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Let M be a € compact CR manifold of CR-codimension ¢ > 1 and CR-dimension #n — € in a complex manifold X of complex
dimension # > 3. In this paper, assuming that M satisfies condition Y (s) for some s with 1 < s < n— € — 1, we prove an L*-existence
theorem and global regularity for the solutions of the tangential Cauchy-Riemann equation for (0, s)-forms on M.

1. Introduction and Basic Notations

The tangential Cauchy-Riemann complex (or d;,-complex)
was first introduced by Kohn and Rossi [1] for studying the
holomorphic extension of CR functions from the boundary
of a complex manifold. The closed range property is related to
existence and regularity theorems for d;, and for CR manifolds
to areason of embedding. It is worth then to mention that the
0,,-operator has closed range in the L*-sense on boundaries
of smooth bounded pseudoconvex domains in C" due to
Shaw [2] for all 1 < s < n — 2 and Boas and Shaw [3] for
s = n — 2. Later, Kohn [4] obtained results analogue to those
of [2, 3] on boundaries of smooth bounded pseudoconvex
domains in a complex manifold. Nicoara [5] extended the
results of Kohn [4] to compact, orientable, pseudoconvex CR
manifold of real dimension 27 — 1, at least five, embedded in
CN, N > n, leading to global regularity for the d,-equation
on such CR manifolds. The main tool in his proof is that
of microlocalizations using a new type of weight functions
called strongly CR plurisubharmonic functions (see also [6]).

In addition, Harrington and Raich [7] adapted the
microlocal analysis used by Nicoara [5] to establish the

closed range property for the 0,-operator on CR manifold

of hypersurface type satisfying weak Y(s) condition. More
precisely, by using the weighted 0-theory, they showed that
the complex Green’s operator is continuous in the L*-Sobolev
spaces W¥, k € N, and they further obtained a global solution
with € -regularity for solutions of the 9, -equation for (0, s)-
forms.

This paper is concerned with proving an L*-existence
theorem for the 9,-Neumann problem on a @ CR compact
manifold M of real dimension 2n — € (€ > 1) that satisfies
condition Y (s) for some s with1 < s < n— £ —1inann-
dimensional complex manifold X and with establishing the
global regularity properties of the d,-equation. In particular,
our Eb—problem is set up in the usual L*-setting with no
weights using our arguments in [8, 9]. Namely, via a partition
of unity, we globalize first the local maximal L*-Sobolev
estimates obtained by [10] for 00, and patching them together
to obtain global ones on M. Further, we explore an L*-
existence theorem for the 9, -equation on M. These L? results
allow us to prove that the complex Green operator G, and the
Szegd projection operators S, are continuous in the Sobolev
spaces Wéfs(M) for some s such that 1 < s <n—-¢€-1and
k > 0. Furthermore, we obtain a global smooth solution for
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the 9, -equation given smooth data on M. Before we proceed,
we recall first some basic definitions and notations on CR
manifolds.

Definition 1. Let M be a € -manifold of real dimension 2n—
¢. Then a CR structure on M is given by a complex subbundle
TY(M) of the complexified tangent bundle CT(M) =
T(M) ® C such that the following conditions are satisfied.

1 dimCTzl’O(M) = n — £, where TZI’O(M) is the fiber at
eachz € M.

(2) If we define T%'(M)
T%Y(M) = {0}.

(3) T*°(M) is involutive (or formally integrable); that is,
if L, and L, are two smooth sections of T"°(M),
defined on an open subset U of M, then so is their
Lie bracket [L,,L,] = L,L, — L,L,, for every open
subset U of M.

= TLO(M), then T"°(M) n

A E*° manifold M endowed with this CR structure is called
a CR manifold of CR-dimension n — £ and CR codimension
L.

Let M be a generic CR manifold of real dimension 2n — ¢
embedded in an #n-dimensional complex manifold X. Such a
manifold M can be represented locally in the following form:
for each z € M there exists an open neighborhood U of z in
X such that

MNU={{eUl|p Q) =-=p) =0}, ()

op1 () A+ AP (§) #0

The complex subbundle which defines the induced CR
structure on M is given by (M) = TY(X) n CT(M).
Denote by €%(M) the space of (0,s)-forms with €-
coeflicients on M. The involution condition (3) of Definition 1
implies that there is a restriction of the de Rham exterior
derivative d to €,(M), which is defined by 9,, : €7.(M) —
Bons1 (M).

Let us equip X with a Hermitian metric such that
TY(X) L T%(X) and consider on M the induced metric,
then T"*(M) L T*'(M). Let @, (M) be the space of (0, s)-
forms whose coefficients are € with compact support in M.
We then can define a Hermitian inner product on &, (M) by

on MNU. (2)

(09) = | (pv).av ®

where dv is the volume element associated with the induced
metric on M and (¢, y), is the pointwise inner product
induced on %”SE(M ) by the metric on CT(M) at each z € M.
Let ||go||2 = (¢, ) be the corresponding norm and L%)S(M ) the
L*-completion of @, (M) with respect to this norm. Let 0, :
L%)S (M) - Lf),s +1(M) be the maximal closed extension of the
original 0, on ‘ggi(M ).Aformu € L%)’S(M ) is in the domain

of 9, if O,u, defined in the sense of distributions, belongs
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0,s+
defined operator. Let 5; : L%),s+1(M) — L%’S(M) be the L2-
Hilbert space adjoint of 9, such that (¢, d,y) = (5; @, y) for

all v in Dom(éb) and ¢ in Dom(5; ). The Kohn-Laplacian i,
is defined by

,(M). In this way, 0, defines a linear, closed, densely

Db = 5}75; +5;5b : Dom (Db) — L%),S (M) 5 (4)
where
Dom (O,)
= {(p € Dom (Eb) N Dom (5;) (5)

cC L%),S (M) | 3,9 € Dom (5;) ,5;(/) € Dom (éb)}

We recall that the Kohn-Laplacian 00, is not elliptic, so it
has a characteristic set of dimension £. Let N(M) be the £-
dimensional bundle such that

CT(M) =T M)eT" (M)® N (M). (6)

Let N* (M) be the dual bundle of N(M). Lety € N*(M), then
y annihillates T"°(M) & T'(M). Thus N*(M) is called the
characteristic bundle. The Levi form of M at a pointz € M

is defined as the Hermitian form on T"°(M) with values in
N(M) such that

L (L, L) =in ([LuL)), Lul, e T (M), ()

where 77, is the projection of CT,(M) onto N,(M).

The Levi form of M at a point z € M in the direction
y € N*(M) is the scalar Hermitian form denoted Z,(y) and
is given by

gz (Y) = <=(Zz (L1>L2)’Y>

_ (8)
=i([L, L] y),, LypLy €T (M).

Definition 2 (see [10, Definition 1.2]). A CR manifold M of
real dimension 2xn — € and codimension £ > 1 in a complex
manifold of complex dimension # is said to satisfy condition
Z(s),1 <s<n-¢€-1,atapoint z € M in the direction
y € N*(M) if the Levi form Z,(y) has at leastn — £ —s + 1
positive eigenvalues or at least s+ 1 negative eigenvalues. M is
said to satisfy condition Y (s) at z € M if it satisfies condition
Z(s) for all directions y € N (M).

Note that in the hypersurface case, that is, £ = 1, the
condition Y(s) defined above is equivalent to the classical
Y(s) condition of Kohn for hypersurfaces (see, e.g., [11] for
more details). In particular, if the CR structure is strictly
pseudoconvex; that is, the Levi form of M is positive or
negative definite, condition Y (s) holds forall 1 < s <n-—2.

2. L*-Existence Theory for 0,

Let M be a € generic CR manifold of real dimension
2n — ¢ and codimension ¢ > 1 in a complex manifold X



Abstract and Applied Analysis

of complex dimension #n. For each point p, € M, there is
then a neighborhood U of p, in X and a local orthonormal
basis consisting of smooth vector fields L,,...,L, , for
TY(U) (see, e.g., [12, Section 7.2; Theorem 3]). The collection
of vector fields {L,,...,L, ,} forms a local orthonormal
basis for T!(U). Let Tj,...,T, be real vector fields on
U such that the set {Ly,...,L, o Lys..., Ly pThs...s Ty}
forms a local orthonormal basis for CT(U). Denote by
(.. " @, @y, y,) the basis for CT*(U)
dual to {L,,...,L, 4 T),...,T,}. In terms of this basis, an
element ¢ in €, (U) can be uniquely expressed as a sum:

I
¢ = ZS"I‘U > 9)
|I|=s
where I = (i}, 1,,..
- <ig<n-fandw
We then have

.»1g) is an s-tuple of integers with 1 < i <
=@ A AT

n—€
O = Z ZL;' (pr) @ NG+
[Ij=sj=1
(10)

- 5 (Sdn00)a

ITI=s+1 \ j.I

where s}l is zero if j U {I} # ] as sets and is the sign of the
permutation that reorders jI as J if j U {I} = J, and the ---
stands for terms of order zero. Using integration by parts, we
obtain

. n—
e ==Y YLi(ep)@ +--

T]=sj=1 W
=s— j»

For ¢ in %83(5), the subspace of smooth (0, s)-forms on
U that can be extended smoothly up to and including the
boundary, we set

) _-n—é 2 )
loll s w) = Zl||L @) +lel’,
" (12)

2 _-n—e _ 5 )
lelZw, = Zl\iLj(<P)|| + ol
j=

If we further assume that M satisfies condition Y (s) for some
swithl < s <n-¢-1,foreach p, € M, we can find a
constant C = C(p,) > 0 such that

elel) 03

51; ¢

ol + ol < € (Jose] +

uniformly for all ¢ € D (U) (see, e.g., [10]).
SetL; = X5,y +iX,; j = 1,...,n — €. The condition
Y(s) implies that the real vector X,,...,X,, ,, and their

commutators of length at most two span the tangent space
at each point in U. Thus X,...,X,,_,, satisfy Hormander’s
finite rank condition of order two. It follows then from [13,
Theorem A] (see also [14]) that there is a positive constant
C = C(U) satisfying the following 1/2-subelliptic estimate:

2n-2¢

MﬁmwSC<ZH&MVHWW> o€ D0, U). (14
i=1

Here and always || - ||, denotes the L2 Sobolev space k-
norm, |- ||_x is the norm of its dual space, and || - | is the
usual L*-norm. We may omit the subscript U from the norm
notation when there is no danger of confusion.

Combining the above 1/2-subelliptic estimate with (13),
as in [10], we get the following theorem.

Theorem 3. Let M be a € CR manifold of real dimension
2n — € and codimension € > 1 in a complex manifold X of
complex dimension n. Suppose that M satisfies condition Y (s)
for some s with 1 < s < n— € — 1. For each point p, € M, there
is then an open neighborhood U on which the Kohn Laplacian
O, satisfies the 1/2-subelliptic estimate

Clol?) 09

5@‘/’

Il ey < € ([0 +

uniformly for all ¢ in D, (U).
In addition, if M is compact, the estimate (15) holds
uniformly on M for all ¢ in €, (M).

Theorem 4 (see [10]). Let M be given as in Theorem 3 and ¢
the unique solution of the equation (O, + Id)¢ = f for f €
L%,S(M), where Id is the identity operator. Let U cC M be a
relatively compact subset of M. If the restriction of f to U is in
Cou(U), the restriction of ¢ to U is then in G, (U). In addition,
suppose that n and n, are two cut-off functions supported in U
such that n = 1 on the support of n,; then if the restriction of f
to U is in the L*-Sobolev space W&S(U) for some nonnegative
integer k, the restriction of ;¢ to U is in Wéf:l(U) and there is
a constant Cy. > 0 (independent of f) such that

||’l1¢"k+1(U) <Gy (||’7f||k(u) + "f“) (16)

Patching the above local estimates, we obtain the follow-
ing global one.

Theorem 5. Let M be a € compact CR manifold of real
dimension 2n — € and codimension € > 1 in an n-dimensional
complex manifold X. Suppose that M satisfies condition Y (s)
for some s with 1 < s <n—€— 1. Let ¢ € Dom(0y,) such that
@, +1d)$ = f for f in Wy (M), k > 0, then ¢ is in W+ (M)
and there exists a constant C,. > 0 (independent of f) such that

||¢||k+1(M) < Ck"f"k(M)' (17)

Using Theorem 5 and following an induction argument
on k, we get the following result.

Proposition 6. Let M be given as in Theorem 5. Then the
Kohn Laplacian Oy, is hypoelliptic. Moreover, if O,¢ = f for f



in WéfS(M), k >0, then¢isin Wé‘;l (M) and there is a constant
Cy > 0 (independent of f) such that

I8lrcan) < Cic (1 lecnn + I817) - (18)
Let

Ty, (M)

= {(x € Dom (5;;) N Dom (5;) C L%)’S (M) | Opex = 5;06 = 0}
(19)

be the closed subspace of L%)S(M ) consisting of harmonic
forms and

e, (M) ={aeld (M)](a¢)=0Vpe, (M)}
(20)

The main L*-result is the following theorem.

Theorem 7. Let M be a € compact CR manifold of real
dimension 2n — € and codimension € > 1 in an n-dimensional
complex manifold X. Suppose that M satisfies condition Y (s)
for some s such that 1 < s < n— € — 1. Then the following
holds.

(1) The space of harmonic (0, s)-forms %g)s(M) is of finite
dimensional.

(2) The operators 517 : L%)’S(M) — ng’stl(M),_é_Z
Ly, (M) — Ly (M), and O, = 0,0, + 0,0, :
Dom(d,) — L%)‘S(M) have closed ranges.

2
Ly (M) —
Dom(0,) exists and is a compact operator in L%)S(M).

(4) For any f in L%)S(M), we have

(3) The complex Green operator G,

f=0,0,Gyf +0,0,G, f + Hg,sf , (1)

where Hé’)s is the orthogonal projection ofL%’s(M) onto
o (M)

(5) GHy, = Hy G, = 0. GO, = 0,G,, = Id — H _ on
Dom(0y).

(6) If(ib is deﬁnedfn L%),s+1(]l/1) (resp., L_%)’S_I(M)), Eb_Gb =
G0, on Dom(9,) (resp., 9, G, = G,0, on Dom(0,)).

(7) If fisin L%))S(M) such thatéhf =0and f L %S,S(M):
then f = 0,0,G,f and u = 0,G,f is the unique
solution to the equation dyu = f which is orthogonal
to Ker(0,) and satisfies lull® < C||f||2.

(8) GL(Go(M)) € Go(M), and for each k € R there is a
positive constant C, such that the estimate |Gy, f ||, <
Cll f Il holds uniformly for all f in € (M).

Proof. Since M is compact, via a partition of unity, the esti-
mate (15) holds globally on M. Suppose that f is a sequence
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in Dom(3,) N Dom(3,) N L2 (M) such that || fi |l is bounded,
5hfk — 0 in the L%,SH(M)—norm and Eka — 0 in the
L%)S_I(M)-norm as k — o00. Thus, we have ||fk"1/z(M) <c
for some constant c. By Rellich’s Lemma, the inclusion map
iy W&ﬁz(M ) — L%)S(M ) is compact; we can then extract
a subsequence of f; which converges in L%)’S(M ). Then the
hypotheses of Theorem 1.1.3 in Hérmander [15] are satisfied

which implies that %g)s(M) is finite dimensional and the
estimate

171 < c (sl + [, ) @2)

holds for every f in Dom(éb) ﬂDom(éZ) with f L %’g)s(M).
By Theorem 1.1.2 in [15], we then conclude that the

operators 5b : L%)S(M) — L%),s+l(M) and 5; : L%’S(M) -
L%, .1 (M) have closed ranges. We obtain also from (22) that

Ifl <Cloufl. feDom(m,), f L5, (M). (23)

This estimate implies that 00, is one-to-one and in view of
Theorem 1.1.1 in [15] that the range of 00, is closed. It forces,
since 0, is self-adjoint, the strong Hodge decomposition:

L; (M) = Range (0,) ® 7, (M)

= 5175; Dom (Db) & 5;5b Dom (Db) &® %g’s (M) .
(24)

Thus 0, : Dom(Oy,) el%g)s(M) is one-to-one and onto.
This implies the existence of the complex Green operator
Gy : L%,S(M ) — Dom(O,) as a unique operator that inverts

O, on “ g)S(M ). The operator G, is defined as follows: if f
is in Range(O,,), we define G, f = ¢, where ¢ is the unique
solution of O,¢ = f with f L %Z)S(M). G, is extended to
the whole L%)’S(M) space by setting G, = 0 on %g’s(M). The
boundedness of G, in L%’S(M ) follows from (23).

To show that G, is compact in L%)S(M ), it suffices to show
compactness on la‘o’fg,s(M) (since G, = 0on %g’s (M)). When
fL %S’S(M) (and hence G, f L & g)S(M)), the integration
by parts, Cauchy-Schwarz inequality (|(u, v)| < [lullllv]]), and
(23) imply

5Zbe"2 = (55be, 0,Gyf) + (E;be’ észf)
= (5;5bif Gy f ) + (5175; Gpf. Gy f )

= (£Gof) < |1 IGuf] = CI£I
(25)

2G| +

By applying (15) to G, f and using (23), we get
— 2 —x 2
161 v < € ([0 |+ [35Gut] + G fT?)

< K| /I,
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where K is a positive constant. Thus the compactness of G, in
L%)S(M ) follows from Rellich’s Lemma.
The assertions in (5) follow immediately from the defini-

tion of G,,. For assertion (6), if f € Dom(d,) and G, is also
defined on L%), <1 (M), by (21) and the first assertion of (5), we
have
Gbébf = Gbébéhébif
=G, (51;5; + 5Zéb) 0,Gy f (27)

= Gy0y9,Gp f = 0,Gp f-

A similar equation holds for 5; . Assertions (1)-(6) have been
established. 3
To show assertion (7), if f L %g,S(M) and 0,f = 0,

then 51:5;5bi f = 0 as well (from (21)). Consequently,
p—— 2 — —%— — —

"abab(_;bf” = (aba;iaszf, abif) = 0, SinCE abif €
Dom(9,, ), and hence 0,,0,G,, f = 0. Thus f = 0,(9, G, f) and
u= 5; G, f is orthogonal to Ker(d,). Following assertion (3)

and the fact that G, is bounded, u satisfies the following -
estimate:

Iul? = [3,Guf| = (3,615, Guf)
- (ébé*Gb £.G, f) = (20, +3,3,) Gu /. Gpf) ¥
= (£.Gof) < IF1Gu £ < CI A

Fmally, we show assertion (8); if f € €. (M), then f -
f € 6, (M) and, since M is compact f e Dom(l:lh)

On other hand from assertion (5), 0,G, f = f — H, f . Since
0, is hypoelliptic, by Proposition 6, G, f € € (M )
Again Proposition 6 implies

“be”k+1(M) < Gk ("Dbif”k(M) + "be”)
<Gy (“f”k(M) + "Hb ap T+ (const.) "f“)

< C"f"k(M)'

(29)

Here we have used the fact that %7 g, (M) is of finite dimension
to conclude the estimate

|6

for some constant Cy.. The theorem is proved. O

) = Cr “Hg,sf“ = Ck“f"k(M) (30)

3. Sobolev Space Estimates

In this section, we prove that the complex Green operator
G,, the canonical solution operators 9,G, and E_)ZGb, and
the Szegd projection S, operators enjoy some regularity
properties in the L*-Sobolev spaces W&S(M), k > 0, for
some s with 1 < s < n - £ — 1. Furthermore, we
obtain a global regularity for the solutions of the d;,-equation.

By the same way for bounded pseudoconvex domains, a
differential operator is said to be exactly regular if it maps all
L2-Sobolev spaces W, (M ) (k > 0) to themselves and globally
regular if it maps the space @2 (M) continuously to itself.

3.1. Continuity of the Complex Green Operator. We prove first

the continuity of the complex Green operator G, on Wéfs(M )
k=0.

Theorem 8. Let M be a € compact CR manifold of real
dimension 2n — € and codimension € > 1 in an n-dimensional
complex manifold X. Suppose that M satisfies condition Y (s)
for some s with 1 <'s < n— € — 1. Then the complex Green
operator Gy, is continuous on the Sobolev space W (M), k> 0;
that is, there is a constant C = C(k) > 0 such that

1Go flcan

Proof. We consider the special case when k = 0,1,2,3,....
Indeed the general case is then derived by means of interpo-
lation of linear operators. Since M is compact it is easy to
show that € (M) is a dense subspace in W ((M). Further,
by Theorem 7 (8) we have G, f € €2(M) for f e Go.(M).
Thus it suffices to establish (31) for f € Go.(M). For k =0,
(31) follows from (23).

For each k > 0, let A*(&) be a pseudodifferential operator
of order k with symbol (1 + Iflz)k/z. Let U be an open
neighborhood of { in M and let # and #, be two cutoff
functions with supports in U such that# = 1 on supp #;; then
nA*n, f € D,,,(U) whenever f € 9, (U).

Recall that the compactness of G, in L%’ (U) is equivalent
to the compactness estimate: for every € > 0 there is a

constant C(e) > 0 such thatfor every ¢ € Dom(éb)ﬂDom(éz)

<Ol flyay  fEWnM). (3D

lol” < €Qy (9.9) + C(© ol 0 (32)

where Q,(¢,9) = (3,9, 0,9) + (5; 103 5; ¢). For this estimate
and further results on the compactness of the complex Green
operator see, e.g., [16-19].

Applying (32) for nA*,G, f, we obtain

lnA*m Gy [ < €Q, (1A*n, G, f. 1A 0, Gy f)

, (33)
+C(e) ||’1Ak7thfH71(U)

We sometimes use A for A5, and A* for its formal adjoint,
which is also a tangential operator of order k. We estimate
the first term on the right hand side in (33), it is a standard
consequence of [20, Corollary 3.1] (or [11, Lemma 2.4.2]) that

Q, (AG, f, AG, f) = Re Q, (G, f, A" AG, )
+0 (”lDbelHi—l(U))

<ReQ, (G, f,A"AG,f) + C“be”i(uy
(34)



Here we have used the fact that the tangential derivative D“
of order |¢| = A satisfies the tangential Sobolev estimate

D flIl, < Nf N
Taking v = A" Af in the form Q,(G,u, v) = (u,v), we get

Q, (AG, f, AG, f) < Re(f,A"AG, f) +C|G, i

) 5 (35)
< (£ A AG, )| + ClGy flliw)-

The Cauchy-Schwarz inequality implies

Q, (AGy 1, 4G, f) < |ASI [AG, f] + ClGy [l (36)

Inequality (33) becomes

'|’7Ak’71th"2 < €| flkanIGe fllxw) + C (©) "’7Ak’716bfni1(u)‘
(37)

Summing over a partition of unity subordinate to an open
covering of M by patches {U;}}" |, we obtain estimate like (37)
on each of these patches and using the interior regularity
properties, we get

2 2
"be"k(M) < e“f”k(M) "be"k(M) +C(e) ”be"k—l(M)' (38)

The first term in the right-hand side of (38) is estimated by
e(s.c)IG, flliar + €Ll flif ) Where s.c. and Le. denote
a small and a large constants, respectively, in the inequality
labl < (s.c.)a® + (L.c.)b*. The second term is estimated by
interpolation of Sobolev norms (||G,, f IIifl( ) < ElGy f IIi( wt
CENG, f I*) and then by using the continuity of G, in
L%,S(M ) with L*-bounded norm.

Adding up the analogues terms and absorbing, by choos-
ing € and ¢ to be small enough, |G, f ||i( M into the left, this
gives

1Go flicany < s + KL (39)

where C = C(e, k) > 0 and K = K(e, k) > 0. The embedding
Sobolev space implies (31) for k = 0,1,2,3,.... The general
case is obtained from interpolation of linear operators. As

mentioned above, the density of %gf;(M ) in Wéfs(M ) passes
(31) to forms f in W(fs(M ). This proves the continuity of G,
in Wy, (M). O

Corollary 9. Let M be given as in Theorem 8, then the
canonical solution operators 0,G, and 5&: G, are continuous on
W (M) for all k = 0.

Proof. We argue by induction on k. The case when k =
0 follows from (25). Suppose that the assertions hold for
positive integers less than k and assume that {, U, #, and
n, are given as in the proof of Theorem 8. By the interior
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elliptic regularity properties, we prove first a priori estimate
for 9,G, f and 5; G, f with f € 9, (U) as follows:

[ m3,Go [ + |13, G f HZ
= (nA*1,0,Gy £, 9nA* G, f )
+ (n0m,3,Gy £,3,n0" 1, Gy )
+0 (I md,Go ] + 183, Go f]) 160 Flier
= (1*1,3,0,Go f NG, f )
+ (1081,3,9, Gy £ 1A 1, G f )
+0((Jna*md,Go | + |n8md,Gof)) 1Gs fliy
+ G fliwr)
= (1m0, G, f.nA*n, G, f)
+0((Jna*md,Go | + |18md,Gof|) 1Gs fliy
+ G f i)
< Gl IGo f iy
+ Gy (([nn*n3,Go | + |n18*1,3, Go f | ) 1Gs oy

+ ||th||12<(U)) .
(40)

Summing over a partition of unity, using the small and
large constants for the resulting terms | fl IG,fl.

13,Gy f1IGy flly> and 13, G, f1,IG, fll,» using (31) and
adding up the analogues terms, we see that the terms on the

_ s 2
right-hand side containing [|0,G,, f ||i and [0, G, fll, can be
absorbed into the left hand side. We therefore obtain

2

< C”f"i(M)’ f €Dy (M).
(41)
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k(M)

This completes the induction on k for the norms of 9,G,, and
5; G,,. By the density of %gf;(M ) in Wéfs(M ), the estimates
extend to forms in Wéfs(M ). As before, the general case is
obtained from interpolation of linear operators. Then 9,G,
and 5; G, are continuous on Wéfs(M ) O

3.2. Exact and Global Regularity Theorems. We now show
the expression of the complex Green operator by Szegd
projections.
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Theorem 10. The Szego projections S; : L%)’S(M) — Ker(d,)
are given by the following relations:

S =1d - 52510% =1d - Ghézéb, s> 0, (42)
Ss—l =1Id - 5ZGb5b’ s> 1. (43)

Proof. We first show that EZEbi = Gﬁ;éb. For o, B €*
H g, (M), we observe that

5170( =0= 5;5thOC =0=a-= sbész(x = Gb5b5;a,
(44)

51/1/‘; = 0 i ébébiﬂ = 0 Ed ﬁ = ébébi[J’ = Gbébébﬁ‘
(45)

As Range (5,,) 1 Ker(éz ) and Range (5;) i Ker(éb), one has
5},0( =0= éth(X = O, (46)
0,8=0=0,G,B=0. (47)

Any f 1 %’g’s(M) can then be written as f = « + 8 so
that 9, = 0 and 5;/3 = 0. By (45) and (46), we then have

3,0,Gy.f = 3,0,Gy (o + ) = 3,0,G,,B .
= G,0,0,B = G40, 0, f-

This implies the second equality in (42). Now, If f € Ker(d,),
then (Id - Gﬁ;éh) f = f, so the expression for S, holds.
Next, if f L Ker(éb) and hence f L %g,S(M ), so f =
5b5;Gb f+ 5;5bi fandu = 5;5bi f is the canonical
solution to the equation d,u = 9, f. Thus d,(f — u) = 0, that
is, f-ue Ker(éh). We claim that u L Ker(éh). Indeed, for all
g € Kex(d,) one has (1, g) = (3,0,Gy f, 9) = (3,Gy f> 0,9 =
0. Since f L Ker(9y), it turns out that f —u L Ker(d,) so
f-u=0andthen0= f—u=(Id- 5;5bif). This proves
(42). Similarly, we get (43). O]

Theorem 11. Let M be given as in Theorem 8. Then the Szego
projections operators S,_; and S, are continuous in the Sobolev
spaces Wéfsfl(M ) and Wéfs(M) for all k > 0, respectively.

Proof. We investigate first the continuity of S,_;. For the case
k =0,when f € L%,S(M), we have

5:6d.f| = (3,6,8,£,3,G,5.f)
= (G,0,,3,0, G2, )
= (G, £.3f) = (3,Geduf: f)
< [Brcdur] 11,

(49)

Here we have used the fact that 5,,5; G,0,f = 0,f, because

5127 = 0. The relation (43) thus implies that |S,_, fll < CI fll.
This proves the continuity in L%),s—1(M ).

The case k > 1. Applying (32) for ¢ = nA*5,G.0, f on U,
we obtain

[ n G < e (4 m Gidu a0, Gi3,.)
+C© [N G| -
The first term on the right-hand side of (50) is estimated as
@ (46,31 46,du) = [3uaGiaus [ + 0" a6iaus
= (3,AG,3, f,3,AG,3, f)
+(8,4G,9,,3,4G,3, f )
= (43,640, £ 3,AG,3, f)
+(43,Gy3, .3, AG,3,
+ ([0p A] G43s £, 3,AG, 3, f )

+([3.4] 63,13, 4G,3,1 ).
(51)

The sum of the last two terms on the right-hand side of the
preceding equality is estimated by

[[3:- 4] Gi2u £ [0,46,0, 1]
o[ [5 4] @aus] [ acian |
< [PGdu S|, [064G00 |
# |06 oy [05 463
< |6, (19046311 + [3, 4630 1])

-6 ((l.c.) "Gbébf”z(u)

(52)

+ (s.c.) (HébAGbébf“ + 'lé;AGbébf“)z)

=0(|63 i)
We then have
Q, (AG,0, f, AGyd, f ) < (0,Gy0, f A*0,AG,0, f )
+ (Asg G,y f. 0, AG, 3, f) (53)

+0 ("Gbéhf“i(w) :



The first term on the right-hand side of (53) equals zero due

to the fact that 3,G,d, f = 3,G, f = 0.
We now analyze the second term as follows:

(49,G,0, 1.3, A9, f )
= (0,40,G,, f, AG,3,.f )
= (48,0, G4, . AGyd, f ) + ([0 A] 3, Gy0s £, AG, D, f )
= (A3, £, 4Gy, ) + ([3 A] 3,G, D, £, A0, f )
= (3,41, AG,3, f) + ([ A, 3] £ AG,0, f)
+ ([0, 4] 3,G,3, £, 4G9, f )
= (A£,0,AG,0,f) + -+
= (Af, 43,Gyd, f ) + (Af. [3, A GyB,f )

+([4.3,) £:4G3,£) + ([3 4] 3,G,3, £: AG, D, )

(54)
Thus
Qp (AGbébf L AG,0, f )
< (Af, AEZGbébf) +E+0 (”Gbéf"iw)) (55)
< ‘(Af, Aészébf)’ +|E[+0 (”Gbébf“lzc(u))’
where

E= (Af[3,,A] Gd,f ) + ([A.3,] £ AG,3,f)

+ ([0, 4] 3,640, AGy3, f )

As above, the three terms on the right-hand side of (56) are
estimated, respectively, by

1|7 c]
< Al "Gbébf “k(U)
< 6 [l + 1) |63
|l |4Ge9s 1]
< (s) | fliw + (e) [AG,3, |
- o(j6iT)

|13, 4]3,G,3, ] | AGs, £

(56)

(57)

< (s.c) l'é;Gbébf”Z(U) + (Lc.) ||AGb5bf“2.
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Now we are left with the first term in the right-hand side
of (55) which, by applying the Cauchy-Schwarz inequality, is
estimated by | f|| KU) IIEZ Gbéb fll xw)-BY choosing the s.c. small
enough we can absorb the first term in the right-hand side of
the last inequality into || f]| ) ||5; Gbéb 1l K(U) This completes
the estimation of the first term on the right-hand side of (50).
Therefore (50) becomes

H’]Ak’ﬁGbébf“z
< el o %G ],

+e€(s.c.) ”f"i(U) + GC"Gbél’lezc(U)

2

1) (58)

+C () |17 Gyo, f|
] o e

ree) [l +<cladisly,

+C'(e)|Gyd, f ”;uw'

By summing over a partition of unity subordinate to an open
covering of M by patches {U;}", so that on each of these
patches an estimate like (58) is satisfied, using the interior
regularity properties, we get

G0l < el lawo 3o Gidf] . + €51 T
+ 6C"Gbébf“kum +C' () “Gbébﬂﬁq(m'
(59)

By using the small and large constants, the first term on the
right-hand side in (59) is estimated as

(Gl + 00 6], ). (©

Then adding and choosing € and the s.c. small enough we can
absorb the third term on the right-hand side of (59) into the
left-hand side; we obtain

||Gb5bf ”i(M) = ECHEZ Gy0pf “lzc(M)
(61)

+C'© (Il + 1660075y

Applying this inequality with k replaced by k — 1 to the last
term on the right-hand side and repeating, we obtain

2

“Gbsbf "i(M) = eCl'é;: Gy0p f ||k(M)
(62)

+C' @ (Ifon +|G31).
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We have
1813, 6,3, 1|
— (1,3, Gy, £ 11,3, Gy, )
- (3N Gidy fiN'0.3, G5 )
+0([G0u o |18 ,3,G10 1))
= (101, Gyy £, 1A 1,0,9, G0, f )
+0([G0u 1 |18 ,3,Go0 1)
= (nA*1,Gy0, £, 1M 1,3, f )
+0(1Gody f |y 1218, Gi0u )
= (nA*1,G,0, £, 9y, f)
+ 0 (168, (I lkr + a3, 63,11
= (310" 1,Gy3, oA, f
+ 0 (|68 |y, (I o + [12 03,6311
= (nM1,0,G,3, A, f )
+ 0 (163, (Il * [ra"n13,63,1]))
< 181,83, Gy | e, 1]

+ 0 (|G, (Il + 103,631 1) ).
(63)

Again summing over a partition of unity, using the interior
regularity properties and the small and large constants
technique, we obtain

2

<C ("Ghél’f“iw) + "f”i(M)) (64)

Hétha’f 'lk(M) =

Substituting (62) into (64), we obtain

2

i, = <ol ©

+ 0 @ (IR * l6i2uA]).

Choosing € > 0 small enough allows us to absorb the first
term on the right-hand side into the left, we then get

erGar],, <€ © (Il + lGaur ). (60

9

As the operator 5; has L*(M)-closed range, it follows from
Theorem 1.1.1 in Hormander [15] that there is a positive
constant C such that

|Gu0uf] < € ||5; Gy0, f " (67)
Then, by (49), we obtain
|Gv2u ] < Clifll- (68)

Substituting (68) into (66), we get

56311, < Sl b (69)

By (43), the Szego projection S;_; is therefore continuous on
W(;fs_l (M) foreachk =0,1,2.... The general case is obtained
from interpolation of linear operators.

For the continuity of the Szegd projection S;, in view of
(42), it suffices to show that

—x— 2
O athf"k(M) <Clfliay k=0 (70)

For k = 0, we have

5,0,6.f| = (3,3,3,6,3,Gf ) = (3,£.3,G,f) o
71

= (£3,3,Gof) < CIf1 |0,0,Gu 1] -
For k > 1, as before, an elliptic regularity argument implies

a6
= (n0"1,0,0,G, £, 1A 1,0,0,G, f )
= (nA*1,8,0,0,G, 1A 1,3, f )

+ (101,3,0,Go f, |11, 9, | 3,Gy f )

+ ([0 1011 ] 3,0,y £ 1N 1,8,G, f )
= (A0, £, 11,0,y f)

+ 0 (18" 1,3,Go f| [n*1,3,3,Gu f )
= ("1, £,10*9,3,3,G, f )

+ 0 (|nd* 3Gy f] |181,9,3,Go f )

+ 0 (If oy 8" maGo £1)
< |nnfm | |nr*n,3,3,Go 1

+0 (("f”k(U) + '|’7Ak’715bif“) ||’1Ak’115;5bif">-
(72)
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Summing over a partition of unity, using the small and
large constants argument, absorbing the terms containing

II5Z 9,G, fll x> and finally using the fact that 0, G, is contin-
uously bounded on Wéf (M), we conclude (70) which proves
the continuity of S; on Wé" (M. O

Corollary 12. Let M be a € compact CR manifold of real
dimension 2n — € and codimension € > 1 in an n-dimensional
complex manifold X. Suppose that M satisfies condition Y (s)

for some s with1 < s <n—¢€ - 1. Then for any f in W(fs(M)
(k > 0) such that 3, f = 0 and f 1 %g,S(M), there exists u in
Wéfs_l(M) which solves the equation dyu = f.

Theorem 13. Let M be a € compact CR manifold of real
dimension 2n — € and codimension € > 1 in an n-dimensional
complex manifold X. Suppose that M satisfies condition Y (s)
for some s with 1 <'s <n— €~ 1. Then for any f in € (M),

with 0, f =0 and f L %S,S(M), there exists a global solution
u in €y, (M) to the equation Oyt = f.

Proof. By Corollary 12, for each k > 0, there exists some
u € W&S_I(M) such that 0,1, = f. We modify each 1,
by an element of Ker(d,) in order to construct a telescoping
series that belongs to Wéfs(M ) for each k > 1. To conclude
the proof, we first claim that Wéfs(M ) N Ker(d,) is dense in
Wi (M) N Ker(E_)b) for any k > m > 0. Since G (M) is
dense in W'((M), m > 0, in the W™-norm, then for a given
n e W(TS(M) n Ker(éb) there is a sequence n; € %gi(M)
converging to # in the WO')'; (M)-norm; that is, ”’7]' - ;1||m(M) N
0as j — ©0.0,n = 0 implies that  — S, = 5;Gb5b11 =0,
son = Su. Letyy; = Sn;. 1; € W&S(M) N Ker(d,) since
the Szego projection S; is a bounded operator on Wéf (M). By
the same reason we have IIﬁj - nllm(M) = IISs(nj - n)llm(M) <
Clls; - nllm(M) — 0Oasj — oo. This implies that7j; — 7
in the W™ -norm. Thus, indeed, Wéf (M)N Ker(éb) is dense in
WO””S(M) n Ker(éb) forany k > m > 0.

Next, using this result and following the inductive argu-
ment due to [21, page 230], we can construct a sequence

b € Wy (M), 0y = f,and |l — wellypy < 275 as
follows:
o, =uy, ty = U, + vy, (73)
where v, € W(i )N Ker(éb) is such that
I, — ]y 0y < 27 (74)
and in general

ﬁk+1 = Uk T Vi (75)

where v, € Wéf:l(M ) N Ker(d,) is such that

liier — il < 27" (76)

Abstract and Applied Analysis
Clearly 0, = f, so set
[ee]
“:ﬁj+2(ﬁk+1—ﬁk)) jenN. (77)
k=

It follows that u € Wéfs_l(M ) for each k € N, and hence u €

Gory (M) and O, = f. The general case is obtained from
interpolation of linear operators. O
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