Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 513678, 25 pages
http://dx.doi.org/10.1155/2014/513678

Research Article

Strong and Weak Convergence Criteria of Composite Iterative
Algorithms for Systems of Generalized Equilibria

Lu-Chuan Ceng,' Cheng-Wen Liao,” Chin-Tzong Pang,’

Ching-Feng Wen,* and Zhao-Rong Kong®

! Department of Mathematics, Shanghai Normal University and Scientific Computing Key Laboratory of Shanghai Universities,

Shanghai 200234, China

2 Department of Food and Beverage Management, Vanung University, Chung-Li 320061, Taiwan
’ Department of Information Management, Yuan Ze University, Chung-Li 32003, Taiwan

* Center for Fundamental Science, Kaohsiung Medical University, Kaohsiung 807, Taiwan

* Department of Mathematics, Shanghai Normal University, Shanghai 200234, China

Correspondence should be addressed to Chin-Tzong Pang; imctpang@saturn.yzu.edu.tw

Received 20 January 2014; Accepted 12 February 2014; Published 25 March 2014

Academic Editor: Jen-Chih Yao

Copyright © 2014 Lu-Chuan Ceng et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We first introduce and analyze one iterative algorithm by using the composite shrinking projection method for finding a solution
of the system of generalized equilibria with constraints of several problems: a generalized mixed equilibrium problem, finitely
many variational inequalities, and the common fixed point problem of an asymptotically strict pseudocontractive mapping in the
intermediate sense and infinitely many nonexpansive mappings in a real Hilbert space. We prove a strong convergence theorem
for the iterative algorithm under suitable conditions. On the other hand, we also propose another iterative algorithm involving
no shrinking projection method and derive its weak convergence under mild assumptions. Our results improve and extend the

corresponding results in the earlier and recent literature.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and
norm || - |, C a nonempty closed convex subset of H, and
P, the metric projection of H onto C. Let S : C — H bea
nonlinear mapping on C. We denote by Fix(S) the set of fixed
points of S and by R the set of all real numbers. A mapping V
is called strongly positive on H if there exists a constant’y > 0
such that

(Vx,x) = yllx|>, Vx e H. Q)

A mapping S : C — H is called L-Lipschitz continuous if
there exists a constant L > 0 such that

sc-Syl<Llx-5l, veyec. @

In particular, if L = 1 then S is called a nonexpansive
mapping; if L € [0, 1) then A is called a contraction.

Let A : C — H be a nonlinear mapping on C. We
consider the following variational inequality problem (VIP):
find a point x € C such that

(Ax,y—x) >0, VyeC. (3)

The solution set of VIP (3) is denoted by VI(C, A).

The VIP (3) was first discussed by Lions [1] and now is well
known; there are a lot of different approaches towards solv-
ing VIP (3) in finite-dimensional and infinite-dimensional
spaces, and the research is intensively continued. The VIP
(3) has many applications in computational mathematics,
mathematical physics, operations research, mathematical
economics, optimization theory, and other fields; see, for
example, [2-5]. Itis well known that if A is strongly monotone
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and Lipschitz-continuous mapping on C, then VIP (3) has a
unique solution. Not only are the existence and uniqueness
of solutions important topics in the study of VIP (3), but
also how to actually find a solution of VIP (3) is important.
Up to now, there have been many iterative algorithms in the
literature, for finding approximate solutions of VIP (3) and its
extended versions; see, for example, [6-11].

In 1976, Korpelevi¢ [12] proposed an iterative algorithm
for solving the VIP (3) in Euclidean space R™:

In = PC (xn - TAxn) >
(4)
Xl = PC (xn - TA)/") , Vnx0,
with 7 > 0 a given number, which is known as the
extragradient method. The literature on the VIP is vast
and Korpelevich’s extragradient method has received great
attention given by many authors, who improved it in various
ways; see, for example, [10, 11, 13-23] and references therein,
to name but a few.
Letgp : C — R be areal-valued function, A: H — H
a nonlinear mapping, and ® : C x C — R a bifunction. In
2008, Peng and Yao [18] introduced the following generalized
mixed equilibrium problem (GMEP) of finding x € C such
that
O(x,y)+e(y)—@(x)+{(Ax,y—x) 20, VyeC.
©)

We denote the set of solutions of GMEP (5) by
GMEP(®, ¢, A). The GMEP (5) is very general in
the sense that it includes, as special cases, optimization
problems, variational inequalities, minimax problems,
Nash equilibrium problems in noncooperative games, and
others. The GMEP is further considered and studied; see, for
example, [20, 23-28].
If ¢ = 0, then GMEP (5) reduces to the generalized
equilibrium problem (GEP) which is to find x € C such that
O(x,y)+(Ax,y—x) >0, VyeC. (6)
Itis introduced and studied by S. Takahashi and W. Takahashi
[29]. The set of solutions of GEP is denoted by GEP(®, A).
If A = 0, then GMEP (5) reduces to the mixed equilibrium
problem (MEP) which is to find x € C such that
O(xy)+e(y)-9(x) 20, VYyeC. )
It is considered and studied in [30-32]. The set of solutions of
MEP is denoted by MEP(®, ¢).
Ifo = 0, A = 0, then GMEP (5) reduces to the equilibrium
problem (EP) which is to find x € C such that
O(x,y)=0, VyeC. (8)
It is considered and studied in [33, 34]. The set of solutions
of EP is denoted by EP(®). It is worth mentioning that the
EP is a unified model of several problems, namely, variational
inequality problems, optimization problems, saddle point
problems, complementarity problems, fixed point problems,
Nash equilibrium problems, and so forth.
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Throughout this paper, we assume as in [18] that ® : C x
C — Ris a bifunction satisfying conditions (H1)-(H4) and
¢ : C — Risalower semicontinuous and convex function
with restriction (H5), where

(HI) ©(x,x) =0 forall x € C;
(H2) ® is monotone; that is, (x, y) + O(y, x) < 0 for any

x,y €GC;
(H3) O is upper-hemicontinuous; that is, for each x, y,z €
C)
limsup® (tz + (1 -t)x,y) <O (x,y); )

t—0"

(H4) ©(x,-) is convex and lower semicontinuous for each
x €C;

(H5) for each x € H and r > 0 there exists a bounded sub-
set D, ¢ Cand y, € Csuch that,foranyz € C\D,,

O(z,y.) +o(y) —9(2) + % (y,—2z2z-x)<0. (10)

Given a positive number r > 0, let S£®’(”) : H — Cbethe
solution set of the auxiliary mixed equilibrium problem; that
is, for each x € H,

SO (x) = {y €C:0(y,2)+9((2)-9o(y)

+% <K' (y)-K' (x),z—y> >0,Vz € C}.
(11)

In particular, whenever K(x) = (1/2)|x]?, Vx € H, S£®"P) is
rewritten as T'®9.

Let®,;,0, : CxC — Rbetwo bifunctionsand A,, A, :
C — H two nonlinear mappings. Consider the following
system of generalized equilibrium problems (SGEP): find
(x*, y") € C x C such that

0, (x%,x)+ (A y ", x—x")

1 * * *
+v—<x -y ,x-x")>20, VxeC,
1

* * * (12)
0, (¥ y) + (A" y—y")

+i<y*—x*,y—y*>20, Vy eC,
V2

where ¥, > 0 and v, > 0 are two constants. It is introduced
and studied in [19]. Whenever ®, = ©, = 0, the SGEP
reduces to a system of variational inequalities, which is
considered and studied in [13]. It is worth mentioning that
the system of variational inequalities is a tool to solve the
Nash equilibrium problem for noncooperative games.

In 2010, Ceng and Yao [19] transformed the SGEP into a
fixed point problem in the following way.
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Proposition CY (see [19]). Let ©®,,0, : Cx C — R be
two bifunctions satisfying conditions (H1)-(H4) and let A} :
C — H be (i -inverse strongly monotone for k = 1,2. Let
Ve € (0,20) for k = 1,2. Then (x*, y*) € C x C is a solution
of SGEP (12) if and only if x™ is a fixed point of the mapping
G:C — CdefinedbyG = Tf,?l (I—lel)szz(I—vaz), where
y = ng (I —v,A,)x". Here, one denotes the fixed point set of
G by SGEP(G).

Let {T,}>?, be an infinite family of nonexpansive map-
pings on H and {A,}°, a sequence of nonnegative numbers
in [0, 1]. For any n > 1, define a mapping W, on H as follows:

Un,n+1 = I’
Un,n = /\nTnUn,nH + (1 - /‘n) I,

Un,n—l = /\n—lTn—lUn,n + (1 - An—l) I

U,

n

&= MU + (1= A) L, (13)

U,

n

ko1 = M T U + (1= A4 ) 1L

Upo = MU, 5 + (1-A,)1

W, =U,, =MTU,, + (1-A)L

Such a mapping W, is called the W-mapping generated by
T,T,.....,Tyand A, A, _,..., Ay

In 2011, for the case where C = H, Yao et al. [25] proposed
the following hybrid iterative algorithm:

O (yp2) + 92 = (yn)
1, ,
+ = (K" () =K' (%), 2= y,) 20, z€H,

Xnt1 = Ky (M + Yf (xn)) + ﬁnxn

+((1=B) =, (I+uV))W,y,, ¥nz1,

(14)

where f: H — H is a contraction, K : H — R is differen-
tiable and strongly convex, {«,},{8,} € (0,1), and x,,u € H
are given, for finding a common element of the set MEP(®, ¢)
and the fixed point set N, Fix(T,) of an infinite family of
nonexpansive mappings {T,,}>~ on H. They proved the strong
convergence of the sequence generated by the hybrid iterative
algorithm (14) toa point x* € Q := N}, Fix(T,) N MEP(®, )
under some appropriate conditions. This point x* also solves
the following optimization problem:

in# LI
I)Elelélz (Vx,x)+2||x ull” - h(x), (15)

where h: H — Ris the potential function of yf.

Let f : H — H be a contraction and V a strongly
positive bounded linear operator on H. Assume that ¢ :
H — R s alower semicontinuous and convex functional,
that ®,0,,0, : H x H — R satisfy conditions (H1)-
(H4), and that A,A,,A, : H — H are inverse strongly
monotone. Let the mapping G be defined as in Proposition
CY. Very recently, Ceng et al. [20] introduced the following
hybrid extragradient-like iterative algorithm:

z, = Sﬁn@"p) (x, —r,Ax,),

Xne1 = Ky (u + yf (xn)) + ﬂnxn

+((1-B)I-a,(I+uV))W,Gz,, VYn=0,

(16)

for finding a common solution of GMEP (5), SGEP (12), and
the fixed point problem of an infinite family of nonexpansive
mappings {T,},°, on H, where {r,} c (0,00), {&,},{B,} ¢
0,1), v, € (0,2¢;), k = 1,2, and x5,u € H are given.
The authors proved the strong convergence of the sequence
generated by the hybrid iterative algorithm (16) to a point
x* € Q := n2 Fix(T,) N GMEP(®,¢,A) N SGEP(G)
under some suitable conditions. This point x* also solves the
following optimization problem:

in# L —up -
min (Vx,x>+2||x ul” —h(x), (17)

where h: H — Ris the potential function of yf.

On the other hand, let C be a nonempty subset of a
normed space X. A mapping S : C — C is called uniformly
Lipschitzian if there exists a constant & > 0 such that

[$"x=S"y| < Z|x-y|, VYn>1, Vx,yeC. (18)
Recently, Kim and Xu [35] introduced the concept of asymp-

totically k-strict pseudocontractive mappings in a Hilbert
space as below.

Definition 1. Let C be a nonempty subset of a Hilbert space
H. A mapping S : C — C is said to be an asymptotically k-
strict pseudocontractive mapping with sequence {y,} if there
exist a constant k € [0, 1) and a sequence {y,} in [0, co) with
lim = 0 such that

n—>ooyn

I8 =" < (14 9) = oI
thx=S-(y =8y, 09
Vn>1, Vx,y € C.

They studied weak and strong convergence theorems
for this class of mappings. It is important to note that
every asymptotically k-strict pseudocontractive mapping
with sequence {y,} is a uniformly Z-Lipschitzian mapping

with & = sup{(k + V1+(1-Kk)y,)/(1 +k) : n > 1}



Subsequently, Sahu et al. [36] considered the concept of
asymptotically k-strict pseudocontractive mappings in the
intermediate sense, which are not necessarily Lipschitzian.

Definition 2. Let C be a nonempty subset of a Hilbert space
H. A mapping S : C — C is said to be an asymptotically k-
strict pseudocontractive mapping in the intermediate sense
with sequence {y,} if there exist a constant k € [0,1) and a
sequence {y,} in [0, co) with lim,, , ,,, = 0 such that

lim sup sup ("S"x - S"y"2 -(1+y,)|x- y||2
,yeC

n—00 x

(20)
—k|x-S"x - (y - S"y)||2) <0.

Putc, := max{0, supx,yec(HS"x - S”y||2—(1+yn)||x - y||2—

klx - S"x—(y—-S"y)I*)}. Then¢g, = 0(Vn = 1),¢, —
0 (n — 00), and (13) reduces to the relation

8" = S"yI" < (L4 ) =5l
+klx-S"x = (y =S|+, @D
Vn>1, Vx,y € C.

Whenever ¢, = 0 for all n > 1 in (21) then S is
an asymptotically k-strict pseudocontractive mapping with
sequence {y,}. In 2009, Sahu et al. [36] derived the weak and
strong convergence of the modified Mann iteration processes
for an asymptotically k-strict pseudocontractive mapping in
the intermediate sense with sequence {y,}. More precisely,
they first established one weak convergence theorem for the
following iterative scheme:

x; = x € C chosen arbitrarily,
(22)
Xp = (1 - a,) x, + ,8"x,, Vn>1,
where0 <8<, <1-k-8,%°, a6, <0o,and Y0, y, <
00, and then obtained another strong convergence theorem
for the following iterative scheme:

x; = x € C chosen arbitrary,

In = (1 - (Xn) X, + (ann'xn’

C,= {zeC:“yn—z”ZS ||xn—z||2+6n}, (23)
Q,=1{zeC:(x,-z,x—x,) 20},
Xp1 = Pongx Vnz1,

where 0 < 8 < o, < 1-k 6, = ¢, +y,A,, and

A, = supilx, - zI> : z € Fix(S)} < oo. Subsequently,
the above iterative schemes are extended to develop new
iterative algorithms for finding a common solution of the
VIP and the fixed point problem of an asymptotically strict
pseudocontractive mapping in the intermediate sense; see, for
example, (10, 22].

In 2009, Yao et al. [30] proposed and analyzed iterative
algorithms for finding a common element of the set of fixed
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points of an asymptotically k-strict pseudocontraction and
the set of solutions of a mixed equilibrium problem in a real
Hilbert space. Very recently, motivated by Yao et al. [30], Cai
and Bu [26] introduced and analyzed the following iterative
algorithm by the hybrid shrinking projection method:

pick any x, € H,

set C;, =C, xy = Pg x,

U, = Tr(iid)(PM) (I - rM,nAM) TEEKZLI@MA)

X (I =1y g pApa) Tr(il’%) (I=r,A1) %,
z, = Pc(I = An,By)
X P (I = AncinByo1) - Po (I = A5,,B,) (24)
x P (I - Al)nBl) U,
k,=0,z,+(1-96,)S"z,,
Yo = (1-a,) x, +
Corr = {2 € sl 2l < -2 +6,},

Xy = Pg %9 VM 20,

for finding a common element of the set
ﬂkM:IGMEP(G)k, @A) of solutions of finitely many gener-
alized mixed equilibrium problems, the set ﬂfi . VI(C, B;) of
solutions of finitely many variational inequalities for inverse
strong monotone mappings {Bi}f\:r » and the set Fix(S) of
fixed points of an asymptotically k-strict pseudocontractive
mapping S in the intermediate sense (provided that
Q = n, GMEP(®;, ¢, Aj) N NY, VI(C, B;) N Fix(S) is
nonempty and bounded), where 6, = y,A% +¢, A, =
sup{llx,—pll : p € Q} < c0,{A;,,} C [a;,b] € (0,27,), {r,.} C
lers firl € (0,2p), 1 € {1,2,...,N}, k € {1,2,...,M}. It
was proven in [26] that under appropriate conditions {x,}
converge strongly to Py x,.

Motivated and inspired by the above facts, we first
introduce and analyze one iterative algorithm by using a
composite shrinking projection method for finding a solution
of the system of generalized equilibria with constraints of
several problems: a generalized mixed equilibrium problem,
finitely many variational inequalities, and the common fixed
point problem of an asymptotically strict pseudocontractive
mapping in the intermediate sense and infinitely many
nonexpansive mappings in a real Hilbert space. We prove
strong convergence theorem for the iterative algorithm under
suitable conditions. On the other hand, we also propose
another iterative algorithm involving no shrinking projection
method and derive its weak convergence under mild assump-
tions. Our results improve and extend the corresponding
results in the earlier and recent literature.
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2. Preliminaries

Let H be a real Hilbert space whose inner product and norm
are denoted by (-, -) and ||-||, respectively. Let C be a nonempty
closed convex subset of H. We use the notations x,, — x and
x, — x to indicate the weak convergence of {x,} to x and
the strong convergence of {x,} to x, respectively. Moreover,
we use w,,(x,,) to denote the weak w-limit set of {x, }; that is,

w, (x,) = {x € H: x, — x forsome

(25)
subsequence {xni} of {xn}}.
Definition 3. A mapping A : C — H is called
(i) monotone if
(Ax - Ay,x—y)20, Vx,yeC; (26)

(ii) #-strongly monotone if there exists a constant 7 > 0
such that
(Ax - Ay, x - y)y 2 q|x— ", VxyeG (27)

(iii) ¢-inverse strongly monotone if there exists a constant
¢ > 0 such that

(Ax - Ay,x—y) >

Vx,yeC. (28)

It is easy to see that the projection P, is 1-inverse strongly
monotone. The inverse strongly monotone (also referred to
as cocoercive) operators have been applied widely in solving
practical problems in various fields.

Definition 4. A differentiable function K : H — Ris called

(i) convex if

K(y)—K(x)2<K/(x),y—x>, Vx,y € H, (29)

where K'(x) is the Fréchet derivative of K at x;

(ii) strongly convex if there exists a constant ¢ > 0 such
that

K(3)-K®-(K' @), y-x) > Z|e- s, vxyeH.

(30)

It is easy to see that if K : H — R is a differentiable
strongly convex function with constant g > 0 then K’ : H —
H is strongly monotone with constant o > 0.

The metric (or nearest point) projection from H onto C is
the mapping P : H — C which assigns to each point x € H
the unique point P-x € C satisfying the property
— Pex|| = inf |x — y| = ,C).
Je- Bl =il -yl =d 0. (a
Some important properties of projections are gathered in
the following proposition.

Proposition 5. For given x € H and z € C,
(i)z=Pxe({x-2,y-2)<0,VyeC
(i)) z = Pox & |x — 2> < x = yI? ~ ly — 2l Vy € C:
(iii) (Pox — Poy,x — ) = [Pox — Poyl’, Vy € H. (This

implies that P is nonexpansive and monotone.)

By using the technique of [32], we can readily obtain the
following elementary result.

Proposition 6 (see [20, Lemma 1 and Proposition 1]). Let C
be a nonempty closed convex subset of a real Hilbert space H
and let ¢ : C — R be a lower semicontinuous and convex
function. Let ® : C x C — R be a bifunction satisfying the
conditions (H1)-(H4). Assume that

(i) K : H — R is strongly convex with constant > 0
and the function x — (y — x, K'(x)) is weakly upper
semicontinuous for each y € H;

(ii) for each x € H and r > 0 there exists a bounded subset
D, c Cand y, € Csuch that, forany z € C\ D,,

0(z,y,) +9(y:) —¢(2)

—(K -K » Ve — 0.
+- (K'(2)-K'(x),y,—2) <
Then the following hold:

(a) foreach x € H, S£®"") (x) #0;
(b) S£®"”) is single valued;

(©) Sie"”) is nonexpansive if K' is Lipschitz continuous with
constant v > 0 and

<K’ (xl) -K' (xz):ul _”2>
< <K’ () -K' (1) 1y _”2> > (33)
Y (x;,x,) € HxH,
where u; = $'©9) (x,) fori = 1,2;
(d) foralls,t >0and x € H,

<K (S(®<p ) ( ®<P) ),S§®’¢)x—8§®’¢)x>

<> - ; <K (S(m’)) K'(x),SE(a"P)x

(34)
_ S§®)<P) x> :

(e) Fix(SL®?) = MEP(®, ¢);
(f) MEP(®, ¢) is closed and convex.
Remark 7. In Proposition 6, whenever ® : CxC — Risa

bifunction satistying the conditions (H1)-(H4) and K(x) =
(1/2)|lx|I*, Vx € H, we have, for any x, y € H,

" s§®"/’) x— 559’@ y“2 < <5§®’¢) s Sie"”) g% — y> (35)



(Si@’q’) is firmly nonexpansive) and

s—t
”Sﬁe)"p)x - SEG’(”)xH < ls=1
s

sovsal,

Vs, t >0, x € H.

In this case, S£®’(") is rewritten as Tr(®"”). If, in addition, ¢ = 0,

then Tr(®"”) is rewritten as Tr® ; see [19, Lemma 2.1] for more
details.

We need some facts and tools in a real Hilbert space H
which are listed as lemmas below.

Lemma 8. Let X be a real inner product space. Then the
following inequality holds:

lx+y|” <lxl> +2(px+y), VxyeX  (37)

Lemma 9. Let H be a real Hilbert space. Then the following
hold:

@) Ilx = yI* = x> = Iyl* = 2(x - y, y) forall x, y € H;

(b) IAx + pyll> = Alxl+ullyl® —Aullx — | forall x, y €
Hand A, p e [0, 1] withA +u=1;

(c) if {x,} is a sequence in H such that x,, — x, it follows
that

lim sup|x,, - y|* = limsup|x,, - x||* + [|x - y|*, Vy e H.

(38)

We have the following crucial lemmas concerning the W-
mappings defined by (13).

Lemma 10 (see [37, Lemma 3.2]). Let {T,},>, be a sequence
of nonexpansive self-mappings on H such that 0,2, Fix(T,,) # 0
and let {A,;} be a sequence in (0, b] for some b € (0, 1). Then, for
every x € H and k > 1 the limit lim, | U, ;x exists, where
U, x is defined by (13).

Lemma 11 (see [37, Lemma 3.3]). Let {T,}.2, be a sequence of
nonexpansive self-mappings on H such that 02, Fix(T,) 0,
and let {A,} be a sequence in (0,b] for some b € (0,1). Then
Fix(W) = n;2, Fix(T,).

Lemma 12 (see [38, Demiclosedness principle]). Let C be a
nonempty closed convex subset of a real Hilbert space H. Let T
be a nonexpansive self-mapping on C. Then I =T is demiclosed.
That is, whenever {x,} is a sequence in C weakly converging to
some x € C and the sequence {(I — T)x,} strongly converges
to some v, it follows that (I — T)x = y. Here I is the identity
operator of H.

Lemma13. Let A : C — H be a monotone mapping. In the
context of the variational inequality problem the characteriza-
tion of the projection (see Proposition 5(i)) implies

ueVI(C,A) & u=P;(u—-2AAu), A>0. (39)
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Lemma 14 (see [36, Lemma 2.5]). Let H be a real Hilbert
space. Given a nonempty closed convex subset of H and points
x, ¥,z € H and given also a real number a € R, the set

{v eC: ||y - v||2 <lx=vI*+(zv) + a} (40)

is convex (and closed).

Recall that a set-valued mapping T : D(T) c H — 2" is
called monotone if, for all x, y € D(T), f € Txand g € Ty

imply
(f-gx-y)=0. (41)

A set-valued mapping T is called maximal monotone if T is
monotone and (I+AT)D(T) = H foreach A > 0, where I is the
identity mapping of H. We denote by G(T') the graph of T'. It
is known that a monotone mapping T is maximal if and only
if, for (x, f) € HxH,{f-g,x—y) > 0forevery (y, g) € G(T)
implies f € Tx.Let A: C — H be a monotone, k-Lipschitz-
continuous mapping, and let N-v be the normal cone to C at
v € C; that is,

Nev={we H: {(v-u,w) >0,Yu € C}. (42)
Define
Ty — Av+ Nev, ?f veC, (43)
0, if v¢C.

Then, T is maximal monotone and 0 € Tv if and only if v €
VI(C, A); see [39].

Lemma 15 (see [36, Lemma 2.6]). Let C be a nonempty subset
of a Hilbert space H and S : C — C an asymptotically
k-strict pseudocontractive mapping in the intermediate sense
with sequence {y, }. Then

1
1-k

x (kfx- ]

[8"x = 8"y|| <

1+ =Ry -y + -k,
(44)

forallx,y e Candn > 1.

Lemma16 (see [36, Lemma 2.7]). Let C be a nonempty subset
of a Hilbert space H and S : C — C a uniformly continu-
ous asymptotically k-strict pseudocontractive mapping in the
intermediate sense with sequence {y,}. Let {x,} be a sequence
in C such that ||x, — x,,.1| — 0and |x, - S"x,[| — 0as
n — oo. Then ||x, — Sx,| — 0asn — oo.

Lemma 17 (see Demiclosedness principle [36, Proposition
3.1]). Let C be a nonempty closed convex subset of a Hilbert
space H and S : C — C a continuous asymptotically
k-strict pseudocontractive mapping in the intermediate sense
with sequence {y, }. Then IS is demiclosed at zero in the sense
that if {x,} is a sequence in C such that x, — x € C and
limsup,, _, Jlimsup, _, lIx, —S"x,ll = 0, then (I - S)x = 0.
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Lemma 18 (see [36, Proposition 3.2]). Let C be a nonempty
closed convex subset of a Hilbert space H andS : C — Cacon-
tinuous asymptotically k-strict pseudocontractive mapping in
the intermediate sense with sequence {y,} such that Fix(S) # 0.
Then Fix(S) is closed and convex.

Remark 19. Lemmas 17 and 18 give some basic properties of
an asymptotically k-strict pseudocontractive mapping in the
intermediate sense with sequence {y,}. Moreover, Lemma 17
extends the Demiclosedness principles studied for certain
classes of nonlinear mappings in Kim and Xu [35], Gérnicki
[40], Xu [41], and Marino and Xu [42].

Lemma 20 (see [43, page 80]). Let {a,},>,, {b,}.>,, and
{6,,}72, be sequences of nonnegative real numbers satisfying the
inequality

Ay <(1+9,)a,+b, VYnx1. (45)
Ify2, 68, <ocoand Y’ b, < oo, thenlim,_, a, exists. If,
in addition, {a,},_ has a subsequence which converges to zero,
thenlim, _, . a, = 0.

Recall that a Banach space X is said to satisfy the Opial
condition [38] if, for any given sequence {x,} ¢ X which
converges weakly to an element x € X, there holds the
inequality

limsup ||x, — x| <limsup|x, - y||, VyeX, y#x.
(46)

It is well known in [38] that every Hilbert space H satisfies
the Opial condition.

Lemma 21 (see [22, Proposition 3.1]). Let C be a nonempty
closed convex subset of a real Hilbert space H and let {x,} be a
sequence in H. Suppose that

1 — p||2 <(1+A,)]|x, - p||2 +68, VpeC, nx1,
(47)

where {A,,} and {5,,} are sequences of nonnegative real numbers
such that Y2/ A, < oo and Y2, 68, < oo. Then {Pcx,}
converges strongly in C.

Lemma 22 (see [44]). Let C be a closed convex subset of a real
Hilbert space H. Let {x,} be a sequence in H and u € H. Let
q = Pou. If {x,} is such that w,(x,) < C and satisfies the
condition

P P (19)

then x, — qasn — ©o.

3. Strong Convergence Theorem

In this section, we will introduce and analyze one iterative
algorithm by using a composite shrinking projection method
for finding a solution of the system of generalized equilibria
with constraints of several problems: a generalized mixed

equilibrium problem, finitely many variational inequalities,
and the common fixed point problem of an asymptotically
strict pseudocontractive mapping in the intermediate sense
and infinitely many nonexpansive mappings in a real Hilbert
space. Under appropriate conditions we will prove strong
convergence of the proposed algorithm.

Theorem 23. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let N be an integer. Let ©, ©,, ©,
be three bifunctions from C x C to R satisfying (H1)-(H4)
and let ¢ : C — R be a lower semicontinuous and convex
functional. Let A,A, : H — Hand B; : C — H be (-
inverse strongly monotone, {-inverse strongly monotone, and
n;-inverse strongly monotone, respectively, where k € {1,2}
andi € {1,2,...,N}. Let S : C — C be a uniformly con-
tinuous asymptotically k-strict pseudocontractive mapping in
the intermediate sense for some 0 < k < 1 with sequence
{y,} € [0, 00) such that lim,, _, .y, = 0 and {c,} C [0, 00) such
thatlim, _, ..c, = 0. Let {T,}"_, be a sequence of nonexpansive
mappings on H and {A,} a sequence in (0,b] for some b €
(0,1). Let V be a y-strongly positive bounded linear operator
withy € (1,2]. Let W, be the W-mapping defined by (13).
Assume that Q := N2, Fix(T,)NGMEP(®, ¢, A)NSGEP(G)N
ﬂfil VI(C, B;) N Fix(S) is nonempty and bounded where G is
defined as in Proposition CY. Let {r,;} be a sequence in [0, 2{]
and {a,}, {B,}, {0,}, and {5,} sequences in [0,1] such that
lim, , 0, = 0,0 < @« <, < l,andk <6, <d < 1L
Pick any x, € H and set C; = C, x; = P x,. Let {x,} be a
sequence generated by the following algorithm:

u, = Sin@"”) (I-r,

A)x

Vo = PC (I - /\N,nBN)
x P (I - AN—I,nBN—l) - Pe (I - /\l,nBl) Uy,

Zy = ﬁn'xn + UnGVn + [(1 - ﬁn) I- Gnv] WnGvn’
(49)
k,=90,z,+(1-9,)S"z,,

Yn = (1 - (xn) Xp T (Xnkn’
C,= {z €C,: |y, —z||2 < |x, - 2| +6n},

Xpp1 = Pe,, X0 Vn 21,

where 0, = (0, + ¥, )(L + y,)A,, + ¢, A, = supillx, - p||2 +
I =V)pI*/(F = 1) : p € O} < 00, % € (0,24, k € {1,2},
and {A; .} C la;,b] € (0,2n;), Vi € {1,2,..., N}. Assume that
the following conditions are satisfied:

(i) K : H — Risstrongly convex with constant o > 0 and
its derivative K' is Lipschitz continuous with constant
v > 0 such that the function x — (y — x, K'(x)) is
weakly upper semicontinuous for each y € H;



(ii) for each x € H, there exists a bounded subset D, ¢ C
and z,. € C such that, forany y ¢ D,,

O (1:z) +o(z) —9(»)
1 : (50)
+;<K (y)-K (x),zx—y><0;

(iii) 0 < liminf
lim inf

nooofn < limsup, B, < land 0 <

noooln < limsup, 7, <2C.

Then {x,,} converges strongly to x* = Pqx, provided that S£®"”)

is firmly nonexpansive.

Proof. As lim, ,,0, = 0,0 < liminf, B, <
limsup, , B, < 1 and 0 < liminf, 1, <

limsup, , 7, < 2{, we may assume, without loss of
generality, that {8,} ¢ [a,a] c [0,1], {r,} c [c,€] c (0,20)
and 8, + 0,|V|l < 1foralln > 1. Since V is a y-strongly
positive bounded linear operator on H, we know that

VI =sup {{Vu,u) :u € H,|lul =1} =2y > 1.  (51)
Taking into account that 8, + 0, ||[V| < 1foralln > 1, we have
<((1 - ﬁn) I- UnV) u, u) =1- ﬁn — 0, (Vu, u)
z21-p,-0,[VI (52)
> 0;

that is, (1 - 8,)I — 0,V is positive. It follows that

I(1-B)1-0,V]
=sup {{((1 - B,) I -0,V)uu) : u € H,lul =1}
= sup {1 - B, 0, (V,u) : u € H, Ju] = 1}
<1-B,-0,7.

Put

Ain =P (I - /\i,nBi) Pe (I - /\i—1,nBi—1) - P (I - Al,nBl)
(54)

foralli € {1,2,...,N}, and A(L = I, where I is the identity
mapping on H. Then we have v, = ANu,.
We divide the rest of the proof into several steps.

Step 1. We show that {x,} is well defined. It is obvious that
C, is closed and convex. As the defining inequality in C,, is
equivalent to the inequality

2 (%0 = y)>2) < %l = [yall” + 60 (55)

by Lemma 14 we know that C,, is convex for every n > 1.
First of all, let us show that Q ¢ C,, for all n > 1. Suppose
that O ¢ C, for some n > 1. Take p € Q arbitrarily. Since
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p = SO?(p —r,Ap), Ais {-inverse strongly monotone, and
0 <r, <2, wehave, foranyn > 1,

-
= [$©91 - 1, )x, - SO - 1, A)p|
<|(1-r,4)x, - (1-7,4) p|°
= (x, = p) - 7, (Ax, - Ap)|°
= |, = pI = 27, (x, - p, Ax, - Ap)
+ 2] Ax, - Ap|’
< |lx, - ol - 2r.8 | Ax, - Ap]*
+ 2] Ax, - Ap|’
= |, = oI + 7, (r, = 20) | Ax, — Ap|]
< |lx. - ol

(56)

Since p = Po(I - A;,B)p, A p = p, and B, is #;-inverse
strongly monotone, where A;,, € (0,2#;),i € {1,2,..., N}, by
Proposition 5(iii) we deduce that for eachn > 1

Iv. - 2l
= ”Pc (I = AnuBy) Ai]_l’/‘n = Po (I = An,By) AIr\Z—lP“

£ ”(I ~ AnnBN) AN, - (1- AnaBy) AIZ_lpn

n

N-1 N-1
< -]

< ”Aonxn - Aonp"
= [u, - -
(57)
Combining (56) and (57), we have

Iva = 2l < %, - pll- (58)

. _ e 0,7 . r
Since p = Gp =T, " (I-v; A )T, > (I-v,A,) p, A is {,-inverse
strongly monotone, fork = 1,2,and 0 < v, < 2{; fork = 1,2,
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we deduce that, forany n > 1,
|Gv, - oI
= “Tgl (I- lel)TS2 (I-v,A,)v,
2
_TSI (I- lel)Tiz (I- VzAz)P"
< ”(I - lel)sz)2 (I-2,4,)v,
2
-(I-nA) Tiz (I- VzAz)P”
= "[TSZ (I=745)v, - Tiz (I-74,) P]
2
" [AITSZ (I=4,) v, - A1T22 (I- VzAz)P]”
2
< |12 (1= v,4,) v, - T (I-1,4,) p|
+vy (v - 20))
x AT~ vy A ), — A, TN - v, A)p|

<

2
TSZ (I=74,) v, ~ sz)z (I-7,4,) P”

< ”(I —1A,) v, — (I - VzAz)PHZ
= ”(Vn —p) =7y (A, - Azp)"Z
< ”Vn - P”2 +7, (VZ - 2(2) ”AZVn - AZP”Z

2
< v - pl
(59)

(This shows that G is nonexpansive.) Also, from (49), (53),
(58), and (59) it follows that

|z - ol
=B, (x, = p) + 0, (Gv, = p) + [(1 = B,) I - 0, V]
x (W,Gv, = p) +0,I=V) p|
< Bullx. = pll + 0, |Gy, - p|
+ (1= B) I =0, V] (W,Gv, - p)|
+0, (1= V) p|
< B, % - pll + 0. |G, - Pl
+(1= By~ 0,7) [W,Gv, - pl
+0, [T -V)pl
< Bu % = pll + v [Gva - £
+ (1= B, = .7) |Gv, - pl
+y, 1= V) p|
=Bullx—pl+(1-B,-0,(¥y-1))

x |Gv, - p|| + 0, [T -V) p|
<Bulxn—pl+ (- B0, (¥ -1))
X [[vn = pll + 0, [T = V) p
< Bullxa=pl+(1 =By =0, (7~ 1))
x ||, = pll + 0, (1 = V) p
=(1-0,F-1)[x, - pl + 0, [T-V) p|
- (-0, G- D)~ pl (71 D2,
(60)

which hence yields

”Zn _pllz < (1 — 0y (?_ 1)) "xn _p||2

_ Ja-vp)?
+0,(y-1) W (61)
» Ja-vp)
< ||xn —p|| +on—?_1 .

By Lemma 9(b), we deduce from (49) and (61) that

Ik, - |’

=6, (20— p) + (1-6,) (8", - p)I

= 8,1z, - pl* + (1= 8,) 8"z, - p|
~8,(1-8,) |z, - "z’

<8z, - p* +(1-3,)
x [(U+p) 20 = oI + Kllzs = Szl " + <]
=8,(1-3,) |z, - 8"z’

= [ +y, (1=8)] 2 — oI + (1-3,)

x (k=8,) |z, = S"z,|" + (1-8,),

(62)

<(1+y) |z - pl* + (1-3,)
x (k - (Sn) “zn - Snzn"2 TG

< (1 +Vn) ”zn—P”2 TG

+,

(1-v)p|’
< (1+y,) ("xn —P”Z +Un"?Tp”>
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So, from (49) and (62) we get

Iy, - ol
= (1 -a,) (x, - p) + @, (k, - p)|’
< (1-a,) %, - ol + Ik, - pI*
<(1-a) |, - £l

s 0o (- P+ )

2
<on) (sl o290 )

= s = oI + vl - oI

la-vpl |

+(1+y,)0, T G

< ”xn - P”z + Vn (1 + Yn) “xn - P"2

||(1 V) p|’
+O'n(1+'y ? ¢,
<Jxu =2 + (Gt o) (L4 3) I =
I-v
+<on+yn)(1+yn>"‘?f)f’“+cn

=[x, = pI* + (0, + 1) (1 +7,)

e la=vpl’
><<||xn ol + =1 +c,

< x, =PI + (0, + 1) L+ 1) A, +,
= ”Xn - P”2 + 6,
(63)

where 6, = (0, +,)(1 +,)A,, +¢,and A, = sup{||x, — pl* +
I(T=V)pl*/F = 1) : p € O} < co. Hence p € C,,,. This
implies that QO ¢ C, for all n > 1. Therefore, {x,} is well
defined.

Step 2. We prove that ||x,, — k,| — 0, ||x,
1S"z, — z,ll = Oasn — co.

Indeed, let x* = Pqx,. From x,, = P; xpand x* € Q C
C,,, we obtain

-z, — 0,and

I = ol < %" = x| - (64)

This implies that {x,} is bounded and hence {u,}, {v,}, {z,},
{k,}, and {y,} are also bounded. Since x,,,; € C,,; € C, and
x, = P x,, we have

[, = xoll < %1 = %0f, ¥R >1. (65)
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Therefore lim,, _, . [|x,, — x, | exists. From x,, = P x,,
C,., ¢ C,, by Proposition 5(ii) we obtain

Xn+1 €

Feues = 25ll” < o = 0l = o = % (60)
which implies
nli_{TgO "xn+1 - xn" =0. (67)
It follows from x,,,, € C,,, that |y, — X1 1> < %, = %01 >+
0,, and hence
“xn - )’n“z
<2 ("xn - xn-f—l“2 + "xn+1 - yn“z)
, , (68)
<2 ("xn - xn+1“ + "xn - xn+1“ + 671)
=2(2)x, = X1 |* +6,) -
From (67) and lim,,_, . .0, = 0, we have
nangO ”xn - yn” =0. (69)
Since y, — x,, = «,(k, — x,) and 0 < & < &, < 1, we have
o ”kn - xn" S oy "kn - xn” = "yn - xn" > (70)
which immediately leads to
Jim [k, - x,[ = 0. (71)

Also, utilizing Lemmas 8 and 9(b) we obtain from (49), (58),
(59), and (62) that

E
= "ﬁnxn + anGVn + [(1 - ﬁn) I- onV] WnGvn - P"2
=B, (x, = p) + (1 = B,) (W, GV, - p)
+0, (Gv, — VW,,Gvn)"2
"ﬁn (x +(1_Bn) (WGV _P)”
+ 20, {(Gv, - VW,Gv,),z, — p)
= /3n"xn - P”2

=B, (1-B,) |x,
+20, {(Gv, - VW,Gv,) .2, - p)

+ (1 - ﬁn) ”WnGvn - p"2

- W,G,|*

< Bn"xn - P”2 + (1 - ﬁn) ”GVn - p”2
- ﬁn ﬁn) ||x ‘/VnGVn”2
+ 20’n "Gvn - VWnGVn" "Zn - P”
< /3n||xn - p”2 + (1 - ﬁn) ”Vn - pllz

- ﬁn ﬁn) “x WnGVnHZ

+20,||Gv, - VW,Gv,| ||z, - pl
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< ﬁn"xn - P”Z + (1 - ﬁn) "xn - pllz
- ﬂn (1 - ﬁn) ”xn - WnGVnHZ

+20,||Gv, - VW,Gv,| ||z, - Pl

= "xn - P”Z - ﬁn (1 - ﬁn) "xn - ‘/VnGVn"2
+20, |GV, = VW,Gv, | ||z, - pll

and hence

Iy, - oI
< (1-a,) %, = oI + Ik, = oI
< (1-a,) %, - ol
+ o, [(1+3,) |2 = ol + ]
< (1-a,)x, - p|
+a, [(1+7,)
x (%, = pI* = B, (1= B,)

x ||x, - WnGvn”2

(72)

+ 20, ||Gvn - VWnGvn” ||zn - p||) + cn]

< (1= ), = pI* + o, (14 )
x (% = plI” = B, (1= B,) 1%, = WG, |
+20,|Gv, = VW,Gv, | |z, - pl) +c,
< (1=a,) [, = oI + e, (14 3,) [, = oI
—a, (1+7,) B, (1= B,) %, - W, Gv, |
+ (1 +y,) 20, |G, = VW,Gv,| |12, - pl| + <,
< (149, |, - ol -, (1+9,)

x ﬁn (1 - ﬁn) "xn - VVnGVn”2

+ ZO'n (1 + yn) “Gvn - VWnGVn“ “zn - p“ + Gy

So, it follows that
@ (1 + YH) a(l-a) ”xn - WnGVnHZ
s« (1 + YH) ﬁn (1 - :Bn) ”xn - WnGVnHZ

< Joew = I = Iy = 217+ valls = I
+20, (1+7,) [Gv, = VW,Gv,| |z, - pl + <,

(73)

1

< e = gll Qb = 21+ 19 = 1) + vl = 2

+20, (14 3,) |Gy = VW,Gv| 12, = ol + 6.
(74)

Since lim,, _, ,,0,, = 0, lim, , .y, = 0,and lim, , ¢, = 0
it follows from (69) and the boundedness of {x,}, {y,}, {z,},
and {v,} that

>

lim |x, - W,Gv,| = 0. (75)

n— 00

Note that

"zn - xn”

= "(1 - ﬁn) (WnGvn - xn) + 0y (Gvn - VWnGVn)"

(76)
< (1-B) [W,Gv, - x| + 0, |Gy, - VW, G|
< |W,Gv, - x,|| + 0, |GY,, - VW, G, -
Hence, it follows from (75) and lim,, _, ,,0,, = 0 that
,,h_,néo “xn - Zn" =0. (77)
Note that
“kn - Zn” < ”kn - xn” + ”xn - Zn" : (78)
Thus, we deduce from (71) and (77) that
nILr%O "kn - zn" =0. (79)

Since k, —z, = (1-96,)(S"z, —z,) andk < §, <d < 1, we
have

(1-4d)|8"z, — z,|| < (1=-6,) |S"z, — z,|| = |k — 2| >
(80)

which, together with (79), yields
nh_{%o IS"2, - 2| = 0. (81)

Step 3. We prove that ||lx,, — u,| — 0, ]x,—v, | — 0, v, -
Gv,| — 0,|x,-Wx,|| — 0,and|z,-Sz,|| — O0asn — oo.
Indeed, from (57), (59), and y € (1,2] it follows that

2
Iz, - 2l
= "/311 (xn - p) + 0y (Gvn - P)
+ [(1 - /311) I- anV] (WnGvn - p)

o, (- V) p|’



12

"ﬁn Xn — +G ( Vn_P)

+ [(1 - ﬁn) I- Gnv] (WnGVn - p)"2

+20, ((I-V) p.z, - p)
< [Bu |, = pll + 0, |Gy, - p
+(1- B, - 0,7) [W,Gv, - pll)?
+20, (1 = V) p| |z, - p|
< [By |xn = pll + 0, |Gv, - p
+(1=B,=0,9) |Gv, — p|l)’
+20, (1 - V) p| |z - Pl

= [Bullxn = pl+ (1= B, =0, (¥ - 1))

x |G, - p|I*
+20, |1 = V) p|l ||z - pll

< [Bn "xn - P“ + (1 - JBn) ||Gvn - P"]2

+20, |- V) p| |z, - p|

< ﬂn"xn - P”Z + (1 - ﬁn) "Gvn - p“Z

+20, 1= V) p| |2, - Pl
< Bl - ol + (1= ) v - I
+20, (1= V) p|l |2, - p|

< ﬁn"xn - pllz + (1 - ﬁn) "un - P"2
+20, |(1-V) p|l |z, - p|-

Next let us show that
Jim o, — [ =
For p € O, we find that
- oI

5,1@@) (I - rnA) Xy~ (® (p) (

< ”(I - rnA) Xp — (I - rnA) P“
= ”xn —p—1 (Axn - Ap)||2
< |x, - p||2 +7,(
Combining (82) and (84), we obtain
2
Iz, - pl
< ﬁn”xn - p"2 + (1 - ﬂn) ||un - P||2
+20, (I -V) p| |2, - p|

. —20) |Ax, - Ap||2.

(82)

(83)

(84)

DN | =
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< Bullx, — pl* + (1-B,)
x [l = pl* + 7.
+20, |- V) p |z, - pl

= x, = ol + (1= B) 1 (1, - 20)

x || Ax, = Ap|* + 20, |(1 = V) p|| |z, - p|»

20) | Ax, - Ap[]

(85)
which immediately implies that
(1-a)c(2{ -0) |Ax, - Ap|*
< (1 - ﬁn) Tn (2( - rn) "Axn - Ap"2
2 2
= "xn - p” - ”zn - P“ (86)
+20, [(T-V) pll |2, - p|
< [xn = 2l (1, = 2l + 120 = 2I)
+20, [(1=V) p| ]|z, - Pl -
im,_, .0, = 0 and {x,} and {z,} are bounded
sequences, it follows from (77) that
nango ||Axn - Ap" =0. (87)

Furthermore, from the firm nonexpansivity of S$®"”), we have

(I-1,A4)x, - SO (I -r,4) p|

< <(I_rnA)xn_(I_rnA)P’un_P>

1
= E [”(I _rnA) Xp — (I - rnA) P“z + “un _pllz

(1 - 7, A) x, — (1 - (1, - P)I']

< =[x, = " + s - I

_"xn U, Ty (Axn - Ap)"2]

1 2 2
5 U= 2+l = I = s = ]

+2r, <Axn - Ap’ Xn — un> - Fﬁqun - Apllz] >

(88)

which leads to

Jota = I < I = oI =, =

+2r, ”Axn - Ap” ”xn - un” .
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From (82) and (89), we have
2
Iz, -l
< /jn”xn - P||2 + (1 - ﬁn) ”un - p"2
+20, (1 - V) p| |2, - Pl
< ﬁn”xn - p”2 + (1 - ﬁn)

x [l = I = o = w1,

(90)
+2r, | Ax, - Ap| |x, ]
+20, (1= V) p| |z, -
= "xn - p”2 - (1 N ﬁn) ”xn - unllz
+ 21, “Axn - Ap“ “xn - un”
v 20,0~V plbeo ol
which hence implies that
"xn B ”n"2
< "xn - p”2 - ”Zn - P“2 +2r, "Axn - Ap"
x|z = ]| + 20, [T = V) pl 12, -
< I = 2all (1 = ol + 120 - 21D
+2r, | Ax, = Ap]| |, — |
+20, |-V p| |12, - Pl -
(1)
Since lim,, , 0, = 0 and {x,}, {u,}, and {z,} are bounded

sequences, it follows from (77) and (87) that (83) holds.
Next we show that lim,_, IIB;A,u, — B;pl = 0, i
1,2,..., N. As a matter of fact, observe that

% = ol

= |Pe (1= 4,,B) A, P (1 1,,,B)

< ”(I ~ AinB;) A’}Ilun = (I=2;,B) P”z
S ”Air:l”n - P"2 + i (A = 211) "BiAi;l”n - BiP"2
< oty = P17+ Xi (i = 21) | BN, = B

< oty = I + i Ay — 20) | B, ~ Bip|
(92)
Combining (59), (82), and (92), we have
Iz, - oI’
< Bullxw = o + (1= ) v - oI’
+20, (1= V) p| |2 - Pl

13
< Bullxo = ol + (1= B) [N, -
+20, (1 - V) p| |z - P
< Bulw = pl* + (1-5,)
% [ = PP + A (N = 20)
x| B w, - Bip| ]
+20, (I = V) p| |z, - Pl
=l = 21" + (1= B,) Ay
x (A 20:) | BAS w, — Bip||
+20, = V) p|l |z, - Pl
(93)

which together with {A;,} ¢
{1,2,..., N}, implies that

[a;,b] < (0,24;), Vi €

(1-a)a; (2n; - b) “BiAirjlun - BiP“z

BiAirzlun - Bip"2

< (1) A (21~ 1)
O R R R (Y, I
<ol
< I =2l (2, - o1 + 20 - £1)
+20, - ) ol Iz, ~ ol

Since lim, , o0, = 0 and {x,} and {z,} are bounded

sequences, it follows from (77) that

lim |BAY'w, - Bp|=0, i=12,..,N. (95

n— 00

By Proposition 5(iii) and Lemma 9(a), we obtain

; 2
Anun - P"

= [P (1= 20,8 A, = P (1= 2,,8) o

im=i

< <(I - /\i,nBi) Airjlun - (I - /\i,nBi) p’ Ainun - p>
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%(" (I-A5,B) A, — (- 1,,B,) p||
+ A%, - p|| — @ - 2A,,B) A
—u—amBap—(Amu—pwﬁ
< 5 (I = ol + = o

—“A’;lun - Ainun —Ain (BiAi;IMn - B,~p)||2)

T i L

1" n n

Ay — A, - A, (B —Bp)||2)

< 3 (b= ol + |-

Ay = A, = A (B, - B)[),

which implies

|, - ol

<[, - ol

A% = Ay~ A (B, — Bip) [
= b= oI - 5, - Ao

- A3 B - Bl

+ 20 (N = Ayt BN, = Bip)
<l = ol - 5~

- A, - Bip.

Combining (59), (82), and (97), we have

2. - I
< Bullxa = pl* + (1= B) Iva - 2l
+20, [(1-V) pll 2. - Pl
< Bulxw = pl* + (1-5,)
+20, |[(1-V) pll 2. - Pl
< Blxu—pl +(1-B)

X [”xn - P"Z - "Air:lun - in n

i 2
Anun _P"

2

(96)
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+ 20, | Ay — AL | BA —Bp”]

+20, |1 - V) p|| |z, - p|

i i 2
< "xn - pHZ -(1- Bn) ”Anlun - Anun“
+ 2/\i,n Al;l”n - in n i;1 n Bip“
+20, (I -V) p|l |2, - p|-
(98)
So, we conclude that
i—1
i P2
< (1 - ﬁn) “Alnlun - Alnun”
<l ol - e - ol
+2A, A i T n _BiP“
+20, [T -V) p| |z, - p|
= "xn - Zn” (”xn - P" + "Zn - P")
+ 2bi "Ai;lun - in n i i;1 n Bip"
+20, (- V) p|l |z, - p|-
(99)

Since lim, _, ,0,, = 0 and {x,}, {z,,}, and {u,} are bounded,
from (77) and (95) we get

nli—{%o "A’;lun - Ainun" =0. (100)
From (100) we get
et = v
(101)
+eet Al;j_lun —0
as n — 00.
Taking into account that ||x, — v, || < llx,, —u, || + llu, — v, |, we
conclude from (83) and (101) that
lim |x, - v,| = (102)

n— 00

On the other hand, for simplicity, we write p = Tfj 2(I -
AP, Y, = TSZ(I - A,)v,, and w, = Gy, = TS‘(I -
v,A,)V, for all n > 1. Then

p= GP:TS?] (I-vA)p

= Tffl (I- ”1A1)TSZ (I-%,4,)p.

(103)
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We now show that lim,_, IGv, — v,| = O0; that is,
lim, _, o llw, — v,| = 0. As a matter of fact, for p € Q, it
follows from (58), (59), and (82) that

I, - f

< Bl = oI+ (1= B G, oI’
+20, 1= V) pl |z -

= Bl = pIF + (1= B) |w, - oI
+20, (= V) p| |z - 2|

< Ballxa = oI + (1= B,)
[
+20, 1= V) pl |z - pl

< Blxn - P+ (1= B,)

x [”Vn - P”2 + 7, (v, = 20,) ”A2Vn - AzP"2

~20,) A7, — A, B]

. (104)
+v, (v, = 2¢) ”Al"jn - Alp” ]

+20, 1= V) pl |z, -
< Bullx, = oI + (1= B)
vy = 20,) [Agv, - Ayp|
+vy (v = 20) A7, - Al:ﬁ”Z]
+20, (- V) p| |z, - ]
=l pl + (1= 5,)

X [Vz (v, =28,) | Ayv, — AzP"2

_P||2+Vz(

X [||xn

+v, (v, = 2¢) ”Alvn - Alfnz]

+20, (1= V) p|| |z, - P>

which immediately yields

(1-a)[v, (2, = %) | Ay, - Asp|
1 (24, =) |47, - 4B ]
< (1-B,) [ (20 - %) |4, - Asp|°
#7126 =) |47, - A7)
< lxu = pl* = 2 = 21" + 20, |1 = V) pl 12, -
< %0 = zall (1% = 2l + 120 = PII)

+20, [(1=V) pl| |z, - p] -
(105)
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Since lim,, _,
(77) we get

0, = 0 and {x,} and {z,} are bounded, from

lim Ay, - Ayp| =0, lim A7, - AP =

(106)

Also, in terms of the firm nonexpansivity of Tfi * and the (-

inverse strong monotonicity of A, for k = 1,2, we obtain
from v, € (0,20;), k € {1,2}, and (59) that

¥, - 5l
= “TVO;2 (I-7v,4A,)v,
<((I=v4,)v, - (I
= % [”(I —1A5)V,

-1 =»,4,)

- TSZ (I-7,4,) PHZ
~v,4,) p, v, — P)
= (1=%4,) p|* + 7, - B’
~(I=7A,)p-(¥,- 13)“2]
1
ng—ﬂlﬂw—pﬂ
_" =7 (A, = Ayp) - (p- 13)"2]
=%Nm—ﬂfﬂmrﬁW—Mm—%%%p—@W
+ 27/2 <(Vn _vn) - (p - ﬁ) ’AZVn - A2p>
_v§||A2vn - A2p||2] )
e, - oI
= |9 (1= ma) 7, - T (1= 94, B
<((I-vA,)%,-(I-7A,)pw,-p)
= 047, - @A) B+, ~ o

_"(I - ’VlAl)vn - (I - VlAl)ﬁ_ (wn - p)"2]

1

< 2 (17 = B + = I - 15 +(p-P)I°
+ 21’1 <A1’17n - Alﬁ’ (’17,1 - wn) + (p - ﬁ)>
147, - A5[]

< > [ 2 + e - 2 = 15— ) + (o~ B

w,) +(p-p))].

+2v, (A7, - A p, (¥, -

(107)
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Thus, we have

17 = B < v = 21 = 10 = %) = (p = DI

+ 21}2 <(Vn _vn) - (p - ﬁ)’AZVn - A2p>
=4, - Azpls
(108)
lwn =2l < Iva = I =G —w) + (p - 17)||2
+29 A7, = AP | (7 —wa) + (p - D)
(109)

Consequently, from (58), (104), and (108) it follows that

El
Sﬁn“x _p"2+(1_ﬁn
X[”" P” +; (v, - 2C1)||A1“7n_A11~’”2]

+20, (- V) p|l |2, - 2|
< Bullxu = oI + (1= B) 7 - BI

+20, |[(1-V) p|| |2, - P
< Bullxw = pl* + (1-5,)

<[Iv = 2" =10 = 7) - (o= DI’

+ 29, ((vy = V) = (P~ P)» Ay, — Asp)

Al

+20, |[(1=V) p|| |1z, - P
< Bullx, = pl* + (1= B,)

x [l = pI” = (v -

—v§||A2vn -

-(p-p)I’

+25, (v, = 7,) = (p - D) 1429, - A.p]
+20, (- V) p|l |z, - £l

< = 2I° = (1= BN =7) = (2 - DI

(p = P A2v, = Azpl

+20, (1= V) p|| |2, - Pl

+27, ”(Vn - 7n) -

(110)
which hence leads to
(1-a)|(v,-7) - (p- P)I
<(1=B) (v =7,) -
< - plI* = lzu - £

(r-p)I°

Abstract and Applied Analysis

+29, (v = 7) = (2= D) A2 - Asp|
+20, (I =V) p| |2, - Pl

< [, = zall (I = 2l + 12 = 21)
+29, (v, = 7,) = (p = P |1 A2vs — A2p|

+20, (1= V) p|| |z, - p|-

an)
Since lim, _, ,,0, = 0 and {x,}, {z,}, {v,}, and {¥,} are

bounded sequences, we conclude from (77) and (106) that
Jim [|(v, -%,) - (p-P)| = 0. (112)
Furthermore, from (58), (104), and (109) it follows that
Iz - 2l
< Bl = oI + (1= B,) [, pI
+20, (1= V) p| |}z, - 2l

< Bullx, = pl* + (1= B,)
<[, - pI* = 1@ = w,) + (2 - DI
+ 20 |47, - A B 7, - w,) + (p - )]
+20, (1= V) p| |z, - p|
< Bullx, = pl* + (1= B,)
x [l = ol = 17 = w,) + (p - i>“)l|2
+2v A7, - AP (7 - w,) + (p - )]

+20, (1= V) p|l |z, - Pl

< %, = pl* - (1= B) |3, — w, +(p—13 )|*
+ 20 A7, ~ A B | (7~ w) + (p - B
+20, |1 = V) pl |2 - pll»

(113)
which hence yields
(1-3) (7, —w,) +( p—ﬁ)llz
<(1-BIE, - w,) + (p-P)I’
< |x, - pl’ —||z —pII +2n 4,7, - A, B
|~ w,) + (p-P)I 1)

+ 20, (I - V>p|| |z - £l

< [0 = zafl (1, = 2l + 12 = 2l
+2v, A7, = AP | (7, - w,) + (p = P
+20, |- V) p| |z, - P -
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Since lim, , 0, = 0 and {x,}, {z,}, {w,}, and {¥,} are
bounded sequences, we conclude from (77) and (106) that

Jim |7, -w,)+(p-p)| =0. (115)
Note that

”Vn - wn" < ||(Vn _vn) - (p _ﬁ)“ + ”(’17,1 - wn) + (P - ﬁ)" :
(116)

Hence from (112) and (115) we get
Jim v, -G, [ = lim |v,~w,[=0,  (117)
then by (75), (102), and (117), we have
——
< [ty = WG + W, G~ Wi, |
< |x, = WG| + |Gy, — x| (118)
< 160 = W, G |+ 16, = vl + I = 2] — 0
as n — 0.
Also, observe that
I = Wkl < e, = Wi, | + Wi, - Wi, | 19)

From (118), [45, Remark 3.2], and the boundedness of {x,,} we
immediately obtain

lim [|x, - Wx, [ = 0. (120)
In addition, from (67) and (77), we have
—_—
< zner = Xt |+ X1 = %]l + %0 = 2] — 0 (120)
as 1 — OQ.

We note that

”S"zn - S"“zn“ < 8"z, = 2| + |20 — Zpsa |

T ||Zne ~ Snﬂznﬂn (122)
i sz, - 5™z .
From (81), (121), and Lemma 15, we obtain
lim_|$"z, - 8"z, | = 0. (123)
In the meantime, we note that
Iz, = Sz,|| < ||z, — S"z,| + ”S"zn - S"“z,,“
(124)

+1
+ “S” z, - Sz,

From (81), (123), and the uniform continuity of S, we have

Jim |z, - Sz, = 0. (125)
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Step 4. We prove that x, — x* = Pyx,asn — ©o.

Indeed, since {x,,} is bounded, there exists a subsequence
{xni} which converges weakly to some w. From (102), (83),
(100), and (77), we have that v, — w, u, — w, ALy, —w,
and z, — w, where m € {1,2,...,N}. Since S is ﬁniformly
continuous, by (125) we get lim,, , .|z, — $"'z, || = 0 for any
m > 1. Hence from Lemma 17, we obtain w € Fix(S). In
the meantime, utilizing Lemma 12, we deduce from v, —
w, x, — w, (117), and (120) that w € SGEP(G) and w €
Fix(W) = ﬂ;l“;l Fix(T,) (due to Lemma 11). Next, we prove
that w € NY_, VI(C, B,,). As a matter of fact, let

T

m

B Nqv, € C,
v:{ 2Vt Nev, v (126)

0, v¢C,

where m € {1,2,...,N}. Let (v,u) € G(Tm). Sinceu — B,,v €
Ncvand AT u, € C, we have

(v—=ATu,,u—B,v) >0. 127)

n>

On the other hand, from A”'u,, = Po(I - A, B, )A” 'u, and
v € C, we have

<v - AN, AT, - (Arz_lun ~ A BmAys_lun» >0,
(128)

and hence

Au, — A"y
<v - Au,, "A—” + BmA’;‘lun> >0. (129)

m,n
Therefore we have
<V - Arziuni’ Lt>

> <v — At Bmv>

> <v — At Bmv>

m m—1

A A”iu”i A”i Uy, B Am—l

-\~ n,-un,-’ 2 + by, n; Uy,
m,n;

i

_ m m
= <v - Ay, B, v - BmAn,.”ni>
m m m—1
+(v- A u,,B, Ay u, —B, A, )

m m—1
Am A n; u”i - A n; u"i
- (VA U -
m,n;

i

m m m—1
> (v-Ayu,,B,Nnu, - B, A7 u, )

m m—1
A" A n; u"i - A n; u”i
- V- niuni, —A .
mn;

i

(130)

From (100) and since B,,, is uniformly continuous, we obtain
thatlim,, _, o, |B,, Ayt = B,, A"l = 0. From A u, — w,

n— 00
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Apnt € la,b,] € (0,27,), Ym € {1,2,...,N}, and (100),
we have

v—w,u) >0. (131)

Since T,, is maximal monotone, we have w € T,'0 and
hence w € VI(C,B,,), m = 1,2,...,N, which implies w €
nN_, VI(C, B,,).

Next, we show that w € GMEP(®, ¢, A). In fact, from
u, = Sin@"")(I - r,A)x,,, we know that

O (uy y) + 9 (¥) — 9 (u,) + (Ax,, y —u,)

(132)
L <K'(un)—K’(xn),y—un> >0, VyeC.
rﬂ
From (H2) it follows that
¢ (y) =9 () + (Ax, y — )
1
+r_<K, (un)_K, (xn)>y_un> 2®(y’un)’ (133)
Vy eC.
Replacing n by #;, we have
9 () -9 (u,) + (Ax,y - u,)
K'(u,)-K'(x,
N < () - K ( ’),y—un.> > 0(pu,), (134)
T, i i

Yy eC.

Putu, =ty + (1 -t)wforallt € (0,1] and y € C. Then from
(134) we have

<ut Uy, Aut>

> <ut - uni,Aut> —o(u)+ ‘P(”n,-) - <ut - “n,-’Axn,.>
! _ !
_ <K (u"") K <xn"),ut _”n,-> +®(ut,uni)

> <ut - U, Au, - A”n,.> + <ut - u,, Au, — Axni>

ACHRX (”n,-)

(135)

Since IIuni - X, | — 0Oasi — o0, we deduce from the
Lipschitz continuity of A and K’ that lAw, — Ax, | — 0

and IIK'(uni) - K'(xni)ll — 0asi — oo. Further, from the
monotonicity of A, we have (u, —u,, Au, — Au, ) > 0. So,

from (H4), the weakly lower semicontinuity of ¢, (K '(uni) -
K'(x,,i))/rni — 0Oand U, — w,we have

as i — 00.
(136)

(U~ w, Auy) > ~9 (1) + ¢ (W) + O (u, w),

Abstract and Applied Analysis
From (HI), (H4), and (136) we also have

0=0 (up,u,) + () - (u)
<10 (u;, y) + (1 - ) O (u,, w)
+tp(y) + (1 -1) @ (w) — ¢ (u,)
=t[0(upy) + ¢ (¥) — ¢ (uy)]
+(1=1) [0 (u, w) + ¢ (W) — ¢ (W) ~ 9 (11)]
<t[0(uy) + o (y) — ¢ (u)]
+(1-t) {u, —w, Au,)
=t[0(u y) + ¢ (y) — ¢ (uy)]
+(1-t)t{y-w,Au,),

(137)

and hence

0<0(upy)+o(y)—o(u)+(1-1)(y-w Au,).
(138)

Lettingt — 0", we have, for each y € C,

0<0(wy)+9(y)—pw)+ (Aw,y—w).  (139)

This implies that w € GMEP(®, ¢, A). Consequently,
w e Q = n2, Fix(T,) N GMEP(®, ¢, A) n SGEP(G) N
ﬂfil VI(C, B;) n Fix(S). This shows that w,,(x,) ¢ Q. From
(64) and Lemma 22 we infer that x, — x* = Pyx, as
n — oo. This completes the proof. O

Corollary 24. Choose N = 2 in Theorem 23. For any x,, € H,
C, = C, and x, = Pg, x,, the iterative scheme (49) reduces to
the following iterative one:
u, = SO (1-1,A) x,,
vy = Po(I=Ay,By) P (I = Ay ,By)
2y = Bun + 0,Gv, + [(1= B,) I = 0, VI W, G,
k,=90,z,+(1-6,)S"z,, (140)
o= (1= ) x, + &k
Con ={z€Cp: =2l s x,~ 2 +6,},

Xy =P Xp» VM 21,

where 8, = (, +y,)(1 + p,)A, + ¢, A, = sup{|x, — pl* +
IT-V)pl* /(- 1) : p € O} < 00, % € (0,20, k =
1,2, and {A;,} < [a,b] < (0,21), i = 1,2. Then {x,}
converges strongly to x* = Pox, provided that S is firmly
nonexpansive.
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Corollary 25. Choose N =1 and T, = I the identity operator
of H in Theorem 23. For any x, € H, C, = C, and x, = P¢, x,
the iterative scheme (49) reduces to the following iterative one:

Uy

= Si?"p) (I-r,A)x,
Vi = PC (I - /\l,nBl) >
z, = Byx, +(1-B,)Gv, +0,(I-V)Gv,,
k,=08,z,+(1-6,)S"z, (141)
Yn = (1 - (xn) X, + (xnkn’
Coiy = {z €C,: |y —z||2 < |x. - z||2 +6n},

Xp = Pg, Xp V21,

where 0, = (0, + y,)(1 + y)A, + ¢, A, = sup{llx, — plI* +
I =V)plI*/F = 1) : p € Q} < 00, % € (0,25), k = 1,2,
and {A,} C [a,b] € (0,2n,). Then {x,} converges strongly

to x* = Pox, provided that %) is firmly nonexpansive.

Proof. In Theorem 23, putting N = 1 and T,, = I the identity
operator of H, we have W, = I. In this case, we get

2y = ﬁnxn + UnGvn + [(1 - ﬁn) I- UnV] WnGVn

= B,x,+0,Gv, +[(1-B,)I-0,V]Gv, (142)

=B.x,+(1-B,)Gv,+0,(I-V)Gv,.

So, the iterative scheme (49) reduces to the iterative one (141).
Utilizing Theorem 23, we derive the desired result. O

Remark 26. Theorem 23 extends, improves, supplements,
and develops Ceng et al’s [20, Theorem 1] in the following
aspects.

(i) The problem of finding a point

N
x" € (| Fix(T,) N GMEP (©,¢, A)N
i=1
(143)

N
SGEP (G) n{ | VI(C, B;) N Fix(8)

i=1

in Theorem 23 is very different from the problem of finding a
point

x" en2, Fix(T,) N GMEP (®, ¢, A) N SGEP (G)  (144)
in Ceng et al’s [20, Theorem 1]. There is no doubt that
our problem of finding a point x* € n72 Fix(T,) N
GMEP(O, ¢, A) N SGEP(G) n ﬂ£1 VI(C, B;) N Fix(S) is more
general and more subtle than the problem of finding a point
x* € N% Fix(T,) N GMEP(®, ¢, A) N SGEP(G) in [20,
Theorem 1].

(ii) The iterative scheme in [20, Theorem 1] is extended
to develop the iterative scheme in Theorem 23 by the virtue
of Mann-type iterative method and the shrinking projection
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method. The iterative scheme in Theorem 23 is more advanta-
geous and more flexible than the iterative scheme in [20, The-
orem 1] because it involves solving four problems: the GMEP
(5), the SGEP (12), finitely many variational inequalities, and
the common fixed point problem of an asymptotically strict
pseudocontractive mapping in the intermediate sense and
infinitely many nonexpansive mappings.

(iii) The iterative scheme in Theorem 23 is very different
from the iterative scheme in [20, Theorem 1] because the
iterative scheme in Theorem 23 involves Mann-type iter-
ative method and the shrinking projection method. The
proof of [20, Theorem 1] makes use of Lemmal2 (i.e.,
Demiclosedness principle for a nonexpansive mapping) but
no use of Lemma 17 (i.e., Demiclosedness principle for an
asymptotically strict pseudocontractive mapping in the inter-
mediate sense). However, the proof of Theorem 23 depends
on not only Lemma12 but also Lemma 17 because there
is an asymptotically strict pseudocontractive mapping in
the intermediate sense and infinitely many nonexpansive
mappings appearing in the problem of Theorem 23.

(iv) The proof of Theorem 23 combines Cai and Bu
convergence analysis for Mann-type iterative method and
the shrinking projection method to solve finitely many
GMEPs, finitely many VIPs, and the fixed point problem of
an asymptotically strict pseudocontractive mapping in the
intermediate sense (see [26, Theorem 3.1]) and Ceng et al’s
convergence analysis for hybrid extragradient-like iterative
algorithm (see [20, Theorem 3.1]), where y € (0,1] for a y-
strongly positive bounded linear operator V. Because in iter-
ative scheme (49) the composite shrinking projection method
involves a y-strongly positive bounded linear operator V with
7 € (1,2] and infinitely many nonexpansive mappings, the
properties of the W-mappings W,, and W and the operator V'
play a key role in the proof of Theorem 23.

(v) Theorem 23 extends Ceng et al’s [20, Theorem 1]
from the fixed point problem of infinitely many nonex-
pansive mappings to the common fixed point problem of
an asymptotically strict pseudocontractive mapping in the
intermediate sense and infinitely many nonexpansive map-
pings and generalizes Ceng et al’s [20, Theorem 1] to the
setting of finitely many variational inequalities. The proof
of Theorem 23 depends on the properties of the y-strongly
positive bounded linear operator V with y € (1, 2], the result
on the W-mappings W, and W (i.e, lim, _, . IW, x,—Wx,| =
0 for any bounded sequence {x,,} ¢ C) (see [45, Remark 3.2]),
and the properties of asymptotically strict pseudocontractive
mapping in the intermediate sense (see Lemmas 15-18).

Remark 27. Theorem 23 extends, improves, supplements, and
develops Yao et al’s [30, Theorem 3.1] in the following aspects.

(i) Theorem 23 generalizes and extends [30, Theorem
3.1] from the asymptotically k-strict pseudocontrac-
tive mapping to the asymptotically k-strict pseudo-
contractive mapping in the intermediate sense and
from the MEP to the GMEP and generalizes [30,
Theorem 3.1] to the setting of SGEP.

(ii) We add finitely many variational inequalities and
infinitely many nonexpansive mappings {7},
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in our algorithm such that it can be applied to find
a common solution of the GMEP (5), the SGEP
(12), finitely many variational inequalities for inverse
strongly monotone mappings, and the common
fixed point problem of an asymptotically k-strict
pseudocontractive mapping in the intermediate sense
and infinitely many nonexpansive mappings {T,},2, .

4. Weak Convergence Theorem

In this section, we will propose and analyze another iterative
algorithm (involving no shrinking projection method) for
finding a solution of the system of generalized equilibria
with constraints of several problems: a generalized mixed
equilibrium problem, finitely many variational inequalities,
and the common fixed point problem of an asymptotically
strict pseudocontractive mapping in the intermediate sense
and infinitely many nonexpansive mappings in a real Hilbert
space. Moreover, under mild conditions we will prove weak
convergence of the proposed algorithm.

Theorem 28. Let C,N,0,0,,0,,¢0,A, A, B,V {T,},>,,
{A,.}, and W, be the same notations as in Theorem 23, where
ke{l,2}andie{1,2,...,N}. Let S : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < k < 1 with the sequence
{y,} ¢ [0,00) such that ¥, y, < oo and {c,} c [0,00)
such that ¥ ¢, < oo. Assume that Q(, Fix(T,) N
GMEP(®,¢9,A) N SGEP(G) n (Y, VI(C,B;) N Fix(S) is
nonempty where G is defined as in Proposition CY. Let {r,}
be a sequence in [0,2{] and let {o,},{B,}, {0,}, and {5,} be
sequences in [0, 1] such that ¥’ 0, < 00, 0 < a < &, < 1,
and0 < k+e <6, <d < 1. Pickany x, € H and let {x,} be a
sequence generated by the following algorithm:

u, = Sif)"") (I-r,A)x,,
Vn = PC (I - AN,nBN)
X Po (I = AnyuBy-1) -+ Po (I = Ay ,By) s
(145)
Zy = ﬁnxn + GnGVn + [(1 - :Bn) I- GnV] WnGvn’
k,=90,z,+(1-96,)S"z,,
Vn=>1,

Xnt1 = (1 - (Xn) X, + ankn’

where v, € (0,2¢), k € {1,2}, and {};,} C [a,b] C
(0,2n;), Vi€ {1,2,...,N}. Assume that the conditions (i)-(iii)

are satisfied. Then {x,} converges weakly to x* = lim, _, ., Pyx,,
provided that S£®"”) is firmly nonexpansive.

Proof. As lim,_, 0, = 0, 0 < liminf, B, <
limsup, , B, < 1 and 0 < liminf, 7, <

limsup, , 7, < 2{, we may assume, without loss of
generality, that {$,} ¢ [a,a] c [0,1],{r,} c [c,€] c (0,20),
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and B, + 0,[VIl < 1forall n > 1. First, let us show that
lim llx,, — pll exists for any p € Q. Put

n— 00

Ain =P (I - /\i,nBi) Pe (I - Ai—l,nBi—l) - Po (I - Al,nBl)
(146)

foralli € {1,2,...,N},n > 1, and A(L = I, where I is the
identity mapping on H. Then we get v, = ANu,. Take p € Q
arbitrarily. Repeating the same arguments as in the proof of
Theorem 23, we can obtain that

I(t-B)I-0V]<1-B,~0,7 (147)
”un - p“2 < ”xn - P"2 + 1 (rn - 2() ”Axn - Apnz
, 148)
< lx, = £l
v = oIl < . - (149)
IGv, - oI

) ) 2
<\ (I =94,) v, = T,7 (I - %,A,) PH

+; (v = 20))

x A T (I = 9,A,) v, — A, T (1 -v,4,) p||
< |70 (1= v,A5) v, = T (1 - ,4,) p||
< v, = pl* + 75 (v, = 28,) Az, - Asp]

2
< v -l 050)
150

“Ainun - p“z < ||xn - p"2 + Ai,n (Ai,n - 2771')

x |BAS w, - Bp[[, i€ {L2,....N},

(151)
I, - I
<(U+y) 2 - ol + (1-6,)
x (k=0,) |z, - Sz’ +, (152)

< (1 +Vn) "Zn _p”2 + G

1-v)p|’
S(1+Yn)<||xn_P"2+O~n"()—/f)1P">+Cn’

”Ainun - p”Z s ”xn - P"2 - ||Ai;1un - Ainun"2

i-1 i
+2A;, (A w, - A,

x |BAY w, - Bip|, i€ {1,2,...,N}.
(153)
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Utilizing (145) and (152), we obtain

||Xn+1 - PHZ
<(1-a,) %, - ol + @k, - ol

< (1-a) [, - pff
+ o + X, — 2+0M +¢
nhlng@n ol o 02 ) J

1

+C,

2
s@+%»@%—ﬂfﬂJE;12l)
y—l
N -

2
o=l |

y-1

+0,(1+y,

(154)

Since Y2 0, < 00, Y21V, < 00,and Y0 ¢, < 00, by
Lemma 21 we have that lim,, _, [lx,, — pll exists. Thus {x,} is
bounded and so are the sequences {u,}, {v,}, {z,}, and {k,}.

Also, utilizing Lemmas 8 and 9(b), we obtain from (145),
(148), (149), and (152) that

-
= “ﬁn (xn - P) + (1 - ﬁn) (WnGvn - p)
+0, (Gv, - VW,Gv,)|’
< “ﬁn (xn - p) + (1 - ﬁn) (WnGvn - p)”2
+20,(Gv, - VW,Gv,,z, — p)
= ﬁn“xn - P"2 + (1 - /371) "WnGVn - P"2 (155)
- :8n (1 - ﬁn) "xn - VvanVn”2
+20, |Gy, = VW,Gv,| ||z, - pl
= “xn - p"2 - /jn (1 - ﬁn) "xn - ‘/VnGVn"2
+ 2071 "Gvn - VWnGVn" "Zn - P"
< |x, - p||2 +20,|Gv, - VW,Gv,| ||z, - P>
and hence
BTy §
< (1 - ‘Xn) ”xn - P"2 + ‘Xn”kn - P“2
< (1 - “n) ”xn - P"2

v, [(143) | - ol + ]

21

< (1 - “n) ”xn - p"2
+a, [(1+79,)
x(Jlx, - pl’
- Bn (1 - ﬁn) “xn - WnGvnHZ
+20,||Gv, - VW,Gv,|
x|z, = pll) + ]
< (143 % - pl* - s (1+7,) B,
X (1 - ﬂn) "xn - ‘/VnGVn"2

+20, (1 + Yn) ||Gvn - VWnGVn" "Zn - p” * G
(156)

So, it follows that
a(l+y,)al-a)|x,- WnGvn“2
< xy (1 + Vn) /371 (1 - ﬁn) ||xn - ‘/VnGVn"2

< s = oI = I = 21 + vl — 2l
+20,(1+7v,) ||Gvn - VWnGvn" ||zn - p|| +c,

(157)

Since lim,, _, .,0,, = 0, lim,,_, ..y, = 0, and lim, _, . ¢, = 0,
it follows from the existence of lim, _, [x, — pll and the

boundedness of {x,}, {z,}, and {v,} that

Jim_ %, = W,,Gv,| = 0. (158)
Note that
"Zn - xn“
= "(1 - ﬁn) (WnGvn - xn) + 0y (Gvn - VWnGVn)"
< |W,Gv, - x,| + 0, |GV, - VW, Gv,| .
(159)
Hence, it follows from (158) and lim,, _, ,,0,, = 0 that
nh_,ncl)o “xn - Zn" =0. (160)

In the meantime, from (152) and (155) it follows that

%01 - 2l
< (1= a,) %, = oI + ik, = I
<(1-a,) %, - pl’
o, [(1+y) |20 = ol + (1-8,)

X (k - 8,,) "Zn - Snznnz + Cn]
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< (1-a,)|x, - p|’
+a, [(1+7,)
< (Ja -~ pl°
+20, |Gy, - VW,Gw | Iz, - )
+(1-8,) (k=3,) |2, - 8"z, + 6,
< (1-a,) [~ pI + o, (14 7,)
% (I, - oI + 20, IGv, - VW, G| |2, - ol)
v, (1-8,) (k=8,) |20~ "2, + 6,
< (1-a) [y~ oI+, (14 9,) |, — I
+2(1+v,) 0, |G, = VW, Gv, | ||z, - p|
+0,(1-8,) (k=0,) |z, - "z, +<,
< (1+y,) |x, - |’ +20, (1+7,)
x |Gy, = VWG, |1z, - pl

+a,(1-8,) (k=6,) |2, - Sz, + 6

(161)
which, together with 0 < k + € < §, < d < 1, leads to
a(1-d)e|z, - "z,
<a,(1-0,)(8, - k) |z, - Sz,
(162)
2 2 2
< "xn - p” - "xn+1 - P" + Yn”xn - P"
+ ZUn (1 + Yn) "Gvn - VWnGVn" "Zn - P” + G
Consequently, from lim,_, 0, = 0, lim,_, .y, = 0,

lim, ¢, = 0, and the existence of lim, _, |[lx, — pll, we
get
lim ||z, - S"z,| = 0. (163)
Since k,, - z,, = (1 -6,)(S"z, — z,,), from (163) we have
lim [k, -z, = 0. (164)
Note that
s =5l = 0t = 0 < [y =2 + o = 5] 169
Hence from (160) and (164) we have
lim_[x,.; —x,[ = 0. (166)

n— 00

Repeating the same arguments as those of Step 3 in the proof
of Theorem 23, we can obtain that || x,—u,| — 0, |x,—v,| —
0, ||yn - Gvn]I — 0, [lx, - Wx,| — 0, |z, Sz, — 0,and
IIA’;lun -Au,l — 0,ie{l,2,...,N}asn — oo.
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Since {x,} is bounded, there exists a subsequence {x,, }
of {x,} which converges weakly to w. It is easy to see that
Ve — W, U, — W, A’;’iuni — w, and z, — w, where
m € {1,2,...,N}. Since S is uniformly continuous and |z, —
Sz, - O0asn — oo, we getlim, _, llz, — S"z,| = 0 for
any m > 1. Hence from Lemma 17, we obtain w € Fix(S).
In the meantime, utilizing Lemma 12, we deduce from v, —
w, X, — W, lv,-Gv,Il = 0,and |x,-Wx,| — Othatw €
SGEP(G) and w € Fix(W) = n7?, Fix(T,,) (due to Lemma 11).
Repeating the same arguments as those of Step 4 in the proof
of Theorem 23, we can conclude that w € N)_, VI(C, B,,)
and w € GMEP(O, ¢, A). Consequently, w € Q. This shows
that w,,(x,) C Q.

Next let us show that w,(x,) is a single-point set. As a
matter of fact, let {xnj} be another subsequence of {x,,} such

n;

that Xy, = w'. Then we get w' € Q. Ifw# w', from the Opial
condition, we have

lim ||xn - w||

n— oo

. N !
lim "xn - w" < lim ”xn, -w ”
; ;

i—o00 i— 00
. o : (167)
= lim Hxn -w “ = lim |x, —w
n— 0o j— oo i
< jlingo Xn, = w” = nlgl(l)O ll, = w] -

This attains a contradiction. So we have w = w'. Put w, =
Pyx,,. Since w € Q, we have (x, - w,,w, — w) > 0. By
Lemma 21, we have that {w,,} converges strongly to some @ €
Q. Since {x,} converges weakly to w, we have

(w-w,w-w) =>0. (168)

Therefore we obtain w = w = lim,, _, ., P,x,,- This completes
the proof. O

Corollary 29. Choose N = 2 in Theorem 28. For any x, € H
the iterative scheme (145) reduces to the following iterative one:

u, = Sin@"”) (I-r,A)x,,

Vo = PC (I - AZ,nBZ) PC (I - /‘l,nBl) Uy,
2, = Bux, + (1= B,) Gy, +0,(I-V)G, (169)
k,=90,z,+(1-9,)S"z,,

X1 = (1-a,) x, +a,k,, Ynx1,

where v € (0,20;) and {}A;,} C [a;,b] C (0,27;) fork = 1,2
andi = 1,2. Then {x,} converges weakly to x* = lim Pox
provided that S£®’(”) is firmly nonexpansive.

n— oo n
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Corollary 30. Choose N = 1 and T, = I the identity operator
of H in Theorem 28. For any x, € H the iterative scheme (145)
reduces to the following iterative one:

u, = Sif)"”) (I-r,A)x,,
Yy = PC (I - /\l,nBl) Uy

z, = Bx, +0,Gv, + [(1-B,) [ -0,V]Gv,, (170)

k,=0,z,+(1-9,)S"z,,

X1 = (L—o,) x, +a,k,, VYn>1,

where vy € (0,28;) and {A,,} C [ay, by] € (0,2n,) fork = 1,2.
Then {x,} converges weakly to x* = lim,_, . Pyx, provided
that S£®"”) is firmly nonexpansive.

In the following, we provide a numerical example to
illustrate how Corollary 30 works.

Example 31. Let H = R? with inner product (-,-) and norm
| - | which are defined by

Ixll = Va2 + b2, (171)

forallx, y € R withx = (a,b) and y = (c,d).LetC = {(a,a) :
a € R}. Clearly, C is a nonempty closed convex subset of a
real Hilbert space H = R%. Let K(x) = (1/2)|x|* Vx € H,
O(x,y) = O,(x,y) = O,(x,y) = 0,V(x,y) € CxC,and
¢ = 0,Vx € C. Then O, ©,, and ®, are three bifunctions
from C x C to R satisfying (H1)-(H4) and ¢ : C — Riis
a lower semicontinuous and convex functional. Let V be a
y-strongly positive bounded linear operator with y € (1,2],
let AJ/A, : H — Hand B, : C — H be (-inverse
strongly monotone, {;-inverse strongly monotone, and #;-
inverse strongly monotone, respectively, for k = 1,2, and let
§ : C — C be a uniformly continuous asymptotically k-
strict pseudocontractive mapping in the intermediate sense
for some 0 < k < 1 with sequence {y,} ¢ [0, 00) such that
Yo Y < 00and {c,} € [0,00) such that Y. ¢, < co such
that O := GMEP(®, ¢, A) N SGEP(G) N VI(C, B) N Fix(S) is
nonempty, for instance, putting

(x,y) = ac +bd,

3 2 21
PO ER] SRS ER 1
23 12
55 33

2 2
5
v=>24 A =1-A=1° 2L,
4 22
5 5
1 —
A,=T-B,=4° 3
L
303

172)
It is easy to see that [|Al| = [|B,|| = S| = 1, that A is {-inverse

strongly monotone with { = 1/2, that V is a 5/4-strongly
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positive bounded linear operator, that B;, A;, and A, are
1/2-inverse strongly monotone, and that S is a nonexpansive
mapping, that is, a uniformly continuous asymptotically 0-
strict pseudocontractive mapping in the intermediate sense
with sequences {y,} (y, = 0) and {c,} (¢, = 0). Moreover, it is
clear that Fix(S) = C, GMEP(®, ¢, A) = {0}, VI(C,B,) =
{0}, and SGEP(G) = C. Hence, Q := GMEP(®,¢,A) N
SGEP(G)NVI(C, B;)nFix(S) = {0}. In this case, from iterative
scheme (170) in Corollary 30, we obtain that, for any given
x; €C,

U, = Si,(?’q’) (I - rnA) Xn = PC (I - rnA) Xpn = (1 - rn) Xn>

Vo = PC (I - Al,nBl) u, = (1 - Al,n) u,
= (1 - /\l,n) (1 - rn) Xn>
z, = Bux,+(1-B,)Gv, +0,(I-V)Gy,
= Bux, + (1= B,) Tq(;?l (I-%A4) ng (I-%4,)v,

+0,I-V)T (I-9A) Ty (I-9,A,) v,

:ﬂnxn+(l_ﬂn)vn+an<1_§A>vn
1

= ﬁnxn-l—(l_ﬁn) Vi = Zo-nvn
= B,x +<1—[3 —lo>v
~ Fn'n n 4 n n
= ﬁnxn+<l_/3n_zllan> (I_Al,n) (l_rn)xn
= [ﬁn*’(l_ﬁn_ian) (1—/\1’,1)(1—1’”)] Xn>
k,=08,z,+(1-6,)S"z,=90,z,+(1-6,) z, = z,

= [ﬁn+ <1 _ﬁn_ }Lo'n> (1 _/\l,n)(l _rn)] Xn>

Xp+1 = (1 _an)xn"'“nkn

=(1_“n)xn

v B+ (1-B,- 30, ) (1-A0,) (1-7)] %,

:{l—ocn

1
+a, [ﬁn + (1 - ﬁn - Zo-n> (1 - /\l,n) (1 - rn)]} Xn-
173)
Whenever 0 < « < o, < 1,{A;,} C [a;,b,] € (0,1),{B,} C
[c,c] € (0,1),{r,} c [e,€] c (0,1) and {o,} C [0, 1] satistying
(1/4)0, < 1 - ¢, we have

(2

fi-a, e [+ (1-8.- 7o)
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x(1=2,) (1=1) [}

<{l-a, +a,[B,+(1-B,)

X (1=21,) (1= )]} %]
+(1-B,)

% (1-a,) (1 - )]} x|
=[1-a,(1-B,) +a,(1-B,)

x(1=a;)(1=e)] x|

=[1-0,(1-B,)(1-(1-a)-e)]|xl
<[l-a@-0(1-(1-a)1-e)]|xl

S{l_ocn"'ocn[ﬁn

<[l-a-01-(1-a)(1-0)]

"l

(174)
Since 0 < a(1-¢)(1-(1—a;)(1—e)) < 1, we immediately get

Jim x| =0 (175)

This shows that {x,} converges to the unique element 0 of Q.
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