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We study the existence of positive and monotone solution to the boundary value problem u'' (1) + ftu(t)=0,0<t<1,u0)=
Eu(1), u' (1) = nu' (0), where &, 17 € (0,1) U (1, 00). The main tool is the fixed point theorem of cone expansion and compression of
functional type by Avery, Henderson, and O’Regan. Finally, four examples are provided to demonstrate the availability of our main

results.

1. Introduction

Boundary value problems for ordinary differential equations
play a very important role in both theory and applications.
They are used to describe a large number of physical, biologi-
cal, and chemical phenomena. In recent years many papers
have been devoted to second-order two-point boundary
value problem. For a small sample of such work, we refer
the reader to the monographs of Agarwal [1], Agarwal et
al. [2], and Guo and Lakshmikantham [3], the papers of
Avery et al. [4] and Henderson and Thompson [5], and
references therein along this line. In the literature, many
attempts have been made by researchers to develop criteria
which guarantee the existence and uniqueness of positive
solutions to ordinary differential equations; this subject has
attracted a lot of interests; see, for example, Cid et al. [6],
Ehme [7], Ehme and Lanz [8], Ibrahim and Momani [9],
Kong [10], Ma and An [11], Zhang and Liu [12], Zhang et al.
[13], and Zhong and Zhang [14].

In this paper, we study the existence of positive and
monotone solution for the second-order two-point boundary
value problem

u () + f (Lu (1) =0,

u(0) =&u(1), u' (1) = nid (0),

0<t<l,

@

where f: [0,1] X [0,00) — [0, 00) is continuous function
and &, € (0,1) U (1,00) are two constants. The boundary
conditions in problem (1) are closely related to some other
boundary conditions. If £ = # = 1, the boundary conditions
in problem (1) reduce to periodic boundary conditions. If
& = = -1, the boundary conditions in problem (1) reduce to
antiperiodic boundary conditions. If £ = # = 0, problem (1)
reduces to second-order right focal boundary value problem.
In a recent paper [15], by applying a fixed point theorem
by Avery et al. [16], Sun studied the existence of monotone
positive solutions to problem (1). In this paper we will prove
some new existence results for problem (1) by using the new
fixed point theorem of cone expansion and compression of
functional type by Avery et al. [17].

This paper is organized as follows. In Section 2 we present
some notations, definitions, and lemmas. In Section 3 we
establish some sufficient conditions which guarantee the
existence of positive solutions to problem (1). In Section 4
we give four examples to illustrate the effectiveness and
applications of the results presented in Section 3.

2. Preliminary Results

For the convenience of the reader, we present here the
necessary definitions and background results. We also state
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the fixed point theorem of cone expansion and compression
of functional type by Avery, Henderson, and O’Regan.

Definition 1. Let E be a real Banach space. A nonempty closed
convex set P C Eis called a cone of E if it satisfies the following
two conditions:

(1) u € P, A 2 0, implies Au € P;
(2) u € P,—u € P, implies u = 0.

Every cone P ¢ E induces an ordering in E given by u < v
ifand onlyifv—u € P.

Definition 2. Let E be a real Banach space. An operator T :
E — Eissaid to be completely continuous if it is continuous
and maps bounded sets into precompact sets.

Definition 3. A map « is said to be a nonnegative continuous
concave functional on a cone P of a real Banach space E if
«: P — [0,+00) is continuous and

a(Au+ 1 -MDv)zda@)+ 1 -ANa),
(2)

u,veP, 0<A<.

Similarly we said the map f3 is a nonnegative continuous
convex functional on a cone P of a real Banach space E if
pB: P — [0,+00) is continuous and

BAu+(1-Nv)<ABW)+(1-1)B W),

3)

u,veP, 0<A<1.

We say that the map p is sublinear functional if
y(Au) < Aym), ueP, 0<A<I. (4)

All the concepts discussed above can be found in [3].

Property Al Let P be a cone in a real Banach space E and Q
a bounded open subset of E with 0 € Q. Then a continuous
functional 8 : P — [0, 00) is said to satisfy Property Al if
one of the following conditions holds:

(a) B is convex, B(0) =
inf,epranBu) > 0,
(b) B is sublinear, 5(0) = 0, and SB(u)#0 if u#0 and

inf,epranBu) > 0,

(c) Bis concave and unbounded.

0, and B(u)#0 if u#0 and

Property A2. Let P be a cone in a real Banach space E and Q)
a bounded open subset of E with 0 € Q. Then a continuous
functional 8 : P — [0, 00) is said to satisfy Property A2 if
one of the following conditions hold:

(a) Bis convex, 3(0) = 0, and B(u) #0if u+0,
(b) B 1is sublinear, $(0) = 0, and B(u) #0 if u#0,

(c) Bu+v) = B(u) + B(v) for all u,v € P, B(0) = 0, and
Bu) #0 if u#0.
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To prove our results, we will need the following fixed
point theorem, which is presented by Avery et al. [17].

Theorem 4. Let O, and Q, be two bounded open sets in a
Banach space E such that 0 € Q, and Q; < Q, and P
is a cone in E. Suppose that T : Pn (Q, \ Q) — P
is a completely continuous operatot, e and y are nonnegative
continuous functional on P, and one of the two conditions

(K1) e satisfies Property Al with a(Tu) > a(u), for all
u € PNoQ,, and y satisfies Property A2 with y(Tu) <
y(u), for allu € P N 0Q,; or

(K2) y satisfies Property A2 with y(Tu) < y(u), for all
u € PNoQ,, and a satisfies Property Al with «(Tu) >
a(u), forallu € PN oQ,

is satisfied. Then T has at least one fixed point in PN (Q,\ Q).

To study problem (1), we need the following lemmas (see

(15]).

Lemma 5. Green’s function G : [0,1] x [0,1] — [0, 00) for
the BVP (1.1) is given by

1
(1-8&(1-7n)

[sent-9+gma-o,
t+&(s—t)+&n(1-ys),

G(t,s) =

(5)
Lemma 6. Suppose that &,1,6 € (0, 1). Then Green’s function
G(t, s) defined by (5) has the following properties:
(a) G(t,s) = 0, 0G(t,s)/ot = 0, Vt,s € [0,1];
(b) tG(1,s) < G(t,s) < G(1,s), Vt,s € [0,1];
(¢) maxgeye, [} G(t,8)ds = [, G(L,s)ds = (1 + n)/2(1 -
(1 -n);
(d) minge, [, G(t.5)ds = [J G(8,s)ds = (1 - 8)8/(1 -
)+ (1 =8)(1+8+n-18)§/2(1-8(1-n) > (1 -
8)6/(1-n).

Lemma 7. Suppose that&,n € (1,00), & € (0, 1). Then Green's
function G(t, s) defined by (5) has the following properties:

(a) G(t,s) = 0, 0G(t,s)/ot <0,Vt,s€[0,1];
(b) (1-1)G(0,s) < G(t,s) < G(0,s), Vt,s €[0,1];

(¢) maxgeye, [ Gt 8)ds = |} G(0,5)ds = (1 +n)E/2(E -
D(n-1);
(d) mingeeys [y Gt s)ds = [, G(1-8,9)ds = n(1 -

NS/(n-1)+(1-8)1A+n-8+nd)/2E-1)(n-1) =
n(1-96)8/(n - 1).

3. Main Results

In this section, we will apply Theorem 4 to study the existence
of positive and monotonic solution to problem (1).
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3.1 CaseI: £, € (0,1) u(0)=u'()=u"(0)=u""(1)=0. In this
case we define the cone P by

P={uecCl[0,1]:u(t) =20,
u (t) is increasing on [0,1] and u (¢) > t|lul, (6)
te[0,1]}.
Then P is a normal cone of E. Define the operator T': P — E
by
(Tu) (t) = J: G(t,s) f(s,u(s)ds, te[0,1]. (7)

Then by Lemma 6 and Ascoli-Arzela Theorem we know that
T(P) € Pand T is a completely continuous operator. Let us
define two continuous functionals « and y on the cone P by
o« (u) = minu(t) = u(d),
te[d,1]
(8)
y (1) := maxu (t) =u (1) = |ul.
te[0,1]
It is clear that a(u) < p(u) for all u € P.

Theorem 8. Suppose that f € C([0,1] x [0, 00), [0, 00)) and
there exist r,R € (0,00), § € (0,1) with r < OR such that the
following conditions are satisfied:

(A1) f(t,x) = (1=mr/(1-0)9, forall (t,x) € [5,1] x
[7", R]:

(A2) f(t,x) <2(1-&)(1 -nR/( +n), forall (t,x) €
[0,1] x [0, R].

Then problem (1) admits a positive and increasing solution u”*
such that

r< minu” (¢), maxu” (t) < R.
te[d,1] ( ) te[0,1] ( ) (9)

Proof. Let
Q) ={u:a)<r}, Q,={u:ym) <R}, (10)

itis easy to see that 0 € Q;, and Q; and Q, are bounded open
subsets of E. Let u € Q; then we have

> = mi t)y=46 =0 .

rzau) trer[léﬂl]”( ) 2 0 |lull = oy () a1)
Thus R > r/8 > p(u); that is, u € Q,, 50 Q; € Q,.

Claim 1 (if u € P N 9dQ,, then «(Tu) > «(u)). To see this let

uePnoQ;;then R =p(u) > u(s) > a(u) =r,s € [5,1]. It
follows from (A1) and Lemmas 6(d) and (7) that

1
o (Tu) = (Tu) (6) = L G(6,s) f (s,u(s))ds

> Jl G(5,s) f(s,u(s)ds
)

2(1—11)rj
1-0)0

>(1—mr.u—&6=
T(1-88 1-pn

1
G (6,s)ds
s

r=a(u).

Claim 2 (if u € P N 0Q,, then y(Tu) < y(u)). To see this let
u € PnoQ,; then u(s) < p(u) = R, s € [0, 1]. Thus condition
(A2) and Lemma 6(c) yield that

1
y(Tu) = (Tu) (1) = L G(1,s) f(s,u(s))ds

< 2(1_6)(1_n)RJIG(1,S)dS
1+1’] 0
21-&)(1-n)R 1+7
= . :R: .
1+7 2(1-8)(1-7n) v
(13)

Clearly o satisfies Property Al(c) and y satisfies Property
A2(a). Therefore hypothesis (K1) of Theorem 4 is satisfied
and hence T has at least one fixed point u* € PN (Q, \ Q,);
that is, problem (1) has at least one positive solution u* (¢) € P
such that

r< minu” (t), maxu” (t) < R.
te[d,1] ( ) te[0,1] ( ) (14)
This completes the proof. O

Theorem 9. Suppose that f € C([0,1] x [0, 00), [0, 00)) and
there exist r,R € (0,00) with r < R such that the following
conditions are satisfied:

(A3) ft,x) < 2(1 =& —n)r/(1 +n), for (t,x) €
[0,1] x [0, r];

(A4) f(t,x) = (1 —n)R/(1 =), for (t,x) € [5,1] x
[R, R/&].

Then problem (1) admits a positive and increasing solution u™ €
P such that

r < maxu” (t),

minu” (t) < R.
te[0,1] telo1] ®) (15)

Proof. For allu € P we have a(u) < y(u). Thus if we let
Qy={u:y)<r}, Q,={u:a() <R}, (16)

we have that 0 € Q; and Q; € Q,, with Q; and Q, being
bounded open subsets of E.

Claim 1 (if u € P N 0Q;, then p(Tu) < p(u)). To see this let

u € PN 0Qs; then u(s) < y(u) = r, s € [0, 1]. Thus condition
(A3) and Lemma 6(c) yield that

y (Tu) = (Tu) (1)

- JIG(l,s)f(s,u(S))dS
0

c 2(1—5)(1—n)rJ1G(LS)dS
1+11 0
_20-9)(1-n)r Ity
= e .2(1_5)(1_’1)_1’—)/(14).
17)



Claim 2 (if u € P N 0Qy, then a(Tu) > a(u)). To see this let
u € PN oQy;then R/§ = a(u)/d = y(u) = u(s) = a(u) = R,
s € [8, 1]. Thus it follows from (A4) and Lemma 6(d) that

1
o« (Tu) = (Tu) (6) = L G(5,s) f(s,u(s))ds

> JIG(&s)f(s,u(s))ds
)
(18)

1
G(8,s)ds
)

ZU—MRJ
(1-6)0

N (1—r])R.(1—8)6 _

> 1-8)0 - R=a(u).

Clearly « satisfies Property Al(c) and y satisfies Property
A2(a). Therefore hypothesis (K2) of Theorem 4 is satisfied
and hence T has at least one fixed point u* € PN (Q, \ Q3);
that is, problem (1) has at least one positive solution u* € P
such that

r < maxu’ (t), minu” (t) <R.
te[O,)I(] ( ) te[g,l] ( ) (19)
This completes the proof. O

3.2. CaseII: £ € (1,00). In this case we define the cone P
by
P={ueC[0,1]:u(t) >0,

u(t) is decreasing on [0,1],
(20)
and u (£) = (1 -1) [lull,

te[0,1]}.

Then P is a normal cone of E. Define the operator T : P —
E by (7). Then by Lemma 7 and Ascoli-Arzela Theorem we
know that T(P) < P and T is a completely continuous
operator. Let us define two continuous functionals « and y
on the cone P by

a(u):= min u(@)=u(l-90),
te[0,1-6]

(21)
y (1) := maxu (t) = u(0) = [ul.
te(0,1]

It is clear that a(u) < p(u) for all u € P.

Theorem 10. Suppose that f € C([0, 1] x [0, 00), [0, 00)) and
there exist r, R € (0,00), 8 € (0,1) with r < SR such that the
following conditions are satisfied:

(BI) f(t,x) = (n—1)r/n(1-6)6, forall (t,x) € [0,1 -
8] x [, R);

(B2) f(t,x) <2(E-1)(n—1)R/(1 +n)&, forall (t,x) €
[0,1] x [0, R].

Then problem (1) admits a positive and decreasing solution u*
such that

r< min u” (1),

maxu” (t) < R.
reoin, ® (22)

te(0,1]
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Proof. Letting
O ={u:a@<ry, Q,={u:yw) <R}, (23)

then 0 € Q,, Q,, and Q, are bounded open subsets of E. Let
u € Q;; then we have

rzau)= hin, 1 () 28 lul =6y (). (24)

Thus R > 7/8 > y(u); that is, u € Q,, 50 Q; € Q,.
Claim 1 (ifu € P N 0Qy, then a(Tu) > a(u)). To see this let

u € PNoQ;then R = y(u) = u(s) =2 a(u) =r,s € [0,1 -]
Thus it follows from (A1) and Lemmas 7(d) and (7) that

a(Tu) = (Tu) (1 - 8)

- JIG(l—&s)f(s,u(S))dS
0

-8
> Jl G(1-6,s) f(s,u(s)ds

0 (25)
(n-Dr (=

> —11(1—8)8 L G(1-6,s)ds
(n-1)r n1-856

S TE A EIR

Claim 2 (if u € P N 0Q,, then y(Tu) < y(u)). To see this let
u € PN oQ,; then u(s) < y(u) = R, s € [0, 1]. Thus condition
(B2) and Lemma 7(c) yield

1

y@@:@@@:JGmmf@u@ms

0

G(0,s)ds

0 (26)
- (+n)é
2(6-1)(n-1)

< 2(5—1)(;7—1)le
(1+n)&

_2¢-1D(-DR
(1+n)¢&

=R=y(u).

Clearly « satisfies Property Al(c) and y satisfies Property
A2(a). Therefore hypothesis (K1) of Theorem 4 is satisfied
and hence T has at least one fixed point u* € PN (Q, \ Q,);
that is, problem (1) has at least one positive solution u*(t) € P
such that

r< min_u” (f), maxu” (t) < R.
te[0,1-6] ( ) te[0,1] ( ) (27)
This completes the proof. O

Theorem 11. Suppose that f € C([0,1] x [0, 00), [0, 00)), and
there exist r,R € (0,00) with r < R such that the following
conditions are satisfied:

(B3) f(t,x) < 2(& - 1)(n - Dr/(1 +n), for (t,x) €
[0,1] x [0, r];
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(B4) f(t,x) =
8] x [R, R/d).

(n — 1DR/y(1 = 8)d, for (t,x) € [0,1 -
Then problem (1) admits a positive and decreasing solution
u* € P such that

r < maxu’ (t),
t€[0,1]

tlg[lg’rlllu (t) <R (28)
Proof. For allu € P we have a(u) < y(u). Thus if we let
Qy={u:y)<r}, Q,={u:a(u) <R}, (29)

we have that 0 € Q, and Q; ¢
bounded open subsets of E.

Q,, with Q; and Q, being

Claim 1 (if u € P N 0Q;, then y(Tu) < y(u)). To see this let
u € PN 0Qs; then u(s) < y(u) =r, s € [0, 1]. Thus condition
(B3) and Lemma 7(c) yield

y (Tu) = (Tu) (0)
e 2€-1)(n-1)r
_ L G (0.9 f (sl ds < =
1
X L G(0,s)ds
_2@6-D@-Dr  (1+n)d ).
(1+n)& 26-D(-1) 7

(30)

Claim 2 (if u € P N 0Qy, then a(Tu) > a(u)). To see this let
u € PNoQy; then R/§ = a(u)/d = y(u) = u(s) = a(u) =
s € [0,1 = &]. Thus it follows from (B4) and Lemma 7(d) that

1

oc(Tu)z(Tu)(l—(S):J- (1-8,5) f (s,u(s)) ds

0

10 (-1)R
ZL G(1-6,s) f(ssu(s)ds> —— 1 (1=0)0

1-8 (3D
xj G(1-6,s)ds
0

(11—1)R n(1-98)9

17(1—8)8 p— =R=au).

Clearly « satisfies Property Al(c) and y satisfies Property
A2(a). Therefore hypothesis (K2) of Theorem 4 is satisfied
and hence T has at least one fixed point u* € PN (Q, \ Qs);
that is, problem (1) has at least one positive solution u* € P
such that

r < maxu’ (), min_u" (t) <R.
te[0,1] ( ) te[0,1-6] ( ) (32)
This completes the proof. O

4. Examples

Atthe end of the paper, we present some examples to illustrate
the usefulness of our main results.

Example 1. Consider the second-order boundary value prob-
lem

1+t 1 1, 1, 1
t) + t+— t) + t+ -t+-=0,
u” (1) 44u() u(t) P

0<t<1, (33)

1 ' 1,
0)=-u(l), 1)=—-u (0).
u (0) 2“() u (1) 2u()
In this case, & =# = 1/2.Let§ = 1/2,r = 1/6, R = 3; observe
that » < SR. Setting

1+t , 1 1, 1 1
X) = — 5t x4+ —t+—, (34
f(t,x) 144x +24x+8t+4t+4 (34)
then f € C([0, 1] x [0, 00), [0, 00)), and for (¢,x) € [0,1] x

[0, R], we have

7 21-§)(1-n)R
ftx)< f(LR) =2 < = (35)
For (t, x) € [, 1] x [r, R], we have
fons fon= 2,1 Um0y

3456 3 (1-0)0

Clearly, all the assumptions of Theorem 8 hold and conse-
quently problem (33) has at least one positive and increasing
solution u* (¢) such that

P min u" (¢) maxu” (t) <3 (37)
N > X <X .

6  te[1/2,1] te[0,1]

Example 2. Consider the second-order boundary value prob-
lem

0<t<l,

Lo+ 2R un s oo,
9 9 9

1 1 (8)

u(O):Zu(l), u (1):§u (0).

In this case,& = 1/4andn = 1/3. Let§ = 1/2,R=3,r =1,
and
242t 1 1
hl O Sx+ -t (39)
9 9

Then f € C([0,1] x [0, 00), [0,00)), and for (¢, x) € [0,1] x
[0, 7],

fx) =

2 3 20-9(-n)r
f(t,x) sf(l,r)— 5 < L_L = T (40)

For (¢, x) € [0,1] X [R,R/4],

_(@-n)R
f(tx)>f8R)—91—8 8_(1—8)6' (41)




Hence, by Theorem 9, problem (38) has at least one positive
and increasing solution u* (t) such that

1< maxu” (1),

t
te[0,1] min u” () < (42)

te[1/2,1]

Example 3. Consider the second-order boundary value prob-
lem

1+t2 1
n+ 2 Suw st £ +-=0 0<t<l,
u" (t) Tt O 24u() gt
u(0)=2u(), u'(1)=24(0).

(43)

In this case, & = = 2. Let§ = 1/2,r = 1/6, R = 3;itis

evident that 7 < 6R. Set
1 1

1+t , 1,
t,x) = —x +—x+ -t + —. 44
f &) 144 24 8 2 (44)

Then f € C([0,1] x [0, 00), [0, 00)), and for (t,x) € [0,1] x
[0, R], we have

_7_,_2E-D(#H-DR
f(t,x)Sf(l,R)—§<l—W (45)
For (t, x) € [0,1 — 8] X [r, R], we have
1 1 (g-1r
ftx) f(ol’>z>§—rl(1_—6)8. (46)

So all conditions of Theorem 10 are satisfied and consequently

problem (43) has at least one positive and decreasing solution

u” (t) such that
1

- < min u*(t),

(1) < 3.
6 te[1/2,1] maxu- () (47)

te[0,1]
Example4. Consider the second-order boundary value prob-
lem

1+t 4

d )+ —ut )+ u(t)+l:0, 0<t<1

(48)
u' (1) =34 (0).

u(0) =4u (1),

In this problem, £ = 4, and 5 = 3. Let§ = 1/2,R=3,r = 1,
and

Fltx) =t 4+£x+§. (49)
Then f € C([0,1] x [0, 00), [0, 00)), and for (¢, x) € [0,1] x
[0, 7],
3 2¢-1)(r-1r

2
<f(1,r)=§<Z=W. (50)

For (t,x) € [0,1 - 6] x [R,R/d],

1 B (n-1)R
2f(0,R)—9§>8——’1(1_6)6.

f (&)

ftx) (51)

Hence, by Theorem 11, problem (48) has at least one positive
and decreasing solution u* (¢) such that

1 < maxu” (¢),

min u” (¢) < 3.
e ® (52)

t€[0,1/2]
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