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This paper is devoted to studying the Cauchy problem for a fifth-order equation. We prove that it is locally well-posed for the initial
data in the Sobolev space H(R) with s > 1/4. We also establish the ill-posedness for the initial data in H*(R) with s < 1/4. Thus,
the regularity requirement for the fifth-order dispersive equations s > 1/4 is sharp.

1. Introduction

In this paper, we consider the Cauchy problem and existence
of solitary waves of the following fifth-order dispersive
equation:
1 1
Qe = 9,0u +0u —0u + 20, () - 59 ()
5 )
+0, §u3 + u(axu)z] =0,

u(x,0) = ¢. )

Obviously, (1) can be seen as the higher modification of the
following dispersive equation:

> 1 3y los/ 3
Oy = 9,0 + 20, () - 9% (')
s (3)
+0, [§u3 + u(axu)z] =0.
We recall that

2
Uy + (@ (1)), — gy — (b’ () % bW uxx) —0, (4

where

bu) =u?, a(u):Zku+p+2uP+l, (5)

which has been studied in [1], is the generalized Camassa-
Holm equation. In fact, Hakkaev and Kirchev [1] studied the

local well-posedness and orbital stability and instability of
(4) with the aid of the pseudoparabolic regularization and
spectral analysis. Obviously, when p = 2, (4) is the well-
known Camassa-Holm equation; when p = 3 and k = 0,
(4) becomes (3). Some people consider the Cauchy problem
for the higher modification of the nonlocal form of Camassa-
Holm equation; we refer the readers to [2-5].

By acting (1 - E)fc)_1 on both sides of (1), we obtain the
following equivalent form:

Ou + Oou + %ax (u3) + (1 - aﬁ)‘lax [ng +u(0u)’ | = 0.
(6)

Obviously, (6) is a modification of mKdV equation
3.1 3
Ou + 0,u + gax (u ) =0, 7)

which has been intensively studied; we refer the readers to [6-
11]. In [8], the authors proved that (7) is locally well-posed
for the initial data in H'(R) with s > 1/4. The regularity
requirement for the modified KdV equation s > 1/4 is sharp;
see [9]. In [11], by using the I-method which can be seen
in [11-14] and Mirua transformation which can be seen in
[15], the authors proved that the modified KdV equation is
globally well-posed for the initial data in H*(R) with s > 1/4.
In [16], by using the dyadic bilinear estimates and resolution
spaces which can be seen in [17, 18], the author proved that the
modified KdV equation is globally well-posed for the initial
data in H*(R) with s = 1/4.
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In this paper, by using the Fourier restriction norm
method introduced in [19], we prove that (1) and (2) are
locally well-posed for the initial data in H*(R) with s > 1/4.
When ¢ € H*(R), s > 1, we prove that the Cauchy problem
for (1) is globally well-posed in H*(R). By using the general
well-posedness principle proposed by [20], we establish the
ill-posedness for the initial data in H*(R) with s < 1/4. Thus,
the requirement for regularity s > 1/4 is sharp.

Before stating the main results, we introduce some nota-
tions and definitions. We use X ~ Y when C,|X]| < |Y]| <
C,|X|, where C; >0 (j = L,2); we use X > Y when
|X| > CIY|, where C is some positive number which is
larger than 2. (§)° = (1 + £2)2 for any £ € R, and Fu is
the Fourier transform of u with respect to its all variables.
F .u is the Fourier transform of u with respect to its space
variables. Denote D, = (—832()1/2. SR (n = 1,2,3) is the
Schwartz spaceand § "(R™) is its dual space. H*(R) is the usual
Sobolev space with norm || | <y = (E)S.%“xfllei(R). For any

s,a € R, X, ,(R%) is the Bourgain space with phase function
o) = —& . That is, a function u(x, t) in &' (R?) belongs to
X, «(R?) if and only if

I, ey 2 [ (8)° (v - &) Fu 6 7)

L2 (R?) < 0. (8)

For any given interval L, X, (R x L) is the space of the

restriction of all functions in X,,(R*) on R x L, and for
u € X ,(Rx L) its norm is

lullx_ ey = inf {IUlx_ @y Ulper, =1} (9)

We write XST,(X for X, ,(Rx L) when L = [0,T]. Leto = 7 -
&,0,=1,-& (j=1,23).
The main results of this paper are as follows.

Theorem 1. The Cauchy problem for (1) is locally well-posed
for the initial data ¢ in H*(R) with s > 1/4.

Theorem 2. Let s < 1/4. Then (1) and (2) are ill-posed in
H(R) in the sense that the solution map S, of the Cauchy
problem for (1) is not Lipschitz continuous at zero. More
precisely, for any T' > 0, the solution map

S;:¢pe H (R) — ueC([0,T];H' (R)) (10)
is not Lipschitz continuous at zero.

The rest of this paper is arranged as follows. In Section 2,
we make some preliminaries. In Section 3, we establish two
crucial trilinear estimates. In Section 4, we prove Theorem 1.
In Section 5, we prove Theorem 2.

2. Preliminaries
Lemma3. Letb > 1/2. Then
lulls, < Cllull, , . )

o

e < Clulx,, (12)
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"Dx”"L‘fL% < Clul,, (13)
lulls, < Cllull,,,,, (14)
Proof. From [21], we have
luls, < Clluly,,- (1)
From Plancherel’s identity, we have
lull2, = Cllull,,. (16)

Interpolating (15) with (16) yields (14). Equations (11)-(13) can
be seen in [21, 22]. O

Lemmad4. For0<8<1,s€ R, and1/2 <b <1, we have

lvs W (1) ug, < C8"* u|

- %

andfor-1/2 <b' <0<b<b +1, we have

t
O | We-n7@dr

<™ fly - a8)

Equations (17) and (18) can be seen in [6, 23].

Lemma5. Let& = & +&, +&,. Then
E-5-8-5=3E+5)E+8)(6+8). 1)
Lemma 5 can be found in [11].

Lemma 6. Let I denote the Riesz potential of order —s and

b>1/2>5s>0,b> 1/6+2s/3. Then the following estimate
holds true:

IET )2, < Clul, Il (20)
where
FL@NO=] -G FulE) T (@) dE
=51162
(21)
In particular, when s = 1/2 and b > 1/2, we have

"quﬁ/z

< Clully, ., Wk, (22)

Lemma 6 can be seen in [6].

3. Trilinear Estimates

In this section, we will prove two crucial trilinear estimates.

Lemma7. Lets > 1/4,b = 1/2+2¢, b
Then

=-1/2+3¢,0 < e < 1.

L(1-32) " [y (9,) ()], b,<c]‘[||uj|| . (@)
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Proof. Let
F =1,2,3),
B (5m) = (6) (o) 7 (6m) (=129
FED = ) (o) FuE1).

By duality and Plancherel’s identity, to derive (23), it suffices
to prove

J JE £1+£2+ES| ll_[l |

T=T)+T,+T3

x K (&,,1,¢,, 75, &5, 73, &, 1) dE dr dE,dT,dE dT - (25)

3
< CIFl [ [||F;
j=1

2
LEr

where
K (£1» 71,610, 6, T)

_ 1] (18] 185] + 18] 152] + 1:] [€51) <£>s_ (26)
(1+8) (@) VT () ()"

Without loss of generality, we may assume that F;(§;, ;) (j =
1,2,3) > 0 and F(§,7) > 0. By the symmetry among |, |,
1,1, 1&51, without loss of generality, we may assume that |&,| >

|&,] = |&]. Obviously, {|&;] = 1&,] > [&;]} € U§=1 Qj, where

={82[8[ 25| 2 [&]}
={l&] 2 8, [&] > (8] = [&[}
={l&] = 8.[6] ~ &) > [&]
(&1l 2 (& 2 (& [&] < 8}
Q= {[&] 2 8,[& | ~ [&] > [&],
1] 2 [&] = || = 8},

(27)
0, - {|sl| >8]~ [6] ~ [6]

= el = ol = 1.
0= { Il 286~ ol - .

> el = sl < 1)

In this lemma, integrals over the subregion (s are, respec-
tively, denoted as J (1 < k < 6, k € Z). Consider

(i=123), Ff=—

Ff=—2 .
"y C

(28)

(1) Subregion {8 > |&;| > |&,| = |&;]}. In this subregion, since
s > 1/4and || < 3, we have

K (pmbnét)s ———— (29)

@)1 J= 1< J>

By using Cauchy Schwartz’s inequality and Plancherel’s iden-
tity as well as Holder’s inequality, (11), 2b/3 < b and 2b/3 <
-b', we derive

FIT,F;
] < CJ JE by dE\dr,dE,dr,dE dr
T=T|+T,+T3 ( > j:1<aj
3
xtl_—["fj LY,
j=1
3
<l I,
i
3
< ClIFlp,
j=1
(30)

(2) Subregion {|&,] > 8,]&,| > |&,] > |&]}. In this subregion,
€] ~ 1€, and [&;| > |&,], since s > 1/4, we have

|5
)" [T <"j>b

1/2

K, (51»71’£2>Tz>f> T) <C

T

-8

By using Cauchy-Schwartz’s inequality and Plancherel’s iden-

tity, (22) of Lemma 6, (11), 2b/3 < b, and 2b/3 < -b', since
s > 1/4, we obtain

& -&| L F
]2 : C.[ J’E =& +5+8; | _:' = JdEld dEZdedE de
i (0) T (o)

1/2

<l (fi)

< Ol 1l T T,
j=1 '

3

<

< CIFl, [ |,
j=1

(32)



(3) Subregion {|&,| = 8,1&,| ~ [&,] > |&],1&5] < 8}. In this
subregion, since s > 1/4 and |&| < C|&,|, we have

lgzll—s
<">7blni=1<"j>b
< Ckg;g'l/zb
@) Tl (o)

This case can be treated similarly to J,.

K; (51’71752,72,5, T) <C

(33)

(4) Subregion {|&| > 8,1&| ~ & > |&] > 8}. In this
subregion || ~ |&,| and |&] < C[¢,].
When s > 1, since |&,| > |&;] and |£] < C|&, |, we have

K, (fl,‘rl,fz,-rz,f, T) < . |§2| |El|3<€> : i
(@) (1+ &) T (&) (o5)
C
<
(@) " i (o)

(34)

This case can be treated similarly to J;.

When 1/4 < s < 1, we consider the case [&; + &,| < [&5]/3
and the case [§; + &,| > |&5]/3.

When [&; +&,| < |&5]/3, since 1/4 < s < 1, we have

|€2 |2—25
@) T (7))
<C |£2|3/2

) <">7b’m:1<"j>b'

This case can be treated similarly to J,.
When [, +&,| > |&]/3, From Lemma 5, we have

(%)

which yields max{|o|, |0,], 0,1, lo5]} > CIE,*|&,]; thus one of
the following four cases must occur:

Kl (611521 f, Tl’ T2, T) < C

(35)

-lE-8-8-¢

|(51 + Ez) (& + 53 (Ez + 53)| 2 C|E1| |f3|
(36)

vV

Clel &l 67
Clel & 68
ClE &), (39)
C

&l @0

lo| = max {|o],|o,|,|0,], |03

I\

|oy| = max{lo], |oy],]oy], |03

[\

|oy| = max{lo], |oy],]oy], |0

}
}
}
}

[\

|os| = max {lo], ||, |0, |o]

When (37) is valid, since

€1 _
1+f2 =L 1)

Abstract and Applied Analysis

we have
K (&,1.8.1.81)<C - |§2| || . -
(@) HJ‘:1<5J’> (o;)
|52|1 2S|£3l1 s (42)
( >7 j= 1< ]>
|52|1—2$+2b’ |€3|1—S+b' .
= b
H?:1<Uj>
whenl—s+b <0,since1/4 <s<1landb' =—-1/2+ 3¢, we
have
E 1-2s+2b" C
K, (61’T1’§2’T2’E’T) <C l 2| L (43)
IT5- 1<01> [T-1(o;)
when1-s+b' >0,since1/4 <s<1landb =-1/2+ 3¢, we

have

|E |2 35430
2

C .
IT;- 1<‘71> §=1<Oj>b

By using Cauchy-Schwartz’s inequality and Plancherel’s iden-
tity, (11), 8b/9 < b, we obtain

K, (&, 1,818 1) <C

FIT;
Ja SCJ J E=E, 45,48 P = ehdndbdndtdr

i)’

T=T)+T,+T;

3
<t 115k

(45)
3
<ClFlg [ |5y,
-1 '
3
< CIFl [ ]|,
=1
When (38) is valid, since
1+ Ez
we have
K (& 1,816 1)<C _b ol 1|
(@ TEL (&) (o))
|§2|1 25|€3|1 s (47)
<">_b Toi(oy)

|§ ll —2s+2b' |£ |1 s+b'
2 3 .

()™ HJ 2 <GJ>
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when 1 —s+b' <0, we have
|£2 | 1-25+2b'
@ Mao)”
SR
(@) o)’

when1-s+b' >0,since1/4<s<1landb =-1/2+ 3¢, we
have

K (§11,8,1,67) < C
(48)

|E |2—3s+3b’
2
<">_blmzz<"j>b
C
E———
(@) " TTj-2(0;)

By using Cauchy-Schwartz’s inequality and Plancherel’s iden-
tity, (11), 86/9 < b, and 8b/9 < —b', we obtain

K, (fl)Tl)fz:szf, T) <C
(49)

C FIL dE d,dE,dr,dE d
J, < J J: ; 1847,46,4T,a6 4t
e I 0V (o)
3
< ClE g 1 1e, TTIA D,
j=2
3
< Rl s, [,
3
< ClIFl [TI7 ],
j=1 !
(50)

Cases (39) and (40) can be treated similarly to case (38).

(5) Subregion {|€;| > 1,1 ~ & ~ &L 1&] = 1&] =
&5, €] > |&;1/3}. In this subregion, since s > 1/4, [£,| ~ |&] ~
[&,] ~ |&| which yields

&
<">_blnizl<"j>b
&

(@) (o)

Thus, applying Cauchy-Schwartz’s inequality and Plancherel’s
identity, (12) and (13), we have

K, (1.6, 1,81)<C

(51)

<C

& FIT L

Js<C j J d§,dr,d&,dr,d¢ dr
2 E:‘El 52 53 -b' b
RIS (0 T (o)

< CID Al |2 ol oo |22 1

L‘,‘(L‘?" ||f

2
fo

5
3
< C||F"L2£TH“fj“X0h
j=1 ’
3
< C||F||L2£TH“FJ' 2’
o
(52)
(6) Subregion {|&;| = 1,1&] ~ |&] ~ 1&L1E] = 1&] =
1&51, 1€] < 1&51/3}. In this subregion, since [&;]| > |E,] > [&5] >

3|€], we have (2/3)&;] < [§; + &,] < (4/3)&;] and (2/3)[8,] <
18, +&51 < (4/3)18,] and (2/3)|8,| < [§,+85] < (4/3)]§,]. From

Lemma 5, we have

(%)

-lE-8-8-¢

=3)(E+E) (& +E) G+ &) ~ ol ~ & ~ &)
(53)

which yields max{|a|, |0, |0, ], |05} = CIE, |*; thus one of the
following four cases must occur:

lo| = max{lol, ||, |os]s|os]} = ClE [, (54)
oy = max{lol],|ay|, |0, o3} = C|€1|3, (55)
|oy| = max{lol,|oy|, ]|, |os]} = CE[,  (56)
|os| = max{lol, |0y, |0y, |05} 2 C|§1|3- (57)
When s > 1, we have
|EI|2_25
K, (51)71)72)52)5) T) < CW
o . (0
N (58)
C

<
(o) H?=1 <"j>b

this case can be handled similarly to J;.

When 1/4 < s < 1, we consider (54), (55), (56), and (57),
respectively.

When (37) is valid, since [&;| ~ [&,| ~ &1, [&] < |&;] and
b’ =-1/2 +3easwellas 1/4 < s < 1, we have

e[ le
(1+&?) <0)_b’H;:1 <0j>b

Ifl |9€7(1/4)

K, (EDTDEz»Tg)f,T) <C

|E |273S+3b’
1

<C

i H?=1<"j>b_ H?=1<"j>b

C
< ﬁ.
Hj=1<“j>
(59)



By using Cauchy-Schwartz’s inequality and Plancherel’s iden-
tity, (11), 8b/9 < b, we obtain

FIT;
]6 = C J’RZ JE:E1+52+£3 J 1 J dfldTldfszZdE dT

iloy)’

T=T|+T,+T;

3
< CIFl [ T15],
j=1

3
< ClIFl [ 15
" "LZETJ-:1 f] XO,Slv/9

3

<

<CIFl [ |F,
j=1

(60)

When (55) holds, since [&,| ~ [§,] ~ |&], |&] <
—1/2 +3easwell as 1/4 < s < 1, we have

& <f>5|fll“s
(1+&2) (a)" - 1<0>

| £ l2—3s+3b’
1

€] and b’ =

K, (&,1,&,1,81)<C

< -
o) [T <"j>b

9e—(1/4)
okl

BRGRIRCHS
C

<{—.
()™ H?=2<"j>b
(61)

By using Cauchy-Schwartz’s inequality and Plancherel’s iden-
tity, (11), 86/9 < b, and 8b/9 < —b', we obtain

F[I_F;
LR Iy P %dfldﬁd%dfzdf ar
T=T|+T,+T; ( ) j=2<aj
3
< clail Ik TTI
=
3
< C”Fl ”L%T "f“Xo,sb/sl—!“fj"xgygb,g
=
3
crmt 115,
1 .
] (62)

Cases (56) and (57) can be treated similarly to case (55).
Putting the estimates of J (1 < k < 6, k € Z) together, we
have (25).
Thus, we complete the proof of Lemma 7. O
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Lemmas8. Lets > 1/4,b=1/2+2¢,b' = -1/2+3¢,0 < € < 1.
Then

3
llo. (”1”2”3)“){3’“ < Cg"ujHXs,b' (63)
Lemma 8 can be proved similarly to Lemma 7.

4. The Proof of Theorem 1

In order to prove Theorem 1, firstly, for ¢ € H*(R) and § €
(0,1], u € X_;,(R?), we define G(u) by

t
Gy () =W OW O =ys | W(t=1)g(woumdr,
(649)

where

g (u,0,u) = %ax (u3) + (1 - afc)‘lax EMS + u(axu)z] :

(65)

By using Lemmas 4, 7, and 8, we have

Gy @l gy = Clblvy + €O Ml ey (66)

where s, b, b’ of (66) concord with s, b, and b' of Lemmas 7
and 8. Let

1/(b'+1-b)
16C° (|87 +2) ’ (67)
r= 2C||¢||H‘(R)’

where 0 < § < 1. From (66) and (67), we know that G,
is a mapping from the closed ball B(0,r) = {u € Xs)b(Rz),

lluell 5 ) < r} into itself. Similarly, we have

|G ) = Gy ] e
< 208" v - ullx ey (Il ey + 1705y ) (68)

1 .
< E”V —ulx, @

thus, G, is a contraction mapping from the closed ball
B(0,r) = {u € Xs,b(Rz), ””"Xs,b(Rz) < r} into itself; by using
Banach fixed point Theorem, we have G¢(u) =u.

The rest of local well-posedness of Theorem 1 follows
from a standard proof.

5. The Proof of Theorem 2

In this section, we prove Theorem 2.
By contradiction, we assume that the solution map of (1)
and (2)

S;iug € H(R) — ueC([0,T];H'(R))  (69)
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is Lipschitz continuous at zero with s < 1/4. From the general
well-posedness principle of [20], we must have

< Cllug

3
sup |[B; (1) o Vi € H' (R), (70)
te[0,T]

where

B, (uy) (x, 1)
t
- L W (¢ = 1), (B, (ug) B, (o) By (ug)) (1) dz, (71)
B, (ug) (x,1) = W () ug.
We consider the initial data
U, (X) _ r—l/ZN—s {e—sz <J eszdE> " ele <J e’xfdf)} ,
0 r
(72)
where 7*N = O(1) and N > 1. Thus, we have

F iy (§) = cr'N {X[—N,—N+r] (&) + X(N+r.N+2r] ©},
(73)

which can be seen in [24], where y; denotes the characteristic
function of a set I € R.Itis easy to check that ||zl ~ 1. Let
I =[-N,-N+r]and, = [N+r,N+2r]and [ UL, = Q.
We have

F B, (ug) () = Ce"*F u, (&) (74)
and thus
B, (ug) (x,1) = Cr\PNE J O gE
zEQ (75)

B, () (x,1) = Cf,

where

f= rRNT LIGQ LZEQ Lsen ﬁ

X (8 +6-358) 76)
% eix(f;1+«fz+f3)Q dfldfzdfy
where
eit(¢(€1)+¢(fz)+¢(£3)) _ eit¢(‘51+£2+£3) (77)
@) &) 9E) G 58
Since (&) = —&2, we define
0:=¢(&)+d(&)+¢ (&) - (& +&+&;)
(78)

=3( +&) (& +&) (6 +E)

resulting from Lemma 5 and & = & + &, + &;. To estimate
| fll ;55> we consider the following three cases.

Case:§; (j=1,2,3) € 1.
Case 2: Ej (j=123)€el,.

Case3:§; (j=12) € },§ € Lyor§ €1,,§; (j =
2,3) e Lyor; (j=12) € I,§ € I;,or§ €I,
Ej (j=2,3) el,.

The integrals in (76) corresponding to Cases 1, 2, and 3 are
denoted as f;, f,, f5, respectively.

Case 1. In this case, from Lemma 6, we have |§] ~ N° and
£ + 6 — 38,&,| ~ N2. Since 7N = O(1), we have

I£:

Case 2. In this case, from Lemma 6, we have |8] ~ N° and
€% + 6 — 3E,&,| ~ N?. Since r”N = O(1), we have

. < Cr—3/2N—35Nsr5/2N—2 N N_ZS_S/Z. (79)

. < Cr73/2N73str5/2N72 - N—ZS—S/Z' (80)

112
Case 3. In this case 6] ~ >N = O(1), |Q| = Constant due to
Lemma 6, and |£% + 6 — 3§,&,| ~ N?. Since >N = O(1), we

have

. > Cr73/2N73str5/2N - N725+1/2' (81)

(I

From (70), we have

C'“C””O i{s 2 "fl +hH+f;

HS
> | fs + follge = I fill e
(82)
= ||f3 HS ||f2|Hs - "fl HS
>C (N—25+1/2 _ N—ZS—S/Z)
which yields
N2 C(I + N—ZS—S/Z)' (83)

When s < —5/4, from (83), we have N~ >*1/2 < CN~#75/2
which yields N* < C; we obtain a contradiction since N > 1.
When -5/4 < s < 1/4, from (83), we have N™>1/2 < C; we
obtain a contradiction since N > 1.

The proof of Theorem 2 is completed.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.
Acknowledgments

The research of the first author is supported by Foundation
and Frontiers of Henan province under nos. 122300410414
and 132300410432.



References

[1] S. Hakkaev and K. Kirchev, “Local well-posedness and orbital
stability of solitary wave solutions for the generalized Camassa-
Holm equation,” Communications in Partial Differential Equa-
tions, vol. 30, no. 4-6, pp. 761-781, 2005.

[2] X.E Liuand Y. Y. Jin, “The Cauchy problem of a shallow water
equation,” Acta Mathematica Sinica, vol. 21, no. 2, pp. 393-408,
2005.

[3] Y. Li, W. Yan, and X. Yang, “Well-posedness of a higher order
modified Camassa-Holm equation in spaces of low regularity,”
Journal of Evolution Equations, vol. 10, no. 2, pp. 465-486, 2010.

[4] E. A. Olson, “Well posedness for a higher order modified
Camassa-Holm equation,” Journal of Differential Equations, vol.
246, no. 10, pp. 4154-4172, 2009.

[5] H. Wang and S. Cui, “Global well-posedness of the Cauchy
problem of the fifth-order shallow water equation,” Journal of
Differential Equations, vol. 230, no. 2, pp. 600-613, 2006.

[6] A. Grunrock, New applications of the fourier restriction norm
method to well-posedness problems for nonlinear evolution equa-
tions, [Doctoral Dissertation], University of Wuppertal, 2002.

[7] A. Griinrock, “An improved local well-posedness result for the
modified KdV equation,” International Mathematics Research
Notices, no. 61, pp. 3287-3308, 2004.

[8] C.E. Kenig, G. Ponce, and L. Vega, “Well-posedness and scat-
tering results for the generalized Korteweg-de Vries equation
via the contraction principle;” Communications on Pure and
Applied Mathematics, vol. 46, no. 4, pp. 527-620, 1993.

[9] C. E. Kenig, G. Ponce, and L. Vega, “On the ill-posedness of
some canonical dispersive equations,” Duke Mathematical Jour-
nal, vol. 106, no. 3, pp. 617-633, 2001.

[10] C. E. Kenig, G. Ponce, and L. Vega, “A bilinear estimate with
applications to the KdV equation,” Journal of the American
Mathematical Society, vol. 9, no. 2, pp. 573-603, 1996.

[11] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao,
“Sharp global well-posedness for KdV and modified KdV on R
and T, Journal of the American Mathematical Society, vol. 16,
no. 3, pp. 705-749, 2003.

[12] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao,
“Global well-posedness for Schrodinger equations with deriva-
tive,” SIAM Journal on Mathematical Analysis, vol. 33, no. 3, pp.
649-669, 2001.

[13] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao,
“Global well-posedness for KdV in Sobolev spaces of negative
index;” Electronic Journal of Differential Equations, vol. 2001, no.
26, pp. 1-7, 2001.

[14] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao,
“Almost conservation laws and global rough solutions to a non-
linear Schrodinger equation,” Mathematical Research Letters,
vol. 9, no. 5-6, pp. 659-682, 2002.

[15] R. M. Miura, “The Korteweg-de Vries equation: a survey of
results,” SIAM Review, vol. 18, no. 3, pp. 412-459, 1976.

[16] Z. Guo, “Global well-posedness of Korteweg-de Vries equation
in H/*(R),” Journal de Mathématiques Pures et Appliquées, vol.
91, no. 6, pp. 583-597, 2009.

[17] A. D. Ionescu and C. E. Kenig, “Global well-posedness of the
Benjamin-Ono equation in low-regularity spaces,” Journal of
the American Mathematical Society, vol. 20, no. 3, p. 753-798
(electronic), 2007.

[18] A.D. Ionescu, C. E. Kenig, and D. Tataru, “Global well-posed-
ness of the KP-I initial-value problem in the energy space,
Inventiones Mathematicae, vol. 173, no. 2, pp. 265-304, 2008.

Abstract and Applied Analysis

[19] J. Bourgain, “Fourier transform restriction phenomena for
certain lattice subsets and applications to nonlinear evolution
equations. II. The KdV-equation,” Geometric and Functional
Analysis, vol. 3, no. 3, pp. 209-262, 1993.

[20] I. Bejenaru and T. Tao, “Sharp well-posedness and ill-posedness
results for a quadratic non-linear Schrodinger equation,” Jour-
nal of Functional Analysis, vol. 233, no. 1, pp. 228-259, 2006.

[21] C. E. Kenig, G. Ponce, and L. Vega, “The Cauchy problem for
the Korteweg-de Vries equation in Sobolev spaces of negative
indices,” Duke Mathematical Journal, vol. 71, no. 1, pp. 1-21,1993.

[22] C. E. Kenig, G. Ponce, and L. Vega, “Oscillatory integrals and
regularity of dispersive equations,” Indiana University Mathe-
matics Journal, vol. 40, no. 1, pp. 33-69, 1991.

[23] J. Ginibre, “Le probléme de Cauchy pour des EDP semi-
linéaires périodiques en variables despace (daprés Bourgain),”
Astérisque, no. 237, pp. 163-187, 1996.

[24] N. Tzvetkov, “Remark on the local ill-posedness for KdV equa-
tion,” Comptes Rendus de I'Académie des Sciences. Série I. Math-
ématique, vol. 329, no. 12, pp- 1043-1047, 1999.



