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We introduce the wave front set WE® (1) with respect to the iterates of a hypoelliptic linear partial differential operator with constant
coeflicients of a classical distribution u € @'(Q) in an open set Q) in the setting of ultradifferentiable classes of Braun, Meise, and
Taylor. We state a version of the microlocal regularity theorem of Hérmander for this new type of wave front set and give some

examples and applications of the former result.

1. Introduction

In the 1960s Komatsu characterized in [1] analytic functions
f in terms of the behaviour not of the derivatives D” f, but
of successive iterates P(D)’ f of a partial differential elliptic
operator P(D) with constant coefficients, proving that a C*
function f is real analytic in Q if and only if for every compact
set K cc Q there is a constant C > 0 such that

[P @1, = (" m

where m is the order of the operator and || - ||, x is the L? norm
on K.

This result was generalized for elliptic operators with vari-
able analytic coeflicients by Kotake and Narasimhan [2, Theo-
rem 1]. Later, this result was extended to the setting of Gevrey
functions by Newberger and Zielezny [3] and completely
characterized by Métivier [4] (see also [5]). Spaces of Gevrey
type given by the iterates of a differential operator are called
generalized Gevrey classes and were used by Langenbruch [6-
9] for different purposes. We mention modern contributions
like [10-13] also. More recently, Juan-Huguet [14] extended
the results of Komatsu [1], Newberger and Zielezny [3], and
Meétivier [4] to the setting of nonquasianalytic classes in the
sense of Braun et al. [15]. In [14], Juan-Huguet introduced the

generalized spaces of ultradifferentiable functions &~ (Q) on
an open subset Q) of R” for a fixed linear partial differential
operator P with constant coefficients and proved that these
spaces are complete if and only if P is hypoelliptic. Moreover,
Juan-Huguet showed that, in this case, the spaces are nuclear.
Later, the same author in [16] established a Paley-Wiener
theorem for the classes %1: (Q) again under the hypothesis of
the hypoellipticity of P.

The microlocal version of the problem of iterates was
considered by Bolley et al. [17] to extend the microlocal
regularity theorem of Hormander [18, Theorem 5.4]. Bolley
and Camus [19] generalized the microlocal version of the
problem of iterates in [17] for some classes of hypoelliptic
operators with analytic coefficients. We mention [20, 21]
for investigations of the same problem for anisotropic and
multianisotropic Gevrey classes. On the other hand, a version
of the microlocal regularity theorem of Hérmander in the
setting of [15] can be found in [22, 23] by one of the authors,
which continues the study begun in [24].

Here, we continue in a natural way the previous work
in [14] and study the microlocal version of the problem of
iterates for generalized ultradifferentiable classes in the sense
of Braun et al. [15]. We begin in Section 2 with some notation
and preliminaries. In Section 3, we fix a hypoelliptic linear
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partial differential operator with constant coefficients P and
introduce the wave front set WF"(u) with respect to the
iterates of P of a distribution u € 2'(Q) (Definition 7).
To do this, we describe carefully the singular support in
this setting (Proposition 6). We also prove that the new
wave font set gives a more precise information for the study
of the propagation of singularities than previous ones in
Proposition 9, Theorem 13, and Example 15 (improving the
previous works [22, 23] by one of the authors for operators
with constant coefficients). More precisely, we clarify in
Theorem 13 the necessity of the hypoellipticity of P with a new
version of the microlocal regularity theorem of Hérmander
for an operator with constant coefficients. In Section 4, we
prove that the product of a function in a suitable Gevrey class
and a function in 85(9) is still in %I:(Q) (Proposition 17).
This fact is used to give a more involved example, inspired
in [25, Theorem 8.1.4], in which we construct a classical
distribution with prescribed wave front set (Theorem 18).
Finally, we mention that, as far as we know, this is the first
time that a result like Proposition 17 is discussed.

2. Notation and Preliminaries

Let us recall from [15] the definitions of weight functions w
and of the spaces of ultradifferentiable functions of Beurling
and Roumieu type.

Definition 1. A nonquasianalytic weight function is a contin-
uous increasing function w : [0,+00o[ — [0, +oco[ with the
following properties:

() 9L > 0 s.t. w(2t) < L(w(t) + 1) Vt > 0,

B) [ (w(t)/t*)dt < +oo,

(y) log(t) = o(w(t)) ast — +oo,

(®) @, : t — w(e') is convex.

Normally, we will denote ¢,, simply by ¢.

For a weight function w, we definew : C" — [0, +oo[ by

w(z) := w(|z]) and again we denote this function by w.
The Young conjugate ¢~ : [0, +0o[ — [0, +00[ is defined

by
@ (s) = stuop {st = (1)}. )

There is no loss of generality to assume that w vanishes on
[0,1]. Then ¢ has only nonnegative values, it is convex,
@*(¢)/t is increasing and tends to coast — 0o, and ¢™* = ¢.

Example 2. The following functions are, after a change in
some interval [0, M], examples of weight functions:
(i) w(t) = t* for 0 < d < 1.
(i) w(t) = (log(1 + 1)), s > 1.
(iii) w(t) = t(log(e + )P, B > 1.
(iv) w(t) = exp(B(log(1l +1))*),0 < a < 1.

In what follows, Q2 denotes an arbitrary subset of R” and K cc
Q means that K is a compact subset in Q.
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Definition 3. Let w be a weight function.
(a) For a compact subset K in R" which coincides with
the closure of its interior and A > 0, we define the seminorm

o wles (20 (). o

Pia (f) 1= supsup

xeK aeNj

where N, := N U {0} and set

€ (K) = {f € C*(K) : pg (f) < o0}, (4)

which is a Banach space endowed with the py , (-)-topology.
(b) For an open subset Q) in R”, the class of w-ultradif-
ferentiable functions of Beurling type is defined by

Ew) ()= {f € C”(Q): py (f) <00,

(5)
for every K cc Q and every A > 0}.
The topology of this space is
&) (Q) = proj proj%i (K), 6)

DR
KccQ A>0

and one can show that &, (Q) is a Fréchet space.
(c) For a compact subset K in R" which coincides with
the closure of its interior and A > 0, set

&) (K) = {f € C* (K) : there exists m € N
™)
such that pg,/,, (f) < oco}.

This space is the strong dual of a nuclear Fréchet space (i.e., a
(DFN) space) if it is endowed with its natural inductive limit
topology; that is,

Bl (K) = ﬁé%ﬁm (K). (8)
me

(d) For an open subset Q in R”, the class of w-
ultradifferentiable functions of Roumieu type is defined by

Ey ()= {feCP(Q): VKccOQ3IA>0

)
such that py, (f) < co}.
Its topology is the following:
%{w} (Q) = proj g{w} (K) 5 (10)

KccQ

that is, it is endowed with the topology of the projective limit
of the spaces &,,(K) when K runs the compact subsets of
Q. This is a complete PLS-space, that is, a complete space
which is a projective limit of LB-spaces (i.e., a countable
inductive limit of Banach spaces) with compact linking maps
in the (LB) steps. Moreover, &,,(Q) is also a nuclear and
reflexive locally convex space. In particular, &,,(Q) is an
ultrabornological (hence barrelled and bornological) space.

The elements of &, (Q) (resp., &,(2)) are called
ultradifferentiable functions of Beurling type (resp., Roumieu
type) in Q.
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In the case that w(t) := t% (0 < d < 1), the corresponding
Roumieu class is the Gevrey class with exponent 1/d. In
the limit case d = 1, not included in our setting, the
corresponding Roumieu class &,,(€) is the space of real
analytic functions on (), whereas the Beurling class &, (R")
gives the entire functions.

If a statement holds in the Beurling and the Roumieu case,
then we will use the notation &, (Q). It means that in all cases,
# can be replaced either by (w) or {w}.

For a compact set K in R”, define

2. (K)={f €&, (R"): supp f CK}, (11)

endowed with the induced topology. For an open set Q in R”,
define

KccQ

Following [14], we consider smooth functions in an open
set Q) such that there exists C > 0 verifying for each j € N; :=
N U {0},

”PJ.(D)f”z’K <Cexp (Aq)* (%)) , (13)

where K is a compact subset in Q, || - [l x denotes the L*-

norm on K, and P/(D) is the jth iterate of the partial
differential operator P(D) of order m; that is,

P/ (D) =P (D) o-:-eP(D). (14)

J

If j = 0, then P°(D) f = f.

Given a polynomial P € Clz,,...,z,] with degree m,
P(2) = Y |aj<m 32" the partial differential operator P(D) is
the following: P(D) = ) ,<,, @,D% where D = (1/i)0.

The spaces of ultradifferentiable functions with respect to
the successive iterates of P are defined as follows.

Let w be a weight function. Given a polynomial P, an open
set Q of R”, a compact subset K cC Q, and A > 0, we define
the seminorm

Il = swplP @1l cew (e () a5

and set
Epy (K) = {f €C¥(K) 1| fll, < +o0}.  (16)

It is a Banach space endowed with the | - [|x;-norm (it
can be proved by the same arguments used for the standard

class %ﬁ(K) in the sense of Braun et al.; see [15]).
The space of ultradifferentiable functions of Beurling type
with respect to the iterates of P is

By () = {f € C @) | [l < +o0

for each K cc Q, A > 0} ,

3
endowed with the topology given by
)
%J(‘Dw) (Q) := projproj&y,, (K). (18)

Kcca 150
If {K,},.ry 1 @ compact exhaustion of Q, we have
P Lok .
&) (Q) = projproj&p,, (K,) = proj &p,, (K,). (19
neN keN neN

This metrizable locally convex topology is defined by the
fundamental system of seminorms {| - || Kwn}neN‘

The space of ultradifferentiable functions of Roumieu type
with respect to the iterates of P is defined by

&y () ={feC®(@: VK ccQIN>0

(20)
such that ||f||K)L < +oo}.
Its topology is defined by
&l () = projind&y,, (K). (1)

Kccq A>0

As in the Gevrey case, we call these classes generalized
nongquasianalytic classes. We observe that in comparison with
the spaces of generalized nonquasianalytic classes as defined
in [14] we add here m as a factor inside ¢* in (15), where
m is the order of the operator P, which does not change the
properties of the classes and will simplify the notation in the
following.

The inclusion map &,(Q) — %1: (Q) is continuous
(see [14, Theorem 4.1]). The space %f(ﬂ) is complete if and
only if P is hypoelliptic (see [14, Theorem 3.3]). Moreover,
under a mild condition on w introduced by Bonet et al. [26],
%1: (Q) coincides with the class of ultradifferentiable func-
tions &, (Q) ifand only if P is elliptic (see [14, Theorem 4.12]).

Denoting by

7= je*“’“f) £(x)dx (22)

the classical Fourier transform of f ¢ &' (Q), we recall from
[22, Proposition 3.3] the following characterization of the
x-singular support in the sense of Braun et al. [15].

Proposition 4. Let QO ¢ R" be an open set, u € 2'(Q), and
X € Q.

(a) Thenu is a &,,,-function in some neighborhood of x, if
and only if for some neighborhood U of x,, there exists a
bounded sequence uy, € &' (Q) which is equal tou inU
and satisfies, for some C > 0 and k € N, the estimates

IE[Y |y (©)] < Ce VPP NP . yN €N, Ee R (23)

(b) Thenuis a & ,-function in some neighborhood of x, if
and only if for some neighborhood U of x,, there exists
a bounded sequence uy € &'(Q) which is equal to u in
U and such that for every k € N there exists a constant
Cy. > 0 satisfying

€[ |y @) < Ce” M0, NN, EeR. (24)



Thisled, in [22, Definition 3.4], to the following definition
of wave front set WF, () in the sense of Braun et al. [15].

Definition 5. Let Q be an open subset of R” and u € 2'(Q).
The {w}-wave front set WF,,(u), resp., (w)-wave front set
WE (), of u is the complement in Q x (R™\ 0) of the set
of points (x,, &,) such that there exist an open neighborhood
U of x, in Q, a conic neighborhood I of &;, and a bounded
sequence uy € &'(Q) (the set of classical distributions with
compact support in Q) equal to u in U such that there are
k € Nand C > 0 with the property

IE[Y |y (©)] < CeRPEN N = 1,2, EeT (25)

Resp., which satisfies that for every k € N there is C, > 0 with
the property
E[Y |y (©)] < e NP, N =1,2,..., EeT. (26)

3. Wave Front Sets with respect to
the Iterates of an Operator

Now, we assume that A is a bounded open set in R” and we
use the following notation:

A :={xeA:d(x,0A) > s}, (27)

where d(x,0A) is the distance of x to the boundary of A.
Given a linear partial differential operator P(D), we denote
by P“(D) the operator corresponding to the polynomial
P@(&). If P(D) is hypoelliptic, by [27, Theorem 4.1] and
the argument used in the proof of [3, Theorem 1], there are
constants C > 0 and y > 0 such that for every s > 0 and ¢ > 0
we have

[P0, < C(ENPOIf a0, + I fn),

feC®(A).
(28)

We observe also that if P(D) has constant coeflicients, its
formal adjoint is P(-D) and, if P(D) is hypoelliptic, P(—D)
is also hypoelliptic (because of the behavior of the associated
polynomial P(-£)). Moreover, any power P(D)¢ or P(-D),
with € € N, of P(D) or P(-D), is also hypoelliptic.

We now want to generalize the notion of x-singular
support of Proposition 4, using the iterates of a hypoelliptic
linear partial differential operator P with constant coeffi-
cients. The idea is to substitute the sequence u, which
satisfies an estimate of the form (23) or (24) by the sequence
fx = P(D)Nuwhose Fourier transform satisfies the following
estimates (29) or (30).

Proposition 6. Let P(D) be a linear partial differential oper-
ator of order m with constant coefficients which is hypoelliptic.
Let Q be an open subset of R", u € 2'(Q), x, € Qand consider
the following three conditions:

(i) fN = P(D)"u,
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(ii) (Roumieu) Ik € N, VM € R, 3C,, > 0, VN € N, and
& € R", we have

|[F ©) < CapeO7 N (14 )M, (29)

(iii) (Beurling) Vk € N and M € R, 3C; ; > 0, VN € N,
and & € R", we have

| ©)] < Croppe™® MO+ )™, (30)

Then, the distribution u € %fw}(U) (u e %(Pw)(U)), where
U is some neighborhood of x, if and only if there exist a
neighborhood V of x, and a sequence {fy} in &'(Q) that
satisfies (i) and (i) in V (that satisfies (i) and (iii) in V).

Proof.

Sufficiency (Roumieu case). Letu € %fw}(U) withU = Bs,(x,),
the ball in R" of center x,, and radius 37, r > 0. We choose
X € D(Q) such that y = 1in B,(xy) and y = 0 in (B,,(x,))".
We set fy = xP(D)Nu. Then, fy, € €'(Q)and fy = P(D)"u
in B,(x).

Now, fix £ € N. From the hypoellipticity of P(D), there
are constants D, d > 0 such that, for || large enough, |P(§)| >

D¢ Id. Then, from the definition of f), we obtain, for || large
enough,

D& | ®)

<[P©| - |fv @)

i (31
= IP (E)|€ ”R" X (x) P(D)Nu (x) e—z(x,f)dx|

=[] X PO ) P (759 e |.
.

We integrate by parts in the integral above, which will be
equal to

lj PID) (¢ (x) - P(D)Nu (x)) e"‘<"’f>dx| L 3
-

From the generalized Leibniz rule, we can write (here m is the
order of P(D))

P(D)* (x (x)- P(D)Nu(x))

o (33)
= Y D% - )" (D) (PO ().

la|l<me ™"

Since P(D)" is hypoelliptic and P(D)Nu is a C*-function in
the bounded set B,,(x,), we can apply formula (28) to the
operator P(D) witht = ¢ for0 < & < r, A,,;, = B,,(x,),
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and f = P(D)Nu (and A, = B,,,.(x,)) to obtain constants
C,,y > 0 (which do not depend on N) such that

69" e,

) (%)
<C, ( |a|"P (D)N*u ”szm (o) .
el Y”P(D) u“szm xo>)

Now, as u € %fw}(U), there are constants k € Nand C > 0
such that (we use the convexity of ¢*)

[P0 ul,

< G/ (km(N+0) (35)

< Ce(l/Zk)(p*(2kmN)+(1/2k)(p*(2km€)’ 2, N e N.
Therefore, we can estimate, by Holder’s inequality, the
Fourier transform fy (&) for |§| big enough in the following

way (at the end, we use the fact that ¢*(x)/x is an increasing
function):

DIE[ | ()
<C, )

1
;"D“X"wz,(xo)

|a|<me ™"
( |o¢||'P(D)N+€ ||2]32W(xU (36)
S S N

<D,, (e(l/k)tp*(km(NW)) + e(l/k)q:*(kmN))

< Em,ee(l/Zk)(P* (kaN)'

On the other hand, if |§| is bounded, we put D, =
I )(IlZ)B2 (x0) and, by Holder’s inequality, we have

'fN (f)| < IJ ) x (x) P(D)Vu (x) I
R (37)

<D, < CDre(l/Zk)tp* (2kNm)

From the last estimates, we can conclude that 3k € N,
VM € R,3C,,; > 0,¥N € Nand & € R",

| (©)] = Cppe 07 BN (1 4 g™, (38)

which finishes this implication.
The Beurling case is similar.

Necessity (Roumieu case). Let { fx}nen € &' (Q) satisfying (i)
in some neighborhood U of x,, and (ii). We fix a compact set
K cc U and take M > (n + 1)/2. Now, by (ii), there is k € N

and a constant C > 0 that depends on n and P(D) such that,
by Parseval’s formula,

”P(D)Nu||L2(K) = ||fN||L2(K) < | frlle, @

(271) (,[ (1 +|E|)_
< (1 )2 7 @ )

< Ce(l/k)¢*(kNm)<j (1+ |El)_2Md£>1/2
RYI
(39)

In a similar way, using the Fourier transform, we can see
that the distributions Du satisfy analogous estimates for
each multi-index « on K. By the hypoellipticity of P(D) we
conclude that u € C*°(U), and this finishes the proof in the
Roumieu case.

As above, in the Beurling case we can argue in a similar
way. O

In the rest of the paper, it is assumed that the operator
P(D) is hypoelliptic, but not elliptic. Hypoellipticity is not
only useful for Proposition 6, but also because it gives some
good properties of the space &” (), such as completeness (cf.
[14]). On the contrary, the elliptic case is not really interesting
here since &7(Q) = &,(Q) if and only if P is elliptic, as we
have already mentioned at the end of Section 2.

Proposition 6 leads us to define the wave front set with
respect to the iterates of an operator.

Definition 7. Let Q be an open subset of R”, u € 2'(Q),
and P(D) a linear partial differential hypoelliptic operator
of order m with constant coefficients. We say that a point
(x0.&) € Q x (R"\ {0}) is not in the {w}-wave front set
with respect to the iterates of P, WFfw}(u) ((w)-wave front
set with respect to the iterates of P, WFfw)(u)), if there are
a neighborhood U of x;, an open conic neighborhood I' of
&,, and a sequence {fy}yen C &'(Q) such that (i) and (ii)
of the following conditions hold ((i) and (iii) of the following
conditions hold):

(i) Forevery N e N, fy = P(D)NuinU.

(ii) Roumieu:

(a) there are constants k € N, M > 0,and C > 0,
such that

|7y (©)] < CN (e Nmow N 1) 1y ()M

NeN, &eR"

(40)

(b) thereisaconstant k € N such that forall £ € N,
there is C, > 0 with the property

|7 )] < Coe PP N (L), NeN, Eel. (4D



(iii) Beurling:

(a) there are M, C > 0 such that for all k € N, there
is C, > 0 such that

|Far (©)] = G (eNme ®mik) e ™ (1 ()™,

(42)
NeN, ¢eR%
(b) for all £ € Ny and k € N there is C;, > 0 such
that
|7 @) < Cie” ™01+ [,

(43)
NeN, &el.

If we compare the last definition with Definition 5 we can
deduce, as Proposition 9 will show, that the new wave front
set gives more precise information about the propagation of
singularities of a distribution than the *-wave front set of a
classical distribution (¥ = {w} or (w)). We first recall the
following result that we state as a lemma (see [19, Proposition
1.8]).

Lemma 8. Let Q) be an open subset of R", u € 2'(Q),
and P(D) a linear partial differential operator with analytic
coefficients in Q) of order m. Let y € D(Q) such that

ID*xn| < CCN)™,  Jal < N, (44)

where C > 0 does not depend on N = 0,1,2,.... Then
the sequence fy = XPmNP(D)Nu, for p € N large enough
independent of N satisfies

| v @) < CVonN + )™ (1 + g™,

EeR",

(45)
N=0,1,2,...,

for some constants C>0and M > 0.

Proposition 9. Let Q) be an open subset of R", u € 9'(Q),
w a weight function, and P(D) a hypoelliptic linear partial
differential operator of order m with constant coefficients. Then,
the following inclusions hold:

WFyu € WFu,  WFouc WFu.  (46)

Proof.

Roumieu Case. Let (xy,§,) ¢ WF,u. From Definition 5,
there exist a neighborhood U of x,;, an open conic neighbor-
hood F of &, and a bounded sequence {ty} yen € &' (Q) such
that uy = uin U for every N € N and for some constants
C>0,keN

€Y fi (©)] < TN, EcE NeN.  (47)

By [18, Lemma 2.2], we can find a sequence x € 2(U)
such that y, = 1 in a neighborhood V of x, and

D x| < CLC NP, Bens BN, (48)
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Wesselect p € Nasin Lemma 8 (or bigger if necessary) and set
fn = XNmPP(D)Nu. We first observe that, as u = uy in U for
all N € Nand yy € 9(U), we have fy = )(I\,mpP(D)]\]uS
for all s € N. We want to prove (i), (ii)(a), and (ii)(b) in
Definition 7. By the choice of yy, condition (i) is fulfilled
in the neighborhood V. To see (ii)(a), we observe that from
Lemma 8 there is C > 0 such that

|7 ®) < T¥mN + £ (1 + &)™,

EeR",

(49)
N=0,12,...,

for some constant M > 0. Since the weight function w satisfies

w(t) = o(t) ast tends to infinity, from [22, Remark 2.4(b)], for
every k € N there is C; > 0 such that

Nm < (Ck)l/Nme(k/Nm)tp*(Nm/k), N e N. (50)

In particular, for k = 1, we obtain

mN

|f‘~‘N (5)' < CIC‘N (e(l/Nm)qJ*(Nm) + |€|> (1 : |€|)M)

EeR",

(51)
N=012,...,

which proves (ii)(a).
We prove now (ii)(b). We fix £ € N and set, for fyy =

XnmpP (D)NuNerf’

(118D [ @] = 1+ D" [ Ry ] P €= )™

X |ﬁNm+€ (€- ’7)| dn

=1, &+,
(52)

where J; (&) is the integral when || < c|&], for ¢ > 0 to
be chosen, and J,(§) is the integral when |y| > c|&], both
considered with the factor (1 + |€])*. In J,(§), we have

| —n| < [&] +|n] < (1+c7)|n]. (53)

Since uy is a bounded sequence in &' (Q), there is M > 0
such that |7y ()] < C,(1 + [£]) forall € € R" and N € N.

From (48), we can differentiate yy,, up to the order Nm
to obtain constants C, > 0,C, that depend on #, ¢, and M
such that (see [22, Lemma 3.5])

[Ty ()] < CCY™™

o(1/R)e” (Nkm)

x (1)
(|,1| n e(l/Nkm)(p*(Nkm))Nm

neR"
(54)

As P(D) has order m, we also have IP(E)IN <C(1+ |E|)N"’
for some constant C > 0 and each & € R"and N € N.
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Moreover, in J,(&), (1 + [£)) < (1 +c¢ M) (1 + |x])* and
(L= < (14 )" ™M@+ ). (55)

Therefore, from (54), we obtain

|1, )]

< DCe (1 + C—l)M+Nm+€
m _ (56)
X j|n|>c|a (1 D)™™ )™ [ Xy ()]

_1 . M+Nm+¢€ *
< checé\Terl(l e 1) +Nm+ e(l/k)q) (Nmk)

for some D, D’ > 0.
On the other hand, if we consider the estimate (1 +|& |)€ <
1+~ 71|)€(1 + Iﬂl)e, we obtain

@1 < ([ el [fam ()] dn)

- sup |t (§—1) (57)
[ <clél

(L fE=n) - PE-m).

We observe that the integral is less than or equal to C, AN for
some constant C, > 0 that depends on ¢ and the support of
Xnmp and some constant A > 0. Now, we write { = § — . If T
is a conic neighborhood of &, such that I' c F, we can select
0 < ¢ < 1such thatfor& € T'and | - (| < c|&], we have { € F.
Consequently, we obtain, by assumption on Ziy;,,,, (see (47)),
and by the estimate PN < CV(1+]¢)N™ for some positive
constant C, for & € T,

sup nmee O] - (1+ ) [POY
[E-CI<clE]

[, ®)] < c,AY

< éeémle(uk)(p (Nkm+ke)

(58)

for some C > 0. We conclude, using the convexity of ¢*, that
there are constants D, > 0 and E > 0 such that

(1+ &) |7 ©)] < 11 ® + |1, @)
(59)

< DeEN+le(1/2k)(p*(2kNm)’ £€ L.

Beurling Case. Let us assume now that (x,,&,) ¢ WEF,u.
From Definition 5, there exist a neighborhood U of x,, an
open conic neighborhood F of &), and a bounded sequence
{untnen € &' (Q) such thatuy = uin U for every N € Nand
for every k € N there is C. > 0, such that

lE[Y |y (©) < e YR, e F, NeN. (60

We take y, and fy as in the Roumieu case. From (50), for
any k € N, there is Dy, > 0 satisfying

v @ < DEN (/8N 1e)"™ (14 fe))™,

EeR", N=012,...,

(61)

which proves (iii)(a).
To prove (iii)(b), fix £ € N and consider now the estimate
(use (48) and (50))

ko™ (Nm/k)
Nm+1 Cie™

Xy ()] < C.C (1| + et/ mig" Qi) ¥

(62)
x(1+ [ R
Here,
(1+ ) |Fw ® < (1 + 8]
<[V Ol IPE

X |tinmre (§ = 1) dn
=, &)+,

where J,(§) is the integral when || < c[&], for ¢ > 0 to be
chosen, and J, (&) is the integral when || > c|&|. In this case,
we use (60) and obtain a constant C, > 0 which depends on
¢ (and M, n) and a constant E > 0 with the property that for
every k € N there is a constant C, > 0 such that forany & € T
and N € N,

(1+ &) |fN (€)' < C,ENIC kv Nmlk)
(64)
Eel, NeN.

This concludes the Beurling case. O

Corollary 10. Let u € @'(Q), and let K be a compact subset
of Q and F a closed cone in R". Let w be a weight function.
Suppose that {xn} € D(K) is like in (48). Then, we have the
following:

(a) IfWF{Z}(u) N (K x F) = 0, then the sequence gy =

XNmpP(D)N u, for p € N large enough independent of
N, satisfies that there is k € N such that for every € € N,
there is C, > 0 with

|n (B)] < Ce VR ENm (1 L 1E)) EeF, NeN.
(65)

(b) If WE, (1) 0 (K x F) = 0, then the sequence gy =

XNmpP(D)Nu, for p € N large enough independent of
N, satisfies that for every k, € € Nthereis Cy , > 0 with

|9n (©)] < Crp® MR (11 |E)C, EeF NeN.
(66)



Proof. We make a sketch of proof of (a) only. Let x, € K,
&, € F\{0} and choose U and I', with T a conic subset of F and
fn according to Definition 7. If the support of yy is in U, we
have )(NmpP(D)N U = XnmpSn- Now, the proof is like (ii)(b)
of Proposition 9 for the set I' and fy instead of P(D)~uy,,,, -
To obtain a uniform estimate in F, we can proceed as in [22,
Lemma 3.5] at the end of the proof of (a). See also the proof
of [25, Lemma 8.4.4]. O

The singular support of a classical distribution u € 2'(Q)
with respect to the class &” is the complement in Q of the
biggest open set U, where u|;; € &°(U). As a consequence
of Propositions 6 and 9 and Corollary 10, we obtain the
following result.

Corollary 11. The projection in Q of WF~ (u) is the singular
support with respect to the class €% (Q) ifu € D'(Q).

Proof. Follow the lines of the proofs of [22, Theorem 3.6] and
[25, Theorem 8.4.5]. O

Remark 12. We observe that from the definition it is obvious
that if P is hypoelliptic, then for * = (w) or {w}

WE? (1) = WF” (Pu). (67)
Then, by Proposition 9, the following inclusions hold:
WE? (u) = WE? (Pu) ¢ WE, (Pu) ¢ WE, ().  (68)

Now, we can state an improvement of [22, Theorem 4.8]
for operators with constant coefficients.

Theorem 13. Let P(D) = } <D a, € C bea
hypoelliptic linear partial differential operator with constant
coefficients and order m and let Q be an open subset of R".
Let P,, be the principal part of P and £ = {(x,&) € Q x R"\
{0} : P,(§) = 0} the characteristic set of P(D). Then, for any
distribution u € &' (Q)

WF, (u) ¢ WFY (u)u 3. (69)

Proof. Let (x,,&,) ¢ WE® (1) such that P, (£,) # 0. Then, there
are aneighborhood U of x, a conic neighborhood I of &, and
a sequence { fy)nen C &'(Q) that verify (i), (ii)(a)-(ii)(b) in
the Roumieu case, and (iii)(a)-(iii)(b) in the Beurling case of
Definition 7. We take F ¢ T such that P, (§) #0 for & € F. We
take a compact neighborhood K ¢ U of x, and consider a
sequence {Yntnen € D (U) satisfying (48) such that y = 1
on K.
We set now uy = x3,2nu. We want to estimate

iy (§) = <”’ X3m2Neii<x’E)>
‘ (70)
= J U () Yamen (%) €V dx.

To estimate |zi);(§)| in F, we will solve in an approximate way
the following equation:

‘PD)v (%) = Yapany () € 0. (71)
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As in [17], we put v(x) = e D u(x, f)/Pm(E)N. For (x,&) €
K x F, we have

‘P(D) (VP (Hw)

= Y (-1)"a, D (VP (E)w)

|a|<m

= Y (-1)¥a, VR @)

la|<m

5o

= e (1 Ryw,

(72)

where R = Ry + -+ + R,,, with R; = R;(§, D) a differential
operator of order <j which depends on the parameter & such
that R;[& I/ is homogeneous of order 0. Recursively, it is easy
to compute then

. ; N
‘PD)" (VPN @ w) =PI -R) w.  (73)
Therefore, we want to give an approximate solution of
, N .
eI - R) w = yapey (x) e 0. (74)

A formal solution of (74) is given by the series:

w=(I-R) ™ papen = Z <_JN> DR Yoy (75)
=0

For
mN ..
wy = Z <_N> (1R x5 (76)

we can write

N

(I-RNwy =Y (g) (-1)"R"

h=0
mN o

<3 () CORig e )
o\

N mN

= 22, (0) () o e

h=0 j=0

We observe that the coefficient of Ry, > = R¥y3,2 with
h+ j =k <mN is given by

(—1)"2} (?j) <k_f\]h> =0, k>1, (78)

by the Chu-Vandermonde identity. For k > mN + 1, the term
R¥ does not appear anymore for 1 = 0. So, we do not have
all the summands needed in the identity above and hence
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the coefficients of R¥ are not zero. Therefore, (we write x for
X3z for simplicity)

(I - R)Nwy
N mN
—x+Y Yy (2’) (‘N) )RRy (79)
h=1 j=mN+1-h J
=X—¢eN
for

= S (Ve e s

h=1 j=mN+1-h

Then,
PD)" (e Nwy) = e 01 - R wy
(81)
— 0 (- ).
If we apply these identities to u, we obtain
= _ | ixd) d
ty (&) e Xam2 Nt (x) dx
= J e_"<x’£>eN (& u(x)dx
+ J tP(D)N (e_“x’E)P;,NwN) cu(x)dx
(82)

_ J’e-i<x,£>eN (x, &) u (x) dx
. J e 8 PN () (x, &) P(D)Nu (x) dx

:H,y (§) + H, (8),

where the integrals denote action of distributions.
We suppose now that 1 has order M > 0in a neigborhood

of K. Since H,(§) = (u, eNe_Kx’E)), we have

H, @ <C Y |D(en(x8e ™)

|Fl=p
o (P
<C )2 (a) [Difey (x,9)
|Bl<m *=0 (83)
. |D£—ae—i<x,€)|
<C Z (1+ |E|)M_|“|sup |DSey (x,8)].
la|lsM X
In order to estimate this expression, first we estimate
N mN
o N -N o j
IDxeNl < Z Z i Dx (RJ+hX3m2N) :
h)\j
h=1 j=mN+1-h
(84)

9
The number of terms in ey depends on
2.7
jemNi1-h
(85)
< mzl“\r <N+WN— 1) < N+mN-1
j=mN+1-h J

Now, since ¥, (N) = 2 and in the sum of the expression
of ey, mN < s = h+ j <mN + N, we obtain (we recall that
R=R,+---+R,)

mN+N

|Dien| < 2N Z |D% (R x3men)|

s=mN+1
mN+N

e D

ilo.. |
s=mN+1 j1+---+jm:s]1‘ Jm:

J jm
X |DS (R Rl game )|
(86)
In the last expression, we obtain a sum of A" terms, for
some constant A > 0, of the form R; ---R; which contain
derivatives of order mN + 1 + jy and are homogeneous of

degree -mN — 1 — jy, where 0 < j; < m>N. Then, if we take
|&] > N, we get a new constant B > 0, such that

IDieNI

NMZN 2 NmHl+ptal o —-Nm-1-p
< AN Y (3m’N) €| (87)
p=0

< BN+|“IN|[X|+N|£|_N,
Therefore, we obtain a new constant C > 0 such that
H, @) < (1+ ) NYME N, v[E >N, (88)

We study now
H, () = j DN (£) 1y (x, €) P(D) Vi (x) dx
= PN () J ey (%, ) fy (x)dx

= PN (&) F (wyfn) ©)

=N @)

@ny’
x JRn@(ﬂ)'ﬁ(E—n)dn =5 ©+5, ),
(89)

where we have splitted H,(&) in the sum of S, (§) and S, (&),
the first when || < c|¢| and the second when || > c|&|, for a
constant ¢ > 0 to be chosen.
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First, we estimate wy defined in formula (76). Proceeding
in a similar way as before with the expression of ey, if we take
|€] > mN and |B| < 2m*N and estimate the binomials as in
(85), we find a constant A > 0 such that

'iV <_N> (1)’ DE (R s

=

2[7)

IN

]

y I

T |
gm0

D (R R )|
N+1 (a2 \IBS
<M (3m’N)T Y

2[(5)

X Z L!|E|_jm(3m2N)jm

il g
I N A

< AN ),
(90)

At this point, we have to separate Beurling and Roumieu
cases.

Roumieu Case. From Definition 7(ii)(a), we have

| (©)] = TN (Mmoo m 1) 1 ey, o

NeN, £e¢R"

for some constants C > 0, M > 0, and k € N. Now, as wy, €
2(U), by (90), we have, as in [22, Lemma 3.5],

1/0p* (Nmk) it

+ 1)) ,

. N+1 1
|wN (’7)| <C (e(1/Nmk)p" (Nmk) 4 |11|)NM(

neR".
(92)

We proceed now as in the proof of (ii) (b) of Proposition 9
in order to estimate H,(§) = S;(§) + S,(§). In S,(&), we have
I€ = 5] < (1 +c ")yl and, by (92), we deduce

1S, (©)] < @m) [P, (&)
<[ o ) T - ]
[ >clE]

|—N

Nm+M

< DVIET™ 1+

¥ Nm
x J @5 ()] (/NN )
[71]=clél

x (1+ |))"dn
< BNe(l/k)‘p*(Nmk)|£|_Nm,

(93)

for some constants D, B > 0.
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For S, () we have

18, ®)] < [P ®] N @n], - s v E-m] (og
n|<c

As in the proof of Proposition 9, we can estimate S, (), in the
Roumieu case, with the use of (ii)(b) of Definition 7 in the
following way: we select ¢ > 0 for which there are C > 0 and
k € N such that for & in some neighborhood I" of &, (see the
argument before inequality (58)),

sup |fiv (§-1)]

|7 =clél

< N1 (1/k)g" (W) sup (1+[¢- 77|)M (95)
|| <clé]

< CNT RO MR (1 (1 4 ) M.
Consequently, since [|wy|l L S AN for some constant A > 0,

5, ©)f < DY g Hp, @

< EN+le(1/k)(p*(Nkm)|E|M7Nm'

Therefore, if we combine (96) and (93), we obtain two
constants C > 0 and h € N such that for £ in some conic

neighborhood of § and |¢| > ((1/2NGm=DR)g” (N m-1)h) b,
|H2 (f)' < CNHe(l/h)(P*(th)IE'Mme

< CN+le(1/2h)(p*(2Nh)+(1/2h)(p*(2N(m—1)h)|£|M—Nm (97)
< CN+1e(1/2h)<p*(2hN)l E|M—N‘

As in (50), we have NV < Ae? ™ for some constant A > 0
and every N € N. Then, from (88), we deduce a similar
estimate to the one of |H,(§)| for |H,(§)|. Now, from the
bounds for H,(§) and H,(&), there are constants C,h > 0

such that, for £ in some conic neighborhood of &, and |§| >
(1/2N(m=1)h)g* @N(m=-1)h)

lin (©)] < cN(1+ |£|)Me(1/h)<p*(hN)|E|—N. (98)

We have a similar
e(l/ZN(m—l)h)(p*(ZN(m—l)h)

when €] <
. In fact, since the sequence uy
is bounded in &'(Q), there are constants D > 0 and M’ > 0
which satisfy

estimate

oy @ <D+, et ©99)
Then, we have
i (©)]
< D(l + |E|)M, <C (e(l/ZN(m—l)h)(P*(ZN(m_l)h))M’+Nl€|7N
<C (e“/ <N+M’>h’>so*<<N+M'>h’>)M,+N|E B
<D e(l/h”)¢*<Nh")| El—N'
(100)
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Beurling Case. In this setting we will proceed in a similar way.
We can select 0 < ¢ < 1 and apply now (iii)(b) of Definition 7
to obtain, for every k € N, a constant C; > 0 such that, for all
& in some neighborhood of &,

18, @) < |B @ @yl - sup |fx (=)

|7]|SC|E| (101)

< CkENek(p*(Nm/k) |E|M7Nm'

In a similar way to (92), we can obtain here

ek(p* (Nm/k)

wy (n)] < ¢,
o ] < G (elbme" (mfi) 4 g™ (10)

n—1-M n
» e R,

x (L+[n])
where the constant M > 0 comes from Definition 7(iii)(a).
Now, as in (93), we have a constant C > 0 and for every
k € N a constant C;. > 0 such that

IS, (€)] < CCNe® NN N eN, [€] > N.
(103)

Therefore, from (101) and (103), we have C > 0 and for a
fixed k € N a constant C; > 0 such that for & in some conic

neighborhood of &, and |£] > e*/Nm=D)g" (NGn=1/k)

|H2 (£)| < CkCNeZk‘P*(Nm/Zk)mM—Nm o
1
< G CN ek NP MN,

As in the Roumieu case, we deduce a similar estimate for
|H, (&)]. Then, the bounds for H, (§) and H, (&) give a constant
C > 0 and, for every k € N, a constant C;, > 0 such
that for & in some conic neighborhood of x, and |§] >

kINGn=1))g" (N(m-1)/k) (> N) (if N is large enough),

liiy (§)] < CCNek? N g M, (105)

Finally, we also have a similar estimate when [§] <
eK/Nm=D)g"(Nim=D/K) \yhich concludes the proof of the theo-

rem. ]

Remark 14. If P(D) is elliptic, then ¥ = @ and Theorem 13 and
Remark 12 imply that

WE, (1) = WF. (). (106)
Example 15. We show that the inclusions
WE (1) € WE, (),

(107)

WE? (1) ¢ WE, (Pu)

of Remark 12 are strict. As in [14] (see [26]), we consider a
nonquasianalytic weight function w satisfying the following
condition: there exists a constant H > 1 such that forallt > 0,

2w (t) < w(Ht) + H. (108)

1

For example, if w is a Gevrey weight, then it satisfies such
a property. We consider now a polynomial P with constant
complex coeflicients such that it is hypoelliptic but not elliptic
(for instance, the heat operator). Then by [14, Theorem 4.12],
thereisu € %fw} (\&,;(Q) (for some open subset Q) of R™).
Then, WFf’w}(u) = @ but WF (1) # 0, which implies that the
inclusion

WE, (1) ¢ WFy, () (109)

is strict.

On the other hand, if we consider now a {w}-hypoelliptic
polynomial P which is not elliptic (e.g., the heat operator in
R” for w(t) = t'/?), then as before there will be u € %fw}(ﬁ) \
&} (Q). In particular, WFfw}(u) = 0. Now, if WE,,(Pu) = 0,
we will have Pu € &,,(Q) and since P is {w}-hypoelliptic, u €
&1,(Q), which is a contradiction. Therefore, WF,, (Pu) # 0
and we conclude that the inclusion

WFy, (1) ¢ WEF,; (Pu) (110)

is strict.
Let us also remark that for the heat operator Q(D) = 9, —
A ., we can explicitly write its characteristic set Z, so that the

previous considerations give, for u € %{Qw}(Q) \ &) (Q), the
following information on WF,, (), because of Theorem 13:

0#WF, (u) c WEL (u) U
(111)
=) = {(t’x,‘[')o) € QX Rn+1 :Tio}.

In the Beurling setting, we can proceed in a similar way.
Let us finally notice that the inclusion

WF, (Pu) ¢ WE, (1) (112)

of Remark 12 is strict in general.

4. Distributions with Prescribed
Wave Front Set

The proof of the following lemma is straightforward.

Lemma 16. Let w be a weight function. Then, for every a > 0
andm € N

(i) t"e ) < 2 M) >
(ii) inijNOtfjme“‘P*(jm/“) <tme ™0 vt > 1,
Now, we show that the product of a Gevrey function with a

function in & (Q) belongs to the last space.

Proposition 17. Let w be a nonquasianalytic weight function
such that w(t') = o(o(t)) ast — oo, where y > 0 is the
constant in (28) and o(t) = ' isa Gevrey weight, with s > 1.
Ifx € €, (Q)andu € %f(Q), where * = {w} or (w), then the
multiplication yu € &7 (Q).
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Proof. We will analyse the L*-norms of P(D)/( Xu) on a
compact set K in Q. First, we observe that, by the generalized
Leibniz rule over P(D) applied j times,

PDY (xu) = P (D) [P (D) 2 P (D) (yu)

1 vt
=X (113)

|
ot oy o X177

P(ocl) (D) (P(Oéz) (D) (P("‘J’) (D) u)) .

We fix now a compact set K in Q such that dist(K,0Q) > r >
0. We apply L*-norms in the compact set K

2 X e

lo|sm | |<m

"P(D)j (X”)Hz,

x “Dal D%y
pl) P(“j)”"z,K
(114)

Since x € &,;(Q), there is a constant A > 0 such that, for
each a € Nj and x € K we have

ID*y (x)] < A je™™. (115)
Consequently,
sup |[D™ -+~ D%y (x)] < A|“1+"'+"‘f||o¢1 bt aj'$|“1+"'+“f|
x€K
< Ajm (jm)5(|0‘1|+"'+|“j|)‘
(116)
Therefore,
ool
< Z ;sup |D™ ... D% y|
- ool
|o<1|§m ..... |o<j|Sm 1 J
(07) (a )
P P (117)
- Ajm(jm)5(|“1|+"'+|“j|)
B leve !
o | <. || <m oyt gy
P,
Now, we apply (28) j times to the factor [P ... Py 2K

We will use the notation K(g) =
first step,

K + B(0, ¢), for € > 0. In the

o]y = (PP

2,K(g;)

Sllml_y"P(aZ) Ce P(a )u"z K(ep) )

(118)

Abstract and Applied Analysis

In the second step, K(¢,) is replaced by K(g, + ¢,) and so on
in the next steps. Therefore, to avoid that, after j steps, the
set K(g; + -+ + ¢;) leaves Q) and to keep it bounded for all j,

we may take &, depending on k forall 1 < k < j. We take
&, = Bk with B > 0 a constant such that
1 1 r
el+~~+sj:B<1+—+-~-+f><— (119)
28 i) 2
for all j. It is obvious that e, " < ¢ ! forall 1 < k < j -
Moreover, we can assume that g < 1forall1 <k < j.
After j steps we get
(o) (a;)
[P Pu
ipigal ol (| pi
<C2 & sj "P u“z,K(s1+--~+sj)
+sj ”P u||2,K(£1+~~+£j)
~7|| pi-2
+ 8] 18 “P ”2 Ky +-te;)
4oy 81_782_7’ ... 5;y||”||2,1<(s1+~~+sj)> .
(120)
With our selection of g for 1 < k < j, we have
ol gl _ Bl
1 T ol o plel?
(121)
o (k+ D)7
(6 €)™ = gy
BU-k)y
forallk =0,1,..., j— 1. Moreover, for all j, K(g; +---+¢;) C

K(r/2), which is compact and a subset of Q. Consequently,
since j/ < e/jlforall j = 1,2,..., we have (we can assume
that the constant B < 1 and then B*! < 1 forall 1 <k < )

Jecy | 5|0¢ | -smj
e | lotj] sl ot | sl IJS J J smj
811"'5j1] 1 ] 12S|0£2| .. sltxl (])sm—e
(122)
Summing up, we obtain
[P@Y G,
J J_ || pi-t
S (S e
GG =)y s ()"
+ BY ”P "z ke B lletllz k29
(zcesmAm)jms(locl|+-»-+|ocj|)
X .
o [<rm ]| < al--- oyl

(123)
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If we use the multinomial theorem,

mslzxkl 00 mslocl .
2w = (124)
o|=0

| |
|ock|§m Kpes .

where  is the dimension of the multi-index |ay | or |«|. Then,
it is clear that

(C/Be™ Ay o)

oleeal

<SE (125)

o |<m...| ;| <m

for some constant E > 0 that depends on P(D), y, and the
compact set K(r/2).

Now, we control the sequence (j(j — 1)---(j — k + 1))
for k = 1,..., j, which is the factor of ||Pj7ku||2’K(,/2) and less
than or equal to

.\ Sy )
(,ﬂ) KIS < 2701y (126)

1/s

For * = {w}, since w(t¥) = o(t''*) ast — +00, there is a

constant F > 0 such that

k)Y <Fe? ®,  keN. (127)

Since ¢*(x)/x — coast — oo, for any constant i € N,

(k)Y < Fe(l/h)q’*(kh) < Fe(l/h)q’*(kmh)_ (128)

On the other hand, since u € %fw}(ﬂ), there are constants
G > 0 and h € N that depend on K(r/2) such that

j—k (1/m)¢* ((j-k)mh) _ P
"P u"z,K(r/z)SGe , k=0,1,...,7, jeN.
(129)
Then, from the convexity of ¢*,
[Py G, ¢
jJisy j (1/h)@" (mh) || pj-1
< B2 ([PIul, )+ Fe [Pl
4t Fe(l/h)(p*(jﬂlh)”u"LK(r/Z))
< (j+1) 2V E/FGel Mo tmh),
(130)

If + = (w), since w(t’) = o(t/*

¢ € N, there is D, > 0 such that

)ast — +oo for every

(kDY < Dy *9, keN, (131)

Moreover, if u € %fw)(Q) for each € € N, there is C, > 0 such
that

,j» jEN.
(132)

”Pj_k”||2,1<(r/2) < Ceee"’*((j_k)/e), k=0,1,...
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Now, we can proceed as in the Roumieu case to obtain

[POY Gl iy < (G + DITEC D0, N,

(133)

2,K(r/2

which concludes the proof. O

Let us recall that, by Proposition 9 and Theorem 13 if w is
a nonquasianalytic weight and P(D) is elliptic, then

WFu=WF,u Vued, (134)

for * being equal to {w} or (w). Let us then assume P(D) is
not elliptic and prove the following result, which generalizes
Theorems 8.1.4 and 8.4.14 of [25].

Theorem18. Let w be a nonquasianalytic weight function such
that w(t?) = o(a(t)) as t tends to infinity, where o(t) = t'5isa
Gevrey weight function, with s > 1 and b = max(y, 3/2), with
y the constant in (28). Let P(D) be a linear partial differential
operator with constant coefficients which is hypoelliptic but not
elliptic. Given an open subset Q of R" and a closed conic subset
Sof O x (R™\ {0}), then there is a distribution u € ' (Q) with
0+ WFPu c S. In particular, if S = {(x,,t&,),t > 0} for some
xo € Qand & € R" with |&)| = 1, we have WF u = S.

Proof. Let us first remark that it is sufficient to prove the
statement when Q = R".

Moreover, since P is hypoelliptic but not elliptic, we can
find § > 0 and 0 < d < m such that

P )| = 8¢,

for & big enough. Choose a sequence (x;, 0;) € Swith [0, ] = 1
so that every (x,0) € S with |0] = 1 is the limit of a sub-
sequence.

Let us now set o(t) := w(t*’?) and separate Beurling and
Roumieu cases.

(135)

Roumieu Case. Take ¢ € D, (R") with ¢(0) = 1.
Then, there exist ¢ > 0 and h € N such that

|6 @) < ce PO vE R, (136)

Since logt = o(o(t)) ast — +00, by definition of weight

function, by Lemma 1.7 of [15], there exists a weight function

a such that logt = o(a(t)) and a(t) = o(o(t)) fort — +00.
Note that for every € € N, there is k, € N such that

d/m)
exp {—W logk} < k_e vk > kg (137)

and define then
- —(o(kY™) o (k™)) log k ik (x,0,.)
u(x)=ye 5 (k (x = x)) e 0

k=1
(138)

This is a continuous function in R" and we will prove that
0#WF{,ucS.
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To prove first that WF{Pw}u c S, we take (xy,&;) ¢ Sand

prove that (x,, &) ¢ WFfw}u. To this aim, we choose an open
neighborhood U of x,, and an open conic neighborhood T of
&, such that

UxT)nS =0. (139)

Write u = u; + u,, where u; is the sum of terms in (138) with
x; ¢ U and u, is the sum of terms with x; € U.

Therefore, there is a neighborhood U, of x, with U, ¢ U
such that u, is in &, (U;) since all but a finite number of
terms vanish in U,. Moreover, every weight function w is
increasing by definition, so that w < 0, &, C &, and hence
u; € 8, (UY).

Consider then

fn = PO)Nu, (%)

_ d/m d/m
_ Z ¢k /el logk p ()N

(140)

x €U
x [8 k (x - ) & 2.

Note that it is a totally convergent series since

sup
xeR"

PO [¢ (k (x = %)) e =9 || < k™ (1an)

for some Cy; > 0 and because of (137) with £ > 3mN + 2.
Let us then compute the Fourier transform

—~ (o rdim dfm
Fu® = Y e W oskpg)N

x €U

x 7 (¢ (k (x - x,)) %)

(o (rdIm d/m _
— Ze (o (k™) [k ))Ingk ”P(f)N

x €U
y (/3( § _:Sek ) ok 0=8)

(142)

with 6, ¢ T because of (139).

If T, is a conic neighborhood of & with T; ¢ T U {0}, then
I€&—nl = ¢(I&] + |]) when & € T} and # ¢ T, for some ¢, > 0,
since this is true when || + || = 1. Thus,

&~ K6 = o (&) +£)
> coé(lﬂ + ¢ +k3)

= ¢ \[8] - [¢]- ¥

= |k, EeT.

(143)
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It follows from (136) that

$<—E_:39k) < cexp {—%a(g_fek)}

/
< Ce—(l/h)ff(coE2 %)

(144)

< C'e—(l/h)w(ﬁ)) Eely,

for some ¢’ > 0, since w(2t) < L(w(t) + 1) for some L >
0 by definition of weight function. Therefore, by (142) and
Lemma 16(i), if we fix £ € N, for & e T}, €] > 1,

U+ ED° | F @] < (L4 [])" Y e /et ogipn

x €U
% |P @)V e 1/Me®

< [N W/ma®
< cé'e(l [he* (mNh+eh)
(145)

for some cff' > 0. Now, from the convexity of ¢*, it follows
easily that condition (ii)(b) of Definition 7 is satisfied. But
also condition (ii)(a) of Definition 7 is satisfied

| ©)]

< Z oK™ k™)) logk

x €U (146)
y k—nl p (€)|N Ce—(l/h)a((i—k36k)/k>

<™, EeRr”,

for some ¢’ > 0. This, together with u, € &1} (U,), proves
that (x,, &,) ¢ WFfw}u.

Let us now prove that WFf oUF0.

Choose x € 27(R") equal to 1 near x, € Q, where
o is the Gevrey weight of the hypotheses. To prove that
WFfw}u # 0, we proceed by contradiction and assume that the

wavg front set is empty. Then, u € gfw}(ﬂ).
et

dr (k (x = x3.)) = x (%) (k (x = x,)) . (147)

By hypothesis 0 = o(c) which implies in particular that
D5([R") € Dy (R"). Then, the sequence ¢(y) = x(y/k +
x;)$(y) isabounded setin P ,,(R") and, in fact, the supports
supp ¢ C supp ¢ for all k. We can use [15, Proposition 3.4] to
obtain constants ¢, i > 0 such that

|6; (©)] < ce” /M@
forall j € Nandall € R".

The Fourier transform of P(D)™( xu) is a sum of the form
(142) with ¢ replaced by ¢,.. We observe that

(148)

[0 - 7°0,| = [k = /°| = K + kj+ j* > kj, if k#j.
(149)
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Moreover, for x; close to x,, and k large enough, the equality
¢ = ¢ is satisfied. Consequently, from (135), we have, for
some ¢’ > 0,

|7 [P(D)Y (xu)] (K6, )|

_ djm d/m _ N
— ‘e (@ (k™) k™) logk g nP(k39k)

.d/m -d/m H N
+ Y U log np (130, )
ik

3 -3
3, (k Oy ; Jj0; > £ 0,-K0)

> |P(k3ek)'N <e—(a(k"”’”)/a(kd/m))1ogkk_n

_ «d/m «d/m .
_ Ze (o(G7™)/oj ))IOgJJ n
j#k

‘e e—(l/h>a<<k39k—fej>/j>>

d/m d/m
S sV (e—(a(k )ak™ ) loghj —n _ Cle—(l/h)a(k)>

S 8N k3Ndl k—ne—(a(kd/m)/oc(kd/'")) logk
> 5 .
(150)
In fact, for k large enough

1 1 g (kd/m) (151)
Ea(k) > —log<§> + Wlogk+ nlogk,

since, for k — +00, o(k) — +00, o(kd/'")/a(k) is bounded
(d < min (135)), log k = o(«a(k)), and log k = o(o(k)).

On the other hand, by Proposition 17, the product yu €
%fw}(Q). We obtain C > 0 and 4’ € N such that, forall £ € R”,

|97 (P(D)N (Xu)) (E)' = |J-Rn e ppyN (xu) (x) dx|

< D“P(D)N (X”)"z,suppx
< CDe( M9 (Nmi')

(152)

where D > 0 is a constant that depends on the Lebesgue
measure of supp x. Consequently, from (150), we have

N
0 3N (oK™ [k logk

2
< |97 (P(DYN (yu)) (k30k)| (153)

< Ce(llh')tp*(th'),

for every N € N and k.
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Now, (153) implies, by Lemma 16(ii),

o @I k™M) logk _ ,~(o (k™) falk™)) logk

—Ni AP /
< 2CK" inf {(6””%3‘”’”) " /He (N’”“} (154)
NeN

< 2C§kn+3de—(l/h’)w(él/mk3d/”‘).

But for every fixed /', there is k large enough so that

(155)

< %a) (61/mk3d/m) - (n+3d)logk —log (2C9),

since we can argue as in (151), which is a contradiction. There-
fore, WF{,u #0.

Beurling Case. Take ¢ € D, (R") with $(0) = 1.
For every h € N, there exists then a constant ¢, > 0 such
that

6®)| < ge™® vEeRrn (156)
Note that for every fixed € € N,
o (k)
d/m _ ( m e ¢
exp {—0 (k )} = exp {_—log(kd/’") "d -logk ]» <k,
(157)

for k large enough since logk = o(o(k)) as k — ©0. Define
then

u@ = Yok (x-x)) K (ss)

k=1

This is a continuous function in R" and we will prove that
0+ WF(,ucS.

The proof of the inclusion WFfw)u C S is similar to that
in the Roumieu case. We take (x,,&,) ¢ S, choose an open
neighborhood U of x,, and an open conic neighborhood T’ of
&, such that (U x T) N S+ 0, and write u = u; + u,, where u,
is the sum of terms in (158) with x; ¢ U and u, is the sum of
terms with x; € U.

We choose a neighborhood U, of x, with U, ¢ U such
thatu, isin &,)(U,) ¢ &, (U,) since all but a finite number
of terms vanish in Uj.

Then, we consider the totally convergent series (because
of (157) with ¢ large enough)

fn = P(D)Nu, (x)

djm s (159)
= Y e PO [k (x - x)) €W

x €U
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and compute its Fourier transform

Fn® =Y e M Kmp) ¢(5 k9k>ei<xk,k3ek—f>’

x €U

(160)

For a conic neighborhood T, of & with T, ¢ T U {0}, we
have that (143) is satisfied and hence, from (156),

P ) = aer o ()]
k (161)

—ho (e8> I —h
<ge (Y3 )SChe w(E)’

EeTy,

for some c;l > 0, since w(2t) < L(w(t) + 1) for some L > 0.
Now, we fix £ € N. By Lemma 16(i),

(1+[E)° | 7 ©)

<L+ )" Y e @k @) g e
xx€U (162)
nelglmNMefhw(g)

" he*(mN+€)/h)

< e §ely,

for some ch , > 0. From the convexity of ¢*, we conclude
that condition (iii)(b) of Definition 7 is satisfied. But also
condition (iii)(a) of Definition 7 is satisfied

> e P @),

x €U

'fN (f)| <

(163)

3
Xe—ho((ﬁ—k 0i)/k) < C;Z|E|MN)

EeR",

for some c;'l > 0. This, together with u; € &,,(U,), proves
that (x,, &) ¢ WFPw)u and hence WF{ ucs.

Let us prove now that WF U #0.

Choose y € 25(R") equal to 1 near x,. We proceed
by contradiction and assume that WF(w)u = @. Then, u €
&l ().

Set ¢y (k(x — x3)) == x(x)p(k(x — x;)) as in the Roumieu
case. Since 0 = 0(0), D5 (R") € D, (R") ([15, Proposition
4.7]). Then the sequence {¢%} is a bounded set in P ,,(R")
and supp ¢, C supp ¢ for all k, as in the Roumieu case. By
[15, Proposition 3.4], for each h € N, there is ¢, > 0 such that
forall j e Nand & € R”,

|6 ®)] < ge® (164)
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If x; is close to x,, and k is large enough, then ¢, = ¢ and
by (149), we have

|F/7 (P(D)N (Xu)) (k39k)'

= e ® e (180,) +

Yo" ip(i,)"

j#k

3 -3

> [P (k6,)]" <6_"("d/m’k‘” Y et
j*k

% Che—ho((k3€k—j39j)/j) >

S 8Nk3Nd( o (k™) e _ (! —ha(k))
- 6Nk3Ndlk—ne—a(kd/"‘)
(165)

On the other hand, by Proposition 17, yu € % () and
proceeding as in the Roumieu case, we obtain that for every
h € N, there would exist C;, > 0 such that

|7 (POYY () (K6,)| < G ™™™ vk, (166)

But (166) and (165) give a contradiction since they imply,
by Lemma 16(ii), that

e_w(k3d/2m) _ e_a,(kd/m)

—Ni *
<20 6kn+3de—hw(6”’”k3d/"‘)
s 2Ly

must hold for every 4 > 0 and k large enough.
However, since w(2t) < L(w(t) + 1) for some L > 0, there
exists a constant ¢; > 0 such that

© (ksd/2m) < (w (Sl/mk3d/2’”) +1), (168)

contradicting (167) for k large enough. Then WFfw)u #0. O
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