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We consider the nonlinear pseudoparabolic equation with a memory term u, — Au— Au, + _[; At — 1) Au(t)dt = div ( |Vu|? _zu) +

1+a

u %, x € Q,t > 0, with an initial condition and Dirichlet boundary condition. Under negative initial energy and suitable conditions
on p, «, and the relaxation function A(t), we prove a finite-time blow-up result by using the concavity method.

1. Introduction

In this paper, we consider the initial boundary value problem
for a class of nonlinear pseudoparabolic equations with a
memory term:

t
u, — BAu — yAu, + L At —1)Au(x,7)dT

= 8div(|Vu|p_2Vu) +f(u), xeQ, t>0, )

u(x,0)=uy(x), x€Q,

u(x,t)|30 =0, x€0Q, t>0,

where O < R" is a bounded domain with a smooth
boundary 0Q, A : R, — R is a given continuous
function, f3, y, and & are all real constant parameters, p > 2,
and div(|Vu|?"2Vu) is the so-called p-Laplace operator. This
type of equations describes a variety of important physical
processes, such as the analysis of heat conduction in materials
with memory, electric signals in nonlinear telegraph line with
nonlinear damping, viscous flow in materials with memory
[1], vibration of nonlinear elastic rod with viscosity [2],
nonlinear bidirectional shallow water waves [3], and the
velocity evolution of ion-acoustic waves in a collisionless
plasma when an ion viscosity is invoked [4].

Equation (1) includes many important mathematical
physics models.

In the absence of the memory term, the viscous term, and
p-Laplace operator term (y = 8 = 0, A(s) = 0), 8 = 1, the
model reduces to semilinear parabolic equation:

u—Au=fu), xeQ, t>0. 2)

On the existence, nonexistence, and the properties of solu-
tions of (2), there have been many results [5-9].

In the absence of the memory term and p-Laplace
operator term (§ = 0, A(s) = 0), B = y = 1, the model
reduces to semilinear pseudoparabolic equation:

u—Au—-Au, = f(u), xeQ, t>0. (3)
Kaikina et al. [10] discussed the periodic boundary value
problem of (3) under some assumption forms of nonlinear
function f. Cao et al. [11] investigated a class of periodic
problems of pseudoparabolic type equations with nonlinear
periodic sources. A rather complete classification of the
exponent p was given, in terms of the existence and nonexis-
tence of nontrivial and nonnegative periodic solutions. Cao
et al. [12] dealt with the Cauchy problem for semilinear
pseudoparabolic equations. Existenceand uniqueness of local
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solutions were proved, and the large-time behavior was
investigated. Kaikina [13] and Xu and Su [14] discussed
the initial boundary value problems of pseudoparabolic
equation (3) under some classes of nonlinear function f(u).
They obtained some sufficient conditions of existence and
uniqueness of local solutions and the large-time behavior of
global solutions.

In the absence of the memory term and the viscous term
(A(s) =0,y =0), B =0,05 =1, (1) becomes nonlinear
parabolic equation with p-Laplace nonlinear term:

u =div (|Vul’?Vu) + f ), x€Q, t>0. (4)

Tsutsumi [15] studied the initial boundary value problem of
(4) with f(u) = u*® where P < 2+ . He obtained the
existence of global weak solutions by using the potential well
method. Liu and Zhao [16] considered the same problem
with critical initial conditions J(u,) = d or I(u;) = 0 and
proved the existence of global solution for this problem. Xu
et al. [17] discussed (4) at the high energy level, where p <
2+a < o0oifn < pandp < 2+a < np/(n— p)if
n > p. They proved the finite time blow-up of solutions by the
comparison principle and variational methods. Messaoudi in
[18] considers an initial boundary value problem related to (4)
and proves, under suitable conditions on f, a blow-up result
for solutions with vanishing or negative initial energy.

In the absence of the viscous term and p-Laplace operator
(y = 0,8 = 0), B = 0, Gripenberg [19] considered the
nonlinear parabolic equation with Volterra integral term
equation:

= [ Kt =900, 59, F ).
. . )

x€(0,1), t=0.

He investigated the initial boundary value problem of (5) and
established the global existence of a strong solution of the
problem.

In the absence of the viscous term and p-Laplace operator
(y =0, § =0),as = 1, the model reduces to the equation

ut—Au=th(t—‘r)Au(T)d‘r+f(u), x€eQ, t>0.
0
(6)

Yin [20] obtained the global existence of a classical solution
of (7) under the assumption of a one-sided growth condition.
Messaoudi [21] investigated a semilinear parabolic equation
with the viscoelastic memory term. He established the finite
time blow-up result for the solution with negative or vanish-
ing initial energy for nonlinear function f(u) = |u|? =

To the best of our knowledge, there are few works on the
study of nonlinear pseudoparabolic equation with memory
term of Volterra integral type. Shang and Guo [22-24]
investigated the initial boundary value problem and initial
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value problem of the nonlinear pseudoparabolic equations
with Volterra integral term:

Uy — f(u)xx ~ Uyxt
t
+ J At =s)o(u(x,s),u,(x,s)) ds (7)
0

x€(0,1), t>0.

= f(xtuu,),
They proved the existence, uniqueness, and regularities of
the global strong solution and gave some conditions of the
nonexistence of global solution. In 2007, Ptashnyk [25] inves-
tigated the initial boundary value of degenerate quasilinear
pseudoparabolic equations with memory term. He obtained
some existence results of global solutions. Up to now, there
are not any research works on the multidimensional nonlin-
ear pseudoparabolic equations with memory term.

In the present work, we deal with the initial boundary
problem of the nonlinear pseudoparabolic equation with the
memory term of Volterra integral type, the damping term,
and p-Laplace operator:

t
ut—Au—Aut+J1))L(t—r)Au(T)dT

BT P2 T+a
—d1v(|Vu| Vu)+u , x€Q,t>0, (8)

u(x,0)=u,(x), xeQ,

u(x,t)30 =0, x€0Q, t>0,
where Q ¢ R"isabounded domain, A(s) : R, — Risagiven
continuous function, 3, y, 8, > 0, and div(|Vul|? “2Vu) is the
so-called p-Laplace operator. By using the concavity method
first introduced by Levine [5], under negative initial energy
and suitable conditions on p, «, and the relaxation function
A(t), we prove that there exists finite-time blow-up solution.
Without loss of generality, we choose f =y = § = 1 in
the following discussion.

2. Preliminaries and Main Results

In this section, we introduce some notations, basic defini-
tions, and important lemmas which will be needed in this
paper.

For functions u(x, t), v(x,t) defined on Q, we introduce

1/2
(u,v) = J uvdx, lull, = (J |u|2dx> ,
Q Q

l/P ) 1/2
lull, = (L |u|de> ol =( > IID“u||z> ’

lal<m

lullo = esssup |u(x)|,
x€Q)

g o* 0 d
A N an B
0x? T ox?2 <ax1 axn>

)
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We now construct a space of functions as follows. Let
H™(Q) denote the Sobolev space with the norm |jufm =
(Xlajzm ||D“u||§)1/2. C;°(Q) denotes the class of C* functions
with the compact support in Q. Hy'(Q) denotes the closure in
H™(Q) of C;°(Q). The Hilbert space Hy'(Q) is a subspace of
the Sobolev space H"(Q).

The following are the basic hypotheses to establish the
main results of this paper:

(A)2<p<2+a<oo;

(b) Aisa C' function satisfying

A(my=o0, AN(@)<o, (10)
© o(o+2)
JO A (1) dr < m (11)

To obtain the results of this paper, we will introduce the
“modified” energy function:

E(r) = %(onu) )

- (1 -[ 2@ dr) V()12 + 113||Vu(t)||§ (12)

_ 1 J u2+lxdx’
2+a Jo

where
(Aov) () = jo A=) IO - v@lPdr.  (13)

The following lemma is similar to the lemma of [21] with
slight modification.

Lemma 1. Assume that (10) hold. Let p satisfy (a) and let u be
a solution of (8). Then E(t) is nonincreasing function; that is

E'(t) <o. (14)
Moreover, the following energy inequality holds:

E(t) + L 4o (@) add < E(0). (15)

Proof. By multiplying the equation in (8) by u,, integrating
over (), we obtain

d
= H IIut(r)Ildej Ve, (2)|3dr + = j \Vul2dx

1 1
+ —[Vullp - — J u2+“dx] (16)
p 2+« Jo

- JtA(t—T)J. Vu, (t) Vu (1) dx dt = 0.
0 Q

For the last term on the left side of (16),

Jt At -1) IQ Vu, () Vu (r) dx dr

0

= Jt Alt-1) J Vu, (t) [Vu (t) — Vu (t)] dx dt
0 Q

. rw - T)J Vu, (1) Vue () dx de
0 Q

t/\ (t-1) [% J.Q |Vu () = Vu (t)Izdx] dr

|
)

1
2

1 d 2
+5 A(7) [5 JQ [V ()] dx] dr (17)

[Jot A(t—-1) J-Q IVu (1) - Vu (t)Pdx d‘r]
“ot 1@ JQ Vi () dlx dT]
%j A (t—T)J. Vi (7) - Vu () dx dr

- %A (t) JQ |Vu (£)[*dx.

Inserting (17) into (16), we have
d
o U lu, (@) + J- Vi, ()| 5dr + = J |Vul*dx

1
—||Vu||P - J 2+“dx]

1d t 2
. HO A1) qu(r)-ww dxdr]
(18)
d t 2
4 HO 1) JQ Vs () dxdr]

1
2
t
_ % L A (t-1) L Vit (7) — Vu (8) P d

- %A (t) JQ |Vu (t)]*dx < 0,

for regular solution. The proof of Lemmal is completed.
This result is valid for weak solutions by a simple density
argument. O

Now we consider the finite time blow-up of solutions with
E(0) < 0 for the problem (8).

Theorem 2. Let p satisfy (a) and let the relaxation function
A(s) be a C* function satisfying (10) and (11). Assume that
u, € Hé(Q) such that E(0) < 0. Then the solutions u(x,t)
of the problem (8) blow up in finite time; that is, the maximum

existence time Ty, of u(x,t) is finite and

Jim Ju(x, 1)z = +oo. (19)

max



Proof. The proof makes use of the so-called “concavity”
arguments. For any T, > 0, let

M= | luolidr

t
o | Wt « (1 - ) (19wl + Jol}).
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—IVu @)} + j u2+°‘dx] + (a+4)
Q
x {H(t) - [M @& = (T, =) (IVuolls + uoll2)] 24

x Hot (g u,) dT + Lt (Vuy, Vu,) dT” ,

(20)
where
fort € [0, T,]. ¢ t
A direct computation yields H(t) = [J (u,u)dr + J (Vu, Vi) dT]
0 0
! _ 2 2 t t
M) = Ju®l + IVl X “ (tpuy) dr + J (Vuy, Vu,) dr] (25)
2 2 0 0
= (IVut; + o) t t 2
t ¢ (21) - [J (u,uy) dT+J (Vu, Vut)dr] .
=2 J- (w,u,)dr +2 J (Vu, Vu,) dr, 0 0
0 0
M" () = 2 (,1,) + 2 (Vu, Vi) . Using Schwartz’s inequality, we have
. . . . . 2 t t
By multiplying (8) with u and integrating over Q, (J-Ot(u’ ut)d‘r) < L luldr JO ””t“id'[’
(w,u,) + (Vu, Vu,) 2t t
t (Jivu, V) < L IVuldr JO [V 2dr,
—-Vu@ - | [ Ae-Dau@dnu@dr ) t t
@0 J (u,u,)dr J (Vu, Vu,) dr (26)
_ ||Vu(t)||§ + J uwdx. ’ ’
Q 1 t ) t 2
<2 L lulde L [V, P
This implies that ; ,
L e
" 2 2 Jo 2 0 2
M (8) = =2[[Vu (#)];
t
-2 J J At —71)Au(r)dru(t)dx (23) By (26), we have
alo
H(t) =0, te]|0,T,. 27
= 2|Vu(@)ll? +j u**dx, ® (0. 7
Q
Thus,
and we have
. ard M OM®E) - M 2 M0, )
M7 ()M (8) = = =M (1) 4
) ¢ where
=2M (t) [—||V1,t(t)||2 - J J At — 1) Au(r)dru(t)dx
alJo
t t
t) = — 4 cu, ) dt + J Vu,,Vu,)d ]
_ IIVw(t)II§ +J M2+adx] n(t) (a +4) [J-o () dr . (Vuy, Vu,) dr
Q
t
t t 2 = 2|Vu@®)|? —ZJ J At —71)Au(t)dru(t) dx
_“14[21 (u,ut)dr+2J (Vu,Vut)dT] 2 alo
0 0

=2M (t) [—||Vu(t)||§ - L Jot At — 1) Au(t)dtu(t)dx

= 2Vu(@)|lf +2 JQ u*dx.

(29)
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For the third term on the left of (29), we have

-I ItA(t—T)Au(T)dTu(t)dx
QJo
= J’t/\(t—‘r)-[ Vu (t) Vu (t) dx dt
0 Q
(30)

= th(t—T)J Vu()Vu(r)—u(t)]dxdr
0 Q

" r At - ) IVu(t)Pdr.
0

By (29) and (30), we have

t

n(t) =—(a+4) L |3

2 <1 - Lt At —7) dr) 19u()|?

2 Jt At -1) j Ve (£) [Vat () — Ve (8)] dx dr

0 Q
_ P 2+ocd
2||Vu||p+2JQu X
> —(a+4) L | e
-2 <1 - L At -1) d1> V()15 = 20Vl

+2 J u*dx
Q

i ["‘ 2 Jt At =) IVu(r) - Vu()l2dr
2 Jo

+

t
J At —7) ||Vu (t)||§dr]

2((X+2) 0
=—2(oc+2)E(t)+(oc+2)<1—Jtl(t—r)d1>
0

(x+2)

2
x [Vu @)l + Vel

t 1 t
—(a+4) L ea |37 — — L A (7) d||Vu ()3
-2 <1 - L At -1) dT> IVu@)|3 - 20Vulh

= —2(oc+2)E(t)+oc<1 - Jt/\(t—‘[)d‘r> IVu (8)]13
0

1 t
b J A (1) dr|Vu ()2
a+2Jo

P
IVul?.

t —
—(x+4) L ||ut||i,1dr + MTPM

(31)

Using Lemma 1, we have

E(t)+ Lt |37 < E(0), (32)
and then
n(t)>-2(a+2)E0)+« Lt a3,

a1 EA(T) ar)- jotur) dr | I9uto)

t
=2+ DEO o | ulfde
0

t
plgo et ] j A7) dT] IV ()2
oa+2 0
(33)
Since
b o(a+2)
Ar)dr < ———, 34
L @ T<(x((x+2)+1 (34)
this implies that
nt)>6, 0<t<oo, (35)
where § is a positive constant.
From the discussion above, we see that
MM (@) - "‘T+41\4’(t)2 >M®)S.  (36)

From the definition of M(t), there exists p > 0, such that
M(t)=p, fortel0,T), (37)
and we have
M (6) M (8) - "‘T+41\/1’(t)2 > po. (38)
Thus,
(M) )"

4
o+ M'(t)2

_ (%) M) 2 [M" (B M (1) -

< (—%) pSM(T) ¥ <,

(39)
Hence, this proves that M (t)_“/ 4 reaches 0 in finite time as
t — Tj.Since T, is independent of T, we may assume that
T, <T.
This means

t—T,



6
or
t t
lim (j lu(e)3dz + | 1Vu(olidr
t—T, 0 0
(41)
2 2
(1= 1) (190l + Jol?) ) = +o0.
This implies that
t
lim J lu(0)I, dr = +oo. (42)
t—T7 Jo !

Then, the desired assertion immediately follows.

Remark 1. In the absence of the viscous term (Au,) or p-
Laplace operator (div(|Vu|? “2Vu)) for the problem (8), the
equation reduced to

(L) uy — Au+ ) Mt~ DAu(r)dT = u'**,
(2) u, — Au— Au, + _[Ot At = 7)Au(t)dr = u'*e,
(3) uy— Aut [} At =1)Au(r)dr = div(|Vul? Vi) +u'*e,

and from the process of the proof, we can see that the results
of Theorem 2 still hold. O
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