the abstract second-order stochastic Cauchy prob-
lem

dx' (t) = (Bx' (t) + Gx (t) + F (x) (1)) dt + G () dB™ (1),
0<t<T,
x' (0) = X

x (0) = xo,
(64)

in a real separable Hilbert space U. Here, & : U — U isa
bounded linear operator; € : D(%) C U — U is a linear
(possibly unbounded) operator for which (=8)"/* exists; F
and G are mappings that satisfy (H2) and (H3), respectively;
{BH(t) .t > 0} is a U-valued fBm with Hurst parameter
H € (1/2,1); and xo, x; € ZH(Q;0).
We will convert (64) to a first-order system that, in turn,
can be represented abstractly in the form (1). To this end, let
z () =x (1), 2, (0) =x,
(65)

z, () =x"(t), 2z,(0)=x.
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Then,
dz, (t) = z, () dt,

dz, (t) = (Bz, (t) + Bz, (t) + F(z,) (1)) dt + G (t) dB" (¢).
(66)

As such,
2]
(& o] [20] [0 3] 260+ [ren o))
+[G(zt)]dﬁH(t), 0<t<T,
Lol-[x)

The space U = D(&'/?) x U is a Banach space when equipped
with the usual graph norm. Define X : [0,T] — U, A :
DA)cU - UB:DB)cU — U,g:[0,T] — &W;U),
and F: C ([0, T]; Z2(Q:;U)) — Z*((0,T); Z*(Q;U)) by

(67)

z, (1)
X(0) = [z; (t)] ,
A:[% (I)] D(A) = D(®) x D (&) c U,

(68)

B:[g gg], D(B)=D(€¢"?)xTUcU,

60=|g]  FEOO=p0,|0.

Since
[z 0] [x

xo= 20 3] (©9)

we can use these identifications to rewrite (64) abstractly in
the form

dX () =((A+B)X®)+F (X)) dt+g @) dﬁH @),
0<t<T,

X (0) = X,.
(70)

We assume that the following conditions are satisfied.

(H19) B : D(B) c U — U is a bounded linear operator.

(H20) € :D(®)cU — U generates a strongly continuous

1/2

cosine family on U and (-©)"* exists.

Since & € BR(V), it follows that A + B generates a strongly
continuous semigroup on U. As such, we can view (70) (and
$0, (64)) as a special case of (1). Theorem 10 can be applied
directly to (70) under the same hypotheses to conclude that
(64) has a unique mild solution X € C ([0, T]; FHO; V).

1

6. Applications

Let & be a bounded domain in RY with smooth boundary
09 and consider the initial-boundary value problem

x; (t,2)

=A,x(t,z2)

+ Jt a(t,s) f (s,x (s,2), r k(s,1,x(1,2)) dr) ds
0

0
+ fZ (t’ Z) dﬁH (t) >

x(0,2) = x4 (2),

a.e. on (0,T)x 9,
a.e. on 9,

x (t,z) =0, ae.on (0,T)x 09,

(71)
We consider (71) under the following conditions on the data:

(H22) f; : [0,T] x R x R — R satisfies the Caratheddory
conditions (i.e., measurable in (f, x) and continuous
in the third variable), and

(ii) there exists a positive constant M f such that

|f1 (txny) - fi (t,xz,y2)| < My, [|x1 - le + |)’1 - )’2” >
(72)
forall x,, x,, y;, ¥, € Rand almostallt € (0, T);

(H23) f, : [0,T] x D — [(L*(D); Z*(D)) is a bounded,
strongly measurable mapping;
(H24) a € L7 ((0,T));

(H25) k: ZxR — R,where Z = {(t,s) : 0 <t <s< T},
satisfies the Caratheddory conditions and there exists
a positive constant M, such that

|k (t,s,x;) = k(t,5,x,)] < My |x; — x5, (73)
for all x,,x, € R and almost all (t,s) € Z.
LetU =V = #* (D) and set
A=A, D(A) = H*(2) N H, (2). (74)

It is well known that A generates a C,-semigroup on D(A)
(see [28], Chapter 7).
Next, define

7 :€([0.T: 2 (V) — Z*((0.7): Z* (%)),
f,:0.T1x2 — 8(Z*(2);: 2 (D)),
(75)
respectively, by
F(x) (&)

= Jta(t, s) fi (s,x(s,-) , Jsk(s, 7, x (1, -))d‘r> ds,
0 0

g )= fo(t).
(76)
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One can use (H22)-(H25) to verify that F satisfies (H2) with

1/2
Mg = 2Mf1T|a|Lz((0,T)z)(1 + MT?) (77)

and that g is strongly measurable. Thus, (71) can be rewritten
in the form (1) in U, with A, &, and g defined above so that an
application of Theorem 10 immediately yields the following
result.

Theorem 19. If (H22)-(H25) hold (with Mg given by (77)),
then (71) has a unique mild solution x € C([0,T];
L LHD))).

Example 20. We now consider a modified version of (71)
which constitutes a model related to the one in [12]. Precisely,
let 2 = R and consider the initial-boundary value problem
given by

ox (t,2)

(- =808 R

+ Jt a(t,s) f; <s, x(s,2), JS k(s,1,x(1,2)) dr) ds) ot
0

0

+f, (t,2)dp™ (t), ae on (0,T)x 2,

x(t,z) =0, a.e. on (0,T) %09,

x(0,z) =x,(2), ae on D.

(78)

The operator (-A)*? is defined by

1

— al2 -
(-A,)""h(2) N

JR e |y[*h(y) dy,
D((-a,)"")

= {h e Z2(R): h|y|"h(y) e ' R) n L (R),

1 iz @7
o JR‘? Yy[*h(y)dy € gfu(lR)},
(79)

where & denotes the Fourier transform of h, and the space
Z2 (R) is given by

< 2,,, (R) = {h : h is measurable,
(80)
1Al 2 () = JR lh(z)*w () dz < oo},
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where w(z) = (1+ zz)_m, for & > 1. Also, the operator
(I - A )" is defined by

(-8 h@ = = | (1) )
D((1-a,)")

- {h €2 (R):h(1 +y2)”2ﬁ (y) e Z' R) N ZL* (R),

1 J izy 2\V/2+~ 2 }
— | e7(1+ h(y)dy e &, (R)¢.
7= (1+5") " h(y)dy € £, (R)
(81)
As shown in Proposition 1 of [12], the operator

—~(I-A,)"*(=A,)** generates a strongly continuous
semigroup on gi(R), assuming that « + y > (A - 1)/2
and A < 1. As such, by taking U = &2 (R) and V = R and
defining the operator A = —(I —A,)"*(=A)?, we can
argue as in (71) to show that (78) has a unique mild solution
x € C([0,T); £X(Qs Z5,(R))).

Example 21. Let 2 be a bounded domain in R” with smooth
boundary 0. Consider the following initial-boundary value
problem:

a(axz(;%)>
(3(252)5 5 (w022 Jo

+ <f1 (tx(t,2) + Ltb(t—s)f2 (s,x(s,%))ds)f)t

+ f;(6,2)dp" (), 0<t<T, ZeP,
ox (0,
x(0,2) = x, (2), x(atZ) =x,(2Z), aeon9,
x(t,Z)=0, ae.on (0,T) %09,

(82)

where Z = (z;,...,2,) € 9,x,(-) € D(A) N 3(2) (Q; (D)),
and x,(-) € EN .ng (Q; F*(D)). Here, aj 2 — R and
¢: 2 — Rarebounded, strongly measurable mappings; and
f; (i=1,2,3), B, and b satisfy the following assumptions:

(H26) f; [0,T] xR — R(@G =
Carathéodory conditions, and

(@) (fi(,0) € L*(0,T);

(ii) there exists a positive constant M f such that

|fi (6 %) = fi(t, )] < My |x - 3] (83)
forall x, y € R, and almost all t € (0,T);

1,2) satisfies the
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(H27) f5: [0, TIx D — (Z*(D); Z*(D)) is a bounded,
strongly measurable mapping;

(H28) B: £*(2) — Z*(D) is a bounded linear operator;
(H29) b € Z*((0,T)).
LetU =V = %* (@) and define A : U — U by

Y0 (g g 0x) Y (-
Ax(t,o—j_Z”;azj(ajk() % >+c<>x(t,). (84)

It is known that A is a uniformly elliptic, densely-
defined, symmetric, and self-adjoint operator which gen-
erates a strongly continuous cosine family on U (see [27,
p. 100]). Next, define F Cc(0, T; 2*(uU)) —
L2(0,T); L*(U)) by

F o)) = fo (6 x () + L b(t—9) f, (5% (s,)ds.
(85)

In view of (H26)-(H29), together with the Holder and Young
inequalities, one can verify that # satisfies (H2) with

Mg =2 (M NT + Mg bl 201y ) - (86)

Hence, (82) can be written in the abstract form (64) in U and
so can be transformed into (1) via the procedure outlined in
Section 5. As such, an application of Theorem 10 immediately
yields the following result.

Theorem 22. If (H26)-(H29) are satisfied, then (82) has a
unique mild solution x € C ([0, T]; L D).
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