Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 301675, 6 pages
http://dx.doi.org/10.1155/2014/301675

Research Article

Implicit Vector Integral Equations Associated with

Discontinuous Operators

Paolo Cubiotti' and Jen-Chih Yao**

! Department of Mathematics and Computer Science, University of Messina, Viale F. Stagno d’Alcontres 31, 98166 Messina, Italy
2 Center for Fundamental Science, Kaohsiung Medical University, Kaohsiung 807, Taiwan
? Department of Mathematics, King Abdulaziz University, PO. Box 80203, Jeddah 21589, Saudi Arabia

Correspondence should be addressed to Jen-Chih Yao; yaojc@cc.kmu.edu.tw

Received 19 February 2014; Accepted 25 March 2014; Published 14 April 2014

Academic Editor: Chong Li

Copyright © 2014 P. Cubiotti and J.-C. Yao. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

Let I := [0, 1]. We consider the vector integral equation h(u(t)) = f (t, L g(t, z),u(z),dz) forae.t € I,where f:Ix] — R, g:
IxI — [0,+co[,and h: X — Rare given functions and X, J are suitable subsets of R". We prove an existence result for solutions
u € L°(I,R"), where the continuity of f with respect to the second variable is not assumed. More precisely, f is assumed to be a.e.
equal (with respect to second variable) to a function f* : I x J — R which is almost everywhere continuous, where the involved
null-measure sets should have a suitable geometry. It is easily seen that such a function f can be discontinuous at each point x € J.
Our result, based on a very recent selection theorem, extends a previous result, valid for scalar case n = 1.

1. Introduction

LetI := [0, 1]. Recently, in the paper [1], the following integral
equation was studied: given A > 0, f : I x [0,A] — R,
g:IxI — [0,+00[, h :]0,+c0[— R, and s > 1; find
u € L*(I) such that

h®) =1 (1 Lg(t,z)u(z) dz) foraetel ()

In [1], the following existence result was proved, where, unlike
other results in the field (see, for instance, the papers [2-5]
and references therein, to which we also refer for motivations
for studying (1)), the continuity of f with respect to the
second variable was not assumed.

Theorem 1 (Theorem 1 of [1]). Let A > 0, A < ]0,+00]
a closed interval, h : A — R a continuous function, f :
Ix[0,A] — R,and g:IxI — [0,+00[ two given functions.
Lets €]1,+00), ¢y € LI(I), with j > 1 and j > s (the
conjugate exponent of s), ¢; € L° (I), and 3 € L*(I). Assume
that

(i) there exists a function f* : I x [0,A] — R, two
negligible sets E|,E, < [0,A], with E, closed, and a
countable dense subset D of [0, ], such that for all
x € D the function f*(-, x) is measurable, and for a.e.
t € I one has

{x € [0,A]: f(t,x) # f" (t,x)} CE,, o
2
{x € [0,A] : f* (t,) is discontinuous at x} C E,;

(ii) for all z € int(h(A)) (the interior of h(A)), one has
int h'(z) = 0;

(iii) if one puts, for allt € I,

v(t) := ises[éﬁl]ff (t, x), z(t) == esssup f (t,x), 3)

x€[0,A]

then for a.e. t € I one has

v®),z@®] <h(A),  suph™ (v(1),z(0) <p®);

(4)
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(iv) one has

A
0 < |doll s < s 5
Ioll, n ”ﬁ“LS(I) (5)

(v) for allt € I, the function g(t, -) is measurable;

(vi) for a.e. z € I, the function g(-, z) is continuous in I,
differentiable in 10, 1[ and

gt.z) <¢y(z), 0< %(t,z) <¢,(z) Vte]ol1][.
(6)

Then, there exists a solution u € L*(I) to (1).

Of course, the main peculiarity of Theorem 1 resides in
the kind of discontinuity that is allowed for f. Indeed, it is
easy to construct examples of functions f, g, and h satisfying
the assumptions of Theorem 1 and such that for all ¢ € I the
function f(t,-) is discontinuous at all points x € [0, A].

Theorem 1 extends a previous result (Theorem 1 of [6]),
valid for the case where f does not depend on ¢ explicitly.
At this point, it is natural to ask if Theorem 1 above can be
extended to the more general case where the function u takes
its values in the space R”. In this direction, we note that some
results exist for the vector explicit equation

w(t) = f <t, L 9(t2)u(2) dz> @)

(see [7, 8]), while for the implicit equation (1) the problem is
still unsolved.

The aim of this note is exactly to provide such an
extension. In the following, if » € Nandi € {1,...,n}, we
will denote by P, : R" — R the projection over the ith axis.
Moreover, we will denote by m,, the n-dimensional Lebesgue
measure over R". If A := (A4,...,4,) € R", with A, > 0 for all
i=1,...,n,wewil put J := [],[0,A;] . Finally, if n and A
are as above, we will denote by &, , the family of all subsets
F < J such that there exist sets F, F,,...,F, € R", with
my(Py(F,)) = 0foralli = 1...,n, such that F := | J._, F,. The
following is our main result (where R; denotes the positive
open orthant of R”, and int,(B) is the interior of Bin A).

Theorem 2. Let A = (A,...,A,) € R}, and let X < R} be
a nonempty, closed, connected, and locally connected subset of
R", with inf P(X) > 0 foralli = 1,...,n. Leth: X — Rbe
a continuous function and f : I x J, — Randg:Ix1 —
[0, +o00[ two given functions. Let s € ]11,+00], ¢, € LI(I), with
j>landj=s, ¢ € L (D), and 3 € L°(1,R"). Finally, let D
be a countable dense subset of J.

Assume that there exists a function f* : Ix ], — Rand
two sets E, F € &, with F closed, such that

(i) for all x € D the function f*(-, x) is measurable;

(ii) for a.e. t € I one has
{xely: f(t,x) #f (t,x)} CE,

{x e, : f"(t,-) is discontinuous at x}  F.

(8)
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Moreover, assume that
(i) intX(h’l(t)) =0, for allt € intg(h(X));
(iv) if one puts, for allt € I;

z (t) :=ess supf (t,x), 9)

X€J,

t) = inf f (¢, x),
v(t) essin ftx)

then fora.e.t € I and alli =1,...,n one has

[v(t),z(6)] < h(X),
| (10)
sup P, (h™ (v(®),z(®)]) < B (1),

(where f3; : I — R denotes the ith component of the
function B);

(v) one has

by

0 < || o),y < min == 1)
L) ~ 1<i<n ||ﬁi||LS(I)

(vi) for all t € I, the function g(t,-) is measurable;

(vil) for a.e. z € I, the function g(-,z) is continuous in I,
differentiable in 10, 1[ and

9g

0< g(t,z)qu1 (z) Vte]lo,1].

(12)

g(t,z) <y (2),

Then, there exists u € L°(I, R") such that
h(u@)=f <t,J gt z)u(z) dz) for ae. tel. (13)
i

Theorem 2 will be proved as an application of the follow-
ing selection theorem, recently proved in [9], which we now
state for the reader’s convenience (in the following, if S is a
topological space, we will denote by Z8(S) the Borel family of
S).

Theorem 3 (Theorem 2.2 of [9]). Let T and X,,X,,... X} be
complete separable metric spaces, with k € N, and let X :=
H?:lXj (endowed with the product topology). Let y, v, ..., Yy
be positive regular Borel measures over T,X,,X,,... X},
respectively, with y finite and v, ..., v, o-finite.

Let S be a separable metric space, and let F: T x X — 2°
be a multifunction with nonempty complete values. Finally, let
E ¢ X bea given set, and, for eachi € {1,...,k}, letP,;: X —
X; be the projection over X;. Assume that

(i) the multifunction F is 97# ® B(X,)® - & B(Xy)-
measurable (where T, denotes the completion of the
Borel o-algebra 9B(T') of T with respect to the measure

ws
(ii) for a.e. t € T, one has

{x:=(x,....x) € X: F(t,")

(14)
is not lower semicontinuous at x} C E.
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Then, there exist sets Qy,...,Qy, with Q; € RB(X;) and
v;(Q;) =0foralli=1,...,k, and a function ¢:TxX — S
such that

(a) ¢(t,x) € F(t,x) forall (t,x)eTxX;

(b) for all x = (x;, %5, x) € X\ [(U, Pr}(Q))UE],
the function (-, x) is 7 ,-measurable over T;

(c) fora.e. t € T, one has

{x=(x5,%....%) € X: (")

k (15)

is discontinuous at x} € EU [

P, (Qi)] :

i=1

The proof of Theorem2 will be given in Section 2.
Further, we will point out some counterexamples to possible
improvements of Theorem 2.

2. Proof of Theorem 2

Before giving the proof of Theorem 2, we fix some notations.
If n € N, the space R" will be considered with its Euclidean
norm | - ||,,. Moreover, if x € R" and r > 0, we put

B(x,r):={veR":|v-xl, <},
B (16)
B(x,r):={veR":|v-x|,<r}.

If p € [1,+00], the space L¥(I,R") will be considered with
the usual norm

1/p
lleall Loy = <J G dt) if p < +00,
' (17)
lleell oo 7 gy = ess sup|lu ()], if p = +oco0.
tel

As usual, we put LP(I) := LP(I,R). For the basic definitions
and facts about multifunctions, we refer to [10].

Proof of Theorem 2. Without loss of generality, we can
assume that (8) and (10) hold for all t € I. Moreover, we can
suppose that j < +co. Firstly, we prove that the functions v
and z are measurable. Observe that, by assumption (ii), for
allt € I, one has

v(t) = Xér}lAf\Ff* (t, x), z(t)= sup f* (t,x). (18)

x€JH\F

To see this, fix t € I, and let w(t) := SUPe\F f7 (£, x). Since
m,(E UF) = 0 we get

z(t)< sup f(t,x)=

xe],\(EUF)

sup f* (tx) <y (f). (19)

x€J,\(EUF)

Now, assume that z(¢) < w(t). Hence, thereis x* € ], \ F such
that f*(¢,x") > z(t). Since the function f*(t,-) is continuous
at x*, there exist 8, ¢ > 0 such that

f (t,x)>z(t)+e Vxe],nB(x",9). (20)

Since m,(J, N B(x",8)) > 0, we get

z(t):=esssupf (t,x) =esssupf” (t,x) >z (t) +¢, Q1)
x€]J, x€],
which is absurd. Therefore, the second equality in (18) is
proved. The first one can be checked in analogous way.

Since F is closed, it can be easily checked that the set
D n (J, \ F) is nonempty, countable, and dense in (J, \ F).
Consequently, by Lemma at page 198 of [11], the function
f*|1><(]A\F) is Z(I) ® B(J, \ F)-measurable (where Z(I)
denotes the family of all Lebesgue-measurable subsets of I).
By (18) and Lemma III.39 of [12], it follows that the functions
v and z are measurable over I, as claimed.

By assumption (iii) and Theorem 2.4 di [13], there exists
asetY € X such that h(Y) = h(X) and the function hly
is open (it carries open subsets of Y onto open subsets of
h(X) = h(Y)). Consequently, the multifunction T : h(X) —
2¥ defined by putting, for each s € h(X),

T(s):=h'(s)nY, (22)

is lower semicontinuous in h(X) with nonempty values. Let
fo: Ix ]y — Rbedefined by putting, for all (£, x) € I x J,

ff(tx) ifx¢F

z (t) if x € F. 23)

fot,x) = {

Clearly, the function f,, is Z(I) ® %(]J,)-measurable and, by
(18), one has
v(t) < fot,x)<z(t) V(tx)elx]). (24)

Moreover, assumption (ii) and the closedness of F imply that
for all t € I one has

{x €], : fy(t,-) isdiscontinuous at x} € F.  (25)

LetG:IxJ, — 2" be the multifunction defined by setting,
for each (t,x) € I x Jj,

Gt,x) =T (fy(t,x))=h"" (f, &, x))NY.  (26)

Observe that G is well-defined since for all (t, x) € I x J, one
has

Jot,x) € [v(®),z (O] ch(X). (27)

Moreover, by the lower semicontinuity of T' and by (25), for
allt € I, we get

{x € J) : G(t,*) is not lower semicontinuous at x} C F.
(28)

Let¥:Ix]y — 2% (more precisely, ¥ : I x J, — 2?) be
the multifunction defined by putting, for each (t,x) € I x J,
Y (t, x) := G(t, x). By (28), for all t € [0, 1], we get

{x €], :¥(t,-) is not lower semicontinuous at x} € F.
(29)

Moreover, the values of ¥ are closed (in R”) subsets of X.



Since f; is Z(I)® %B(],)-measurable and T is lower semi-
continuous, by Proposition 13.2.1 of [10] the multifunction
G is Z(I) ® 9%B(],)-weakly measurable. That is, for each set
Q ¢ 'Y, with Q open in the relative topology of Y, the set

G (Q):={tx)elIx],:G({t,x)NnQ+0}  (30)

belongs to Z(I)®3%(],). By Proposition 2.6 and Theorem 3.5
of [14], the multifunction V¥ is £(I) ® 9(J,)-measurable.

Since F € %, there exist sets F}, F,,...,F, € R" such
that F = (J., F,and m (P(F;)) = Oforalli = 1...,n. By
Theorem 3, there exist sets Q;,Q,,...,Q, € R, with Q; €
PB([0,A,]) and m, (Q;) = 0 foralli = 1,...,n, and a function
v :[0,1] x J; — R" such that

(a) for all (t, x) € I x J, one has y(t, x) € V(t, x);

(b) forallx € J;\ [U?=1 (Pi_1 (Q;)UF;)], the function (-, x)
is Z(I)-measurable;

(c) fora.e.t € I, one has
{x €], :y(t) is discontinuous at x}
" (31)
= U(Pz (Qi)UFi) NJ-
=1

Since X is closed and h is continuous, for all (¢, x) € I x
J)» the set k™' (fy(t, x)) is closed in R". Consequently, for all
(t,x) € I x ], we get

y(tx) € ¥(tx)=h" (fo (t,x)NY <h™ (fo (¢, %)) (
="' (f, (t,x)).

32)

Now, let
o := min inf P, (X) > 0. (33)

By (27), (32), and assumption (iv) we get

n

ytx) e[ [laB®] YVtx)elx],  (34)

i=1

Lety, : I xR" — R” be defined by putting

V/(t,x) ifo]A
B(t)  ifxecR"\J,

By (34) and (35) we easily get

v, (6 x) = ‘[ (35)

v (6x) e [Jle B ()] V(t,x) eIxR".  (36)

i=1

Let

- U@ @) uE)

i=1

N7y, (37)

and let D, be any countable dense subset of J, \ A. Since
m, (A) = 0,itis easily seen that D is dense in J,. Let D, be any
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countable dense subset of R"\ J,. Then, the set D, := D,UD,
is countable and dense in R”, and for all x € D, the function
Y, (-, x) is measurable by the above construction. Moreover,
taking into account (31), for all t € I, one has

{x € R" : y, (t,-) is discontinuous at x}

n (38)
c [P @) uP ({0, A UE) [0,
i=1
LetH : [0, 1]xR" — 2% be defined by putting, for all (t, x) €
[0,1] x RY,

H(t,x) =

ﬂm U @yt |, 69

meN yeD,
lx=ylln<1/m

where “conv” stands for “closed convex hull” By Proposition
2 of [8], taking into account (36) and (38), we have that

(a) H has nonempty closed convex values;
(b) forall x € R", the multifunction H (-, x) is measurable;

(c) for all t € I, the multifunction H(t,-) has closed
graph;
(d) forall ¢ € I, one has

H (t,x) = {y, (t,x)}

Lnj (P (Q)uP; (fo,0})

UF,)j| n])L).

VxeR"\(

(40)

Moreover, by (36), we have

H(tx) < [[le. B;()] V(t,x) e IxR".  (41)

i=1
Now we want to apply Theorem 1 of [15], choosing T = [0, 1],
X=Y=R'p=s5q=j,V=L"R),Yw =ur-=
"/SHLS(LRVI)) ¢ =+00, F=H,and

D () (t) = JI g(t2)u(z)dz. (42)

To this aim, we can argue as in [8]. In particular, observe the
following.

(a) O(LS(I,R™) c C°(I,R™). This follows easily from our
assumptions (vi) and (vii) and the classical Lebesgue’s
dominated convergence theorem.

b)If v € LLRY) and {f} is a sequence in
L*(I,R"), weakly convergent to v in L/ (I, R"), then
the sequence ()} converges to O(v) strongly in
L'(I,R"). This follows by Theorem 2 at page 359 of
[16], since g is jth power summable in IxI (note that g

is measurable on I x I by the classical Scorza-Dragoni
theorem; see [17] or also [11]).
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(c) By (41), the function

hy:tel — j;llgyegl({x)")’"n (43)

belongs to L*(I) and || Agllsry < 1Bl <(1 rry-

Therefore, taking into account the above construction,
all the assumptions of Theorem 1 of [15] are satisfied. Con-
sequently, there exists a function u* € L°(I,R") and a set
K, ¢ I, with m,;(K) = 0, such that

W (1) e Hbo ) ) < [ [[wfi ] Vi eI\K,.
i=1
(44)

That is,

n

o, B; (1)]

i=1 (45)
vt e I\ K,.

u” () € H(t, Lg(t, 2)u” (2) dz) c

We now prove that the function u” satisfies our conclusion.

To this aim, observe that, since E € &, ,, there exist sets

E,E,,....,E, € R", with m;(P,(E;)) = 0 foralli = 1,...,n,
4

such that E:=J_, E

Fixi e {1,...

i

,n}.Lety; : I — Rbe the function
Y, @) =P (0 (u") @) = Lg (t,2)u; (z)dz. (46)
By (45) we get
u; (t) € [a, 5 (1)]
hence for all t € I we get the inequality
0< Yi (t) < "(/)() Ls(I)
A (48)

1 =2,
TE el CREY

LD
hence y,(I) < [0,A;]. By (vi), (vii), and (45) we have that y;
is strictly increasing. Moreover, by Lemma 2.2. at page 226 of
[18] we get

Vi eI\ Ky; (47)

() "

<

v () = L % (t.2)u (2)dz>0 Vtelo1[.  (49)

Consequently, by Theorem 2 of [19], the function y; " is
absolutely continuous. By Theorem 18.25 of [20], the set

W=y (B (B UR)uQuio Al ny (] (50)
has null Lebesgue measure. Now, put
Q= <UW,->UI<1. (51)
i=1

Of course, m;(Q) = 0. Choose any point t* € I\ Q. Since
t* ¢ K, by (45) we get

ut (£) € H(, 0 (u”) (7). (52)

For eachi € {1,...
(48), we have

,n}, since t* ¢ W,, taking into account

Y (£7) € [0, L]\ [P (E; U F) u{0, A} uQ]. (53)

Therefore, ®(u*)(t*) € J, and for alli € {1,...,n} we have

O (') (") ¢ [(EUE)UP ({0,A)UP (Q)]. (54)

Consequently, we get

@ () (1)
" (55)
€N\ U [(Ez UF)U Pi_l (foAhu Pi_l (Qi)] .
By (40) we get
w () e H(EW, @ () (¢7) = fyr (7, @ (u7) (7))} 56
={w (@ W) ()}
By (32) and (56) we get
W) e h (S 0w ), 6Y)
hence
h(u (7)) = fo (£, @ (") (£7)). (58)
Since ®(u*)(t*) ¢ E U F, we get
h(u™ (7)) = 7 (£, (") (7))
= F (0 ) () 59)
=f (t*, L gt z)u" (z) dz) .
This completes the proof. O

Remark 4. Of course, a function f satisfying the assumptions
of Theorem 2 can be discontinuous at each point x € J,.
The Example at the end of [8] shows that, in the statement
of Theorem 2, none of the sets E and F can be assumed
to depend on t. Moreover, the Example at the end of [6]
shows that the second inequality in assumption (vii) cannot
be weakened by assuming that

d
0< a—f (t,2) < ¢y (2). (60)
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